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THE ALMOST PERIODIC SOLUTIONS

OF NONAUTONOMOUS ABSTRACT

DIFFERENTIAL EQUATIONS

Yu-Hsien Chang (張幼賢) and Jein-Shan Chen (陳界山)

Abstract. In this paper we present some results concerned with the problem
of existence of almost-periodic and asymptotically almost-periodic solutions
of the following nonautonomous abstract differential equation in Banach
space:

主主=A(t)x + J(t) t εJ ，
dt

where J = [0，∞)or J = (一∞，∞)，J(t) is an almost periodic function
or a SP aIm個 t periodic function ，A(t) is a continuous opera 七or on J，and
{A(t)1 t εJ} generates a (totally) evolution system {U(t ，8)1 t月εJ}.

1.Introduction and Preliminaries

The problem about the existence of almost-perioillc solutions of abstract
autonomous differential equations has been the subject of much activity over
the past years (e.g. Krein [剖，Henriquez [叫，He時缸 tner [剖，Zaidman [11]).
However ，the motivation of this paper is a resent paper of Henriquez [剖，in which
he proved the existence of asymptotically almost-perioillc solutions for abstract
autonomous illfferential equations.
Inthis paper we will present a generalization of some results contained in

Krein 冶[司，Zaidman's [11] and Henriquez's [6] works. With some suitable assump-
tions on the evolution system and the forcing term ，using the characterizations of
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(asymptotically) almost periodicity(L. Amerio & G. Prouse [呵，Bescicovitch [詞，
Zaidman [10]) and results on Bohl exponents and e-dichotomy (Krein [5])，we
obtain new results on the existence of almost-periodic or asymptotically almost-
periodic solutions for abstract non-autonomous differential equations in Banach
space.

Throughout this paper we_will denote by X a real or complex Banach space
endowed with norm 11·11. Some of the following preliminaries were proved in the
references. However，for the completion we still list them here.

Definition 1.A continuous function f( t) : J → X is said to be almost-
periodic (in short ，α.p.) if for every ε> 0，there exists a set P，εrelatively dense
in J such that

IIf(t + T) - f(t)11 三 ε

for every t εJ and every TεPε ﹒

Definition 2. A continuous function f(t) : R+ → X is called asymptotically
almost periodic (in short ，α.α.p) if there are functions g( t)εα.p.(R : X) and
q(t)εCo( R+ : X) such that

f(t) = g(t) + q(t) for every t 主°，

where Co(R+ : X) is the space of continuous functions from R+ into X which
vanish at infi世ty.

Definition 3. A function f(t)εLP(J : X) p 三 1 is called almost periodic in
the sense of Step祖ov (in short ，SP 一α.p.) if the function f(t) : J → LP([O ，1J; X)
defined by

f(t)(η) = f (t+η) ， t εJ ， ηε[0 ，1]

is almost periodic.

From these definitions one can easily have the following result:

Lemma 1. In order thαt f(t)εα.α.p.(R+ : X) it is necessαry and sufficient
thαt for everyε> a there is T(ε) > a such thαt the set of real numbers

{TIT 三031)|if(t+7) 一f(t)11 三ε)
的 relatively dense on R+ (s自 e.g. Zaidmαη[1 月).
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We consider the non-autonomous differential equation
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豆豆= A(t)x + f(t) ，
dt t ξJ = [0，∞)，

where f(t) : J → X is a continuous function and A( ﹒):J → [Xl is an integrally
rHI

bounded (i.e.: sup I IIA(s)llds 三 M (0 三 t <∞))and continuous operato r.
tεJ Jt

We can define a Cauchy operator U(t) of the homogeneous 也fferential equation

(1.2) 豆豆= A(t)x ，
dt t εJ ，

by

即)=I+fAM1+21titn jhA(tn)4 叫

The solution of equation (1.2) is represented by x(t) = U(t)xo ，where Xo is the
initial value (Krein [5]). From this，we can define the evolution system U(t ，T)
of equation (1.1) or (1.2) by U(t ，T) = U(t)U-1( T). Itis well-known that the
evolution system U(t ，T) 晶 tisfies the following properties:

(a) U(t ，t) = I;

(b) U(t ，S)U(S ，T) = U(t ，T);

(c) U(t ，T) 二 [U(T ，t)rl;

