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Abstract In this paper, we study the parabolic second-order directional derivative in
the Hadamard sense of a vector-valued function associated with circular cone. The
vector-valued function comes from applying a given real-valued function to the spec-
tral decomposition associated with circular cone. In particular, we present the exact
formula of second-order tangent set of circular cone by using the parabolic second-
order directional derivative of projection operator. In addition, we also deal with the
relationship of second-order differentiability between the vector-valued function and
the given real-valued function. The results in this paper build fundamental bricks to
the characterizations of second-order necessary and sufficient conditions for circular
cone optimization problems.

Keywords Parabolic second-order derivative - Circular cone - Second-order tangent
set

Mathematics Subject Classification 90C30 - 49J52 - 46G05

Communicated by Byung-Soo Lee.

B Jein-Shan Chen
jschen@math.ntnu.edu.tw

Department of Mathematics, School of Science, Shandong University of Technology,
Zibo 255049, Shandong, People’s Republic of China

College of Mathematics and Information Science, Xinyang Normal University, Xinyang 464000,
Henan, People’s Republic of China

Department of Mathematics, National Taiwan Normal University, Taipei 11677, Taiwan

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10957-016-0935-9&domain=pdf
http://orcid.org/0000-0002-4596-9419

J Optim Theory Appl (2017) 172:802-823 803

1 Introduction

The parabolic second-order derivatives were originally introduced by Ben-Tal and
Zowe in [1,2]; please refer to [3] for more details about properties of parabolic second-
order derivatives. Usually the parabolic second-order derivatives can be employed to
characterize the optimality conditions for various optimization problems; see [1,4-7]
and references therein. The so-called generalized parabolic second-order derivatives
are studied in [4,5, 8], whereas the parabolic second-order derivatives for certain types
of functions are investigated in [5,8—10]. In this paper, we mainly focus on the par-
abolic second-order directional derivative in the Hadamard sense for the vector-valued
functions associated with circular cones. This vector-valued function, called circular
cone function, comes from applying a given real-valued function to the spectral decom-
position associated with circular cone.

For the circular cone function, by using the basic tools of nonsmooth analysis, var-
ious properties such as directional derivative, differentiability, B-subdifferentiability,
semismoothness, and positive homogeneity have been studied in [11,12]. The afore-
mentioned results can be regarded as the first-order type of differentiability analysis.
Here, we further discuss the second-order type of differentiability analysis for the
circular cone function. As mentioned above, the concept of parabolic second-order
directional differentiability plays an important role in second-order necessary and suf-
ficient conditions. Recently, there was an investigation on the parabolic second-order
directional derivative of singular values of matrices and symmetric matrix-valued func-
tions in [10]. Inspired by this work, we study the parabolic second-order directional
derivative for the vector-valued circular cone function. The relationship of parabolic
second-order directional derivative between the vector-valued circular cone function
and the given real-valued function is established, in which we do not require that the
real-valued function is second-order differentiable. This allows us to apply our result
to more general nonsmooth functions. For example, we obtain the exact formula of
second-order tangent set by using the parabolic second-order directional differentiabil-
ity of projection operator associated with circular cone, which is corresponding to the
nonsmooth max-type function. In addition, we study the relationship of second-order
differentiability between circular cone function and the given real-valued function.
It is surprising that, not like the first-order differentiability, the relationship in the
second-order differentiability case really depends on the angle. This further shows the
essential role played by the angle in the circular cone setting.

2 Preliminaries
The n-dimensional circular cone is defined as
Lo = {x — (1,227 €R xR cosdlx| < x1} ,
which is a nonsymmetric cone in the standard inner product. In our previous works

[12-15], we have explored some important features about circular cone, such as
characterizing its tangent cone, normal cone, and second-order regularity. In par-
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ticular, the spectral decomposition associated with £y was discovered, i.e., for any
x = (x1,x) eRx R"~! one has

x = @ul +r20u?, M
where
A(x) :=x1 — |[x2]cotf, Ax(x):=x1+ ||x2|/tan O
and

m.__ L 1 0 1 . 1 1 0 1
T T o0 |0 coto- 1] =% " T T{@n20 [0 tano 1|5

with X := x2/||x2|| if xo # 0, and X, being any vector w € R"~! satisfying |w| = 1 if
xp = 0. With this spectral decomposition (1), we can define a vector-valued function
associated with circular cone as below. More specifically, for a given real-valued
function f : R — R, the circular cone function f Lo . R" — R” is defined as

@) = F ) uld + F o) u?.

