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Abstract In this paper, we present a measure of distance in a second-order cone
based on a class of continuously differentiable strictly convex functions on R .
Since the distance function has some favorable properties similar to those of the
D-function (Censor and Zenios in J. Optim. Theory Appl. 73:451-464 1992), we
refer to it as a quasi D-function. Then, a proximal-like algorithm using the quasi
D-function is proposed and applied to the second-cone programming problem, which
is to minimize a closed proper convex function with general second-order cone con-
straints. Like the proximal point algorithm using the D-function (Censor and Zenios
in J. Optim. Theory Appl. 73:451-464 1992; Chen and Teboulle in STAM J. Optim.
3:538-543 1993), under some mild assumptions we establish the global convergence
of the algorithm expressed in terms of function values; we show that the sequence
generated by the proposed algorithm is bounded and that every accumulation point is
a solution to the considered problem.
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1 Introduction

We consider the following convex second-order cone programming (CSOCP):

min  f({),
st. A +b>xn0,

where A is an n X m matrix with n > m, b is a vector in R"?, f : R" — (—o00, +00]
is a closed proper convex function, K" is a second-order cone (SOC for short) in R”
given by

K™= {(x1,%2) € R x R"™ | [lxa]l < x1), (M

and x >y 0 means that x € . Note that a function is closed if and only if it is
lower semi-continuous (l.s.c. for short) and a function is proper if f({) < oo for at
least one ¢ € R™ and f(¢) > —oo for all ¢ € R™. The CSOCP, as an extension of the
standard second-order cone programming (SOCP) (see Sect. 4), has applications in
a broad range of fields from engineering, control and finance to robust optimization
and combinatorial optimization; see [3—7, and references therein].

Recently, the SOCP has received much attention in optimization, particularly in
the context of solutions methods. In this paper, we focus on the solution of the more
general CSOCP. Note that the CSOCP is a special class of convex programs, and
therefore it can be solved via general convex programming methods. One of these
methods is the proximal point algorithm for minimizing a convex function f(¢) de-
fined on R™, which replaces the problem min;cg» f(¢) by a sequence of minimiza-
tion problems with strictly convex objectives and generates a sequence {¢¥} by

¢ =argmin{£ () + (1/Qu)lg = 1P, )
{eRI"
where py is a sequence of positive numbers and || - || denotes the Euclidean norm in

R™. The method was due to Martinet [8] who introduced the above proximal mini-
mization problem based on the Moreau proximal approximation [9] of f. The proxi-
mal point algorithm was then further developed and studied by Rockafellar [10, 11].
Later, several researchers [1, 2, 12—14] proposed and investigated nonquadratic prox-
imal point algorithm for the convex programming with nonnegative constraints, by
replacing the quadratic distance in (2) with other distance-like functions. Among oth-
ers, Censor and Zenios [1] replaced the method (2) by a method of the form

k= arg%lin{f@) + (/w0 D&, £, 3)
CeR™

where D(-, -), called the D-function, is a measure of distance based on a Bregman
function.

Recall that, given an open convex set S of R™, a convex real function g defined
on the closure of S, is called a Bregman function [15-17] if it satisfies the properties
listed in Definition 1.1 below; the induced D-function is given by

Dy(£,8) =) — &) = (Vo(§). L &), “

where (-, -) denotes the inner product in R” and V¢ denotes the gradient of ¢.
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Definition 1.1 Let S € R™ be an open set and let S be its closure. Then, Q: S—>R
is called a Bregman function with zone S if the following properties hold:

(i) ¢ is continuously differentiable on S.
(ii) ¢ is strictly convex and continuous on S.
(iii) For each y € R, the partial level sets L{(£,y):={¢ € S | Dy(¢,8) <y} and
Ly, y):={6 €5 | Dy(¢,&) <y} are bounded forany £ € Sand ¢ € S.
(iv) If {€F} C S converges to £*, then Dy (&%, £%) converges to 0.
(v) If {¢¥} and {£F} are sequences such that gk — £* € §, {¢*} is bounded and, if
Dw({k, £y — 0, then ¢*F — £*.

The Bregman proximal minimization (BPM) method described as in (3) was
further extended by Kiwiel [18] with generalized Bregman functions, called B-
functions. Compared with Bregman functions, these functions are possibly nondif-
ferentiable and infinite on the boundary of their domain. For the detailed definition
of B-functions and the convergence of BPM method using B-functions, please refer
to [18].

The main purpose of this paper is to extend the BPM method (3) so that it can be
used to deal with the CSOCP. Specifically, we define a measure of distance in second-
order cone K" by a class of continuously differentiable strictly convex functions on
R4+ which are in fact special B-functions in R (see Property 3.1). The distance mea-
sure, including the entropy-like distance in X" as a special case, is shown to have
some favorable properties similar to those for a Bregman distance, and hence we
here refer it as a quasi Bregman distance or quasi D-function. The specific definition
is given in Sect. 3. Then, a proximal-like algorithm using quasi D-function is pro-
posed and applied for solving the CSOCP. Like the proximal-point algorithm (3), we
establish, under some mild assumptions, the global convergence of the algorithm ex-
pressed in terms of function values, and show that the sequence generated is bounded
and each accumulation point is a solution of the CSOCP.

