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Abstract. In this paper, we look into the detailed properties of four discrete-type
families of NCP-functions, which are newly discovered in recent literature. With the
discrete-oriented feature, we are motivated to know what differences there are compared
to the traditional NCP-functions. The properties obtained in this paper not only explain
the difference but also provide background bricks for designing solution methods based
on such discrete-type families of NCP-functions.
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1 Introduction

The nonlinear complementarity problem (NCP) [18, 27] is to find a point € R™ such
that
x>0, F(z) >0,(z, F(z))=0

where (-, -) is the Euclidean inner product and F = (F},--- , F,)T maps from R" to R".
The NCP has attracted much attention due to its various applications in operations re-
search, economics, and engineering, see [13, 18, 27| and references therein. There have
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been many methods proposed for solving the NCP. Among which, one of the most popu-
lar and powerful approaches that has been studied intensively recently is to reformulate
the NCP as a system of nonlinear equations [23] or as an unconstrained minimization
problem [12; 14, 19]. Such a function that can constitute an equivalent unconstrained
minimization problem for the NCP is called a merit function. In other words, a merit
function is a function whose global minima are coincident with the solutions of the original
NCP. For constructing a merit function, the class of functions, so-called NCP-functions
plays an important role.

A function ¢ : R? — R is called an NCP-function if it satisfies
#(a,b) =0 <= a>0,b>0, ab=0. (1)

Many NCP-functions and merit functions have been explored and proposed in many
literature, see [16] for a survey. Among them, the Fischer-Burmeister (FB) function and
the Natural-Residual (NR) function are two effective NCP-functions. The FB function
bpp : R = R is defined by

G (a,0) = Va2 + b2 — (a +b), (2)
and the NR function ¢, : R* — R is defined by
byr(a,b) =a— (a—b)y =min{a,b}, (3)
where (), means max{0,t} for any ¢t € R.
Recently, the generalized Fischer-Burmeister function ¢? = which includes the Fischer-
Burmeister as a special case was considered in [2, 3, 4, 8, 33]. Indeed, the function ¢ is

a natural extension of the ¢, function, in which the 2-norm in ¢, is replaced by general
p-norm. In other words, ¢ : R? — R is defined as

#,(a.b) = (@), — (a+), )

where p > 1 and |[(a, b)||, =+/|a[? + |b|P. The detailed geometric view of ¢£_ is depicted
in [33]. Corresponding to ¢?_, there is a merit function ¢?_ : : R2 — R, given by

G W?B a.b)[". (5)

For any given p > 1, the function ¢? is a nonnegative NCP-function and smooth on
R?. Note that ¢?_ is a natural “continuous” type of generalization of the FB function ¢,

To the contrast, what does “generalized natural-residual function” look like? In [7],
Chen et al. give an answer to the long-standing open question. More specifically, the
generalized natural-residual function, denoted by ¢% . is defined by

P (a,0) = a” — (a —b)L (6)
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with p > 1 being a positive odd integer. As remarked in [7], the main idea to create it
relies on “discrete generalization”, not the “continuous generalization”. Note that when
p=1, ¢ is reduced to the natural residual function ¢.

Unlike the surface of ¢, the surface of ¢?  is not symmetric which may cause some
difficulties in further analysis in designing solution methods. To this end, Chang et al.
[1] try to symmetrize the function ¢2 . The first-type symmetrization of ¢ _, denoted
by ¢f is proposed as

a’ — (a—=b)P if a>0b,
¢r . (a,b) =< aP =0b° if a=0, (7)
b —(b—a)’ if a<b,

where p > 1 being a positive odd integer. It is shown in [1] that ¢? _ is an NCP-
function with symmetric surface, but it is not differentiable. Therefore, it is natural to
ask whether there exists another symmetrization function that has not only symmetric
surface but also is differentiable. Fortunately, Chang et al. [1] also figure out the second
symmetrization of ¢¥ , denoted by 2 . which is proposed as

alb? — (a — b)PbP if a > b,
PP (a,b) = ¢ aPbP = a* if a=0b, (8)

aPb? — (b —a)Pa? if a <b,
where p > 1 being a positive odd integer. As expected, the function ¢? __is not only dif-
ferentiable but also possesses a symmetric surface. To sum up, there exist three discrete-

type families of NCP-functions: ¢? , ¢7 . and ¢F . which are based on the NR
function ¢ .