(d) IIU(t ，T)II 三 eJ: IIA(s)11白，

and the solution of equation

(零三 A(t)x+f(t) ， t>O ，
(1.1) - (1.3) : <αE

l x(O) = Xo

M叫

Definition 4. Let x(t) = U(t)xo be a solution of equation (1.2). By the
(upper) Bohl exponent KB(XO) of this solution is meant the greatest lower bound
of all those numbersρfor which there exist numbers Np such that

(1.5) Ilx(t)11三NpeP(t-T) Ilx(T)II
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for any t，r 亡 [0，∞)，t 主r. Ifsuch numbers ρdo not exist ，we put J(B(XO) =∞-
In exactly the same way the lower Bohl exponent Ka(xo) of a solution x(t) is the
least upper bound of those numbers p' for which there exists a numbers Nμ>0
such that
(1.6) IIx(t)11三 Npl . epl(t-T) Ilx(r) 1I (0 三 T 三 t< ∞).

From these definitions and properties one can easily get the following Lemma
(see e.g. Krein [5]):

Lemma 2. Let x(t) be αsolution of equαtion (1.2). Then the folloωmg
formulas hold:

( T/" f ~~ \ ~Inllx(t)II-lnllx(r)11I J(B(XO) =I -，-， T-OO ，t-T-OO t .- r
(1.7) <l In Ilx(t)11 -In Ilx(T )11I I(a(xo) =LT-EZI 士γ→∞ t-r

Suppose now P is a projection in X and Xp = P X is the corresponding
subspace. We consider the totality of solutions x(t) = U(t)xo of equation (1.2)
that are initially in Xp : XoεXp. By the upper (lower) Bohl exponent J(B(P)
(I(a(P)) of this totality of solutions is meant the greatest lower (least upper)
bound of the exponentsρ( 的 for which for血ula (1.5) ((1.6)) is valid for all of
the solutions x(t) = U(t)xo with XoξXp and a number Np > 0 not depending
on Xo. We will call the exponents J(B(P) and J(B(P) the upper and lower Bohl
exponents of equation (1.2)，respectively ，corresponding to the projection P. In
particular ，when P = I we will simply call th 妃 Bohl exponents of equation (1.2)
and use the notation

J(B = J(B(I)， J(B 二J(B(I).
Then it is obvious that

kB 三 kB(P) 三 kB(P) 三 kB ﹒

Lemma 3. In order for the upper (lo忱。Bohl e叩onent of equation (1.2) to
be finite (i. e. J(B <∞(J(B> 一∞)it is necessaryαnd sufficient thαt
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sup IIU(t ，r) lI<∞'。<t-T<l

sup IIU(r，t)11<∞.
O<t-T<l
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Instead of proving this Lemma directly we prove more general result:

Remark 1.Suppose mp = sup IIU(t)PU-l(t)11 <∞，then the necessary
o<t<∞

and sufficient condition for KE <∞(I(s> 一∞)is that

(KP 三叫 IIU川 r)11<∞O<t--r<l
k各= sup IIU(r)PU 一l(t)11 <∞.

O<t--r<l

(note thαt for P = I，mp = 1<∞).

Proof.Suppose KE(P) <∞.Since x(t) = U(t)xo for some xoξXp and

IIU(t)Pxll 三 NpeP(t- -r)IIU(r)Pxll (t 三 r) for every x εx ，

letting x = U-l(r 泊，we have from the hypothesis that

IIU( t)PU-1 (r hll 三 NpeP(t- -r)11U(r )PU-l (r )11三NpeP(t- -r)mpllyll

and hence
IIU(t)PU-l(r)11 三 NpmpeP(t- -r) (t 主 r).

Take the supremu 血， we have

kp = sup IIU(t)PU-1(r)11 <∞.
O<t- -r<l

Similarl 旬，we can prove that k'p<∞ whenever 他(P) <∞.
On the other hand ，if kp <∞，take n to be the largest nonnegative integer

not greater than t - r; and set rk = r + k (k = 1，2，···，n) ，rn+1 = t. Then

U(t)PU-1(r) = U(rn+l)PU-l(rn)U(rn)PU-l(rn_d··· U(rl)PU 一l(r)

n+l= IIU(rk)PU-l(rk_l) ，

n+l
IIU(t)PU-l(r) 1I三 IIIIU( rk)PU-1 (rk-l)11 三K;;+l

三 Kp. enlnKp 三Kp . e(t--r)lnKp

So，for any xoεXp ，

IIU(t)xoll = IIU(t)PU(r)U-l(r)xoll 三Kp. e(t- -r)lnKpIIU(r)xoll ，
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and hence kB(P) 三 InJ(p <∞.

