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Abstract In this paper, we consider a class of penalized NCP-functions, which in-
cludes several existing well-known NCP-functions as special cases. The merit func-
tion induced by this class of NCP-functions is shown to have bounded level sets and
provide error bounds under mild conditions. A derivative free algorithm is also pro-
posed, its global convergence is proved and numerical performance compared with
those based on some existing NCP-functions is reported.

Keywords NCP-function · Penalized · Bounded level sets · Error bounds

1 Introduction

The nonlinear complementarity problem (NCP) is to find a point x ∈ R
n such that

x ≥ 0, F (x) ≥ 0, 〈x,F (x)〉 = 0, (1)

where 〈·, ·〉 is the Euclidean inner product and F = (F1, . . . ,Fn)
T is a map from R

n

to R
n. We assume that F is continuously differentiable throughout this paper. The
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NCP has attracted much attention because of its wide applications in the fields of
economics, engineering, and operations research [6, 14].

Many methods have been proposed to solve the NCP; see [3, 4, 14, 16–18, 20, 23,
26, 29, 30]. For more details, please refers to the excellent monograph [9]. One of the
most powerful and popular methods is to reformulate the NCP as a system of nonlin-
ear equations [24, 25, 30], or as an unconstrained minimization problem [7, 10–12,
19, 21, 27, 29]. The objective function that can constitute an equivalent unconstrained
minimization problem is called a merit function, whose global minima are coincident
with the solutions of the original NCP (1). To construct a merit function, a class of
functions called NCP-functions and defined below, plays a significant role.

Definition 1.1 A function φ : R
2 → R is called an NCP-function if it satisfies

φ(a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0. (2)

Many NCP-functions have been proposed in the literature. Among them, the
Fischer-Burmeister (FB) function is one of the most popular NCP-functions, which
is defined by

φFB(a, b) =
√

a2 + b2 − (a + b), ∀(a, b) ∈ R
2. (3)

Through this NCP-function φFB, the NCP (1) can be reformulated as a system of
nonsmooth equations:

�FB(x) :=
⎛

⎝
φFB(x1,F1(x))

...

φFB(xn,Fn(x))

⎞

⎠ = 0. (4)

Thus, the function �FB : R
n → R+ defined as below is a merit function for the NCP:

�FB(x) := 1

2
‖�FB(x)‖2 =

n∑

i=1

ψFB(xi,Fi(x)), (5)

where ψFB : R
2 → R+ is the square of φFB, i.e.,

ψFB(a, b) = 1

2

∣∣
√

a2 + b2 − (a + b)
∣∣2

. (6)

Consequently, the NCP is equivalent to the unconstrained minimization problem:

min
x∈Rn

�FB(x). (7)

There are several generalizations of the FB function in the literature. For example,
Kanzow and Kleinmichel [22] extend φFB function to

φθ (a, b) :=
√

(a − b)2 + θab − (a + b), θ ∈ (0,4).
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Chen, Chen, and Kanzow [2] study a penalized FB function

φλ(a, b) := λφFB(a, b) + (1 − λ)a+b+, λ ∈ (0,1).

Some other types of penalized FB functions are also investigated by Sun and Qi in
[28]. Recently, Chen and Pan [3, 4] consider the following generalization of the FB
function:

φp(a, b) := ‖(a, b)‖p − (a + b), (8)

where p > 1 and ‖(a, b)‖p denotes the p-norm of (a, b), i.e., ‖(a, b)‖p =
p
√|a|p + |b|p . Another further generalization is proposed by Hu, Huang and Chen
in [15]:

φθ,p(a, b) := p
√

θ(|a|p + |b|p) + (1 − θ)(|a − b|p) − (a + b), (9)

where p > 1, θ ∈ (0,1].
All the aforementioned functions are NCP-functions. The corresponding function

ψθ , ψλ, ψp , and ψθ,p is square of φθ , φλ, φp , and φθ,p , respectively, and naturally
induces a merit function �θ , �λ, �p , and �θ,p like what ψFB function does. Along
this track, in this paper, we study the following merit function �α,θ,p : R

n → R+ for
the NCP:

�α,θ,p(x) :=
n∑

i=1

ψα,θ,p(xi,Fi(x)), (10)

where ψα,θ,p : R
2 → R+ is an NCP-function defined by

ψα,θ,p(a, b) := α

2
(max{0, ab})2 + ψθ,p(a, b) (11)

with α ≥ 0 being a real parameter. Note that ψα,θ,p includes all the above functions
ψFB, ψp , ψθ , ψθ,p (and ψ7 in [28]) as special cases. Although ψα,θ,p is obtained by
penalizing the function ψθ,p considered in [15], more favorable properties of ψα,θ,p

are explored in this work. In particular, �α,θ,p has property of bounded level sets and
provides a global error bound for the NCP under mild condition which were not stud-
ied in [15]. Thus, this paper can be viewed as a follow-up of [15]. On the other hand,
as remarked in [2], penalized Fischer-Burmeister (FB) function not only possesses
stronger properties than FB function but also gives extremely promising numerical
performance, which is another motivation of our considering this generalization of
several NCP-functions.

This paper is organized as follows. In Sect. 2, we review some definitions and
preliminary results to be used in the subsequent analysis. In Sect. 3, we show some
properties of the proposed merit function. In Sect. 4, we propose a derivative free al-
gorithm based on this merit function �α,θ,p , show its global convergence, and report
some numerical results. In Sect. 5, we make concluding remarks.

Throughout this paper, R
n denotes the space of n-dimensional real column vec-

tors and T denotes transpose. For every differentiable function f : R
n → R, ∇f (x)

denotes the gradient of f at x. For every differentiable mapping F = (F1, . . . ,Fn)
T :
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R
n → R

n, ∇F(x) = (∇F1(x) . . . ∇Fn(x)) denotes the transpose Jacobian of F at x.
We use ‖x‖p to denote the p-norm of x and denote ‖x‖ the Euclidean norm of x. The
level set of a function � : R

n → R is denoted by L(�, c) := {x ∈ R
n | �(x) ≤ c}. In

addition, we will frequently mention two merit functions. One is the natural residual
merit function �NR : R

n → R+ defined by

�NR(x) := 1

2

n∑

i=1

φ2
NR(xi,Fi(x)), (12)

where φNR : R
2 → R denotes the minimum NCP-function min{a, b}. Another one is

�θ,p : R
n → R+ induced by ψθ,p:

�θ,p(x) := 1

2

n∑

i=1

φ2
θ,p(xi,Fi(x)). (13)

Unless otherwise stated, in the sequel, we always suppose that p is a fixed real num-
ber in (1,∞).

2 Preliminaries

This section briefly recalls some concepts about the mapping F that will be used
later. A matrix is said to be P -matrix if each of its principal minors is positive, and is
called P0-matrix if each of its principal minors is nonnegative. Obviously, P -matrix
is a generalization of positive definite matrix, while P0-matrix is a generalization of
positive semidefinite matrix. Such concepts of P -matrix and P0-function can be fur-
ther extended to nonlinear mapping, which we call them P -function and P0-function.