The rest of this paper is organized as follows. In Sect. 2, we review some
basic concepts and properties associated with SOC. In Sect. 3, we define a quasi
D-function in X" and explore the relations among the quasi D-function, the D-
function, and the double-regularized distance function [19]. In Sect. 4, we present a
proximal-like algorithm using quasi D-function and apply it for solving the CSOCP,
and meanwhile, analyze the convergence of the algorithm. Finally, we close this paper
in Sect. 5.

Some words about our notation. Ry and R4 denote the nonnegative real num-
ber set and the positive real number set, respectively, and I represents an identity
matrix of suitable dimension. For a differentiable function ¢ in R, ¢’ represents its
derivative. Given a set S, we use S, int(S) and bd(S) to denote the closure, the in-
terior and the boundary of S, respectively. For a closed proper convex function f :
R"™ — (—o00, +00], we denote the domain of f by dom(f):={¢ € R" | f(¢) < o0}
and the subdifferential of £ at ¢ by 3f(¢) :={w e R™ | f(¢) = f(¢) + (w, ¢ —¢),
V¢ e R™}.If f is differentiable at ¢, we use V f(¢) to denote its gradient at ¢. For
any x, y in R”, we write x >yc» y if x —y € K"*; and write x >xc» y if x —y € int(K").
In other words, we have x >c» 0 if and only if x € K*; and x >jc» O if and only if
x €int(K).
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2 Preliminaries

In this section, we review some basic concepts and properties related to the SOC
K" that will be used in the subsequent analysis. For any x = (x1, x2), y = (y1, y2) €
R x R*~!, we define their Jordan product as

xoy:=({x,y), y1x2 + x1y2). )

We write x + y to mean the usual componentwise addition of vectors and x? to mean
xox.Theno,+ande=(1,0,..., O)T € R" have the following basic properties [20,
21]: () eox =xforallx e R*. 2)xoy=yox forallx,y e R". 3)xo(x’0y) =
x2o(xoy)forallx,yeR". (4) (x+y)oz=xo0z+yozforall x,y,zeR" Note
that the Jordan product is not associative, but it is power associated, i.e., x o (x o x) =
(x o x) o x for all x € R". Thus, we may, without fear of ambiguity, write x™ for
the product of m copies of x and x™*" = x™ o x" for all positive integers m and n.
We define x© = e. Besides, we should point out that /" is not closed under Jordan
product.

For each x = (x1, x2) € R x R~ the determinant and the trace of x are defined
by

det(x) =x7 — lxall”,  tr(x) =2x1. (6)

In general, det(x o y) # det(x) det(y) unless x and y are collinear, i.e., x = ay for
some o € R. A vector x = (x1,x2) € R x R"~! is said to be invertible if det(x) # 0.
If x is invertible, then there exists a unique y € R” satisfying xoy =y ox =e. We
call this y the inverse of x and denote it by x~ L. In fact, we have

x7h =1/ = Ixl®) (0, —x2) = (1/ det(x)) (tr(x)e — x).

Therefore, x € int(K") if and only if x~! € int(X"). For any x € K", it is known that
there exists a unique vector in K" denoted by x /% such that (x1/2)> = x1/2 ox1/2 = x.

Next, we introduce the definition of spectral factorization. Let x = (x1, x2) € R x
R”_l; then, x can be decomposed as

x=r@ud +r)u?, )

where A;(x) and u)(f) are the spectral value and the associated spectral vector given
by

2 () :=x1 + (=D [|x2],
L0 {(1/2>(1,(—1)ixz/||xz||>, if x # 0; ®)
Y laa, (—nia), if x, =0,

for i = 1,2 with w, being any vector in R”~! satisfying ||w || = 1. If x, # 0, the fac-
torization is unique. In the sequel, for any x € R”, we write A(x) := (A1(x), A2(x)),
where A1(x), A2(x) are the spectral values of x.

The spectral decomposition along with the Jordan algebra associated with SOC
has some basic properties as below, whose proofs can be found in [20, 21].
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Property 2.1 Forany x = (x1,x2) € R x R with the spectral values A1 (x), Xo(x)

and spectral vectors u,(cl), u,(cz) given as above, we have:

1

@ uy”
ie.,

and u)(cz) are orthogonal under the Jordan product and have length 1/~/2,

uVou®=0,  JuP)=u@)=1/v2.
(b) u)(cl) and u)(cz) are idempotent under the Jordan product, i.e., u,(ci) o M;(ci) = M)(ci) Jfor
i=1,2.
(c) The determinant, the trace and the norm of x can be represented by A1(x), Aa(x):
det(x) =11 (x)A2(x),
tr(x) = A1 (x) + A2(x),
Ix]12 = (AT (x) + A3 (x))/2.

(d) A1(x), A2(x) are nonnegative (positive) if and only if x € K (x € int(K")).

Finally, for any g : R — R, one can define a corresponding function g%°°(x) in R”
by applying g to the spectral values of the spectral decomposition of x with respect
to K", i.e.,

) =g )ud + ga)u?, Yx=(x,x) eRxR"L (9

If g is defined only on a subset of R, then g°¢ is defined on the corresponding subset
of R". The definition in (9) is unambiguous whether x> # 0 or x, = 0. The following
lemma states some relations between the vector-valued function g5°° and the scalar
function g, whose proof can be found in [6, 21].