Next, we elaborate more about the above three new NCP-functions.

(i) For p being an even integer, all of above are not NCP-functions. A counterexample
is given as below.

62 (—1,-2) = (=1)* = (-1 +2)} =0.
¢§—NR(_1’ _2) - (_1)2 - (_1 + 2)2 =0.
Y2 (—1,=2) = (=1)2(=2)% = (=1 +2)*(=2)* = 0.

(ii) The above three functions are neither convex nor concave functions. To see this,
taking p = 3 and using the following arguments verify the assertion.

1 1 0o 7 7
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1=¢7 (1,1) > %(bim(l, ~1) +% ¢ (1,3) = —g + % = 3.
1=¢> (1,1) < %¢>§_NR(0, 0) + %¢§_NR(2, 2) = g + ; =4
1=¢> (1,1)> %gb‘;’NR(Q,O) + %(b‘;’NR(O, 2) = g g = 0.
1=y (1,1) < %¢§NR(0, 0) + %wg’m(z, 2) = g + % = 32.
1= (1,1)> %@z)gm(z 0) + %@z)gm(o, 2) = g + g =0.

The idea of “discrete generalization” looks simple, but it is novel and important. In
fact, the authors also apply such idea to construct more NCP-functions. For example,
the authors apply it to the Fischer-Burmeister function to obtain ¢f - R? — R given
by

p
W pla.0) = (V@2 +8) = (a+ b 9)

where p > 1 being a positive odd integer. This function is proved as an NCP-function in
[22]. In addition, it can also serve as a complementarity function for second-order cone
complementarity problem (SOCCP) [22].

The aforementioned four discrete-type families of NCP-functions are newly discovered.
Unlike the existing NCP-functions, we know that they are discrete-oriented in some sense.
However, what other differences there are compared to the traditional continuous-type
families of NCP-functions? This is the main motivation of this paper. Even though we
have the feature of differentiability, we point out that the Newton method may not be
applied directly because the Jacobian at a degenerate solution to NCP may be singular
(see [19, 20]). Nonetheless, the feature of differentiability may enable that some other
methods relying on differentiability (like quasi-Newton methods, neural network meth-
ods) can be employed directly for solving NCP. In this paper, we look into the detailed
properties of these four discrete-type families of NCP-functions. The properties investi-
gated in this paper not only explain the difference but also provide background bricks
for designing solution methods based on such discrete-type families of NCP-functions.

The paper is organized as follows. In Section 2, we review some background defini-
tions including locally Lipschitz, semismoothness, the known results about ¢ = and ¢?
and its related properties. In Section 3-6, we shall discuss the properties about ¢%_,
O s VP PP, Tespectively. Especially, we discuss the semismoothness of ¢f_ in

NR
Section 4 as well.



2 Preliminaries

In this section, we recall some background concepts and materials which will play an
important role in the subsequent analysis. We begin with the so-called semismooth
functions. Semismooth function, as introduced by Mifflin [24] for functionals and further
extended by Qi and Sun [30] for vector-valued functions, is of particular interest due to
the central role it plays in the superlinear convergence analysis of certain generalized
Newton methods, see [30]. First, we say that F': R™ — R™ is strictly continuous (also
called locally Lipschitz continuous) at z € R™ [31, Chap. 9] if there exist scalars x > 0
and 6 > 0 such that

I1F(y) = F) < wlly =2 Vy,z € R" with |ly—z| <4 and ||z —z| <0

The mapping F' is locally Lipschitz continuous if F' is locally Lipschitz continuous at
every x € R™. If § can be taken to be oo, then F'is Lipschitz continuous with Lipschitz
constant k. We say F' is directionally differentiable at x € R™ if