Definition 2.1 Let F = (F1, . . . ,Fn)
T with Fi : R

n → R for i = 1, . . . , n. We say
that

(a) F is monotone if 〈x − y,F (x) − F(y)〉 ≥ 0 for all x, y ∈ R
n.

(b) F is strongly monotone if 〈x − y,F (x) − F(y)〉 ≥ μ‖x − y‖2 for some μ > 0
and for all x, y ∈ R

n.
(c) F is a P0-function if max 1≤i≤n

xi �=yi

(xi − yi)(Fi(x) − Fi(y)) ≥ 0 for all x, y ∈ R
n

and x �= y.
(d) F is a uniform P -function with modulus μ > 0 if max1≤i≤n(xi − yi)(Fi(x) −

Fi(y)) ≥ μ‖x − y‖2 for all x, y ∈ R
n.

(e) F is Lipschitz continuous if there exists a constant L > 0 such that ‖F(x) −
F(y)‖ ≤ L‖x − y‖ for all x, y ∈ R

n.

It is well-known that every monotone function is an P0 function and every strongly
monotone function is a uniform P -function. For a continuously differentiable func-
tion F , if its (transpose) Jacobian ∇F(x) is an P -matrix then F is an P -function (the
converse may not be true), whereas the (transpose) Jacobian ∇F(x) is an P0-matrix
if and only if F is an P0-function. For more detailed properties of various monotone
and P (P0)-function, please refer to [9].
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3 Properties of the new NCP-function

In this section, we study some favorable properties of the merit function ψα,θ,p ,
and then present some mild conditions under which the merit function �α,θ,p has
bounded level sets and provides a global error bound, respectively. To this end, we
present some technical lemmas which are needed for subsequent analysis.

Lemma 3.1 For p > 1, a > 0, b > 0, we have ap + bp ≤ (a + b)p .

Proof We present two different ways to prove this lemma.
(1) For any p > 1, p = n + m, where n = [p] (the greatest integer less than or

equal to p) and m = p − n, applying binomial theorem gives

(a + b)p = (a + b)n(a + b)m

≥ (an + bn)(a + b)m

= an(a + b)m + bn(a + b)m

≥ anam + bnbm

= ap + bp.

(2) Let f (t) = (t + 1)p − (tp + 1). It is easy to verify that f is increasing on
[0,∞) when p > 1. Hence, f (a/b) ≥ f (0) = 0 which yields (a + b)p ≥ ap + bp . �

Lemma 3.2 The function ψα,θ,p defined by (11) has the following favorable proper-
ties:

(a) ψα,θ,p is an NCP-function and ψα,θ,p ≥ 0 for all (a, b) ∈ R
2.

(b) ψα,θ,p is continuously differentiable everywhere. Moreover, if (a, b) �= (0,0),

∇aψα,θ,p(a, b)

= αb(ab)+ +
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b),

∇bψα,θ,p(a, b)

= αa(ab)+ +
(

θ sgn(b) · |b|p−1 − (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b),

(14)

and otherwise, ∇aψα,θ,p(0,0) = ∇bψα,θ,p(0,0) = 0.
(c) For p ≥ 2, the gradient of ψα,θ,p is Lipschitz continuous on any nonempty

bounded set S, i.e., there exists L > 0 such that for any (a, b), (c, d) ∈ S,

‖∇ψα,θ,p(a, b) − ∇ψα,θ,p(c, d)‖ ≤ L‖(a, b) − (c, d)‖.
(d) ∇aψα,θ,p(a, b) · ∇bψα,θ,p(a, b) ≥ 0 for any (a, b) ∈ R

2, and the equality holds
if and only if ψα,θ,p(a, b) = 0.
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(e) ∇aψα,θ,p(a, b) = 0 ⇐⇒ ∇bψα,θ,p(a, b) = 0 ⇐⇒ ψα,θ,p(a, b) = 0.
(f) Suppose that α > 0. If a → −∞ or b → −∞ or ab → ∞, then ψα,θ,p(a, b) →

∞.

Proof (a) It is clear that ψα,θ,p(a, b) ≥ 0 for all (a, b) ∈ R
2 from the definition of

ψα,θ,p . Then by [15, Proposition 2.1], we have

ψα,θ,p(a, b) = 0 ⇐⇒ α

2

(
max{0, ab})2 = 0 and

ψθ,p(a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0.

Hence, ψα,θ,p is an NCP-function.
(b) First, direct calculations give the partial derivatives of ψα,θ,p . Then, using

αb(ab)+ → (0,0) and αa(ab)+ → (0,0) as (a, b) → (0,0), we have α
2 (max{0, ab})2

is continuously differentiable everywhere. By [15, Proposition 2.5], it is known
that ψθ,p is continuously differentiable everywhere. In view of the expression of
∇ψα,θ,p(a, b), ψα,θ,p is also continuously differentiable everywhere.

(c) First, we claim that a(ab)+ for any a, b ∈ R is Lipschitz continuous on any
nonempty bounded set S. For any (a, b) ∈ S and (c, d) ∈ S, without loss of generality,
we may assume that a2 +b2 ≤ k and c2 +d2 ≤ k which imply |a| ≤ k+1, |b| ≤ k+1,
|c| ≤ k + 1 and |d| ≤ k + 1. Then,

∣∣a(ab)+ − c(cd)+
∣∣

= 1

2

∣∣a2b + a|ab| − c2d − c|cd|∣∣

= 1

2

∣∣a2b − a2d + a2d − c2d + a|ab| − c|ab| + c|ab| − c|cd|∣∣

≤ 1

2

(|a2b − a2d| + |a2d − c2d| + ∣∣a|ab| − c|ab|∣∣ + ∣∣c|ab| − c|cd|∣∣)

= 1

2

(
a2|b − d| + |a + c||d||a − c| + |ab||a − c| + |c||ab − cd|)

≤ 1

2

[
k|b − d| + (|a| + |c|)|d||a − c| + k|a − c| + (k + 1)|ab − ad + ad − cd|]

≤ 1

2

[
k|b − d| + 2(k + 1)2|a − c| + k|a − c| + (k + 1)2(|b − d| + |a − c|)]

= 1

2

{[
2(k + 1)2 + k + (k + 1)2]|a − c| + [

k + (k + 1)2]|b − d|}

≤ l
(|a − c| + |b − d|)

≤ √
2l‖(a, b) − (c, d)‖,

where l = 2(k + 1)2 + k + (k + 1)2. Hence, the mapping a(ab)+ is Lipschitz con-
tinuous on any nonempty bounded set S and so is αa(ab)+. Similarly, αb(ab)+ is
Lipschitz continuous on any nonempty bounded set S. All of these imply the gradient
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function of the function α
2 (max{0, ab})2 is Lipschitz continuous on any bounded set

S. On the other hand, by [15, Theorem 2.1], the gradient function of the function
ψθ,p with p ≥ 2, θ ∈ (0,1] is Lipschitz continuous. Thus, the gradient of ψα,θ,p is
Lipschitz continuous on any nonempty bounded set S.