Lemma 2.1 Given a function g : R — R, let g°°°(x) be the vector-valued function
defined by (9). If g is differentiable (respectively, continuously differentiable), then
g%°(x) is also differentiable (respectively, continuously differentiable), and its Ja-
cobian at x = (x1,x2) € R x R"™ 1 is given by Vg*°(x) = g'(x)1, if x =0, and
otherwise

soc _ b szT/”xZ” i|
Ve = [CX2/||X2|| al + (b — aywoxl)/Ixl? | (10)

where

a=[g*2(x)) — g(r1(x)]/[A2(x) = A1 (x)],

11
b=1[g'(h2(x)) + & (A1(x)1/2, c=1[g'(h2(x)) — &' (M1 (x)]/2. a

3 Quasi D-Functions in SOC and Their Properties

In this section, we present a class of distance measures on SOC and discuss its rela-
tions with the D-function and the double-regularized Bregman distance [19]. For this
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purpose, we need a class of functions ¢ : R, — R satisfying Property 3.1 below, in
which the function d : R x Ry — R is defined by

d(s,)=d(s) —$(1) — ' (s —1), VseRy, 1 €Roy. (12)

Property 3.1

(a) ¢ is continuously differentiable on R4 4.

(b) ¢ is strictly convex and continuous on R ..

(c) Foreachy e R, the level sets {s e Ry | d(s,t) <y}and{t e Ry |d(s,t) <y}
are bounded for any t € Ry and s € Ry, respectively.

(d) If {t*y c Ryy is a sequence such that limg_, 1o0ot® = 0, then
limg s oo @' (%) (s — 1%) = —o0 forall s e R ..

The function ¢ satisfying Property 3.1 (d) is said to be boundary coercive in [22].
If setting ¢ (r) = 400 when ¢ ¢ R, then ¢ becomes a closed proper strictly convex
on R. Furthermore, by Lemma 2.4 of [18] and Property 3.1 (c), it is not difficult to see
that ¢ (¢) and ZL] ¢ (x;) are a B-function on R and R”, respectively. Unless other-
wise stated, in the rest of this paper, we always assume that ¢ satisfies Property 3.1.

From the discussions in Sect. 2, clearly, the following vector-valued functions

¢ @) = p(ri () + ¢ G2 (0)u? (13)
and
@) = ¢ () ul” + ¢ Ga(0) u? (14)
are well-defined over /" and int(XC"), respectively. In view of this, we define

tr[*°¢ (x) — ¢*°(y) = (¢")***(y) o (x —=y)], VxeK", y €int(K"),
H(x,y):= (15)
+o00, otherwise.

In what follows, we will show that the function H : R" x R" — (—o00, +00] enjoys
some favorable properties similar to those of the D-function. Particularly, we prove
that H (x, y) > 0 for any x € K", y € int(K"), and moreover, H (x, y) = 0 if and only
if x = y. Consequently, it can be regarded as a distance measure on the SOC.

We first start with two technical lemmas that will be used in the subsequent analy-
sis.

Lemma 3.1 For any x = (x1,x2),y = (y1,y2) € R x R, we have tr(x o y) <
(A(x), A(y)) where A(x) = (A1(x), A2(x)) and A(y) = (A1(y), 22(y)), and the in-
equality holds with equality if and only if xo = ay, for some a > 0.
Proof From (5)-(6) and Cauchy-Schwartz inequality,

tr(x 0 y) =2(x, y) = 2x1y1 +2x3 y2 < 2x1y1 + 2| %2 - 1y2ll.
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On the other hand, from the definition of the spectral values given by (8),

(A(x), () = (x1 = lIx2D 1 = 21D + e+ llx2lD e + 121D
=2x1y1 + 22l - [[y2]l-

From the above two sides, we obtain immediately the inequality relation. In addition,
we note that the inequality becomes an equality if and only if sz v = |lx2 - Iy2ll,
which is equivalent to saying that x; = «y, for some o > 0. (]

Lemma 3.2 Let ¢p°°°(x) and (¢')%°°(x) be given as in (13) and (14), respectively.
Then:

(a) @%°°(x) is continuously differentiable on int(K) with the gradient V¢°¢(x)
satisfying V¢°©(x)e = (¢')%°°(x).

(b) g™ (x)] = 27—, @lhi (¥)] and (@) (x)] = Y— ¢'[hi ()],

(c) tr[@*°°(x)] is continuously differentiable on int(K") with Vtr[¢p5°¢(x)] =
2VpS°C(x)e.

(d) tr[¢*°°(x)] is strictly convex and continuous on K".

(e) If {y*} cint(K") is a sequence such that limy_ 4o Y* = 3 € bd(K"), then

lim (V[ (A)], x — y*) = —00  forall x € int(K").
k— 400
In other words, the function tr[¢*°¢(x)] is boundary coercive.

Proof (a) The first part is due to Lemma 2.1, and we next prove the second part. If
x2 # 0, then by formulas (10)—(11) it is easy to compute that

soc (1/D)[¢" (A2(x)) + ¢’ (k1 (x))]
V™™ (x)e = , , )
(1/2)[¢"(A2(x)) — @' (A1 (x))](x2/ || x21))

In addition, using (8) and (14), we can prove that the vector in the right hand side is
exactly (¢')%°¢(x). Therefore, V@>°°(x)e = (¢')%°°(x). If x; = 0, from V¢>°°(x) =
¢’ (x1)I and formula (8), we readily obtain V¢°°(x)e = (¢')°° (x).