Let X, Y be normed vector spaces and consider x, d, w € X. Assumethaty : X —
Y is directionally differentiable. The function v is said to be parabolical second-
order directionally differentiable in the Hadamard sense at x, if ¢ is directionally
differentiable at x and for any d, w € X the following limit exists:

¥ (x +td + 312w') — Y (x) — 1y (x; d)
1,2 :
Et

v (xid, w) = lim )

w'—w

To the contrary, the function i is said to be parabolical second-order directionally
differentiable at x, if w’ is fixed to be w in (2). Generally speaking, the concept of
parabolical second-order directional differentiability in the Hadamard sense is stronger
than that of parabolical second-order directional differentiability. However, when ¢ is
locally Lipschitz at x, these two concepts coincide. It is known that if i is parabolical
second-order directional differentiability in the Hadamard sense at x along d, w, then

v (x +td + %tzw +o0 (tz)) =Y (x)+1y (x; d)+%t2w”(X; d, w)+o (tz) .3

At the first glance on (3), the concept of parabolical second-order directional differ-
entiability in the Hadamard sense is likely to say that ¢ has a second-order Taylor
expansion along some directions. In fact, for the expression (3), the main difference
lies on the appearance of w. Why do we need such expansion (3), We say a few
words about it. For standard nonlinear programming, corresponding to the nonnega-
tive orthant, a polyhedral is targeted. Hence, considering the way x + #d, a radial line,

@ Springer



J Optim Theory Appl (2017) 172:802-823 805

is enough. However, for optimization problems involved the circular cones, second-
order cones, or semidefinite matrices cones, they are all nonpolyhedral cones. Thus, we
need to describe the curves thereon. To this end, the curved approach x +td + %tzw is
needed, which, to some extent, reflects the nonpolyhedral properties of nonpolyhedral
cones. This point can be seen in Sect. 3, where the parabolic second-order directional
derivative is used to study the second-order tangent sets of circular cones. The exact
expression of second-order tangent set is important for describing the second-order
necessary and sufficient conditions for conic programming, since its support function
is appeared in the second-order necessary and sufficient conditions for conic program-
ming; see [16] for more information.

3 Second-Order Directional Derivative

For subsequent analysis, we will frequently use the second-order derivative of X := ﬁ
at x # 0. To this end, we present the second-order derivative of x in below theorem.
For convenience of notation, we also denote @ (x) := x for x # 0, which does not
cause any confusion from the context.

Theorem 3.1 Letafunction @ : R" — R" be given as @ (x) := ”;—”forx # 0. Then,
the function @ is second-order continuous differentiable at x # 0 with

I—xxT

JP(x) =
llxl

and

w7 35iT — 1
T (x)(w, w) = =2 (TIC_IIIZ) w+w’ (%) wx, VweR"
X x

Proof 1Tt is clear that @ is second-order continuous differentiable because of x # 0.
The Jacobian of @ at x # 0 is obtained from direct calculation. To obtain the second-
order derivative, for any given a € R”, we define ¥ : R” — R as

Ta

v(x) = o) a =2
[lxl

We also denote /(x) := a’ x and g(x) := 1/|x|| so that ¥ (x) = h(x)g(x). Since
x # 0,itisclearthat g and & are twice continuously differentiable at x with Jh(x) = a,
J?h(x) = 0, and

X (1 —xxT) —2xxT  3xxT —1
TJg) = ——5. Jg) =~ =
Ix 12 13 Ix113

Hence, from the chain rule, we have J ¢ (x) = g(x)Jh(x) + h(x)J g(x) and

T x) = Tg@)T Th(x) + h(x)T*¢(x) + g()T*h(x) + Th(x)T Tg(x),
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which implies

TP () (w, w) = 2T g(x)(w) Th(x)(w) + h(x)T*gx)(w, w)
+ 80T ?h(x) (w, w)
=27 g(x) (W) Th(x)(w) + h(x)T*g(x)(w, w)

—d” [—2)#“) w+ w’ (M—_I) wx:| (4)
llx11 llxI? )

On the other hand, we see that 72y (x)(w, w) = a’ J?® (x)(w, w). Since a € R" is
arbitrary, this together with (4) yields

i7 3557 — 1
T*o(x)(w, w) = —ZMw—i—wT 2 7 wx,
llx 112 llx3

which is the desired result. |

Next, we characterize the parabolic second-order directional derivative of the spec-
tral values A; (x) fori =1, 2.
Theorem 3.2 Let x € R" with spectral decomposition x = Al(x)u)(cl) + )»z(x)uj(cz)
given as in (1). Then, the parabolic second-order directional differentiability in the
Hadamard sense of Ai(x) fori = 1,2 reduces to the parabolic second-order direc-
tional differentiability. Moreover, given d, w € R", we have

2 (=T 7.\2
w] — ()Eszz + %) cotd, if xp #0,

MOGdw) =4 T, cot, if x, =0, dy #0,
wi — ||lwz|| cot b, if xp =0, d» =0,
and
2 (=T ;\2
w1+(i2Twz+W>tan6, if xp #0,
Ay(x; d, w) = w1 —I—c?QTwz tan 0, if x =0, dy #0,
w1 + ||wz] tan 9, if x0=0, dp =0.

Proof Note that A;(x) fori = 1, 2 is Lipschitz continuous [12]; hence, the parabolic
second-order directional differentiability in the Hadamard sense of A;(x) fori =1, 2
reduces to the parabolic second-order directional differentiability.

To compute the parabolic second-order directional derivative, we consider the fol-
lowing three cases.

(i) Ifx # 0, then x + td + 3t°w = (x1 +tdy + 31°wy, xp + tdy + 5t>w»). Note
that A (x; d) = dy — %1 dy cot 6 and
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lda))? — (7 dz)z)

) -7 Lof.r
Ix2 + tdy + ~2wnll = 2l + 157 dy + =22 [ & wo +
3 2 ol

+o0 (tz).