(d) If (a, b) = (0,0), part (d) clearly holds. Now we assume that (a, b) �= (0,0).
Then,

∇aψα,θ,p(a, b) · ∇bψα,θ,p(a, b)

= cdφ2
θ,p(a, b) + α2ab(ab)+2 + αa(ab)+cφθ,p(a, b) + αb(ab)+dφθ,p(a, b),

(15)
where

c =
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
,

d =
(

θ sgn(b) · |b|p−1 − (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
.

From the proof of [15, Proposition 2.5 ], we know ab(ab)2+ ≥ 0 and

(
θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
≤ 0,

(16)(
θ sgn(b) · |b|p−1 − (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
≤ 0,

it suffices to show that the last two terms of (15) are nonnegative. For this purpose,
we claim that

αa(ab)+
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b) ≥ 0

(17)
for all (a, b) �= (0,0). If a ≤ 0 and b ≤ 0, then φθ,p(a, b) ≥ 0, which together with the
second inequality in (16) implies that (17) holds. If a ≤ 0 and b ≥ 0, then (ab)+ = 0,
which says that (17) holds. If a > 0 and b > 0, then |a|p + |b|p ≥ |a − b|p . Thus,
φθ,p(a, b) ≤ φp(a, b) ≤ 0, which together with the second inequality in (16) yields
(17). If a > 0 and b ≤ 0, then (ab)+ = 0, and hence (17) holds. Similarly, we also
have

αb(ab)+
(

θ sgn(b) · |b|p−1 − (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b) ≥ 0

for all (a, b) �= (0,0). Consequently, ∇aψα,θ,p(a, b) · ∇bψα,θ,p(a, b) ≥ 0. Besides,
by the proof of [15, Proposition 2.5], we know c = 0 if and only if b = 0 and a > 0;
d = 0 if and only if a = 0 and b > 0. This together with (15) says ∇aψα,θ,p(a, b) ·
∇bψα,θ,p(a, b) = 0 if and only if {ψθ,p(a, b) = 0 and α2ab(ab)+2 = 0} or {c = 0} or
{d = 0} if and only if {ψθ,p(a, b) = 0 and ab ≤ 0} or {c = 0} or {d = 0} if and only
if ψθ,p(a, b) = 0 and α

2 (max{0, ab})2 = 0 if and only if ψα,θ,p(a, b) = 0.
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(e) If ψα,θ,p(a, b) = 0, then α
2 (max{0, ab})2 = 0 and ψθ,p(a, b) = 0, which imply

ab ≤ 0 and φθ,p(a, b) = 0. Hence, ∇aψα,θ,p(a, b) = 0 and ∇bψα,θ,p(a, b) = 0. Now,
it remains to show that ∇aψα,θ,p(a, b) = 0 implying ψα,θ,p(a, b) = 0. Suppose that
∇aψα,θ,p(a, b) = 0. Then,

αb(ab)+ = −
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b).

(18)
We will argue that the equality (18) implies (b = 0, a ≥ 0) or (b > 0, a = 0). To see
this, we let

c = αb(ab)+,

d = −
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
φθ,p(a, b),

e =
(

θ sgn(a) · |a|p−1 + (1 − θ) sgn(a − b)|a − b|p−1

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 1

)
.

It is not hard to observe that (e ≤ 0) and (e = 0 implies b = 0) which are helpful for
the following discussions.

Case 1: b = 0 and a < 0. Then, c = 0 but d �= 0 which violates (18).
Case 2: b < 0 and a ≥ 0. Then, we have e < 0, and hence c = 0 but d �= 0, which

violates (18).
Case 3: b < 0 and a < 0. Then, we have e < 0 and φθ,p(a, b) > 0, which lead to
c ≤ 0 but d > 0. This contradicts to (18) too.

Case 4: b > 0 and a > 0. Then, we have e < 0 and φθ,p(a, b) < 0, which imply c ≥ 0
but d < 0. This contradicts to (18) too.

Case 5: b > 0 and a < 0. Similar arguments as in Case 2 cause a contradiction.

Thus, (18) implies (b = 0, a ≥ 0) or (b > 0, a = 0), and each of which always yields
ψα,θ,p(a, b) = 0. By symmetry, ∇bψα,θ,p(a, b) = 0 also implies ψα,θ,p(a, b) = 0.

(f) If a → −∞ or b → −∞, from [15, Proposition 2.4], we know |φθ,p(a, b)| →
∞. In addition, the fact α

2 (max{0, ab})2 ≥ 0 gives ψα,θ,p(a, b) → ∞. If ab → ∞,
since α > 0, we have α

2 (max{0, ab})2 → ∞. This together with ψθ,p(a, b) ≥ 0 says
ψα,θ,p(a, b) → ∞. �

By Lemma 3.2(a), we immediately have the following theorem.

Theorem 3.1 Let �α,θ,p be defined as in (10). Then �α,θ,p(x) ≥ 0 for all x ∈ R
n

and �α,θ,p(x) = 0 if and only if x solves the NCP. Moreover, if the NCP has at least
one solution, then x is a global minimizer of �α,θ,p if and only if x solves the NCP.

Proof Since ψθ,p is an NCP-function, from [15, Proposition 2.5], we have that x

solving the NCP ⇐⇒ x ≥ 0,F (x) ≥ 0, 〈x,F (x)〉 = 0 ⇐⇒ x ≥ 0,
F(x) ≥ 0, xiFi(x) = 0 for all i ∈ {1,2, . . . , n} ⇐⇒ �α,θ,p(x) = 0. Besides,
�α,θ,p(x) is nonnegative. Thus, if x solves the NCP, then x is a global minimizer
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of �α,θ,p . Next, we claim that if the NCP has at least one solution, then x is a global
minimizer of �α,θ,p �⇒ x solves the NCP. Suppose x does not solve the NCP.
From x solves the NCP ⇐⇒ �α,θ,p(x) = 0 and �α,θ,p(x) is nonnegative, it is clear
�α,θ,p(x) > 0. However, by assumption, the NCP has a solution, say y, which makes
that �α,θ,p(y) = 0. Then, we get a contradiction that �α,θ,p(x) > 0 = �α,θ,p(y) and
x is a global minimizer of �α,θ,p . Thus, we complete the proof. �

Theorem 3.1 indicates that the NCP can be recast as the unconstrained minimiza-
tion:

min
x∈Rn

�α,θ,p(x). (19)

In general, it is hard to find a global minimum of �α,θ,p . Therefore, it is important
to know under what conditions a stationary point of �α,θ,p is a global minimum.
Using Lemma 3.2(d) and the same proof techniques as in [21, Theorem 3.5], we can
establish that each stationary point of �α,θ,p is a global minimum only if F is a
P0-function.

Theorem 3.2 Let F be a P0-function. Then x∗ ∈ R
n is a global minimum of the

unconstrained optimization problem (19) if and only if x∗ is a stationary point of
�α,θ,p .