F'(z;h) ;= lim Flo+th) - F(z)

t—0+ t

exists Vh € R"™;

and F' is directionally differentiable if F' is directionally differentiable at every = &
R™. If F is locally Lipschitz continuous, then F'is almost everywhere differentiable by
Rademachers Theorem, see [31, Section 9J]. In this case, the generalized Jacobian OF (z)
of F' at « (in the Clarke sense) can be defined as the convex hull of B-subdifferential
OpF(x), where

OpF(x) = { lim VF(27) | F is differentiable at 27 € ]R”} :
)l —x
Assume F is locally Lipschitz continuous. We say F'is semismooth at x € R™ if I is
directionally differentiable at z € R" and, for any V' € 0F(x + h) and h — 0, we have

Fxz+h)—F(x) —Vh=o(|h])- (10)

Moreover, F' is called p-order semismooth at x € R™ (0 < p < 00) if F' is semismooth at
x € R™ and, for any V € OF (z + h) and h — 0, we have

F(x 4+ h) — F(x) — Vh = O(||h||***). (11)

The mapping F is semismooth (respectively, p-order semismooth) if F' is semismooth
(respectively, p-order semismooth) at every z € R". We say F is strongly semismooth
if it is 1-order semismooth. Convex functions and piecewise continuously differentiable
functions are examples of semismooth functions. The composition of two (respectively,
p-order) semismooth functions is also a (respectively, p-order) semismooth function. The
property of semismoothness plays an important role in nonsmooth Newton methods
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29, 30] as well as in some smoothing methods.

An important concept related to semismooth function is the SC! function, which is
introduced as below.

Definition 2.1. A function F : R™ — R™ is said to be an SC* function if F is contin-
uwously differentiable and its gradient is semismooth.

We can view SC! functions are functions lying between C' and C? functions. By
defining SC* functions, many results regarding the minimization of C? functions can
be extended to the minimization of SC! functions, see [28] and references therein. In
addition to SC! function, we also introduce LC! function here.

Definition 2.2. A function F : R™ — R™ is called an LC" function if F' is continuously
differentiable and its gradient is locally Lipschitz continuous.

In light of the above definitions, given any F' : R® — R™, we have the following relations.

strongly semismooth

) Y
C* = SC' = LC'= C' = semismooth = locally Lipschitz
fr
convex

To close this section, we present some well-known properties of ¢¥ and ¢, defined
as in (4) and (5), respectively, that are important for designing a descent algorithm that
is indeed derivative-free method.

Property 2.1. ([8, Propostion 3.1]) Let ¢2 be defined as in (4). Then, the following
hold.

(a) ¢¥, is a NCP-function, i.c., it satisfies (1).
(b) ¢P_ is sub-additive, i.e., ¢ (w—+w') < ¢ (w)+ ¢ (w') for all w,w' € R?.
(c) ¢, is positive homogeneous, i.e., ¢*_(aw) = ag? (w) for all w € R* and oo > 0.

(d) ¢b_ is conver, i.e., P (aw+(1—a)w') < ag? (w)+(1—a)¢? (w') for allw,w" € R?
and o € [0, 1].

(€) ¢F_ is Lipschitz continuous with ky = V2 + 2/P=1/2 when 1 < p < 2, and with
Ko =1+ V2 when p > 2. In other words, |¢F (w) — ¢ (w')] < killw — w'|| when
1 <p<2and|¢? (w) — ¢ (w)| < kallw —w'|| when p > 2 for all w,w' € R?.



Property 2.2. Let ¢¥_ be defined as in (4). Then, for any a > 0, the following variants
of ¢¥_ are also NCP-functions.

(b)) = ¢ (a.b) - ala)r(b)s.
b (b)) = & (a,b) - a((a); (b))%
o (ab) = ¢ ¢§Bab +a((a)4(b)1)?,

Property 2.3. ([9, Lemma 2.2]) Let ¢2_ be defined as in (4). Then, the generalized
gradient O¢P_(a,b) of ¥ at a point (a,b) is equal to the set of all (v,,vy) such that

sgn(a) -fal’”t | sen(®) PP\
(Feppr ~ Tapgr ) 1 @

(5_17€_1> if (a7b):(070)a

N
—~
=

(=]
~—

('Uaa Ub) =
where (£,() is any vector satisfying |§|p%1 + |C|”% <1

Property 2.4. ([8, Propostion 3.2]) Let ¢£_, P be defined as in (4) and (5), respec-
tively. Then, the following hold.