Thus, we obtain

A (x4 td + A2w) — A (x) — 12 (x; d)

b — (i dy)
—>w1—(isz2+M coth.

llx2]]

(ii) If x = 0and dp # 0, then x + td + 31?w = (x| + tdy + 312wy, tdr + 117w))
and A (x; d) = di — ||d2|| cot 6. Hence,

A (x +td + 22w) — A (x) — tX, (x: d -
1( 2 2 1) 1( )—>w1—d2Tw2cot9.
2t
(iii) Ifx, = 0and d> = 0, then x + td + 3t?w = (x| +td; + 512wy, 11?wy). Thus,
M (x;d) =d; and

A (x4 td + APw) — A (x) — 2] (x; d)

ltz

2

— wi — ||lwz]| coth.

From all the above, the formula of )Llll(x; d, w) is proved. Similar arguments can be
applied to obtain the formula of k; (x;d, w). O

The relationship of parabolic second-order directional differentiability in the
Hadamard sense between f Lo and f is given below.

Theorem 3.3 Suppose that f : R — R. Then, f Lo i parabolic second-order direc-
tionally differentiable at x in the Hadamard sense if and only if f is parabolic
second-order directionally differentiable at A; (x) in the Hadamard sense fori = 1, 2.
Moreover,

(a) ifxo = 0and dy = 0, then

(F5) idowy = £ Gorz iy — ol cot)ul)
+f @z dy, wi + Jwa | tan 6) s
(b) ifxo =0anddy # 0, then
(r£) widow)

= (x];d] — lldall cot 8, wy — df wy cote) u)
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+f (xl; dy + ||| tan 0, wy + dF wo tane) u®

1

— (s dy + \d2 )| tan @) — £/ (x1; dy — |ldal cot8) ) T @ (d)w;
+tan9+cot9(f(x17 1+ ld2lltan @) — f'(x1; dy — ||d2|| co ))J (d)w;

(c) if xo # 0, then
(fﬁf’) (x;d, w)
= 1" (x1 = Ix2llcotd: di — ] dy cot, wy — [ wy +df T (x2)da] cot ) ul”
+f" (x1 + Iboll tan 6; dy + £1 da tan 6, wy + [&F wy + d T @ (x2)dy] tan 9) ul?

NJex)d +

“ol0 + ano —— D (TP 23
+cot0+tan9 cotf + tan g 2(‘7 ®w +J (x)(d,d)),

where
ro=f (x1 + xoll tan 0 dy + i1 d tane)
—f (x1 — |lx2]| cot 6; di — )Eszz cot9)
D= f(x1 + ||x2 tan @) — f (x1 — [|x2 cot O)

and 5()6) = (1, @(x2)T forall x € R" with x> # 0.

Proof “<=" Suppose that f is parabolic second-order directionally differentiable at
Ai(x) fori = 1, 2 in the Hadamard sense. Givend, w € R" and w’ — w, we consider
the following four cases. First we denote z := x 4 td + %tzw’.

Case 1:Forx; = 0,d> = 0,andw = 0,wehave £ (x) = (f(x1),0) = fpul”+
f(xl)ugz) and

(r5) @y = ( irdn,0) = £ e dpyuld + 1 (eps dy .

Note that ugi) — uéi) asi = 1,2 forsomeé € {(1, w) : ||w| = 1}. Thus, we conclude
that

I (x4 td + L2w') — fRo) — 1 (F5) (v d)
)
it

> odnw)ug + f s d, wul?
= (/" iz, w)0).

Case 2: For xo = 0,d>» = 0, and w» # 0, since f is parabolic second-order direction-
ally differentiable, we have

f @) — f&) —tf (13 dy) N

1.2
5t

£ di, wi — [|wa] cot )
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and

f2(2) — flxn) —tf (x1:d1)

1.2
5t

— £ (x1:dy, wy + lwa tan6) .

Note that ugi) — ug) fori = 1, 2. Therefore, we also conclude that

fﬁ" (x +td + %tzw’) - fﬁ"(x) —t(fﬁ")/(x;d)
1t2

— [ s di,wi — ol cot0) ul) + £ (xis i, wi + Jlwa tan 6) up.
In summary, from Cases 1 and 2, we see that under x; = 0 and dy = 0
(F5) Gidowy = £ Corzdr. g — ] cot) )
+f (s di, wy + lwall tan 6) u®,
Case 3: For x; =0, d» # 0, we have

(fE) (i d) = (s dy — lldall cotO)u)
+f (s dy + lda | tan 0)u.