Lemma 4. If A(t) 泌的 tegrally bounded ，then the Bohl exponents of equαtion
(1.2)αre finite.

Proof. Itis easy to see (e.g. Pazy [8]) that
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for all t 三 s，

and hence
J(=sup IIU(t，r)ll< ∞.

O<t-T<l

Thus ，kB <∞

Lemma 5. Ifmp 二 sup IIU(t)PU 一l(t)11 <∞ and the Bohl exponentsα 阿

O<t<臼〉
βnite ，theyαre representαble by the formulas

lim InllU(r + s，r)11-
h →∞ s

lim InllU(而r + s)11

Instead of proving this Lemma directly we prove more general result:

Remark 2. Ifmp = sup IIU(t)PU-1(t)11 <∞and the Bohl exponents are
O<t<由3

finite ，then
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= limInlIU(r + s)PU-1(r)11 ‘

T，'→∞ s

→一InllU(r)PU-1(r + s)11
-kB(P) = 占到。

Proof.Set
u = limlnll U( r + s )PU-1( r)11

t
S- ∞ S

At first ，let ρ> kB(P) (as in the proof of Remark 1) which satisfies that

IIU(t)PU-1( r)11三NρmpeP(t-T) (t 主 r).

So，包三 ρand hence 包三 kB(P) <∞.Second ，for every ρ> 包，we can easily
see that ρ 三 kB(P) ，which implies 包三 kB(P). Hence the conclution of the first
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assertion is proved. The proof of the second assertion is the same as the the first
one，and hence the conclusion of this remark is true.

Lemma 6. Suppose the Bohl e叩onent kB of the eqωtion (1.2) is finite. In
order for it to be negαtive it is necessαry and sufficier 泌的 αt there exist positive
numbers T and q < 1 for which the following condition is sαtisfied:

for e凹ry x εXα 叫 t 三 o there existsαnumber 丸，t 亡 [O，T] 凹的 the
property thαt

(*) IIU(t + Ox，t，t)xll 三qllxll·

Proof.For convenience ，we say the equation (1.2) has the property B( 叫 N)
provided there exist υε 說，N > 0 such that all solutions x(t) of equation (1.2)
satisfy that

Ilx(t)11:三Ne-v(t- 'T)llx(T)II ， (t 主 T) ;

i.e. IIU(t ，T)II三Ne-v(t- 'T)， (t 主 T) .

IfkB is negative ，then there exist positive numbers 叫 N > 0 such that the
equation (1.2) has property B抖，N). So，for every T > 0 such that N e-vT < 1，
we have

IIU(t + T，t)11三Ne-vT

Take Ox，t = T，q = Ne-vT. Then IIU(t + Ox，t，t)x lI:三qllxll·
Let 0 三 to < t <∞，from the continuity of U(T ，T') ，there is a 0 such that

IIU(T，T')II寸 whenever 山叫

For any x E X ，

Ilxll = II卅 ')U川 zl|<jl|U 川 xii

This implies that 11U(抖，T)xll > qllxll·
So，Ox，t，whenever to 三 T < T + Ox，t 三 2t.
From the hypothesis ，for any XoξX ，there exist

tl 二 to + OXQ，tQ; Xl = U(tl ，tO)旬，

t2 = tl + OXI，tl; x2 = U( 站，tl)XI = U(t2' to)xo ，

tk+l= tk + OXk，tk; Xk+l = U(t k+I，tk)Xk = U(t k+l，tO)XO.
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After finite steps ，say m steps (m < (t - to)/()) ，we can get tm < t < tm+1.
Since U(t ，to)xo = U(t ，tm)x 間，llxmll 三 qmllxoll and kB is fir山e we have

IIU(t，to)xoll 三 kqmllxoll ， where k = sup IIU(t，T)11<∞.
O<t-r<T

The fact ()Xk ，九三 T ，k = 1，2，···，m+ 1，implies

t 三 to + (m + l)T
t - tn

i.e. m + 1三一于斗

and hence

II川 )xoll 三 fq(14)/T|lzo||=Nf 川 Ixoll，

k In q-l
where N = ~，υ= 一τr一.q 1

Thus ，the Bohl exponent of equation (1.2) is negative. The proof of this Lemma
is complete now.