(b) The result follows directly from Property 2.1 (c) and (13)—(14).

(c) From part (a) and the fact that tr[¢°¢(x)] = tr[@%°°(x) o e] = 2(¢*°°(x), e),
clearly, tr[¢®°°(x)] is continuously differentiable on int(K"). Applying the chain
rule for inner product of two functions yields immediately that V tr[¢%°°(x)] =
2Vp*C(x)e.

(d) It is clear that ¢*°°(x) is continuous on K". We next prove that it is strictly
convex on K". For any x,y € K" with x #y and o, 8 € (0,1) with  + 8 =1,
we have that

Atlax + By) = axy + By1 — llaxa + By2ll = ari(x) + BA1(y),
A (ax + By) = axy + Byt + llaxa + By2ll < arz(x) + Bra(y),

implying that

ari(x) + Br1(y) < Ar(ax + By) < la(ax + By) < alrz(x) + Bra(y).
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On the other hand,

A(ax + By) + Ax(ax + By) = 2ax1 + 281
= [ody (x) + BA (D] + [ara(x) + Bra(D)].

The last two equations imply that there exists p € [0, 1] such that

A(ax + By) = plari(x) + BAr (W] + (1 — p)[ara(x) + Bra()],
A (ox + By) = (1 — p)[ari(x) + Bri(¥)] + plara(x) + Bra(0)].

Thus, from Property 2.1, it follows that

tr{¢** (ax + By)] = plA1 (ax + By)] + Plra(ex + By)]

= ¢lp(ari(x) + Br1(y) + (1 — p)(@ra(x) + BA2(¥))]
+ol(1 — p)(ari(x) + Br1(y)) + plara(x) + BAra(¥))]

< pp(ari(x) + Bri(y)) + (1 — p)p(ara(x) + BAa(y))
+(1 = p)p(ari(x) + Br1(y)) + pp(ara(x) + BAr2(y))

=@ (ari(x) + BA1(¥) + d(@ra(x) + BAr2(¥))

<apri(x)) + B (A1 (y)) + ad(Ra2(x)) + B (X2(y))

= a tr[¢* ()] + Btr[¢* (1)1,

where the first equality and the last one follow from part (b), and the two inequalities
are due to the strict convexity of ¢ on R . By the definition of strict convexity, the
conclusion holds.

(e) From part (a) and part (c), we can obtain readily the following equality:

Vir[¢p*°(x)] =2(¢)*°(x), Vx €int(K"). (16)
Using the relation and Lemma 3.1, we then have that
(Vg™ ()] x — y*) = 2(@)** (). x = ")

=tr[(@)* (V") o (x — y9)]
= tr[(@")* (VF) 0 x] — tr[(#)**° (¥F) 0 y*]

2
<D DO (x) — (@) ) oy A7)

i=1
In addition, by Property 2.1 (a)—(b), for any y € int(XC"), we can compute

@) (y) 0y =¢' AN MU + ¢ Ca(yNra(ul?, (18)
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which implies that
2
(@) (") 0y 1= ¢'Dhi ()12 (5). (19)
i=1
Combining (17) and (19) immediately yields that
2
(Vg™ (7] x =) <D ¢ T (010 () — 4 (691, (20)
i=1

Note that Ax(y) > A1(¥) =0 and Az(x) > A1(x) > 0 since y € bd(K") and x €
int(K"). Hence, if A>(y) = 0, then by Property 3.1 (d) and the continuity of A;(-)
fori =1, 2, we have

Jim O O () =2 )] = =00, i=1,2,

which means that
2
Jim Y70 T (0 () — 2 (7] = —oe. @1
i=1

If A2(¥) > 0, then lim_s 400 @' [A2 (Y¥)[A2(x) — A2(¥¥)] is finite and

Jim @' T (YOI (x) — 2 ()] = —o0;

therefore, the result in (21) also holds under such case. Combining (21) with (20), we
prove that the conclusion holds. (]

Using the relation (16), we have that, for any x € K" and y € int(K"),

(@) (y) o (x = I =2((@)*°(y), x —y) = (Vtu[p**(M], x — y).
As a consequence, the function H (x, y) in (15) can be rewritten as
tr[@**¢ (x)] — tr[@*° ()]
H(x,y)= —(Vu[@p*°°(M],x —y) VxeK", yeint(K"), (22)

+o00 otherwise.
By the representation, we next investigate several important properties of H (x, y).

Proposition 3.1 Let H(x, y) be the function defined as in (15) or (22). Then,

(a) H(x,y) is continuous on K" x int(") and, for any y € int(K"), the function
H (-, y) is strictly convex on K".
(b) Forany given y € int(K"), H(x, y) is continuously differentiable on int(XC") with

ViH (x, y) = V tr[¢* ()] = V tr[¢*° ()] = 2[(¢)**°(x) — (¢")** (0] (23)
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(¢c) H(x,y) > Z%Zld()\,-(x),)\,-(y)) >0 for any x € K" and y € int(K"), where
d(-,-) is defined by (12). Moreover, H(x,y) =0 ifand only if x =y

(d) For each y € R, the level sets Ly(y,y) :={x € K" | H(x,y) < y} and
Ly(x,y):={yeint(K") | H(x, y) <y} are bounded for any y € int(K") and
x € K", respectively.