Note that
1 2.7 1 /
flx1+tdy +§t w} —t||d2+§tw2|| cotf
12 i 1 3T .../
= f [+ 1+ 517w} —t[||d2|| cotf) + 51 wzcotG—i—o(t)]

1 1 -
=f (x1 +tdy + Etzwl — t[||d2|| cotf + 5td2Tw2 cot@] +o0 (tz))
= f(x1) +tf' (x1:d1 — ||d2]| cot 6)
1 " -
+51°f (xl; dy — |lda ]| cot 8, wy — d ws cote) +o (;2) , )
where we use the facts that w’ — w and f is parabolic second-order directionally
differentiable at A1 (x) in the Hadamard sense. Similarly, we obtain
1 2./ 1 /
flx1+td + Et w) +tlldy + Etw2|| tan 6
= f(x1) +1f (x1;dy + ||d2| tan 6)
1 " _
+50 (xl; dy + ||da | tan 8, wy + d7 wy tan 0) to (zz) . (6)
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32w = fE0 ()=t (f£0) (x:d)
1,2
7t

Ly d
Thus, the first component of f O Gtidd converges to

1

et (i = 1l o6, wn — & wz cor)

" . _T
t e —|—tan29f (x1, di + |ldz|| tan 0, wy + dy wr tan@) .

In addition, according to Theorem 3.1, we know

do + 1w 1
il CRERTY
lld2 + 51w, || 2

= D) + 1T O+ LT (wh, w5) + 0 (1)
= O + ST+ T PW) w0 (). ()
Hence, it follows from (5) to (7) that
—f @) e (dz + %twé) + f(x1)P(d2) + tf (x1:d1 — ||da || cot 0) P (da)
= —%tf(xl)jd?(cb)w’z - %tz[f” (x1; di — ||da | cot 6, wy —dl wy cot9)¢(d2)
' ey — ol cot0) TP (o) + 1/ ()T @) (o, wz)} +o(r?)
and
S (R2(2)P (dz + %lwé) — f(x)P(dy) — tf'(x1:dy + ||d2|| tan 0) D (d2)
= %tf(xl)jfb(dz)wé + %zz [f” (xl; di + ||da | tan 6, wy + dJ wy tan@)@(dz)

1
' (c13 di + | an 6) T @ (d)wh + 7 £ )T B (o) (wn, wz)] +o(r?).

; FEO (xttd+ S 2w — fL0 () —t (fLO) (x;d)

Thus, the second component o ¥
2

converges to

_ ()] ]
an 0 + ctand (Klj (d2)wa + k2 (dz)),

where
k1= f' (x1;d1 + ||d2|| tan @) — f' (x1; dy — ||d2 ]| cot 6)
= f (xl; dy + ||da || tan 8, wy + a7 ws tan@)

—f (xl; dy — |lda ]| cot &, wy — d¥ ws cote).
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To sum up, we can conclude that

/

(r%) @id.w
= f” (xl; di — |lda|l, wy — cszwz cot@) uy)

+f (xl; dy + ldo|| tan 0, wy + dF ws tane) u®

1

+——— | f isdi + ol tan ) — f' (x15 dy — ||da|l cot0) )T ®(d)w.
tan @ + cot O

Case 4: For xp # 0, under this case, we know

(FLoy (x; d) = f' (M(x); dy —il'dy cot9) ul) 4 g/ (Az(x); &+l dy tan@) u®

FOa(x) = f((x) [o 0 ] ;
M) —r@) 0 T—%x] |7

Note that
1 2.7 =T 1 21 =T, T 2
Iz + 1d> + 5e2wh]| = all + 15 dy + 51 [x2 w) + d? J¢(x2)d2] +o (: )
1
= |lxo || + 157 ds + Etz[)Eszz + dzTJq)(xz)dz] +o (ﬂ) .

Since f is parabolic second-order directionally differentiable at A1 (x) in the Hadamard
sense, we have

1 1
f (x1 +tdy + Eﬂwq — [lx2 4 tdy + Ezzwgu cote)
— £ (1 = |xall cot§) + £ (xl — |lx2]l cot 0; di — ¥l ds cote)
1 2 -T
+§t f (x1 — [lx2]l cot 8; di — X, da cot O, wy
=T T 2
—[x2 wy +d, Jdﬁ(xz)dz] cot@) +o0 (t ) .

Besides, we know that

D (xz +tdy + %tzw/z)
1 2 / 2 2
= P(x) +1T @ (¥2)da + 5t (j@(xz)wz + 720 (x2) (do, dz)) to (t )

1
— ®(x2) + 1T D (x2)d> + EtQ(J@(xz)wz + T 0 (x2) (do, dz)) Yo (rz) .
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12w — L0 () —1(f20) (x;d)

% 2 converges to

Ly d
Thus, the first component of SO Cortd s

1
1 +cot?@
—[F w2+ d] T (212 ] cot)

7 (xl — |x2ll cot &; dy — #¥dy cot 8, wy

+— ! (x + ||lx2 | tan 0; d; + XL dp tan 6, w
1+tan29f 1+ [lx2] 1+ Xy dy 1

+[#F w2 +df Fo(x2)dp ] tane)

¢ FE0 (etrd+ 52wy = F£9 () =1 (76 (x;d)

Moreover, the second component o T3 converges
2

to

0
__EL—(NM—WﬁwwﬂjmmmrﬂﬂWmWh@ﬂ

1 +cot?6
12f (x1 — llx2ll cot 8; dy — %L s cot 9) TP (x2)ds

+f" (x1 = lIx2]l cot 6: dy — X dy cot O, wy
—[sz wy + dszcb(xz)dz] cot 9)q§(x2))

tan 6
1 + tan2 0

12 (x1 + |lx2ll tan 0; di + ¥ ds tan 9) T®(x2)ds

(f (x1 + lx2l tan 0) [T (x2)wz + T* @ (x2) (da, do) |

+f” (x1 + ||lx2|| tan 6; dy +)E2Td2 tan @, wq

+[%7 wy + d} TP (x2)d> ] tan 9) @ (xz)).

