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!#" K�M
pq = pf + qf,

®
1

p
+

1

q
=

1

f
.

�

3



� �
1.3
����A�� +����)cFm"[  4
	��FcFm��
	���
 � + Q

������� Ò¦iFj������ N #¦D�� g��������������"� " ¡ � + 7
� c1d~0! �"�¡

f
�
Î$#&% �

')(
f

�-

*,+-/.

* (
p

- (
q

- � - �

'10

2�3 � �54)��"�6
p �87 ¡ 2 " � +Ã� � #�%:9;�������1���<4�$"
6

q �=7 ¡���"£� &�>�? #&%�

�
1

p
+

1

q
=

1

f
.

R
@ � �
1.3
��#&%�

� + C)D

A `£d�BDCFE:GDHJI�KFEDL M
NPO;Q H!R

50 S I�T�UWVYX
Z []\D^ I

p _
` q _ I�a�bcX
120◦

[ed bgf�hji�R
50 S MkTcU

V
l�mWn
o$p!q
I�r&sutWv
300

S w I�nyx�z [|{�} rjs `�~;�I�H��
���W��Xu��� S �J� E���

i

O
p

q

50

�j� [�� p
p _������ X 300 S I�� [e��{ � ` d b�fWI��
�y�ny��f [ ��f ` q _ I���� ��� N R�r&s `�~!� I�����H
� M

���
1.4 �u����~���` TjU�V
UP��I� ¢¡ £

(1) ¤!¥ r�sD¦�§�K;E�¨�©�ª
« � [ r�s `�~P� I�H��
���W��X�&� S �
(2) ¬;­ TyU
V�® ¥j¯�° sW±u²�m�³�z;I
T � [ z�pWr�sDt 180

S w [ r�s
´:�W�y®�µ;r�s `�~�� I�H��:R 45 S M¶p {�·¸ � [k¹ r&s�I Q H�Ru�&� S �
º¼»¾½ K:E ¬�� £

4



(1)
� r&su¦�§5µ��

1

300
+

1

q
=

1

50
⇒ q = 60 � S�� M

(2)
� r&su¦�§5µ��

1

f
=

1

180
+

1

45
=

1

36
⇒ f = 36 � S�� M

�

��� Z ¡WR �	��
���
�������������� � I� c¡ [���� ¨ [ q&R
�� b"!DI

Winternitz
¸$# £

���
1.5

\ ^ [
G
R �% b&!

ABC
I('�) [

DE `(* BC +, [.-
D′E ′ R � '/) G

I�0&n
1 f�2 M

(1) 3"4  b5! DGD′ `  b5!
EGE ′ I�v76 
�8 �:9 M

(2)
� ';)

G
I�<:n$f/2�= �� 

b"! d�> � n �  b?! ` n
��@�* ! [BADC  b"!DI�v
6 ≥ 4

9 E
�	 bF!;I�v76 M

A

B C

D E

G

D′

E′

º¼»¾½ G�� ¬�� £

(1)
£ ¬�� ^ I7H�I&fKJ�L £NMWb b�!

GD′H ′ ` GE ′H
U�O [

P
GH ′ > GH

MFQ {
D′H ′ >

E ′H
M

� v:6W¦�§5µ��

4DGD′ =
1

2
DG ·D′H ′;

4EGE ′ =
1

2
EG · E ′H.

A

B C

D E

G

D′

E′

H′

H

5



QjX
DG = EG, D′H ′ > E ′H

[ J O

4DGD′ =
1

2
DG ·D′H ′ >

1

2
EG · E ′H = 4EGE ′.

(2)
£ �

(1)
���

4AD′E ′ ≥ 4ADE.
QjX

G
R �� b"!DI�'K) [ J O

AD

AB
=

AE

AC
=

2

3
.

Q {
4ADE

4ABC
=

4

9
.

�

4AD′E ′ ≥ 4ADE =
4

9
4ABC.

�

1.3
√

s(s− a)(s− b)(s− c) �����
	��
¥ ²�KWE  b"!�v;6�I�
��;¦�§ [ ��� ¨�R���������J����;I [- 
��DI��! ;R#"%$'&)(+*�¦�§ ADC M
���

1.6 ( ,.-0/�1 )
·  b"!

ABC
I * AB = c, BC = a, CA =

b
[32

s =
a + b + c

2
.

 b"!
ABC

I�v:6WX
√

s(s− a)(s− b)(s− c).