Lemma 7. Suppose ε呵quωαt衍ωt叩O仰η(ρ1.2勾)hαSαβη叫it把e Bo吋hl何ex叩porηl昀ler肝T叫 kB α叫 p zs αn
posi伐titυIe numηber、. The Bohl exponent of the equαtion is negαtive preciselyωhen
there existsαpositive constαnt C for which
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Proof.Suppose the Bohl exponent of equation (1.2) is negative ，then IIU(t，T)II 三
lVfu(t-7) ，and hence

{1∞ IIU(t，T)叫 IPdt} p 三是 Ilxll

We only need to show that (*)' implies the (*) in Lemma 6. Suppose ，on the
contrary ，for any 0 < q < 1 and any T > 0 there exist Xo，TO such that

IIU(t，To)xoll > qllxoll， t E [TO，TO + T] .

This implies
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Take T large enough such that q?T > CP. This contradicts (*y. Thus ，(*Y
implies the (*) in Lemma 6 and hence this Lemma is proved.

Definition 5. An operator function A(t) is said to be precompactly valued
if its range is precompact in [X ]，(i.e. if every sequence {A(tπ)} contains a
subsequence converging to an operator A of [刻，where [Xl denotes all linear
operatos on X).

Definition 6. 的 operator C is called anω-limit operator of A(t) if there
exists a sequence tn →∞ such that A( tn) → C.

Definition 7. we sayan operator function A(t) 叫IS五es 丸，L condition for
some ε> 0 and L > 0 if there exists a nember T > 0 such that the inequality
IIA(s) - A(t) 1I三 εis satisfied when s，t 主 T，Is - tl 三 L. A function A(t) is said
to be stationary at infinity if it satisfies condition S<:.L for any arbitarily small
ε> 0 and some positive L.

Lemma 8. Suppose A(t) isαp 附 ompactly valued 叩erator function thαt is
station a叩 αt infinity. In order for the 'Bohl exponent kB of eq1叫“on (1.2) to be
附gative it is necessaryαnd sufficier 泌的 αt the spectra of the ω-limit operators of
A( t) lie in some hαlfplα附 Reλ 三 -Vo (υ0> 0).

Proof.To see this Lemma is true ，we prove it in the following several steps:
Step 1:we will show that if A( t) is a precompactly valued operator function

and all spectra of the ωlimi t operators of A( t) are lying in the same half plane
Re入三-Vo (υo > 0)，then there is a To > 0 such that

II例如 II 三Noe-VOT whenever t > To，

where No，υo is independent of t. Moreover ，suppose for su血ciently small ε>0
and sufficiently la耶 L> 0，A(t) 組tisfies condition S心 (ε< 舟，L > In 可每·0<:)，
it will be proved that the equation (1.2) has negative Bohl exponent.

The first p缸 t of this assertion was proved by Krein (see [5]). He also proved
the following statement: Suppose Uk(t，S) (k = 1，2) are evolution operators of
the equations

旦旦= Ak(t)x ，
dt

k = 1，2.

If

IlUl(t，s)11 三N e-V1 (t-s) where N > 0，阿巴班， t 主 s ，
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then the following hold:

!1U2(t ，S) - UI(t ，s)!! 三 N e-vdt-s) (eN f.t IIA2(r)一Al (r) lIdr -1) ，

!1U2(t ，s)!! 三 N e-vdt-s)eN fst IIA2(r)-Al(r)11 針， t 主 s.

From the assumption we have that

!!A(t) - A(T)!! <ε (T三 t 三 T + L) whenever 1 is large enough.

By taking AI(t) 三A(/) ，A2(t) = A(t) (T 三 t 三 1 + L) and using the facts

UI(t ，s) = e(t-s)A(r) and lIe(t-s)A(r)II 三 Noe-vo(t →)，

we have that

!1U(t，s)!! 三 lVoe-u(t-s)(T 三 t 三 T + L) ， where υ= TO - Noc;

and hence
IIU( 1 + L ，1)11 三Noe-vL

Since A(t) is precompactly valued，it is bounded and integrally bounded. Thus ，
from Lemma 6 the Bohl exponent kB of the equation (1.2) is negative ，and the
assertion of step 1 is proved completely now.