To sum up, we can conclude that

o) x;d,w

(f ( )
=7 xl—||x2||cot9;d1—)?szcotG,wl— )ETwz—i—de(P(xz)dz cotd u]
2 2 2 X

+f (xl + |x2ll tan 6; d) + %1 d> tan 6, wy + |:)22Tw2 +dl g (xz)dz] tan 9) u?

NJ®x)d + TP (x)w+ T (x)d, d)),

_ — T
+Cot9+tan9 cotf + tan 6 2(

where we use the facts that J®(x)w = (0, 7P (x2)w,) and j25(x)(d, d) =
0, T?® (x2)(da, d2)).
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“=" Suppose that f£ is parabolic second-order directionally differentiable at x in
the Hadamard sense. Given J, w € R and W' — w. To proceed, we also discuss the
following two cases.

Case 1: Forx, = 0, letd = de, w' = w'e, and w = we. Denote 7 := x + td + %tzw/.
Then

f (x1 +id + %rzﬁ/) — FO) —tf (1, d)
1t2

_ <f‘9 @) = fEo@ =1 (f%) @i d) e>

1.2
5t

Thus, we obtain f (x1;d, W) = (f£0) (x; d, w), e).
Case 2: For xp # 0, letd = c?u,((l), w' = J/u,(cl), and w = zI)u)(CI). Then, we have

x+td+ %tzw’ = (M(x) +1td + %tzzl/) ulD 4 2 (0)u'?
with # > 0 satisfying td + 2¢2@’ < A2(x) — A1 (x). This implies
fLo (x +td + %tzw’) =f (M(x) +td + %tzd/) u + f (o) u®
and (f£0) (x;d) = f'(h1(x): dyul”. Thus,

f (@) +ed+320) = £ Gy = of (A d)

1.2
5t

C 1.2 1N oL _ Lo\ (v
:(1+cotzg)<ff’<x+rd+2tw> Tl (r5) <x’d>,u;>,

which says
£ (Mm:d.b) = (14 co0) <(f£9)” (x; d, w), u;1>>.

The similar arguments can be used for f at A>(x). From all the above, the proof is
complete. O

4 Second-Order Tangent Sets
In this section, we turn our attention to f being the special function f(¢) = max{z, 0}.

In this case, the corresponding f Lo js just the projection operator associated with
circular cone. For x € Ly, from [16], we know the tangent cone is given by
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Tr,(x) == {d : dist(x +td, Lg) = o(t), t > 0}
={d : O, (x +1td) — (x +td) = o(1), t = 0}

= {a: ) =al, ®)
which, together with the formula of I7 /ﬁe , yields

R", if x €intly,
Te,(x) =1 Lo, if x =0,
{d : dIx, —dix)tan® 0 < 0}, if x € bdLy/{0}.

Definition 4.1 [16, Definition 3.28] The set limits
i,2 n : 1 2 2
T§*(r.d) = Jw e R" :dist (x +1d + 57w, S G REL
and
1
T2(x,d) == [w € R" : 31, | 0 such that dist (x +1ud + 51w, S) =0 (z,f)]

are called the inner and outer second-order tangent sets, respectively, to the set S at x
in the direction d.

In [13], we have shown that the circular cone is second-order regular, which means
TL':; (x; d) is equal to Tée (x;d) foralld € Tz, (x). Since the inner and outer second-
order tangent sets are equal, we simply say that Tge (x; d) is the second-order tangent
set. Next, we provide two different approaches to establish the exact formula of second-
order tangent set of circular cone. One is following from the parabolic second-order
directional derivative of the spectral value 11 (x), and the other is using the parabolic
second-order directional derivative of projection operator I1,,.

Theorem 4.1 Given x € Ly andd € T, (x), then

R", if d eintTg,(x),
TZ,(x.d) =3 Try(d), if x=0,
{w: wlx;cotd —wix;tan® < d7 tand — ||do||> cot 6}, otherwise.

Proof First, we note that Ly = {x : —A;(x) < 0}. With this, we have
€T3 (x;d) — +td+1t2 +o(?)) <0
w LoWX5 — 1{x > w0 =
l 4
= k) =14 (i d) = 374 (i d o w) +o (z2) <0. 9

The case of x € intLy (corresponding to —A;(x) < 0)orx € bdLg andd € intT, (x)
(corresponding to 41 (x) = Oand —1} (x; d) < 0) ensures that (9) holds forallw € R".
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For the case x = 0 and d = 0, it follows from Theorem 3.2 and (9) that
w e T, (x;d) = —wi + [wallcotd <0 < w € Ly.

Conversely, if w € Ly, then dist(%tzw, Lo) = 0 due to Ly is a cone, which implies
w e TEH (x; d). Hence, Tge (x;d) =Tz, (x).