Theorem 3.3 The function �α,θ,p has bounded level sets L(�α,θ,p, c) for all c ∈ R,
if F is monotone and the NCP is strictly feasible (i.e., there exists x̂ > 0 such that
F(x̂) > 0) when α > 0, or F is a uniform P -function when α ≥ 0.

Proof From [2], if F is a monotone function with a strictly feasible point, then
the following condition holds: for every sequence {xk} such that ‖xk‖ → ∞,
(−xk)+ < ∞, and (−F(xk))+ < ∞, we have max1≤i≤n{(xk

i )+Fi(x
k)+} → ∞. Sup-

pose that there exists an unbounded sequence xk ⊆ L(�α,θ,p, c) for some c ∈ R.
Since �α,θ,p(xk) ≤ c, there is no index i such that xk

i → −∞ or Fi(x
k) → −∞

by Lemma 3.2(f). Hence, max1≤i≤n{(xk
i )+Fi(x

k)+} → ∞. Also, there is an index j ,
and at least a subsequence xk

j such that {(xk
j )+Fj (x

k)+} → ∞. However, this im-

plies that �α,θ,p(xk) is unbounded by Lemma 3.2(f), contracting to the assumption
on level sets. Another part of the proof is similar to the proof of [4, Proposition 3.5]. �

In what follows, we show that the merit functions �θ,p , �NR and �α,θ,p have the
same order of growth behavior on every bounded set. For this purpose, we need the
following crucial technical lemma.

Lemma 3.3 Let φθ,p : R
2 → R be defined as in (9). Then for any p > 1 and all

θ ∈ (0,1] we have

(2 − 2
1
p )|min{a, b}| ≤ |φθ,p(a, b)| ≤ (2 + 2

1
p )|min{a, b}|. (20)

Proof Without loss of generality, we assume a ≥ b. We will prove the desired results
by considering the following two cases: (1) a + b ≤ 0 and (2) a + b > 0.
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Case (1): a + b ≤ 0. In this case, we need to discuss two subcases:
(i) |a|p + |b|p ≥ |a − b|p . In this subcase, we have

|φθ,p(a, b)| ≥ | p
√

θ(|a − b|p) + (1 − θ)(|a − b|p) − (a + b)|
= | p

√
(|a − b|p) − (a + b)|

= |(|a − b| − (a + b)|
= |a − b − (a + b)|
= |2b|
= 2|min{a, b}|
≥ (2 − 2

1
p )|min{a, b}|. (21)

On the other hand, since |a|p + |b|p ≥ |a − b|p and by [5, Lemma 3.2], we have

|φθ,p(a, b)| ≤ |φp(a, b)| ≤ (2 + 2
1
p )|min{a, b}|. (22)

(ii) |a|p + |b|p < |a − b|p . Since |a|p + |b|p < |a − b|p and by [5, Lemma 3.2],
we have

|φθ,p(a, b)| > |φp(a, b)| ≥ (2 − 2
1
p )|min{a, b}|. (23)

On the other hand, by the discussion of Case (1),

|φθ,p(a, b)| < 2|b| ≤ (2 + 2
1
p )|min{a, b}|. (24)

Case (2): a + b > 0. If ab = 0, then (20) clearly holds. Thus, we proceed the argu-
ments by discussing two subcases:

(i) ab < 0. In this subcases, we have a > 0, b < 0, |a| > |b|. By Lemma 3.1, |a|p +
|b|p ≤ |a − b|p . Then,

φθ,p(a, b) ≥ φp(a, b) ≥ |a| − a − b ≥ −b = |min{a, b}| ≥ (2 − 2
1
p )|min{a, b}|.

(25)
On the other hand,

φθ,p(a, b) ≤ |a − b| − (a + b) = −2b = 2|min{a, b}| ≤ (2 + 2
1
p )|min{a, b}|. (26)

(ii) ab > 0. In this subcases, we have a ≥ b > 0, |a|p + |b|p ≥ |a − b|p . By
Lemma 3.1, φθ,p(a, b) ≤ φp(a, b) ≤ 0. Notice that φθ,p(a, b) ≥ |a − b| − (a + b) =
−2b = −2 min{a, b}, and hence we obtain that

|φθ,p(a, b)| ≤ 2|min{a, b}| ≤ (2 + 2
1
p )|min{a, b}|. (27)

On the other hand, since φθ,p(a, b) ≤ φp(a, b) ≤ 0 , and by [5, Lemma 3.2], and
hence we obtain that

|φθ,p(a, b)| ≥ |φp(a, b)| ≥ (2 − 2
1
p )|min{a, b}|. (28)

All the aforementioned inequalities (21)–(28) imply that (20) holds. �
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Proposition 3.1 Let �θ,p,�NR and �α,θ,p be defined as in (13), (12) and (10), re-
spectively. Let S be an arbitrary bounded set. Then, for any p > 1, we have

(2 − 2
1
p )2�NR(x) ≤ �θ,p(x) ≤ (2 + 2

1
p )2�NR(x) for all x ∈ R

n (29)

and

(2 − 2
1
p )2�NR(x) ≤ �α,θ,p(x) ≤ (αB2 + (2 + 2

1
p )2)�NR(x)

for all x ∈ S, (30)

where B is a constant defined by

B = max
1≤i≤n

{
sup
x∈S

{
max

{|xi |, |Fi(x)|}}
}

< ∞.

Proof The inequality in (29) is direct by Lemma 3.3 and the definitions of �θ,p and
�NR. In addition, from Lemma 3.3 and the definition of �α,θ,p , it follows that

�α,θ,p(x) ≥ (
2 − 2

1
p
)2

�NR(x) for all x ∈ R
n.

It remains to prove the inequality on the right hand side of (30). From the proof of [5,
Proposition 3.1], we know for each i,

(xiFi(x))+ ≤ B|min{xi,Fi(x)}| for all x ∈ S. (31)

By Lemma 3.3 and (31), for all i = 1, . . . , n and x ∈ S,

ψα,θ,p(xi,Fi(x)) ≤ 1

2

{
αB2 + (2 + 2

1
p )2}min{xi,Fi(x)}2

holds for any p > 1. The proof is then complete by the definitions of �α,θ,p and
�NR. �

From Proposition 3.1, we immediately obtain the following result.

Corollary 3.1 Let �θ,p and �α,θ,p be defined by (13) and (10), respectively; and
S be any bounded set. Then, for any p > 1 and all x ∈ S, we have the following
inequalities:

(2 − 2
1
p )2

(αB2 + (2 + 2
1
p )2)

�α,θ,p(x) ≤ �θ,p(x) ≤ (2 + 2
1
p )2

(2 − 2
1
p )2

�α,θ,p(x)

where B is the constant defined as in Proposition 3.1.