(a) ¢P_ is an NCP-function, i.e., it satisfies (1).
(b) ¥? (a,b) >0 for all (a,b) € R*.
(c) P is continuously differentiable everywhere.

(d) Vaib?_(a,b) - Vy? (a,b) > 0 for all (a,b) € R?. The equality holds if and only if
¢r_(a,b) = 0.

(e) Va2 (a,b) =0 <<= Vil (a,b) =0 <= ¢ (a,b) = 0.

3 The function ¢§R

In this section, we focus on the generalized NR function ¢ = defined as in (6). Its con-
tinuous differentiability is studied in [7]. Here we further study the Lipschitz continuity
and some property which is usually employed in derivative-free algorithm.



Proposition 3.1. ([7, Proposition 2.1]) Let ¢¥  be defined as in (6) with p > 1 being a
positive odd integer. Then, ¢¥  is an NCP-function.

Proposition 3.2. ([7, Proposition 2.2]) Let ¢¥  be defined as in (6) with p > 1 being a
positive odd integer, and let p = 2k + 1 where k € IN. Then, the following hold.

(a) An alternative expression of ¢F._ is

¢P(a,b) = @ — = ((a = 0)** ' + (a — b)*[a — b]) .

N | —

(b) The function ¢%_ is continuously differentiable with

AR R

(c) The function ¢ is twice continuously differentiable with

: @ = (a= 0 a =ty (o -0
V%”’b):p(f"”[ (0= by =*(a—b). —<a—b>p-3<a—b>+]'

Proposition 3.3. ([7, Proposition 2.4]) Let ¢¥_ be defined as in (6) with p > 1 being
a positive odd integer. Then, for any a > 0, the following variants of ¢¥ —are also
NCP-functions.

v (ab) = ¢ (a,0)+ ala). (D),
o (b)) = ¢ (a.b)+a((a)p (b)),
or, ,(a.b) = [¢" (a,b)* +a((ab)s)",
or. J(ab) = (02 (a,b)* +a((ab),)’.

Proposition 3.4. Let ¢¥_ be defined as in (6) with p > 1 being a positive odd integer.
Then, the following hold.

(a) ¢% (a,b) >0 <= a>0, b>0.

(b) ¢ is positive homogeneous of degree p, i.e., ¢ (aw) = aP¢? (w) for all w € R?
and a > 0.

(c) ¢ is locally Lipschitz continuous, but not (globally) Lipschitz continuous.



(d) @2 is not a-Hélder continuous for any o € (0,1], that is, the Hélder coefficient

(6 Jape = sup 12 ~ O ()]

wre Jlw —w'®

18 infinite.
>0 on {(a,b) |a>b>0o0ra>b>2a},

(e) Vag? (a,b)-Vyd (a,b) ¢ =0 on {(a,b)|a<bora>b=2aora>b=0},
< 0 otherwise.

(f) Vad? (a,b)-Vid? (a,b) =0 provided that ¢%._(a,b) = 0.
Proof. (a) This result has been mentioned in [7, Lemma 2.2].

(b) It is clear by definition of ¢?

NR'

(c) Since continuously differentiability implies locally Lipschitz continuity, it remains
to show ¢ is not Lipschitz continuous. Consider the restriction of ¢? —on the line
L :={(a,b) | a=b>0}. Note that for any a > 0, ¢*_(a,a) = a®, it suffices to show that
f(t) := t? is not Lipschitz continuous. Indeed, for any M > 0, choosing ¢ = max{1, M}
and t' =t + 1 yields

/
IO 1O _ oy
= (t+1DP ()P R
> p-tP!
> M.

Hence, it follows that f is not Lipschitz continuous.
(d) As in the proof of part(c), we again restrict ¢? on L and choose the same ¢. Hence,
we also have .
£ () — f{)]
|t —t'|®

for any positive number M, that is, ¢?  is not a-Holder continuous.