For the case x = 0 and d € bdT,, (x)\{0} = bdLy\{0}, it follows from Theorem 3.2
and (9) that

w e T7 (x;d) = —widitan> 0 + dj wy < 0 <> w € T, (d).

Conversely, if w € Tr,(d), then dist(d + tw, Ly) = o(t), and hence, dist(d +
31w, Lg) = o(31) = o(t). Thus, we obtain dist(x + td + 31w, Lg) = dist(td +
%tzw, L) = o(¢?), which means w € TL2 (x;d).

The case remained is x € bdLy/{0} and d € bdT.,(x), i.e., x; = |lx2] cot& and
d2T X2 = dix; tan? 0. Since x, # 0, —X1 is second-order differentiable at x. Hence, it
follows from Theorem 3.2 that

T2 (x:d) = {w LA dw) < o}

= {w : —xlwltane—i—szwzcot@—i- ||d2||200t0—d12tan9 50},

where the last step is due to )EZT dr = djtan6. O

As below, we provide the second approach to establish the formula of second-order
tangent set by using the parabolic second-order directional derivative of projection
operator associated with circular cone. To this end, we need a technical lemma.

Lemma 4.1 For x € Lo and d € T, (x), we have
TZ (x,d) = {w Ty, (v dw) = w} .
Proof The desired result follows from

1
Tég(x,d) = 1w : dist (x +td + §t2w, ﬁg) =0 (t2), t > 0}

1 1
= 1w : Mg, (x+td+§t2w)—(x+td+§t2w)=0(t2), IZO]

1 1
= 1w : [lg, (x +td + ztzw) —Ig,(x) — tI'I’EH(x; d) — Etzw

:o@ﬂ,tzq

= [w : Hze(x;d, w) = w],

where the third step uses the fact that d = IT 2:0 (x;d) sinced € Tg,(x) by (8). m|
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Recall first from [15] that I, , the projection operator, is the vector-valued function
corresponding to f(¢) = max{t, 0}. To present the second approach, we will also use
the parabolic second-order directional derivative of the f(f) = max{t, O}, which can
be found in [10]. Now the second approach to prove Theorem 4.1 is given below.

Proof Notice first that as x; > |[xz|/cotf or x; = |xz|lcotf@ # 0 and d; >
J?ZT d> cot 6, then

- 1 _ B
T nIFwd+ ——— (TP 25 (). d
tan 6 + cot 6 1) +tan9+cot0 (TP ()w+ TP (x)(d, d))
T d 2 b2 T
—(o. wz_[ng_ (Hd2)"  ldal } o) o
llx2]] 20l 1 llx2l

As x; > 0and d; > ||d>] cot 8, we know that

1 , ) N
— Ldy + o]l tan0) — f'(x1: dy — |da] cot0) ) TP (d
tan@—i—cote(f (x1;d1 + l|d2 || tan€) — f*(x1;5 di — [|d2|| co ))J (d)w

N\T
N (0’ wz_dngdz) ' (11

We point it out that, in the above formulas (10) and (11), we have applied the parabolic
second-order directional derivative of the max-type function f(¢) = max{z, 0}. To
proceed, we discuss the following three cases.

Case 1: For d € intTg, (x), we keep going to discuss three subcases.

Subcase (1): x = 0. Under this subcase, we see d € intLy, i.e., d] > |dz]|| cot 0. If
dr = 0, then d; > 0 which yields

£ s diwy — lwallcot@) ul, + f (xiidi, wi + wz )| tan@) u? = w, Yw € R".
If dy # 0, it then follows from (11) that
(fﬁe) (x;d,w) = (w1 — d_szz cot@) uél) + (w1 +a_72Tw2 tan@) u((iz)
. N\T
+(0, wy — d2Tw2d2) = w.

Subcase (2): x € intLg. Under this subcase, it is clear that Tz, (x) = R". If x, =0,
it follows from Theorem 3.3 that (fﬁf’)” (x;d, w) = w whenever d, = 0ordy # 0
due to x; > 0 in this case. If xp # 0, from (10), we know that

wi

c ” . B
(f 9) (x, d, UJ) = |:X2Twz+d2Tj<D(x2)d2:| X2

[l

0
wy — [;z{ wy +dT jq>(x2)dz]"—2

flx2]]
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Subcase (3): x € bdLy/{0}. Then d € intTy,(x) means d] x, < dixjtan’ =

di||lx2l tan 6, ie., ¥} dy cot6 < dy. Thus, (f%9)" (x;d, w) = w for all w € R” by the

similar argument as above.

In summary, we have Tge (x,d) = R" in this case.

Case 2: For x = 0, since d € Tz, (x) = Ly, we see that di > ||d2| cotf. It only

remains to show the case of d| = ||d>|| cot 8. If d» = 0, then d; = 0, and hence,
(£5) (esdowy = £ (ers dy,wy = sl cot6)

+f iz dy, wy + [[wa | tan 6)
= (w1 — wallcotf) uy, + (w1 + [lwa tan 6) , u;,
=g, (w).