Since �θ,p,�NR and �α,θ,p have the same order on a bounded set, one will pro-
vide a global error bound for the NCP as long as the other one does. As below, we
show that �α,θ,p provides a global error bound without the Lipschitz continuity of F

when α > 0.
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Theorem 3.4 Let �α,θ,p be defined as in (10). Suppose that F is a uniform
P -function with modulus μ > 0. If α > 0, then there exists a constant κ1 > 0 such
that

‖x − x∗‖ ≤ κ1�α,θ,p(x)
1
4 for all x ∈ R

n;
if α = 0 and S is any bounded set, there exists a constant κ2 > 0 such that

‖x − x∗‖ ≤ κ2
(
max

{
�α,θ,p(x),

√
�α,θ,p(x)

}) 1
2 for all x ∈ S;

where x∗ = (x∗
1 , . . . , x∗

n) is the unique solution for the NCP.

Proof By the proof of [5, Theorem 3.4], we have

μ‖x − x∗‖2 ≤ max
1≤i≤n

τi{(xiFi(x))+ + (−Fi(x))+ + (−xi)+}, (32)

where τi := max{1, x∗
i , Fi(x

∗)}. We next prove that for all (a, b) ∈ R
2,

(−a)+2 + (−b)+2 ≤ [φθ,p(a, b)]2. (33)

To see this, without loss of generality, we assume a ≥ b and discuss three cases:

(i) If a ≥ b ≥ 0, then (33) holds obviously.
(ii) If a ≥ 0 ≥ b, then |a|p + |b|p ≤ |a − b|p by Lemma 3.1, which implies

φθ,p(a, b) ≥ ‖(a, b)‖p − (a + b) ≥ −b ≥ 0. Hence, (−a)+2 + (−b)+2 = b2 ≤
[φθ,p(a, b)]2.

(iii) If 0 ≥ a ≥ b, then (−a)+2 + (−b)+2 = a2 + b2 ≤ [φθ,p(a, b)]2. Hence, (33)
follows.

Suppose that α > 0. Using the inequality (33), we then obtain that

[
(ab)+ + (−a)+ + (−b)+

]2 = (ab)2+ + (−b)2+ + (−a)2+ + 2(ab)+(−a)+
+ 2(−a)+(−b)+ + 2(ab)+(−b)+

≤ (ab)2+ + (−b)2+ + (−a)2+ + (ab)2+ + (−a)2+
+ (−a)2+ + (−b)2+ + (ab)2+ + (−b)2+

≤ 3
[
(ab)2+ + [φθ,p(a, b)]2]

≤ τ

[
α

2
(ab)2+ + 1

2

[
φθ,p(a, b)

]2
]

= τψα,θ,p(a, b), (34)

where τ := max{ 6
α
,6} > 0. Combining (34) with (32) and letting τ̂ = max1≤i≤n τi ,

we get

μ‖x − x∗‖2 ≤ max
1≤i≤n

τi

{
τψα,θ,p

(
xi,Fi(x)

)}1/2
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≤ τ̂ τ 1/2 max
1≤i≤n

ψα,θ,p(xi,Fi(x))1/2

≤ τ̂ τ 1/2

{
n∑

i=1

{
ψα,θ,p(xi,Fi(x))

}
}1/2

= τ̂ τ 1/2�α,θ,p(x)1/2.

From this, the first desired result follows immediately by setting κ1 := [τ̂ τ 1/2/μ]1/2.
Suppose that α = 0. From the proof of Proposition 3.1, the inequality (31) holds.

Combining with (32)–(33), it then follows that for all x ∈ S,

μ‖x − x∗‖2 ≤ max
1≤i≤n

τi

[
B|min{xi,Fi(x)}| + 2(ψθ,p(xi,Fi(x)))1/2]

≤ τ̂ max
1≤i≤n

[√
2B̂(ψθ,p(xi,Fi(x)))1/2 + 2(ψθ,p(xi,Fi(x)))1/2]

≤ (
√

2B̂ + 2)τ̂ (�θ,p(x))1/2

= (
√

2B̂ + 2)τ̂ (�α,θ,p(x))1/2

≤ (
√

2B̂ + 2)τ̂
(
max

{
�α,θ,p(x),

√
�α,θ,p(x)

})

where B̂ = B/(2 − 2
1
p ), τ̂ = max1≤i≤n τi and the second inequality is from

Lemma 3.3. Letting κ2 := [(√2B̂ + 2)τ̂ /μ]1/2, we obtain the desired result from
the above inequality. �

The following lemma is needed for the proof of Proposition 3.2, which we suspect
is useful in analysis of convergence rate.

Lemma 3.4 For all (a, b) �= (0,0) and p > 1, we have the following inequality:

(
θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 2

)2

≥ (
2 − 2

1
p
)2 ∀θ ∈ (0,1].

Proof If a = 0 or b = 0, the inequality holds obviously. Then we complete the proof
by considering three cases: (i) a > 0 and b > 0, (ii) a < 0 and b < 0, and (iii) ab < 0.

Case (i): Since θ ∈ (0,1] and p > 1, it follows that θ1/p ≤ 1. Now, by the proof
of [5, Lemma 3.3], we have

θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

= θ [|a|p−1 + |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

≤ θ [|a|p−1 + |b|p−1]
[θ(|a|p + |b|p)](p−1)/p
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= θ1/p[|a|p−1 + |b|p−1]
[(|a|p + |b|p)](p−1)/p

≤ 21/p for p > 1.

Therefore,

2 − θ [|a|p−1 + |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

≥ 2 − 2
1
p

for p > 1. Squaring both sides then leads to the desired inequality.
Case (ii): By similar arguments as in case (i), we obtain

2 − 2
1
p ≤ 2 − θ [|a|p−1 + |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

≤ 2 + θ [|a|p−1 + |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

for p > 1,

from which the result follows immediately.
Case (iii): Again, we suppose |a| ≥ |b| and therefore have

2
1
p ≥ θ [|a|p−1 + |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

≥ θ [|a|p−1 − |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

for p > 1.

Thus,

2 − 2
1
p ≤ 2 − θ [|a|p−1 − |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p](p−1)/p

for p > 1 and the desired result is also satisfied. �

Proposition 3.2 Let ψα,θ,p be given as in (11). Then, for all x ∈ R
n and p > 1,

∥∥∇aψα,θ,p(x,F (x)) + ∇bψα,θ,p(x,F (x))
∥∥2 ≥ 2

(
2 − 2

1
p
)2

�θ,p(x) ∀θ ∈ (0,1].
In particular, for all x belonging to any bounded set S and p > 1,

∥∥∇aψα,θ,p(x,F (x)) + ∇bψα,θ,p(x,F (x))
∥∥2 ≥ 2(2 − 2

1
p )4

(αB2 + (2 + 2
1
p )2)

�α,θ,p(x)

∀θ ∈ (0,1],
where B is defined as in Proposition 3.1 and

∇aψα,θ,p(x,F (x)) := (∇aψα,θ,p(x1,F1(x)), . . . ,∇aψα,θ,p(xn,Fn(x))
)T

,
(35)

∇bψα,θ,p(x,F (x)) := (∇bψα,θ,p(x1,F1(x)), . . . ,∇bψα,θ,p(xn,Fn(x))
)T

.
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Proof The second part of the conclusions is direct by Corollary 3.1 and the first part.
Thus, it remains to show the first part. From the definitions of ∇aψα,θ,p(x,F (x)),
∇bψα,θ,p(x,F (x)) and �θ,p(x), showing the first part is equivalent to proving that
the following inequality