(e) If {y*} C int(KC") is a sequence converging to y* € int(KC"), then H (y*, y*) — 0.

) If {x*} C int(K™) and {y*} C int(K") are sequences such that {y*} — y* €
int(K™), {x*} is bounded, and H (x*, y*) — 0, then x* — y*.

Proof (a) Note that ¢5°¢(x), (¢)5°°(y), (¢")%°°(y) o (x — y) are continuous for any
x € K" and y € int(K™) and the trace function tr(-) is also continuous, and hence
H (x, ) is continuous on K" x int(XC"). From Lemma 3.2 (d), tr[¢%°°(x)] is strictly
convex over K", whereas — tr[¢*°°(y)] — (V tr[¢5°°(y)], x — y) is clearly convex in
K™ for fixed y € int(K"). This means that H(:, y) is strictly convex for any y €
int(KC).

(b) By Lemma 3.2 (c), the function H (-, y) for any given y € int(K") is continu-
ously differentiable on int(XC"). The first equality in (23) is obvious and the second is
due to (16).

(c) The result follows directly from the following equalities and inequalities:

H(x,y) = tr[¢*(x)] — tf@** (0] — tr[()***(y) o (x — )]
= tr[¢**°(0)] — tr[*** ()] — tr[(¢)**°(¥) 0 x] + tr[(@)*** (¥) 0 ¥]

2
> tr[¢* (0)] — ™ (D] = D ¢' i ()i () + el (@) () 0 y]

i=1

¢(k () + i () = ¢ i (M)A (x) + &' (i (WA (V)]

™ HMN

[¢ (i (%)) = @A (1)) — " (i (M) (A (x) = A; ()]

vl
-

d(i(x), 2i(y)) =0,

I
-

where the first equality is due to (15), the second and fourth are obvious, the third
follows from Lemma 3.2 (b) and (18), the last one is from (12), and the first inequality
follows from Lemma 3.1 and the last one is due to the strict convexity of ¢ on R..
Note that tr[¢p5°¢(x)] is strictly convex for any x € K" by Lemma 3.2 (d), and so
H(x,y)=0if and only if x = y by (22).

(d) From part (c), we have Ly (y,y) € {x € K"| Z%:l dri(x), 2 (y)) <y} By
Property 3.1 (c), the set in the right-hand side is bounded. So, Ly (y, y) is bounded
for y € int(C"). Similarly, L g (x, y) is bounded for x € K.

From part (a)—(d), we obtain immediately the results in (e) and (f). O
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Remark 3.1

(i) From (22), it is not difficult to see that H(x, y) is exactly a distance measure
induced by tr[¢*°°(x)] via formula (4). Therefore, if n = 1 and ¢ is a Bregman
function with zone R, i.e., ¢ also satisfies the property: (e) if {s*} € R,
and {t*} ¢ Ry, are sequences such that t* — t*, {s*} is bounded, and
d(sk, tk) — 0, then s* — r*; then H (x, y) reduces to the Bregman distance
function d(x, y) in (12).

(i) Whenn > 1, H(x, y) is generally not a Bregman distance even if ¢ is a Bregman
function with zone R, since Proposition 3.1 (e) and (f) do not hold for {y*} C
bd(K") and y* € bd(K"). By the proof of Proposition 3.1 (c), the main reason
is that, to guarantee that

2
(@) (y) ox] =D ¢/ (i ()i (x),

i=1

for any x € K" and y € int(K"), the relation [(¢')%°°(y)]» = ax, with some
a > 0 is required, where [(¢")%°°(y)]» is a vector composed of the last n — 1
elements of (¢')%°°(y). It is very stringent for ¢ to satisfy such relation. By this,
tr[¢%°¢(x)] is not a B-function [18] on R” either, even if ¢ itself is a B-function.

(iii)) We observe that H (x, y) is inseparable, whereas the double-regularized distance
function proposed by [19] belongs to the separable class of functions. In view
of this, H(x, y) cannot become a double-regularized distance function in X" x
int(K"), even when ¢ is such that d (s, 1) = d(s, 1) /¢ (1) + E(s— 1)? is a double
regularized component (see [19]).

By Proposition 3.1 and Remark 3.1, we call H(x, y) a quasi D-function in this
paper. In the following, we present several specific examples of quasi D-functions.

Example 3.1 Let ¢(t) = tlogt — t (with the convention Olog0 = 0). It is easy to
verify that ¢ satisfies Property 3.1. By Proposition 3.2 (b) of [21] and (13)-(14),
we can compute ¢%°°(x) = x o logx — x and (¢')**°(y) =logy for any x € K" and
y € int(K"). Therefore,

H(x,y) =tr(xologx —xology+y—x), VxeKk”, yeint(K").