º54¾½ ·
AH

R�6 [
H
p�M&f

BC
¨;I��)7 ¬��  #8 £

A A A

HHH B B B CCC

c b

xa− x

6
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√
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θ
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√
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√
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√
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√
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−
√
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√
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I&MDb  b?! [ ¬ ¨ ^ � I \^ J�L [ $ � ' 3 ' 4 7�6 [ 4 !�&87!I � 3�4 N � ! .FM Q�XMub  b?! `04 !uI�v 6�9;:�K�E [ J O  bF!uI�v76 4 � O 6
X
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2
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2
− (−x2)y2
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< )�I�=/>��@?�ACB/� [ �5D �/E � [GF x2
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 K�E [ {�I
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� n JNK �PO >un��&p � ��JNK [ 0�n��&p �  JNK�� [PQSR v6;¦�§ P ¬ � �J� 1 � ² N R&TVU8W�&8X�Y;I: c¡ M  b � I�v6W¦�§ `NZ�
C[ 6DI]\;^ � OS_ �1� � ��I&U*W)&u ¢¡ M
���
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·
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1

2
|x1y2 − x2y1|.
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º54¾½  b"!
AOB

I�v:6 4 �	�

4 =
1

2
OA× OB sin θ

=
1

2
OA× OB

√

1− cos2 θ

=
1

2

√

OA2 ×OB2 − (OA× OB cos θ)2

=
1

2

√

(x2
1 + y2

1) (x2
2 + y2

2)− (
−→
OA · −−→OB)2

=
1

2

√

(x2
1 + y2

1) (x2
2 + y2

2)− (x1x2 + y1y2)2

=
1

2
|x1y2 − x2y1| .

�

X . � ¸
x1y2 − x2y1

I � H�� £

(1) � ��� T��	�Wn � O, A, B
 � � IjUY��

� £ 2

∠AOB =

θ(0 < θ < π)
-�� =����

O �y� � ) [ B
��p

A � }�� θ
I

� 
�¨ M

(2) ��� = O 
 �:X���I ����+ v�� � O Z(
 X���I�6�� + v �
Z(
�+ v � [ {:} O, A, B

J:���!I Z(
 d�* X 0 + 0i, x1 +

y1i, x2 + y2i
M �yp ����Z�


z =
x2 + y2i

x1 + y1i
.

(3) � C Z 
 z
I! #"%$	&�'#( )+* Z ( x1 + y1i ,�-/. & α 01�243 (

x2 + y2i ,4-�. & α + θ 576 3 ( z ,�-�. & θ 598&
0 < θ < π 0+:<; 3 ( z = x- ><,@?%A 0+B�CED 3 ( z ,F " G

y H�IKJ &@'�( 5
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(4)
��� 3 (

z , F " )

z =
x2 + y2i

x1 + y1i

=
(x1 − y1i)(x2 + y2i)

x2
1 + y2

1

=
(x1x2 + y1y2) + (x1y2 − x2y1)i

x2
1 + y2

1���
1.9
*

O(0, 0), A(x1, y1), B(x2, y2)
& HEI��	�@?�
���
 0��



.�� OAB ,���� & 4 0 ∠AOB = θ(0 < θ < π) 0���������

O ���! #" 0 B 
@= A $&%�' θ ,�A�(�? 5*)	+

4 =
1

2
(x1y2 − x2y1).

,.-0/ 8 & z , F "�132 0 0 : ;
x1y2 − x2y1

x2
1 + y2

1

> 0 ⇒ x1y2 − x2y1 > 0.


 .4� OAB ,5�6� 4 798
4 =

1

2
|x1y2 − x2y1| =

1

2
(x1y2 − x2y1).

�

:�:�:�:�: ;=<?> @�@�@�@�@

ACB
1.1 DFEHG�:&I ) P =�
 .4� ABC ,CJ BC ? 5�KHLNM9OP�Q�R&SUTCV�W

P 
 0X�U��
 .4� ABC ,5�6�F�5Y�,�MNZ 5
A

B CP
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1.2
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	���
�� ;5L�� �&��������

1

p
+

1

q
=

1

f
.

, ��� O 5
ACB

1.3 =�� > 1.5 , ' 
 .4� ABC  0��
��Z������
DD′, EE ′, DE

,! #" 5
ACB

1.4 

.4� ABC  0 ∠A ,NY .�Z!� l 0 AB = c, AC = b 5
)	+

cos
1

2
∠A =

1

2
l

(

1

b
+

1

c

)

.