This, together with Lemma 4.1, yields w € TLZG (x;d) < Ig,(w) = w, ie,
we Ly="Tg,(d). Ifdy #0, thend; = ||dz2| coté > 0. Hence,

(fﬁg) (x;d,w) = (wl —dlw, cot@)Jr ug) + (lUl +dlw, tan@) uflz)
B \T
~|—(0, wy — dzT wzdz) .
Therefore, we obtain

(f‘:(’)” (x: d, w)

Il
g

<=>—(w —dlw cot@)
1 +cotZg \ 1272

cot? 9
1 +cot26

+
= wi (w1 ~|—32Tw2 tanQ)

“— (w1 —ciszzcotG) = w —c?szgcotG
+

<— wid] tan? 6 > dszz
= w e Tg,(d),
where we have used the fact that d| = ||d»|| cot 6.

Case 3: For x € bdLy/{0} and d € bdT,(x), we have d| = )Eszz cot 6. This says
that

(f‘ﬂ) (e d, w) = (w1 — [ ws + dI TD (x2)da] cote)+ uD

+ (w1 + [ wz + ] T (x)da] tan )

T
- X
+ (0, wy — [%] wa +d] j@()@)dz]m) :

Hence,

"

(.fﬁg) (x;d,w) = we (wl - [szwz +dzT~7‘p(x2)d2} C0t9)
+
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= w — [i{wz + dszq)(xg)dz] cot 6

= wy — [x{wz + d2TJ¢(xz)d2:| cotf >0

<= wix|tan6 —szwz cotf > ||d2||200t9 — dlztané
= we T} (x:d),

where the third equivalence is due to the fact d| = )EZT d> cot 0 in this case. O

5 Second-Order Differentiability

The relationship for the first-order differentiability between f L6 and f has been stud-
ied in [11,12]. More specifically, f Lo is first-order differentiable at x if and only if f
is first-order differentiable at A; (x) fori = 1, 2. It is natural to ask whether analogous
relationship for the second-order differentiability (in the Fréchet sense) between f Lo
and f exists or not. In this section, we provide an answer for this question.
Theorem 5.1 Let x € R" with spectral decomposition x = A (x)u)((l) + )Lz(x)u)(cz)
given as in (1). Suppose that f is second-order differentiable at A;(x) fori = 1,2.
Then,

(a) forx, #£0, f Lo is second-order differentiable at x with

T
T2 L (x)d,d) = (dTAl (x)d,dT Ar(x)d, ..., dTAn(x)d) ,

where
_[é€ o%;
A1) = [@22 al + Gy —2&))?256{] ’
] (x2)i -
Ai(x) == C(x) +Bi(x), i=2,....n
[lx2]
Here
[ @ (i — a)x;
)= [(ﬁ — @)% T+ (w — 3%2)22;2}] ’
Bi(x) :=vel +ev”, vi=(a, f)EZT)T,
and
L F0a@) — fOa) S | fGeG) . n-a

) — M) T Treo20 T lt@2e’ T ml’
P f'(a(x)) — f'(r1(x))
' Ao (x) — A1(x) '
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<1
i

(b) for xz

" 1+cot26

9 " 0 "
gl ) + 1 £ G,

cot? 9 2

= l—i—Tf( 1(X))+ an f( 2(x)),

cot? 9 26
= mf i 1(x))+—f (A2(x)),
cot3 0 30
mf (M(X))-i-_'_—f ‘(M (x)).

=0and 0 =45° f Lo is second-order differentiable at x with

T
T2 (x)d, d) = (dTAl(x)d, dT Ax(x)d, .. ., dTAn(x)d) ,

where

0 eT1 .
Al(x)—f(xl)l A(x)—f(xl) ’0 , 1=2,3,...,n.

Proof (a) Note that ||xz|| and x» are second-order differentiable at x, % 0, which
together with that f is second-order differentiable, ensures that f Lo is also
second-order differentiable at x with x, # 0. Since f Lo is second-order
differentiable, according to the definition of the parabohc second-order dif-
ferentlablhty, we have J2f Lo (x)(d d) = ( fLH) (x;d,0). Note also that

£ i) d

is second- order differentiable. Hence, taking w = 0 in Theorem 3.3 yields

T (%) .

Ed? +28d1iT dy + [ii — &) (1 da)” + dlda 2

|23 +27di &L ds + @ (T o) + ol = iy (o)’ ] %2

it
+2adidy — 2ady (¥ dy) 52 + 2Ly (£ do) dy — 2720 (1 do)” 2

211
[[x2]]

—2-4

x2d2d2+3”x2”( dz) Xp—a X2

[EA]
= -~ = ~ ~7 /= 2 -
Ed} +28d1x] do + [ — ] (31 o)™ + alldal?

[0d} +2 (7 — a) d1X] dy + (w — 3%) (2] do)? + T||da||*] 2

2 (ady + Tx1d>) dy

w) = ff@)w + f "(hi(x))(d,d) for i = 1,2 whenever f

(b) When 6 = 45°, then circular cone reduces to the second-order cone and the
circular cone function f£¢ is the SOC function f%°¢. The result follows from
[17,18].

m}
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Theorem 5.2 Let x € R" with spectral decomposition x = A (x)u)(cl) + Az(x)uj(cz)

given as in (1). For xo # 0, if fl:" is second-order differentiable at x, then f is
second-order differentiable at \i(x) fori = 1,2. For xo = 0, if f Lo is second-
order differentiable at x, then f is second-order differentiable at x| and 6 = 45°. In
particular,

(a) when xo = 0 and 60 = 45°, f”(xl) = (JZfLQ (x)(e, e), e);
(b) when x2 # 0, f" (i) = s (szﬁo @@, ul), uff')), i=1,2.