Example 3.2 Let ¢(¢) = t> — /7. It is not hard to verify that ¢ satisfies Prop-
erty 3.1. Notice that, for any x € K", x2=xox= )»%(x)uil) + k%(x)u)(?) and \/x =
VA (x)uil) + \/)Lz(x)uiz), and a direct computation then yields ¢*°°(x) = x ox — \/x

and (¢")*°°(y) =2y — (1/2)[tr(\/y)e — /y1/+/det(y). This implies that, for any
x € K",y €int(K"),

H(X,y)ztr[(x—y)z_(ﬁ_ﬁ)+ (tr(ﬁ)e—ﬁ)o(x_y)}'

2/det(y)

Example 3.3 Take ¢ (1) =tlogt — (1+1t)log(1+1)+ (141¢)log?2 (with 0log0 = 0).
It is easily shown that ¢ satisfies Property 3.1. Using Property 2.1 (a)—(b), we can
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compute
@*°(x) =xologx — (e +x) olog(e + x) + (e + x)log2, xeK"
and
(¢)*°(y) =logy —log(e +y) +elog2, yeint(K").
Consequently, for any x € K" and y € int(K"),
H(x,y) =tr[x o logx —logy) — (e + x) o (log(e + x) — log(e + y))I.

In addition, from [14, 22], it follows that Z;"zl ¢ (&;) generated by ¢ in the above
examples is a Bregman function with zone S =R, and consequently > i, d(¢;, &)
defined as in (12) is a D-function induced by Y /L, ().

To close this section, we present another important property of H (x, y).

Proposition 3.2 Let H(x,y) be defined as in (15) or (22). Then, for all x,y €
int(C") and z € K", the following three-points identity holds:

H(z,x)+ H(x,y) — H(z, y) = (Vu[¢** (1] = Vulp™ ()], z—x)
=t[(@)* () — (@) () o (z = x)].

Proof Using the definition of H given as in (22), we have that

(Vir[9™ ()], z —x) = tr[¢**(2)] — tr[¢**° (x)] — H (2, x),
(Vr[p* (D)1, x —y) = tr[¢p>(x)] — tr[p**“ ()] — H(x, y),
(Vu[ep*™ ()], z—y) = t[¢p>* ()] — r[¢**“ ()] — H(z, ).

Subtracting the first two equations from the last one gives the first equality. By (16),
(Vg™ (0] = V@™ ()], z—x) =2((@)*(y) — (@) (), z—y).

This, together with the fact that tr(x o y) = (x, y), leads to the second equality. [

4 Proximal-Like Algorithm for the CSOCP

In this section, we propose a proximal-like algorithm for solving the CSOCP based on
the quasi D-function H (x, y). For the sake of notation, we denote F by the feasible
set

F:={eR" | A +b =xn 0}. (24)
It is easy to verify that F is convex and its interior int(F) is given by

int(F) = {¢ € R™ | AC + b >xn O}, (25)
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Let ¢ : R — (—00, +00] be the function defined by

(@™ (AL + b)), if¢eF,

+o00, otherwise. (26)

V()= {
By Lemma 3.2, it is easily shown that the following conclusions hold for v (¢).

Lemma 4.1 Let Y (¢) be given as in (26). If the matrix A has full rank m, then:

(@) ¥ (¢) is continuously differentiable on int(F) with Vi (¢) = 2AT (¢")%°° x
(A¢ +b).

(b) ¥ (¢) is strictly convex and continuous on F.

(c) ¥(¢) is boundary coercive, i.e., if {EX} C int(F) is such that limg_, ;o0 £ =
£ € bd(F), then for all ¢ € int(F), there holds that limy_, 4o Vi (EK)T
(¢ — &5 =—o0.

X

Let D(¢, &) be the function induced by the above (¢) via formula (4), i.c.,
D, &)=y (@) —v@E) —(Vy(§),; —§). (27)
Then, from (26) and (22), it is not difficult to see that
D(Z.E) = H(AL + b, AE + D). (28)

So, by Proposition 3.1 and Lemma 4.1, we can prove the following conclusions.
Lemma 4.2 Let D(¢, &) be given by (27) or (28). If the matrix A has full rank m,
then:

(@) D, &) is continuous on F x int(F) and, for any given & € int(F), the function
D(-, &) is strictly convex on F.
(b) For any fixed & € int(F), D(-, &) is continuously differentiable on int(F) with

VD, &) = V(§) — VI (€) = 24T [(¢)*(AC +b) — (¢)°(AE +b)].

(©) D(.§) = X1y d(hi(AL +b), i (A€ + b)) = 0 for any ¢ € F and § € int(F),
where d(-, -) is defined by (12). Moreover, D(¢, &) =0 if and only if ¢ =§.

(d) For each y € R, the partial level sets of Lp(&,y) ={¢ € F | D(,§) <y}
and Lp(¢,y) ={& e int(F) : D(¢, &) < v} are bounded for any & € int(F) and
¢ € F, respectively.

The proximal-like algorithm that we propose for the CSOCP is defined as follows:

0 € int(F), (29)
¢k = argn}in{f(l) +(1/m)DE, ¢ HY k=1, (30)
re

where {u}x>1 is a sequence of positive numbers.
To establish the convergence of the algorithm, we make the following assump-
tions:
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(A1) inf{f(¢) | ¢ € F}:= fi > —oo and dom(f) Nint(F) # @.
(A2) The matrix A is of maximal rank m.