> M

(e) According to Proposition 3.2, we know that

Vot (a,0) - Vod? (a,b) = p*-(a?™" = (a—b)P*(a—b);) ((a—b)P"*(a—b);)
B p?- (@t —(a—0b)P ) (a—bPt if a>0b,
10 if a<b.

When a > b, it is clear that p?> > 0 and (a — b)P~! > 0. Thus, we only consider the term
a?~' — (a — b)P~1. Note that p — 1 is even, which implies

A’ '=(a—bP! = la|=a—-b < b=0orb="2a.
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In addition to the case a < b, there are two subcases a > b = 0 and a > b = 2a such that
Vad? (a,b) - Vi@ (a,b) = 0. On the other hand, we have

A’ '>(a—bP! = la|>a—-b < b>0orb>2a.

All the above says V,¢? (a,b)- V% (a,b) is positive only when a > b > 0 or a > b > 2a.
For the remainder case, it is not hard to verify V,¢? (a,b)- V,¢? (a,b) < 0.

(f) It is clear from part(e). O

4 The function ¢f

In this section, we focus on the function ¢? _  defined as in (7). As mentioned earlier,
it is the symmetrization of ¢? . As mentioned in [1], Chang et al. showed that it is not
differentiable on the line L = {(a,b) | a = b}. However, it should be mildly modified since
¢P . is differentiable at (0,0). Here we further study the Lipschitz continuity, semis-
moothness, and some properties which are usually employed in derivative-free algorithm.

Proposition 4.1. ([1, Proposition 2.1]) Let ¢¢ _ be defined as in (7) with p > 1 being
a positive odd integer. Then, ¢f 1s an NCP-function and is positive only on the first
quadrant R’ | := {(a,b) |a > 0, b > 0}.

Proposition 4.2. ([1, Proposition 2.2]) Let ¢¢ _ be defined as in (7) with p > 1 being
a positive odd integer. Then, the following hold.

(a) An alternative expression of ¢F_ s

¢P (a,b) if a>b,
¢§,NR(G7 b)=4¢ a?=b" if a=0,
@ (b,a) if a<b.

(b) The function ¢f__ is not differentiable. However, ¢f
tiable on the set Q := {(a,b) | a # b} with

« 18 continuously differen-

pla = (@=bp" (a—bp ' if a>b,

V¢§—NR,<G’ b) = { pl(b— a)P—1’ pr—1 (b— a)p_l ]T if a<b.

In a more compact form,

p[gzﬁﬁ;l(a, b), (a—0bP 1T if a>0b,

V(bIS)—NR(a’ b) - { p[(b _ a)P—l, qbﬁ;l(b, a)]T if a<b.
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c) The function ¢* _ is twice continuously differentiable on the set QQ = {(a,b)|a # b
S—NR

with
a?= 2 — (a—0bP% (a—b)P?
p(p—1) B B if a>0b,
S @by (b
¢S—NR (a7 ) o (b _ A\P—2 _ A \p—2
| ot 6w o
— i .
P (b—ap? B2 — (b— a)> ¢
In a more compact form,
plp—1) Fuleb) (@ =B ey
V2¢p (a,b) = (a— b)piz —(a— b)p72
SNRAT ST —(b—a)P? (b—a)P?
1 if b
p(p—1) (b— &)p_Q ¢p_2(b 0) it a<b.
NR ?

Proposition 4.3. Let ¢¢___ be defined as in (7) with p > 1 being a positive odd integer.

Then, ¢

S—NR

0
is differentiable at (0,0) with V¢? _ (0,0) = [ 0 ]

Proof. First, we change the representation of ¢ by polar coordinate, i.e.,

S—NR

b
O (0:0) W (b—a)p if a<b,

{rp[cospﬁ—(cose—siDG)p] if =T<p<T

{ap—(a—b)p if a>0b,

1
rP[sin? 0 — (sinf — cos@)P] if I <6<

We note that the parts | cos? § — (cos § —sin #)?| and | sin”  — (sin € — cos 0)?| are bounded

by some constant M, which depends on p, hence we have

|¢£,NR(G7 b) — gbIS)—NR(O’ 0)] < M, - r? _ Pl S 0asr — 0.
NEET r ’