Proof To proceed, we consider the following two cases.
Case 1: For xp = 0, from the second-order differentiability of f ﬁf’, we know that

1
PG d) = £ 0 + T d 4+ 3T o d +o (Id12) . (12)
Fort € R, taking d = te in (12) yields

[f(xlo + r)} _ [f(gl)] +[f’<gl>t] N % 2T @ e +o (1)

which in turn implies

1
F 40 = fon+ £+ 52T F @ . e) +o (1)

This is equivalent to saying that f is second-order differentiable with f ")) =
(jzfﬁf’gxl(e,e),e). This together with the fact f (x1;d,w) = f'(xpw +
f (x1)(d, d) and Theorem 3.3 yields

T
J? (fﬁﬂ) ) d, d) = (dTAl(x)d, dT A>(x)d, .. . dTA,,(x)d)
T
+(0, dTEs(x)d, ..., dTE,,(x)d) ,
where
. " . " 0 e.T_l .
Ar(x) == f (xpI, Ai(x):=f (x1) i IO , 1=2,3,...,n,
and
E;(x) = f“(xl)(tane —cotfh) (;2) (0, el-T_l) L 1=2,...,n.

Because f Lo is second-order differentiable at x, then 72 f Lo (x)(d, d) is a bilinear
mapping. Since

T
T2 d, d) — (dTA] x)d,dT Ay(x)d, ..., dTA,,(x)d)
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is a bilinear mapping, this requires that fori =2, ..., n,

dTE;(x)d = £ (x1)(tan 6 — cot §)d” (32) (0, ef_l) d
= /" (D) (an 6 — cotH)lld2 | (d2);
is also a bilinear mapping with respect to d, which holds if and only if tan 6 = cot 6,
CaseGZ_FtSr x2 # 0, taking d = tux ) in (12), we have
f 01 +0ud = fFOaeu? +17 f @ud
+ %t2j2f£9 (x) (u}c ”)15) +o0 (t2)
= f Ga)u” +1f () ul!

+ %tzjzfﬁe ) (1", u) +0 (#2).

This leads to

fa@) +1) = fa@) +1f (hi(x))
1, 1 2L M, DY, 4D
3 g (0 (00 ) 0 (7).

which implies

7 ) = (1)”2<J2f‘9<x>( D D), uh).

The similar arguments can be used to obtain the formula of f ! (A2 (x)). O

Putting Theorem 5.2 and Theorem 5.3 together, we immediately obtain the follow-
ing result.

Theorem 5.3 Let x € R" with spectral decomposition x = )Ll(x)u + kz(x)u(z)

given as in (1). Then, the following statements hold.
(a) For x> # 0, fﬁf’ is second-order differentiable at x if and only if f is second-
order differentiable at \;(x) fori =1, 2.
(b) Forx, =0, f Lo is second-order differentiable at x if and only if f is second-
order differentiable at x1 and 0 = 45°.

The below example illustrates that the converse statement in Theorem 5.3(b) is
false when 6 # 45°.

Example 5.1 Consider n = 2 and f(t) = t>. Then, by a simple calculation, we have
2 2
£E @) =[ NN }

2x1xp + (tan 6 — cot O)|xa|x2
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Note that the function

x%, if xo > 0,
[x2]x2 = 70, if x =0,

—x%, if xo <O.

is differentiable at x, = 0, but not second-order differentiable at x, = 0. Hence, f Lo
is not second-order differentiable at x with xo = 0 unless 6 satisfies tanf = cot 9,
ie., 6 = 45°.

To sum up, from Theorem 5.3 and Example 5.1, we conclude that

“f Lo is second-order differentiable at x <= f is second-order differentiable
at A;(x)” is not always true.

This phenomenon differs from what occurs in the first-order differentiability case.
Precisely, the relationship for the first-order differentiability is independent of the
angle, while the relationship for second-order differentiability really depends on the
angle.

6 Conclusions

The parabolic second-order directional differentiability and second-order differentia-
bility of the circular cone function were discussed in this paper. These results belong
to the second-order type of differentiability analysis and help us to understand the rela-
tionship between the vector-valued circular cone function and the given real-valued
function more clearly. In particular, the parabolic second-order directional differen-
tiability of projection operator was used to establish the expression of second-order
tangent sets, which plays an important role to develop the second-order optimality
conditions for circular programming problems. The second-order differentiability of
the given real-valued function cannot ensure the second-order differentiability of cir-
cular cone function unless some additional assumption is given on the angle. This is
a very interesting and surprising fact. It further indicates that some results holding
in second-order cone setting, such as second-order cone monotonicity and convexity,
cannot be extended to circular cone setting, because in the latter case the angle plays
an important role [14, 19]. Thus, the further study to discover the difference between
second-order cone programming and circular cone programming is necessary.
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