Remark 4.1 Assumption (A1) is elementary for the solution of the CSOCP. Assump-
tion (A2) is common in the solution of SOCPs and it is obviously satisfied when
F = K". Moreover, if we consider the standard SOCP

min ¢Tx,

s.t. Ax=b, xeK", 31)

where A € R™*" with m <n, b € R™, and ¢ € R", the assumption that A has full
row rank m is standard. Consequently, its dual problem, given by

max bly,

S.t. Cc — ATy >KCn O, (32)

satisfies Assumption (A2). This shows that we can solve the SOCP by applying the
proximal-like algorithm in (29)—(30) to the dual problem (32).

In what follows, we are ready to prove the convergence of the proximal-like algo-
rithm in (29)—(30) under Assumptions (A1) and (A2). We first show that the algorithm
is well-defined.

Proposition 4.1 Suppose that Assumptions (A1)—(A2) hold. Then, the algorithm de-
scribed as in (29)—(30) generates a sequence {¢ k } C int(F) such that

=2 AT @) (ALY +b) — (¢ (A + byl e af (5. (33)

Proof The proof proceeds by induction. For k = 0, clearly, ¢° € int(F). Assume
that ¢¥=1 € int(F). Let fi(¢) := f(¢) + g 'D(¢, ¢*~1). Then Assumption (A1)
and Lemma 4.2 (d) imply that f; has bounded level sets in F. By the lower semi-
continuity of f and Lemma 4.2 (a), the minimization problem mingc# fi(¢), i.e.
the subproblem (30), has solutions. Moreover, the solution £¥ is unique due to the
convexity of f and the strict convexity of D(-, £). In the following, we prove that
ok e int(F).

By Theorem 23.8 of [23] and the optimal condition for (30), ¢¥ is the only ¢ € R”
such that

2 AT (@A D) € d(F @O+ W@+ T, (34
where 8(¢| F) =0if ¢ € F and 400 otherwise. We will show that
a(f )+ Mk_ll/f(C) +3(¢| F)) =0, forall ¢ €bd(F), (35)

which by (34) implies that ck e int(F). Tallfe ¢ € bd(F) and assume that there exists
w € A(f (&) + pg "W (&) +8(¢|F)). Take T € dom(f) Nint(F) and let

=0 —-e)c+et (36)
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with lim;_, y 5 €, = 0. From the convexity of int(F) and dom( f'), it then follows that
{l € dom( f) Nint(F) and, moreover, lim;_, {5 I = ¢. Consequently,

aw’C-0)=w"¢'-0)
< fEH = FOQ+p v EhH = @]
< @) = @+ AT @) A +b). ¢ — 1)
=a(f® = fe)+u'

_El

tr[(¢')*°° (AL + b) o (AT — AL,

where the first equality is due to (36), the first inequality follows from the definition
of subdifferential and the convexity of f(¢) + u,:l Y (Z) 4+ 6(¢|F) in F, the second
one is due to the convexity and differentiability of ¢ (¢) in int(F), and the last one is
from (36) and the convexity of f. Using Lemma 3.1 and (18), we then have that

el —eDf Q) — fF@O) +w (@ - o)
<tr[(¢)*°°(AZ! + b) o (AT + b)] — trl(¢))**°(AL! + b) o (AL + b)]
2
<Y 160 (AL + D) (AT +b) — ¢’ (i (AL + b)) ri (A +b)]
i=1
¢’ (M (AL 4 b)) [ (AT +b) — 2 (AL + b)].
1

2
i=
Since ¢ € bd(F), i.e., A + b € bd(K"), it follows that lim;_, 40 A1(AZ! + b) = 0.
Thus, using Property 3.1 (d) and following the same line as the proof of Lemma 3.2 (d),
we can prove that the right-hand side of the last inequality goes to —oo when [
tends to 400, whereas the left-hand side has a finite limit. This gives a contradic-

tion. Hence, (35) follows, which means that {k € int(F).
Finally, let us prove 38(¢¥| F) = {0}. From p. 226 of [23], it follows that

308(zIK") ={veR" | v =g 0, tr(voz)=0}.
Using Theorem 23.9 of [23] and the assumption dom( /) N int(F) # @, we have
38| F)={ATveR" | v = 0, tr(v o (A + b)) = 0).
In addition, from the self-dual property of the symmetric cone K", we know that
tr(x o y) =0 for any x >x» 0 and y >x» O implies x = 0. Thus, we obtain

38(c%| F) = {0}. This together with (34) and Theorem 23.8 of [23] yields the de-
sired result. O

Proposition 4.1 implies that the second-order cone constrained subproblem in (30)
is actually equivalent to an unconstrained one,

¢k = argmin{ £ (¢) + 1 'D(¢, N,
{'GR’"
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which is obviously simpler than the original CSOCP. This means that the proximal-
like algorithm proposed transforms the CSOCP into the solution of a sequence of sim-
pler problems. We next present some properties satisfied by {¢¥}. For convenience,
we denote the optimal set of the CSOCP by F*:={¢ € F | f(¢) = f«}-

Proposition 4.2 Let {¢¥} be the sequence generated by the algorithm described as
in (29)—30), and let o = Z,ivzl Wk. Then, the following results hold.

@ {f( k)} is a nonincreasing sequence.