(∇aψα,θ,p(a, b) + ∇bψα,θ,p(a, b)
)2 ≥ 2

(
2 − 2

1
p
)2

ψθ,p(a, b) (36)

holds for all (a, b) ∈ R
2. When (a, b) = (0,0), the inequality (36) clearly holds. Sup-

pose (a, b) �= (0,0). Then, it follows from (14) that

(∇aψα,θ,p(a, b) + ∇bψα,θ,p(a, b)
)2

=
{
α(a + b)(ab)+

+ (φθ,p(a, b))

(
θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 2

)}2

= α2(a + b)2(ab)2+

+ (φθ,p(a, b))2
(

θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

− 2

)2

+ 2α(a + b)(ab)+(φθ,p(a, b))

×
(

θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]
[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p

− 2

)
. (37)

Now, we claim that for all (a, b) �= (0,0) ∈ R
2,

2α(a + b)(ab)+(φθ,p(a, b))

(
θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 2

)
≥ 0.

(38)
If ab ≤ 0, then (ab)+ = 0 and the inequality (38) is clear. If a, b > 0, then by the
proof of Lemma 3.4, we have

(
θ [sgn(a) · |a|p−1 + sgn(b) · |b|p−1]

[θ(|a|p + |b|p) + (1 − θ)|a − b|p)](p−1)/p
− 2

)
≤ 0, ∀(a, b) �= (0,0) ∈ R

2

(39)
and φθ,p(a, b) ≤ 0, which imply the inequality (38) also holds. If a, b < 0, then
φθ,p(a, b) ≥ 0, which together with (39) yields the inequality (38). Thus, we obtain
that the inequality (38) holds for all (a, b) �= (0,0). Now using Lemma 3.4 and (37)–
(38), we readily obtain the inequality (36) holds for all (a, b) �= (0,0). The proof is
thus complete. �



64 J.-S. Chen et al.

4 Algorithm and numerical experiments

In this section, we investigate a derivative free algorithm for complementarity prob-
lems based on the new family of NCP-function and its related merit function. In
addition, we prove the global convergence of the algorithm.

Algorithm 4.1 (A Derivative Free Algorithm)

Step 0 Given real numbers α > 0, p > 1, θ ∈ (0,1] and x0 ∈ R
n. Choose σ ∈ (0,1)

and ρ,γ ∈ (0,1). Set k := 0.
Step 1 If �α,θ,p(xk) = 0, stop, otherwise go to Step 2.
Step 2 Find the smallest nonnegative integer mk such that

�α,θ,p(xk + ρmkdk(γ
mk )) ≤ (1 − σρ2mk)�α,θ,p(xk), (40)

where

dk(γ
mk ) := −∂�α,θ,p(xk,F (xk))

∂b
− γ mk

∂�α,θ,p(xk,F (xk))

∂a
.

Step 3 Set xk+1 := xk + ρmkdk(γ
mk ), k := k + 1 and go to Step 1.

Proposition 4.1 Let xk ∈ R
n and F be a monotone function. Then the search direc-

tion defined in Algorithm 4.1 satisfies the descent condition ∇�α,θ,p(xk)T dk < 0 as
long as xk is not a solution of the NCP. Moreover, if F is strongly monotone with
modulus μ > 0, then ∇�α,θ,p(xk)T dk < −μ‖dk‖2.

Proof The proof is similar to the one given in [4, Lemma 4.1]. �

Proposition 4.2 Suppose that F is strongly monotone. Then the sequence {xk} gen-
erated by Algorithm 4.1 has at least one accumulation point and any accumulation
point is a solution of the NCP.

Proof We only need to show that if {xk} has an accumulation point, then the corre-
sponding {dk} has also an accumulation point. In fact, under this condition, {xk} is
bounded. Without loss of generality, we may assume xk → x∗. So,

{
∂�α,θ,p(xk,F (xk))

∂b

}
and

{
∂�α,θ,p(xk,F (xk))

∂a

}

are bounded since �α,θ,p is continuously differentiable. This together with the fact
γ ∈ (0,1) gives that the direction sequence {dk} is bounded. The rest of the proof are
similar to those given in [4, Proposition 4.1]. �

In the following, we implement Algorithm 4.1 for complementarity problems from
MCPLIB in MATLAB 7.3 in order to see the numerical behavior of Algorithm 4.1.
All numerical experiments are done on a PC with CPU of 2.4 GHz and RAM of
2.0 GB. Throughout our computational experiments, we use the following stopping
rules, which were also used in [4].
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• �α,θ,p(xk) ≤ 10−5 and dk ≤ 5.0 × 10−3; or
• �α,θ,p(xk) ≤ 3.0 × 10−7 and dk ≤ 3.0 × 10−2; or
• �α,θ,p(xk) ≤ 3.0 × 10−6 and dk ≤ 10−2,

where dk represents the dual gap abs((xk)T F (xk)). We also terminate the algorithm
if the step length is less than 10−10 or the number of iteration is lager than 5 × 106

or �α,θ,p(xk) ≤ 10−10 or dk ≤ 10−10. We use the nonmonotone line search scheme
described in [13] instead of the standard monotone line search, i.e., we compute the
smallest nonnegative integer h such that

�α,θ,p(xk + ρhdk) ≤ Ck − σρ2h�α,θ,p(xk),

where

Ck = max
i=k−mk,...,k

�α,θ,p(xi) and mk =
{

0 if k ≤ s,
min{mk−1 + 1, m̂} otherwise.

Throughout the experiments, the parameters we used are:

m̂ = 5, s = 5, ρ = 0.25, σ = 0.5, γ = 0.5,

and α = 0.1 for the problem a marked by a− and α = 2 for others. In order to improve
the numerical results, we scale some problems, i.e., divide the function F by 20, in
our numerical implement. It is easy to verify that such a modification does not destroy
any results we obtained earlier.

We test problems from MCPLIB [1] to compare the function proposed in this pa-
per with φθ,p in [15], φλ in [2] as well as φα in [31]. In order to facility the compar-
ison, we use similar numerical computation structure given in [15]. The numerical
results are listed in Tables 1–3, respectively. Among these tables, Problem denotes
the problem of MCPLIB tested; GAP denotes the dual gap abs((xk)T F (xk)) when
the algorithm terminates; NF denotes the number of function value computation; IT
denotes the number of iteration; * denotes the algorithm fails to get an optimizer;
and + denotes the underlying problem is scaled. We use HHC-Algo to denote Al-
gorithm 4.1 with the merit function introduced in [15] being used and Pen-Algo to
denote Algorithm 4.1 with the penalty merit function introduced in this paper being
used.

The numerical results for φθ,p have only very slightly differences from those in
[15], which are not listed here considering the length of this paper; the numerical
results for φα are given in Tables 1–3, i.e., the cross of row θ = 1 and column p = 2
for every cases in the tables; and the numerical results for φλ with λ = 0.95 are listed
in the row cck for every cases in Tables 1–3. The reason for choosing λ = 0.95 is
that [2] reports encouraging numerical results for φλ when λ = 0.95. Since φλ works
better for these problems when the problems unscaled than scaled, we present the
numerical results of φλ with the tested problems unscaled.