0
As (a,b) — (0,0), which implies  — 0, we conclude that V¢r  (0,0) = [ 0 ] . O

Note that ¢? _ is indicated not differentiable on the line L = {(a,b)|a = b} in [1,
Proposition 2.2]. Here, we show that it is indeed differentiable at (0, 0) so that Proposition
4.3 can be viewed as an addendum to [1, Proposition 2.2].
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Proposition 4.4. ([1, Proposition 2.3]) Let ¢¢__ be defined as in (7) with p > 1 being
a positive odd integer. Then, for any a > 0, the following variants of ¢f__ are also
NCP-functions.

Proposition 4.5. Let ¢

S—NR

Then, the following hold.

be defined as in (7) with p > 1 being a positive odd integer.

(a) ¢¢ .(a,0) >0 <= a>0, b>0.

(b) ¢ . is positive homogeneous of degree p.

(c) ¢ . is not Lipschitz continuous.

(d) @2 . is not a-Holder continuous for any a € (0,1].

(e) Vg2 . (a,b)-Vy?  (a,b) >0 on{(a,b)a>b>0}{U{(a,b)[b>a>0}.
(f) Vao#r . (a,b) Vit  (a,b) =0 provided that ¢¢_ (a,b) =0 and (a,b) # (0,0).

S—NR S—NR
Proof. (a) It is clear from Proposition 4.1 or [1, Proposition 2.1]).
(b) Tt follows from the definition of ¢£ .
(¢)-(d) The proof is similar to Proposition 3.4(c)-(d).

(e) It is enough to verify the case for a > b > 0 because for b > a > 0, the inequality will
hold automatically due to ¢? having a symmetric surface. To see this, according to
Proposition 4.2(b), we have

—NR

Vaqzﬁé’_NR(a, b) - Vb¢§_NR(a, b) =p*- [ap’l —(a— b)p’l} (a —b)P 1,

which yields the desired result by Proposition 3.4(e).
(f) This result also follows from the proof of Proposition 3.4(e). O

Next, we show the semismoothness of ¢ . In fact, each piecewise continuously
differentiable function is semismooth. For the sake of completeness, we shall show this
result according to the definition step by step, and hence we not only obtain the locally
Lipschitz constant, generalized gradient, but also derive the “strongly” semismoothness.
First, we need to check that it is strictly continuous (locally Lipschitz continuous). Note
that ¢¢ _ is not global Lipschitz continuous as shown in Proposition 4.5(c).
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Lemma 4.1. Let ¢¢ be defined as in (7) with p > 1 being a positive odd integer.
Then, ¢¥ s strictly continuous (locally Lipschitz continuous).

Proof. For any point x = (a,b) with a # b, the continuous differentiability of ¢?
implies its locally Lipschitz continuity. It remains to show ¢f_ is locally Lipschitz
continuous on the line L = {(a,b) | a = b}.

To proceed the arguments, we present two inequalities that will be frequently used. Given
any z° = (ag,a9) and § > 0, let N5(z°) := {z € R? | ||z — 2°|| < §}. Then, for any
x = (21, 72) € N5(x°), we have two basic inequalities as follows:
2| < [lol| < [lo = 2®l| + [|]2°]] < 6 + [|2°]] Vi=1,2. (12)
|21 — 19| < |21 — ag| + |ag — 22| < [Jz — 2% + ||2° — 2| < 26. (13)
Now, for any y, z € Ns(x°), we discuss four cases as below.

(i) For y € L and z € L, we have

P W) — (2| = | — 4]

e I T e e SRR e

ly =zl (P~ 4+ P72 o]+ [P
P+ |2~y — 2|

rilly — =,

where 1 := p(d + ||2°]|)?~! and the second inequality holds by (12).