ACB
1.5
*

p, q D%$ 2 0
P

1 &(' ,*) ( 5
(1) )	+

1

p
+ p,

1

q
+ q,

1

p
+

1

q
− p− q,

� ;#+��U
 .4�5
5J�J�� 5
(2) ,�-N
 .4�=�6��.0/21 Q4325 5
(3)
* 
 .4� & ABC �

AB =
1

q
+ q, AC =

1

p
+ p, BC =

1

p
+

1

q
− p− q

6
A =&J BC ?%,%7C8 & H 098
,
: AH ,���� 5

(4) , BH
P

CH ,���� 5
ACB

1.6 E�G!D T ����;=<9J�� 0 M P
N D><�J��&J�?�,2?A@


 0 �
a, b, c, d, e, f, g, h

Y�B�C�D4:4=AE JN�(FHG�,5�6� 5
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M

N

g

a

e

d

b

c

f

h

(1) )	+
e + f = g + h.

(2) )	+
a + b + c = d.

ACB
1.7
*

A0A1A2A3A4 D ��� JC� 0 � πij(1 ≤ i, j ≤ 4) C�DU

.4� A0AiAj ,5�6� 5
(1)
6

α, β, γ D*? @ 
�� . 0983)	+�
 .���� �

sin α sin γ + sin(α + β + γ) sinβ = sin(α + β) sin(β + γ).

(2)
G
Monge

��� J )	+
π12π34 + π14π23 = π13π24.

(3) K�L (1) ,��
	�)�+��

������ 0�� Q /�� <CJ3� ABCD �



AC ·BD = AB · CD + AD · BC

,! #" � 5
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2 L ��� 
���� ,5�6� ���

( ���
	

��� 
 0���
�
���� H�� =�� � ?%,����

 0�������
��! H&FY 0 B�"$#�%�&%B 5'& W��� 
 ,�MCZ P 
 � ( D$(*),+�- ,�.���/ T
� D�021!3���4 T �!D4C ( 065!7@D*�98�:�.
�4,2;!$ 5<�=?> 0@1 P C ( ,�A�B 0DCC%�E�F�GIHJLK ,2M�N O ( P � 0QP#D�(?R�S 0UT�VUYXW
.�JZY 0 (�[ �&%�\NM�] 0 ��\ ( %�^?_�` 0( �
��B�a�b�# 0Uc�dNY�e?f D�g 0 1
h�i 0
0@1�C (
j T�k 0ml?n?o
p 0 1
h9Y�q 5sr

tZu v ( �xw@y u W DFE ,2z|{ > )} �H� ?%,C
 (x, y) &4H�I x
P

y ~�DZ� ( 0���
 (x, y) � �
�

 5 ( �Ie@��� ) H�I&�H� ?�
����F
���� ��� 
 ,3

.?�!&H�
�
� ;�L ���

aS + bI + c

�*D�I 0m�	 S C�DU
 . � ,X����? G 
5JUJ4? J , �
� 
 ( 0
I DI� =�
 . �0/�� G���� J4? J�, ��� 
 ( 0 a, b, c D|� �#,�E( 5 ,�E ( a, b

P
c ,@� 5

: D�
�M ,���� ��� 0��
C�� �?06��; ��� 
��@��
E, 
 . �� V!,L� ���  ,
E ( a, b
P

c ,X� 5U��=Z�����/; � )@,�.��
�2���$��� ��� �
�| �¡

( ��� ��� ) ; �
� 
����5
 ,�
 .4�=�6�
��D
�
S

2
+ I − 1

, � � 5
2.1 ¢¤£¦¥¦§�¨ª©¬«®­
DFE�G�:&I 0 x P y H�I�~�DZ��¯|°C
 G �|±@�I� ��� 
 J2��


��|°NY$² 2 ��������? ³
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-

6

x

y

(2, 2)

(5, 7)

(8, 4)

��� ; ��� 
 (2, 2), (5, 7), (8, 4) �$��
�°�
 . � 0 /��!
 10 � �� 
 0*J4?�
 6 � �
� 
 5 /������ �
� 
�����°�FHG�~4=�
 .
� / 	���J�?I° ��� 
! 0 = J4?�
 � D��F
I° �
� 
�����0�


 T�3 °�F G =�

.?� /L� 0 4 T�3 =��X� 	�
��F
���� 0�� 1
�&Y
°�F G�~4=�

.?���X� 5 8 - 0 

.4�	������� /L� P J4?
° �
� 
?¯���� 5 =&E T����  0m���5��� � °���� :�����
 E1 5
2.2  ª©¬«®­"!$#�¨&%&')(+*-,+.+/
=�0 T����  0m���5��

.?� /���1NJ�? ° ��� 
 FCYU��
32 ³
/L� ��� 
 0*J�?
g��5
 ��� 
 P �F
 ��� 
 5 �@=54�6 T 
��Q " 0 S�Q DFEHG�:&I ³

-

6

x

y

T87:9 
�;=@?°�<�= ³
ð
} �
� 
@=�
 .4�0/��H% G D?>:@ QBA :&I<J ³
8$����� F G|°����Z~�=&

.�� /,� 0+:<;C�5� ��� 
 } �
1 D�( °5� � ��� 0 -$��Y@��E I D�( �6� 	
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ñ
} ��� 
!��=�
 .?� °NJ�? 0 ��g���
 % G D � @ Q A : I
J ³
8$� T�3 °!F G4=&
 .?�A/,� 0 4 T�3 =���� 0+:<;��5� �� 

��VE; 1

2 D�( °5�6�
��� 0 -$��Y2��E S−3

2 D�( �6� 	
ò
} �
� 
#D9
 .4�|°�
��Z�5
�% G D�� @ QBA :&I<J ³
8@�N
=/�.��I� 180◦ 0 : ;�
��F
5����°�FHG���V�� � 1

2 D
( �6� 5

� B���E�
 .4���6���
I +

S − 3

2
+

1

2
=

S

2
+ I − 1.

�

� 	 9 
�;0@?°B<�=�
  0 D
	�� ;
��� ��� �4; ��� 

���5

°�<�J�� 0 � J�� 0 / 0���� E�J��!°���� �!��������� <�J��
°��N����� �
ACB

2.1 K�L ?��! #" �%$#& ����' ��� ' °�(�)+*-,/.10�2 3&�4�5
S, I 687:9<;

2.3 =?>A@CBD=?>
E8F�GIH *KJ�,L.10�2 MON�P�Q�R�S F#T�U
V
× W
2

,
1

2
ab sin ∠C,

√

s(s− a)(s− b)(s− c),
1

2
(x1y2 − x2y1)

X/Y JZ0#2 ; X#[L\ ,].�0#2�J_^ $_` N!a�b M�c_d�e
fhg/i+j1klnmLo ;pN�qnr+s�0�2 MutDv�wyx M{z�|�}�0�2K~/J��_� 1
2 , 1,−1���#����� GIH *%�L�:��)#����� ' X#� x8� ' J
��� ;�� [��

�����������+� M X+�K� f-���/���KJ  ¢¡Z��£�*�¤�¥�¦�§ M¢*
¥Z�K¤�b�¨#©K¡�ª�;«r�s & G¬H *%�
�:��)#�hJyx!� '8­�® � M¯�°-±y²�³ ~_´�©Kµ¶*�J¶·¹¸#º/»h¼�J  {r�s�0�2hª X ¸A½ ® ;
k�¾ M�r�s�¿ & ��}ZÀIÁ GIH *:,
.10�2�J ÂÄÃ�Åh~yJ�Ã�Å/Æ ;[/��Ç *8È�É�Ê#Ë�Ì�Í�Î/Ï%Ð]��ÑhÒ MÔÓ�}�Õ¶j�Ö�×�J/Ø MÚÙ
µ�Û�Ü�Ý#Þ�ß#à�º¶J#á+â�ã�ä åçæ Y J M¢���K2+��È+Énè1é_ê-J
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Ö!×�Î¶Ü�Ý M¢Ó1}8Õ#j�Ì�Í!JZØ M Ù�µ�Û � F Þ�ß����nJ���� ;
kZ¾ MK ¢Õ#j [Z� J����!}
	#� �çÕ#j�����J [Z� }
�¶� ;uª��
w��KÌ!�ZÖ��!�nJ�� M N ��������� Þ1¿��!æ+¤ �1j�Ï¬ÐL��Ü�Ý
J�!#" ;$ S&%�Ã�Åh~yJ�Ã�Å('*),+h�¶v V
- J/.10 2
3�4

2.2 ( 58·&6�7 ) 8�9�:�;=< >�J   G%H ? �hª�@�}+�BA
C��
J=DFE�)+*=G&H�v�I#J \�K GIH *nÎ�w�w�C�� ;ML - Ç

1

2 3
4

5

@#}�w \ G:H *�N=G=HZv=O \
K G:H *nJ(PZ* M e:~ 1, 2, 3, 4, 5 Q
ã ­ C���R MTSUC���R�ã1V�JBW+· 3YX/C���J¶· 9ZQ�ã ­ C��(5
· 3Ú� Ç ~�[�j 8 \�C��(5�·I9<;] C��&D
E¶)#*�JZß1j&C��BR��&^ ­ B Mç�/� 3 NU_!)�� 9
JBC���R��
^ ­ I å¢ß`X/C���JBC��(5�·#�
^ ­ S ;aUb   G%Hc? �nªyJ(d/e1Û�f(g
h 2 R�jBi�� a, b, c jBgK2Z�

S = aB + bI + c

k v=l ;nmo� [�\ i
p�J Ç�q�r º a, b, c J(s ;
3�4

2.3 ( t�uh0�2 ) v=.10 2.2 J 4�5 Mxw#C���R��&C���5�·#ß� HKºZJ GIH *Fy#�8j T
\ ;{zZh!R�jUi�� a, b, c jUg:2��

T = aB + bE + c

k v=l M|m r a, b, c J(s ;

2.4 }�~����?B����
�&�c�����
�  ���� 7

16 < b
a

< 5
11 ãoV+J

� � b
a
j�µ��
E \ MpÁ�����

a � K J(� \ � �8}��&��)Lª $ ¿1�yS+Ë1r�s�0�2/� X¶Y J��� }�j&���nJ ;
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+ ���������
	 w - X�� ~ZJ¶� � ��
�d��  {¡��ZË�xn�=R
J�¦�·���j�7��8}��¬æ�����JFS�,�¡�w!,Z} [�� ��c���w8,¶}+�
� M����+}¬¸�� X S�,#J��
�8¡ ; ª� ËoS \ x1�=RnJ�¦�·�ã�� �"! � } Â]3 S�x1�FRhJ y #"$% 9'& 3 S
x��BR!J x #�$ % 9?Æ X�\ j�7#� ;(� � J M j�7#�
7
16
� 5

11
¿���S�v�} � Ë (0, 0), (16, 7) � � Ë (0, 0), (11, 5)

X S \
¦+·nJ)��� ;"*,+ - Ç

-

6

x

y

O(0, 0)

A(16, 7)C(11, 5)

B(27, 12)

(9, 4)

ð O�-+* OABC }�w \/. > O0-+* M B R�#,$ ­

(27, 12) = (16, 7) + (11, 5).

¦+· OB
� Ë�x8��R (9, 4) M¢d,1!¦+·nJ)��� ­ 4

9 ;
ñ
GIH * OAC J�,
. ­

1

2
|11 · 7− 16 · 5| = 3

2
.

ò
G H * OAC J�-���x&R�2��#R 3

\ coz M a=b r�s�082�h3
3

2
+ I − 1 =

3

2
⇒ I = 1.

ky¾ G-H * OAC J��A��x��UR+��2nw�R M54 (9, 4) } G%H *
OAC �L�76!w�J/x8��R ;

8 �Bg F 2 � Ë (0, 0), (9, 4) J�¦#·KJ��9� 4
9 }F��� 7

16 < b
a

< 5
11

ã V�J � � b
a
M ��� a � K J(� \ ;;:�<�= ­

4

9
.
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�

3�4
2.4 *,+ V
- S \ ��� 2

(1) m r � (0, 0), (8, 5), (13, 8)
­ �oR-J G<H * �¶�!x���R8ã8�� ;

(2)
r ��� 5

8 � 8
13 ã V

��� � K J � � ;

2.5 �������	��
��
X�� �1r�s GIH *:,
.10�2

S

2
+ I − 1

�F.10 2.2 J 5�·&6�7
S = 2B + I − 3


 ��	 L - 2
ð r�s�0�2 S

2 + I − 1 2� 0!2�g
h M G H *�-���� \ x1�=RKJ�����} 1
2 å{Ó

G H *
�/�-J�� \ x1�
R�ã����K} 1 ; k¶¾ Mç�y��x1�
R���� E�JGIH * M e1,L.
@�� � ;

ñ 5�·&6�7 S = 2B + I − 3 2
¾�0�2¶� M -������
l�wFC���R!R����<º 2 \ C���58· å¢Ó
�
�����
l�wFC���R!R�� �<º 3 \ C���58· ;YA�j C��(58·
��¥ M ��! ¿#"��oC��BR�� ] -�� M N#"�� ] �/� ; � @�}
� M �L�
C���R���E�J
E -+* M e=C��(5�·�@���E ;

2.6 $&%	'DB)(�*
+-,/.�0 u�1hJ ,#2 6(7 3¢�8¦54	67498�:�;�< c2 = a2 + b2 �"�= 3?>A@�B�C 3ED�F�G�H�674985I�J�:�;�< S

2
+ I − 1 K�L�M 3ONP�Q�RTS 3UD�V�WA8#:�;�< S = 2B + I − 3 K�X#Y 3[Z�\5]�^`_
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r�é5ê � Y ¿�À�r�-+ë � Y � e{ì R m ê �Oí1î "
GOH�I ] \�ï ð+� k qOr V ÖUñ �3ò�� Y 0�r�ó5
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* © \�ï ð�� ��� r���� ��ò1� Y 0<r)ó�
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