(b) wk(f(¢5) = (@) =DE. ) =D, &) forall t € F.

© on(fN) = f(£) =DE.¢%) = D(&.&N) forall § € F.

(d) D, %) is nonincreasing for any ¢ € F* if the optimal set F* # ().
(e) DK, ck=1Y — 0 if the optimal set F* + ).

Proof (a) By the definition of ¥ given as in (30), we have
FE +u'DE N < FEEY + g DE .
Since D(¢¥, ¢¥=1) > 0 and D(¢*~!, ¢¥~1) = 0 by Lemma 4.2 (c), it follows that
fEH<rEh, k=1

(b) By Proposition 4.1, 2, 'AT[(¢")**°(AcK=! + b) — (¢/)*°°(ALk + b)] €
df (¢%). Hence, from the definition of subdifferential, it follows that, for any ¢ € F,

F@) = FEO 42 (@) (AL +b) — (¢) (A" +b), Az — Ach)
= £ ") + i ull(@) (AL + b) — (¢)(AL* +b)]
o [(AC +b) — (AZX + D)1
= F() + u TH(AC + b, AL* +b) + H(AZK + b, AL 4 b)
— H(AC + b, AC*1 4+ b)]
= &)+ (D@ N+ Dk Y = De. ) (37)

where the first equality is due to (6) and the second follows from Proposition 3.2.
From this inequality and the nonnegativity of D(¢¥, ¥=1), we readily obtain the
conclusion.

(c) From the result in part (b), we have

wlf @D = FEH1 =D = DL T =D g6
Multiplying this inequality by ox_1 and noting that oy = ox_1 + g, one has
o1 f &) = ok — i) () = op-1p ' D 16, (38)

Summing up the inequalities in (38) for k =1, 2, ..., N and using og = 0 yields

N N
—on fFEM Y i fR) =D o ' DE ). (39)

k=1 k=1
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On the other hand, summing the inequality in part (b) over k =1,2,..., N, we get

N
—on O+ Y f (") <D, %) =D, ). (40)

k=1

Now, subtracting (39) from (40) yields that

N
on[f ™) = FO1=DE. % = D¢, ¢™) =) o ' DE ).
k=1

This together with the nonnegativity of D(¢¥~!, ¢), implies the conclusion.

(d) Note that f(¢¥) — f(¢) = 0 for all ¢ € F*. So, the result follows from part (b)
directly.

(e) From part (d), we know that D(¢, ¢¥) is nonincreasing for any ¢ € F*. This,
together with D(¢, ;k) > ( for any k, implies that D(¢, {k) is convergent. Thus, we
have that

D, ¢ =D e —o. (41)
On the other hand, from (37) it follows that
0=l f@ = f@O1=DE. ¢ =D ¢ -De* N, veerFr,
which implies that
D@, ¢ =D, ¢ =D, ¢, veeFr.

This, together with (41) and the nonnegativity of D(¢*, ¥~ 1), yields the result. [

We have proved that the proximal-like algorithm in (29)—(30) is well-defined and
satisfies some favorable properties. By this, we next establish the convergence of the
algorithm.

Proposition 4.3 Let {¢¥} be the sequence generated by the algorithm described as
in (29)-(30), and let oy = ZIICVZ 1 Mk Then, under Assumptions (A1)—(A2),

@) ifoy — 0o, then limy_s 100 f(EN) = fi;
(b) if oy — o0 and the optimal set F* # (), then the sequence {xk} is bounded and
every accumulation point is a solution of the CSOCP.
Proof (a) From the definition of f,, there exists a? € F such that
f@) < fute, Ve>O0.
However, from Proposition 4.2 (c) and the nonnegativity of D(¢, {N ), we have that

fENy = £ <oy'DE, Y, VieF.
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Let¢ = E in the above inequality and take the limit with oy — +00; we then obtain

lim  fV) < fite
N—+o00

Considering that € is arbitrary and f (;“N ) > f%, we thus have the desired result.

(b) Suppose that £* € F*. Then, from Proposition 4.2 (d), D(¢*, %) < D(¢c*, %)
for any k. This implies that {¢¥} € Lp(¢*, D(¢*, ¢%)). By Lemma 4.2 (d), the se-
quence {¢*} is then bounded. Let £ € F be an accumulation pomt of {¢¥} with sub-
sequence {1} — ¢. Then, from part (a), it follows that f(¢%i) — f,. On the other
hand, since f is lower-semicontinuous, we have f(¢) = liminfg; - 400 f (¢ki). The

two sides show that f(¢) < f(¢*). Consequently, ¢ is a solution of the CSOCP. [J

5 Conclusions

In this paper, we have extended the proximal-like algorithm associated with some
D-function for solving the convex programming with nonnegative constraints to the
general CSOCP. The extension is based on a measure of distance H(x,y) on the
second-order cone, which can be generated by a single-valued function ¢ satisfying
Property 3.1. Some examples are also presented, which includes the entropy-like dis-
tance. Like the proximal-like algorithm using the D-function, the algorithm has been
shown, under mild assumptions, to generate a bounded sequence and its every accu-
mulation point is a solution of the CSOCP. However, at present, we do not know what
additional conditions for ¢ will guarantee that the sequence {¢*} itself converges to
the solution of the considered problem, and we leave it as a future research topic.
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