<
<

(ii) Fory ¢ L and z € L (or y € L and z ¢ L), without loss of generality, we assume
y1 > y2. Then, we have

¢§—NR (y) — (bg—NR (2)

7l — (g1 — y2)P — 27

vt — 21|+ (31 — y2)”

Fally =zl + (g1 — y2)" " (g1 — 2] + 21— 20| + |22 — 3o)
rally = 2l + (20)" " (lly — 2l + |2 = )

rally — 2|,

where kg 1= k1 + 2(26)P7! and the last inequality holds by (13).

(VAR VAN VAN

(iii) For y ¢ L, z ¢ L and y, z lie on the opposite side of L, i.e., (y1 — y2)(z1 — 22) < 0,
without loss of generality, we assume y; > yo and 2; < 25. Since y, z lie on the opposite
side of L, the line L and the segment [y, 2] := {\y + (1 — A\)z | X € [0, 1]} must intersect
at a point w € [y, z] N L. Thus, we have

P W) = 00 (2| <100 o (1) = O (W) + [0 (w) = % (2)]

Kolly — w| + Kallw — z||

IN A

rally — 2|l + kally — =]

rslly — 2,

13



where k3 := 2Ky and the third inequality holds because w € [y, z].

(iv) For y ¢ L, z ¢ L and y, z lie on the same side of L, i.e., (y1 — y2)(21 — 22) > 0,
without loss of generality, we assume y; > o and z; > 2zo. Then, we have

oY) — o (2) (W) — (1 — 12)") — (2] — (21 — 22)P)]
= 27+ |(yr — 12)? — (21 — )|
kally — 2l + 2p(20)" |y — 2|

rally — 2|

IA A

where k4 = k1 + 2p(26)P~! and the second part is estimated as follows:

(Y1 — 42)" — (21 — 22)"|
= [ —v2) = (21— 22) | [y = 92)P 7 4+ (21— )P
(lyr — 21l + |2 — ) (lyr — 92/ + -+ + |21 — 22[P7)
(ly = 2l + lly = 2[)p(26)~
2p(20)"Hly — 2.

IA A

From all the above, by choosing k = max{k1, ke, k3, K4}, we conclude that

B () — O (2)] < killy — 2| forany y, 2 € Ns(a?).

This means that ¢f__is locally Lipschitz continuous at 2°. Then, the proof is complete.
O

Proposition 4.6. Let ¢¢ __ be defined as in (7) with p > 1 being a positive odd integer.

Then, the generalized gradient of ¢ 15 given by

pla” = (a—=b)P, (a=bP )T if a>b,
¢t (a,0) =4 {plae*™", (1 =a)e" '] |ac[0,1]} if a=0b,
p[(b—a)P™, Pt —(b—a)P ' ]"  if a<b

Proof. We have already seen the 9¢f _(a,b) when a # b in [22]. For a = b, according
to the definition of Clarke’s generalized gradient, we claim that

oP_ . (a,a) = conv{ lim )V¢p (a;, b;) | ¢h_ . is differentiable at (a;,b;) € ]RQ} :

(aibi)—+(a,a)  STNE
To see this, we discuss three cases as below.

(i) If a; > b;, for any i > n and sufficiently large n, then

Clp_l — (CLZ' — bi)pil aP~t
lim V¢t  (a;,b;) = lim P ’ =p :

(ai,bi)—(a,a) (ai,bi)—( (ai — bi)p_l



(ii) If a; < by, for any i > n and sufficiently large n, then

lim Ve | (aib) = i (b — @™ X
Qa;, 0;) = 1m _ = .
(ai,bi%r—lg(a,a) STNR (ai,bi)%(a,a)p bf - (bl — ai)p_l b aP~!

(iii) For the remainder case, V@2 (a;,b;) has no limit as (a;, b;) — (a, a).

a € |0, 1]} :
Lemma 4.2. Let ¢¢ be defined as in (7) with p > 1 being a positive odd integer.
Then, ¢F

is a directional differentiable function.
Proof. For any point # = (a,b) with a # b, the continuous differentiability of ¢?
implies the directional differentiability. Thus, it remains to show ¢f _ is directional
differentiable on the line L = {(a,b) | a = b}.
To proceed, given any x = (a,a), h = (hy, he) and ¢t > 0, we discuss three cases as below.