From Tables 1–3 and the numerical results for φθ,p , we have the following numer-
ical results.

• Comparison of ψα,θ,p with φθ,p . Altogether, 324 cases of 18 problems were tested.
There is one case for which both Pen-Algo and HHC-Algo fail; and there are
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2 cases for which the iterative numbers of both Pen-Algo and HHC-Algo are equal.
In the rest 321 cases, there are 3 cases for which Pen-Algo fails but HHC-Algo suc-
cesses; while there are 2 cases for which HHC-Algo fails but Pen-Algo successes.
For the rest 316 cases, there are 236 cases in which the iterative numbers of using
Pen-Algo to solve is less than those by using HHC-Algo; while there are 80 cases
in which the iterative numbers of using HHC-Algo to solve is less than those by
using Pen-Algo. In addition, there are similar numerical results for the dual gap.
Since the data is large in the comparison of ψα,θ,p with φθ,p , we will give the per-
formance profiles with respect to the iterative number and the dual gap at the end
of this section.

• Comparison of ψα,θ,p with φα . In Tables 1–3, the numerical results of the algo-
rithm using φα are listed in rows of θ = 1 and p = 2. For 16 problems of total 18
test problems, there are many cases of the algorithm using ψα,θ,p whose iterative
numbers are less than the one of the algorithm using φα for the same problems.
Consider one system of testings of the algorithm using ψα,θ,p , say, the case of
θ = 0.75 and p = 2. Then, it is easy to see that there are 10 problems for which the
iterative numbers of the algorithm using ψα,θ,p in the case of θ = 0.75 and p = 2
are less than the one of the algorithm using φα ; there are 7 problems for converse
case; and there is one problem for which the iterative numbers of both algorithms
are equal.

• Comparison of ψα,θ,p with φλ. In Tables 1–3, the numerical results of the algo-
rithm using φλ are listed rows of cck. There is one problem for which the algorithm
using φλ fails. For 11 problems of other 17 test problems, there are many cases of
the algorithm using ψα,θ,p whose iterative numbers are less than the one of the
algorithm using φλ for the same problems. Consider one system of testings of the
algorithm using ψα,θ,p , say, the case of θ = 1 and p = 3. Then, it is easy to see that
there are 9 problems for which the iterative numbers of the algorithm using ψα,θ,p

in the case of θ = 1 and p = 3 are less than the one of the algorithm using φλ; there
are 8 problems for converse case; and there is one problem for which the iterative
number the algorithm using ψα,θ,p is 114, but the algorithm using φλ fails.

These demonstrates that the algorithm using the function proposed in this paper is
comparable to the algorithm using the functions proposed in [2, 15, 31].

It is well known that the performance profiles are important for the comparisons,
when the number of the test problems is large. In our numerical computation, the
numbers of the test problems using Pen-Algo and HHC-Algo are large. Thus, in the
following, we use performance profile introduced in [8] to obtain an overall assess-
ment of the performance of every solver of Pen-Algo and HHC-Algo. For this pur-
pose, we first simply introduce the method of performance profile. We use S to denote
the set of solvers and P to denote the set of the test problems; and assume that we
have ns solvers and nq problems. Then, S = {Pen-Algo,HHC-Algo}; ns = 2; and
nq = 324. For every problem q and solver s, we use t1

q,s (respectively, t2
q,s ) to denote

the iterative number (respectively, the dual gap) of solver s solving problem q , and
define

ri
q,s := t iq,s

min{t iq,s : s ∈ S} and ρi
s(τ ) = 1

nq

size{q ∈ P : ri
q,s ≤ τ }, i ∈ {1,2},
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Table 1 GAP(10−3)

Problem θ p = 1.5 p = 2 p = 3

GAP NF IT GAP NF IT GAP NF IT

sppe(1) 0.1 10 105919 13934 9.97 102046 13422 9.85 107490 14018

0.25 9.52 103677 14215 ∗ 9.91 100913 13374
0.5 9.95 95390 13060 9.97 99992 13119 8.58 98053 12987

0.75 9.99 108289 13996 10 94214 12602 9.97 114051 14615

0.9 9.61 121949 15408 8.86 137203 17436 9.79 132537 16897

1 9.82 151883 19077 9.57 172375 21112 9.03 192192 23098

cck 9.47 15284 4118

sppe(2−) 0.1 9.07 20598 4308 9.96 22748 4772 9.69 21906 4534
0.25 9.89 22618 4789 9.82 22573 4717 9.61 23629 4964

0.5 9.94 25578 5243 10 29320 5899 9.76 30405 6072

0.75 9.9 28778 5951 9.66 28370 5847 9.59 30838 6355

0.9 9.62 31251 6518 9.85 33034 6793 9.98 31250 6532

1 9.65 31530 6647 9.88 29844 6343 9.98 36351 7555

cck 9.83 14179 3860

nash(1−) 0.1 3.58 921 219 3.55 878 207 1.82 918 215

0.25 4.1 669 162 4.87 422 102 3.76 615 150

0.5 2.81 983 233 1.5 2228 523 1.56 2352 552

0.75 0.626 481 127 6 585 154 8.63 494 129

0.9 0.441 788 216 0.0886 561 156 1.08 395 107

1 8.09 435 122 1.43 1069 301 0.931 600 169
cck 2.49 38 18

nash(2±) 0.1 0.485 429 183 2.15 493 210 2.13 510 219

0.25 1.22 2859 1228 1.22 6187 2655 1.22 6482 2782

0.5 1.56 773 356 1.69 712 327 1.71 708 325

0.75 1.47 330 186 1.5 234 133 9.91 219 124

0.9 8.73 193 121 7.78 225 134 8.91 198 125
1 4.16 203 134 7.14 228 160 7.06 228 162

cck 2.11 36 18

cycle± 0.1 2.27 9 8 2.26 9 8 2.26 9 8

0.25 4.21 9 8 4.14 9 8 4.14 9 8

0.5 3.74 10 9 3.64 10 9 3.64 10 9

0.75 3.24 11 10 3.13 11 10 3.13 11 10
0.9 4.76 11 10 4.6 11 10 4.59 11 10

1 5.95 11 10 5.74 11 10 5.73 11 10

cck 7.45 5 4

explcp 0.1 0.646 182 110 2.02 179 107 1.82 214 129

0.25 1.29 177 106 1.36 192 114 1.44 192 114

0.5 1.21 229 139 2.57 314 194 1.53 326 202
0.75 1.35 144 91 1.23 166 112 0.699 157 107

0.9 0.913 112 80 1.19 53 37 1.48 39 26

1 0.964 79 56 1.49 31 18 0.0642 24 11

cck 0.0829 13 7
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Table 2 GAP(10−3)