Step 2: We will prove that if A(t) is precompactly valued，the Bohl exponent
kB is negative and A( t) satisfies condition Sc.L for su伍ciently s血allε> 0 and
sufficiently large L > 0，then all spectra of the w-limit operators of A( t) are lying
in the same half plane Reλ 三 -vo (υ0> 0).

Suppose e is a ω-limit operator of A(t) (i.e. ther exists a sequence tn →∞
such that A( 九)→ e)，then for any small 8 > 0，there is a sufficiently large n
such that lie - A(tn)!! < 8. Since A(t) 晶晶 fies condition Sε品 'IIA( 九 )-A(t)!! 三 ε
for large n，and hence lie - A(t)!! <ε+8( 九三 t 三 tn + L). So，from the result
of Krein in Step 1 we have IleeLI!三Ne-v\where v' =υ-N(ε+ 8). Hence，the
spectrum σ(e) of e lies in the half plane

inN
Re λ 三 -z一-v' =一υ0， where Vo > 0 is independent of e ，

and the assertion of Step 2 is proved. The conclusion of this Lemma follows
immediately.

Definition 8. Let Xl ，X2 be a pair of nonzero di吋oint subspaces of a Banach
space X (i.e. Xl n X2 = {o}). We define the angular distance between Xl ，X2
as

Sη(XI，X2) = .j I!-，f" _!!XI + X2!!.
XiεXi.llxdl=l
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Lemma 9. Suppose the space X decomposes intoαdirect sum X = Xl + X2
of closed subspaces and PI，P2 = I - PIαre the corresponding supplementary
projections. Then the following is vαlid:

1 三 Sn( 爪，X2)<-L
II凡II 一 II凡II

(k = 1，2).

Hence ，the boundedness fromαbove of a set {丸，P2} of projections in a Banach
space X is equivαlent to the bonundedness from beloωof the set {S叫PX ，(I-
P)X)} ofαngular distαnces between the s叫spαce PXα 叫 its complement (I -
P)X.

Proof.Take any 8 > S叫Xl ，X2)' there exists xkεXk ，IIxkll = 1，k = 1，2
such that IlxI +的II < 8. Let x = Xl + X2· Then PkX = Xk and 1 = Ilxkll 三
IIpkll'llxll < IIPkll· 8，and hence l/IIPkll < 8. This implies l/IIPkll < Sn(XI ，X2)'
For any x εX ，

h川

and hence
IlxllSn( 爪，X2)~2i Ilf 一一=一一;E'X IIPIxl1 - IIPIII .

Similarly ，one can show that

sn(XUX2)<-L
一 IIP211

Thus ，the assertion of this Lemma is true.

Definition 9. we say that equation

(1.2') 立主= A(t)x ，
dt t εJ=( ∞，∞)

is e-dichotomic on J with exponents υI > 0，υ2 > 0 if for some t。εJ the space
X decomposes into a direct sum X = XI(tO) + X2(tO) of closed subspaces such
that the following conditions are satisfied:
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(a) The solutions Xl(t) = U狀，to)X~ of equation (1.2') in the subspace X1( 如)
at t = to (x~εX1 (to)) are subject to the estimate

Ilxl(t)11 三Nl e-vdt-s) IlxI (s) II， t 三 s ， t，s εJ ，

with some exponent VI > O.

(b) The solutions X2(t) = U(t ，to)x~ of equation (1.2') in the s的space X2(to)
at t = to (x~εX2(to)) are subject to the estimate

IIX2(t)11 三N2e-V2(s-t)11 的 (s) II， t 三 s ， t，s εJ ，

with some exponent 句> O.

(c) The angular distance between the subspaces X1(t) = U(t ，tO)XI(tO) and
X2(t) 二 U(t ，to)X2(tO) cannot become arbitrarily small under a variation
of t; more precisely ，there exists a constant r > 0 such that

Sn(XI(t) ，X2(t)) 主 r ， tεJ.

Lemma 10. In order for equαtion (1.2') to be e-dichotomic on J = R with
exponentsυ1 > 0，υ2 > OJ it is necessary and sufficient thαt the conditions

(*)/1) cγ尸尸尸II仰叭艸州IU間仰阿U叭仰昀川(收例附t均帆仰t)PIU-I附阿)PIU-I川九耶昕PIU-l一→1

IIU(tωt均)P2U 一→l(如S吋)11:三三l斤♀2e-v均叫2(令s一→t)

(t 主 s) ，

(s 主 t)

with certαin constants N k be sαtisfied on this interval.

Proof. Let Pk(t) be the corresponding supplementary projections of the sub-
spaces Xk(t) ，k = 1，2. Taking t = s，we have

IIPk(t)11 = IIU(t)PkU-1(t)11 三Nk ﹒

From Lemma 9，the condition (c) of Defrni tion 9 is 叫isfied. For x(O) = PIX(O)
and t 三角

IIX(t)11 = IIU(t)Plx(O)11 = IIU(t) 們U-1(s)x(s)11 三NI . e-vdt-s)llx(s)ll·

Hence ，the condition (a) of Definition 9 is 叫isfied. Si血l缸旬， the condition (b)
of Definition 9 is also satisfied.



Almost Periodic Solutions 269

On the other hand ，taking x~ = PIU-I(S)x (xξX) in the condition (a) of
Definition 9，we have from Lemma 9 and the condition (c) of Definition 9

IIU(t)Pl U一l(s)xll = IIU(t)x~11三Nle-V1 (t-s) IIU( s )x~11
S;NIe-Vl(t-s)IIU(s)PIU-l(s)xll

S;NIM e-vJ(t-s) Ilxll·
Similarly ，for t 三角 the second assertion of (*)" also holds and Lemma 10 is
proved now.

We now consider the non-autonomous equation:

(1.4) 立主=A(t)x + f(t) ，
dt t εJ=( 一∞，∞).

Let PI ，P2 be a pair of mutually complementary projections: PI + P2 = I. If
U(t) is the Cauchy operator of equation (1.4)，we put

( U(t)PlU-l(S) ，
G(t ，s) ={‘I -U(t)P2U-1(S) ，

t > s ，

t < s.

Itimmediately follows from the defi凶 ion of the G(t ，s) that G(t ，s) 叫isfies the
following properties:

δG(t ，s)
(a)-37一=A(t)G(t ，s)，t 手 s;

δG(t ，s)
(b)-3y一=-G(t ，s)A(s) ，t 手 s;

(c) G(s+ ，s)-G(s 一，s) = I;

(d) G(t ，t+) - G(t ，r) = -I;

(e) 咐=i:你的
2. Main Results

Theorem 1.If A(·) : J → [X] is continuous on J α叫 tS t叫eg叫ly bounded ，
f(t) : J → X is SI 一α.p.，αndforαny p > 0 there existsαpositive number C > 0
such that {1∞IIU(t ，T)叫 IPdt} 五三Cllxll (如三T< ∞)，
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then the solution of equation (1.1)一(1.3):

(坐L~=斗吋A叫⋯(dt
x(O) = Xo

zsαsymptotically almost periodic.

Proof.From Lemma 7 it follows that kB <∞ and kB < 0，i.e.

IIU(t，s)11三 Ne 一臼 (t-s) ， N > 0，α> 0，t 主 S﹒

Since the solution of equation (1.1)一(1.3) is formulated by

叫t) =川 )XO+ lotU(t ，s)f( 帆

and t1ltl|U(1 ， 0)20|| 三tbNf 吋-s)llxoll = 0 ， we have U(t ， O)xoζCo(R+ : X).

Let 仰)= lot U川(帆⋯州0叫 1叫你 )εααp.. Hence ⋯ ill

conclude that x(t) = U(t ，O)xo +包(t) belongs to α.α.p.
Since rt+T

包(t 十 r) = I U(t 十九 s )f( s )ds

= LOT U (t + r，s +卅仙)ds

+ lot U(t +巾+圳

= loTρ扒7、kU叭(收t + r盯市干，戶，r -卜一 S吋)f 令卜一吋

+ lot U(t +叫圳 s+ 梢，

we have that

如 r) 一包(t) = loT恥 r，r 一物一拍

+ lot仰+r ，s+ 叫什r) 一恥)卅日ds

From the assumption IIU(t，s)11三Ne- 臼(t-s) ，it follows that

II如 r) - u(t)11 三 foT Ne-a(Hs) lIf(r - s)llds

+ lot Ne- 白(t-s)llf(s + r) 一削 lids

= h+h ，
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where h，h are two constants. By choosing n such that n 三 t<η+ 1，we have