Problem θ p = 1.5 p = 2 p = 3

GAP NF IT GAP NF IT GAP NF IT

gafni(1+) 0.1 0.181 1098 359 0.175 761 248 0.201 502 162

0.25 0.205 161 56 0.212 252 90 0.186 196 70
0.5 0.192 141 51 0.167 167 61 0.287 169 62

0.75 0.08 154 57 0.412 162 63 0.233 178 70

0.9 0.263 164 63 0.072 133 52 0.0273 250 101

1 0.369 240 98 0.208 224 93 0.234 272 114

cck ∗
gafni(2+) 0.1 0.191 538 172 0.177 438 141 0.199 408 131

0.25 0.21 226 78 0.212 237 84 0.186 210 74

0.5 0.175 149 54 0.154 159 58 0.192 162 60

0.75 0.0422 128 49 0.622 136 54 0.515 128 51

0.9 0.174 156 62 0.146 212 88 0.0245 200 82

1 0.394 235 98 0.139 172 71 0.121 146 59

cck 5.7 7496 1751

gafni(3+) 0.1 0.181 953 308 0.168 451 145 0.195 486 158

0.25 0.192 320 109 0.176 262 89 0.19 234 81

0.5 0.186 228 80 0.135 195 68 0.168 242 86

0.75 0.029 180 62 0.712 164 58 0.645 210 80

0.9 0.303 213 76 0.156 316 123 0.0156 206 75

1 0.377 367 138 0.172 269 102 0.153 194 73
cck 9.14 2968 728

josephy(1+) 0.1 2.89 1309 654 2.89 1739 869 2.89 1749 874

0.25 2.79 806 403 2.86 886 443 2.82 896 448

0.5 0.408 212 99 0.477 395 188 0.699 169 85

0.75 0.608 347 175 0.0026 87 45 0.237 99 53

0.9 0.0337 75 41 1.12 78 45 0.667 58 34
1 1.6 38 24 2.09 30 22 2.07 29 19

cck 2.02 200 94

josephy(2+) 0.1 2.91 1324 659 2.9 1754 874 2.89 1754 874

0.25 2.82 818 406 2.83 892 443 2.83 912 453

0.5 0.516 238 107 3.19 185 89 3.13 185 89

0.75 0.214 111 52 0.357 90 42 0.00878 90 42
0.9 1.01 150 78 0.57 78 40 2.18 81 42

1 1.7 67 36 2.72 48 28 1.85 54 35

cck 1.99 175 83

josephy(3+) 0.1 2.89 1464 717 2.9 1955 957 2.9 1897 940

0.25 2.85 919 445 2.82 1044 512 2.8 1088 523

0.5 0.476 409 178 0.476 536 250 0.404 539 252
0.75 0.219 273 128 0.315 301 145 0.262 312 152

0.9 0.136 260 124 1.39 298 136 1.25 258 118

1 0.0118 276 146 2.23 82 47 2.48 36 23

cck 2.02 302 153
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Table 3 GAP(10−3)

Problem θ p = 1.5 p = 2 p = 3

GAP NF IT GAP NF IT GAP NF IT

josephy(4+) 0.1 4.67 82 40 4.83 82 40 4.83 82 40

0.25 3.8 104 51 3.96 104 51 3.97 104 51
0.5 0.893 254 126 0.821 252 126 0.881 250 125

0.75 0.162 87 45 0.0856 90 46 0.216 70 36

0.9 0.306 57 32 0.632 38 22 0.29 54 32

1 0.767 36 29 0.662 51 40 1.17 40 34

cck 2.02 215 101

josephy(5+) 0.1 2.8 91 49 1.3 68 38 1.38 97 51
0.25 0.0479 62 36 1.09 60 37 2.37 52 31

0.5 0.0562 41 26 0.851 29 17 0.645 29 17

0.75 0.711 19 12 0.249 24 18 1.25 23 18

0.9 1.19 30 23 0.736 35 29 0.511 37 31

1 1.15 46 34 1.1 56 43 0.929 59 46

cck 2.77 132 60

josephy(6) 0.1 1.26 377 117 1.08 313 97 1.02 321 99

0.25 1.21 377 118 0.859 275 86 0.982 249 78

0.5 1.43 195 66 1.21 195 68 0.959 145 50

0.75 5.45 168 64 2.28 421 161 1.24 1159 457

0.9 7.46 196 73 2.75 340 131 7.5 219 82

1 4.09 147 56 3.18 670 267 7.41 200 76
cck 3.15 162 75

kojshin(1) 0.1 2 501 158 2.09 330 104 2.09 330 104

0.25 8.22 276 91 5.54 280 93 5.56 280 93

0.5 6.36 151 54 8.79 230 84 8.3 209 73

0.75 9.06 178 66 9.46 208 77 9.32 203 74

0.9 8.39 234 87 8.56 235 88 8.58 231 87
1 2.38 361 141 5.74 186 70 9.17 249 96

cck 4.13 790 270

kojshin(2−) 0.1 2.51 337 107 2.75 726 169 ∗
0.25 3.38 339 119 3.18 358 122 2.74 534 194

0.5 3.64 234 86 5.45 237 88 6.96 255 96

0.75 1.27 841 351 3.7 498 207 3.51 482 198
0.9 2.05 210 81 6.97 300 123 5.93 335 132

1 5.53 252 119 5.31 447 209 5.21 355 159

cck 4.94 160 86

kojshin(3+) 0.1 4.68 532 211 7.42 561 221 5.7 585 227

0.25 6.12 567 218 6.98 519 202 6.31 544 216

0.5 8.15 693 278 7.19 598 239 7.73 716 292
0.75 9.35 729 297 8.26 837 349 8.38 915 389

0.9 ∗ 4.32 660 289 ∗
1 6.86 551 276 6.54 285 184 6.66 185 137

cck 4.94 262 142
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Fig. 1 Performance profile with respect to the iterative number: local

Fig. 2 Performance profile with respect to iterative number: global

then every ρi
s(τ ) is the distribution function for ri

q,s satisfying ri
q,s ≤ τ . Thus, a plot

of the performance profile reveals all of the major performance characteristics. The
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Fig. 3 Performance profile with respect to the dual gap: local

Fig. 4 Performance profile with respect to the dual gap: global

performance profile with respect to the iterative number (respectively, the dual gap)
have been mapped to Figs. 1 and 2 (respectively, Figs. 3 and 4). It is well known that
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solvers with large probability ρi
s(τ ) are to be preferred. Thus, from Figs. 1–4, it is

easy to see that the numerical results of the algorithm using the function proposed in
this paper is comparable to the algorithm using the function proposed in [15].

5 Conclusions

In this paper, we have considered the merit function �α,θ,p which includes many
existing well-known merit functions for NCP (1) in the literature. Although this merit
�α,θ,p is obtained by penalizing another merit function �θ,p studied in [15], we
have explored more properties for �α,θ,p , see Sect. 3. It is worth to point out that
Lemma 3.3 not only plays an important role in Proposition 3.1, but also may be
very useful in other contexts. We also suspect that Proposition 3.2 may be crucial in
analyzing convergence rate of certain algorithms which is our future topic.
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