s
f
-
4

d
e
-
-
e

圳
C
一
一

只
N
-
l

刊
=k
f
l
k
C

-
K
'
k

a
d

P
L
V

戶
L
V

∞
Z
M
∞
玄
叫

自
由e

e
N
N

<
一
<

v
h

and

h = Ne叫tp||f(3+7) 一只 s)llds

< Ne-at 合(HI)1抖1||f川- f(s)llds

n liT ~白~，
< Ne-atγe 白(HI) . [.'<乙二'c.‘

4一~ -，n一白 ，

k=O -

and hence we obtain that

Nee-at Ne 白. [.'
Ilu(t+T) 一包 (t) II三?于了+~一一了﹒

1 - e-u 1 - e-u

From the last inequality we deduce that for every ε> 0 there exist a relatively
dense set 九(九=舟，for [.' appropriate) and a constant 丸> 0 such that

Ilu(t + T) 一包(t)11 三ε

for all t 三丸，T 亡Pε﹒Itfollows from Lemma 1 that 包(t)εα.α.p. and Theorem
1 is proved.

Remark 3. Obviously ，any α.p. function is a SP 一α.p. function and from the
fact that 1 三 PI 三 P2 implies SPI 豆 SP2 (see e.g. Amerio and Prouse [1])，any
SP 一α.p. function is a SI 一α.p. function. Theorem 1 also can be similarily proved
provided A(t) is replaced by a periodic or bounded operator and f(t) is repl a.ced
by aSP 一α.p. function or an α.p﹒function in Theore 血1.

Theorem 2. If A(-) : J → [Xl is continuous on J αnd is integrally bounded，
f(t) : J → X is SI 一α.p.，αnd if there exist positi 肥 numbers Tαnd q < 1 for
which the follmρing condition is sαtisfied:

for every x εXαηd t 三 o there existsαnumber 丸，tξ[O ，Tl 凹的 the
property that
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IIU(t + ()x，t，t)xll 三 qll叫 I，
then the solution of eqωtion (1.1)一(1.3):

(卜(t川 t> 0
x(O) = xo

zsαsymptotically almost periodic.

Theorem 3. Suppose A(t) 的 αprecompαctly valued operator function thαt is
stαtionaryαt inβnity，and all the s戶ctra of the ωlimit oprtators of A(t) lie in
some haσ'pla附 ReA 三一υo ('句>0)，αnd f(t) : J → X is S1 一α.p..
Then the solution of equαtion (1.1)一(1.3):

( 去令←←←h=叫4叫叫A叫均咐咻枷⋯(收例仲伽t)咖仙)知仙Z叫+

x(O) = xo

zsαsymptoticallyαlmost periodic.

Applying Lemma 4，Lemma 6，Lemma 8 and the technique used in the proof
of Theorem 1，one can easily get Theorem 2 and Theorem 3. The detail of the
proof is omitted here.

Theorem 4. Suppose equαtion (1.2')is e-dichotomic on J = R with expo-
nentsυ1 > 0，υ2 > 0，αnd f(t) is α.p.. Then the solution of equαtion (1.4):

坐=A(t)x + f(t) ，
dt t E J = (一∞，∞)

的 αlmost periodic.

Proof. Since the solution of equation (1.4)can be represented by

叫t) =ζG(t ，s)f(s)ds

二人仰 )P1U-1(S 州 s

+1= -U(t)P2U-1( 的 )ds ，
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we can write

rt+T
X(t+T) = I U(t+T)P1U-1(S)f(s)ds

-1:恥物川 )f( s )ds

= ιU糾仙川T吋)凡川

一1=∞仰恥+T)凡U-1(s 十圳+吋

From Lemma 10，it follows that

(||U(1)R川三 N1e-v1(t-s)

IIU(t)P
2U 一l(s) 1I三l♀2e-V2(S-t)

(t 主 s)

(s 三 t)

Hence，we obtain that

Ilx(t + T) - x(t) 但 {t=Ne 一州一句 f(S+T) 一只 s)llds

+1=N2e卅一t) II力+ T) 一力)llds

From the fact that f( t) is αp. ，we obtain the estimate:

N1£ N?£
Ilx(t +T) - x(t) 怯于三+-ι.

VI V2

Itfollows that the solution of equation (1.4)is almost periodic and Theorem 4 is
proved.
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