(1) If hl = hg, then

From all the above, we conclude that

SRS A T | WA

Thus, the desired result follows. O

—NR

lim ¢§—NR(I + th) T ¢g—NR (J?)
t—0t t
— lim (a+th))? —a?
ot t
o @ + paP~thy + Y5, (F)ar PRy — a?

t—0+ t

p
_ : p—1 p\ p—kik—11k
B tl_l}r(% (pa hy+ ;2: (W)a"" hl)

= pa’thy.

(11) If hy > hg, then
¢§—NR (x + th) o ¢ISJ_NR (33)

lim

t—0t t
_ lim ((l + thl)p — (thl - thg)p —aP

t—0+ t

_aP +paP thy 4+ 300y (B)aP TRt RE — 2 (hy — h)P — aP
B 1:1—1>I(¥r t
P
] CalEs SISy
k=2

= paPth.

15



(111) If hy < hg, then
¢}S)—NR(x +1th) — ¢IS7—NR (z)

lim

t—0t t

1 (CL + thQ)p — (thg - thl)p —aP
= lim

t—0t+ t
_ 1 af + paP~Ythy + 3%y (P)aP MRS — P (hy — hy)P — aP
N t—1>%q+ t

p

= Jim (pap_lh2 T Z (R)a" = t" " hy — 7= (hy — hl)p>

t—0

k=2

= pa’'hy.

To sum up, the definition of directional differentiability is checked. Then, the proof is
complete. O

Proposition 4.7. Let ¢? _ be defined as in (7) with p > 1 being a positive odd integer.

S—
Then, ¢f . 1s a semismooth function. Moreover, ¢f s strongly semismooth.

Proof. We shall directly show ¢?_is strongly semismooth. Note that ¢f  is twice
continuously differentiable at any point = = (a, b) with a # b, which implies the strongly

semismoothness of ¢f at z. It remains to show ¢f s strongly semismooth on the

line L = {(a,b) | a = b}.
For any = = (a,a), h = (hy,ha), V € 0¢P

P @+ h)and h — 0, we have the following
inequality while ||h]| < 1:

IRl[P < [IR[*  for any p > 2.

To prove the strong semismoothness of ¢, we will apply this inequality and verify

(11) by discussing three cases as below.

(i) If hy = hg, then for any « € [0, 1]

NR’

w4 1) = 0 () =V

= |(a+h)’—a?—p [aa”_l, (1-— a)ap_l} [ u ] ‘

p
= |a? + paPthy + Z (Z)ap_khlf —af — pa’thy
k=2
My(|ha? + -+ [ ]?)
My ([R]* + - - -+ [|R[?)
(p — 1) MR,

VARRVARVAN

16



where M; = max { (?)]a[P™" |k =2,3,--- ,p} and the last inequality holds when [|a]| < 1.
(11) If hl > hg, then

@) = 6 (@) = Vi

ha
= (a + hl)p — (h1 — hz)p —a’ —p [(a + hl)p—l _ (hl _ hg)p_l, (h1 _ hQ)p—l] [ ] ‘
= ‘(a + )P — (hy — hg)? — a” — p(a + hl)pflhl +p(h1 — h2)p’

p—1
= |(a+h)’ —a’ —p (a”_l + (pkl)ap_l_kh'f) hi+ (p = 1)(h1 — hy)?

k=1
p—1
< Jat ) —a? — par | +p| 3 7 ERE e (p — 1) (T — ha?]
h = U=l ) Es

o3

As h — 0, we have the following estimations for each =;.
o = < (p—1)M||h]|* by case (i).

o S5 < 300 (el E M < My([hal? + - 4 [ha]?) < (p — 1) Ma||h[|?, where
My = maux{(p;l)|a|p*1*’C |k=1,2,--- ,p— 1}.

o =5 < 3o (Dl F[hol® < Ma(||R]P + -+ +[[A]") < (p+ 1) Ms|[h||?, where M; =
max{(,’;) |k=0,1,--- ,p}.

Hence, we conclude that

o @+ h)—¢b () —-Vh| < M]||h||?,

where M = (p — 1)M; +p(p — 1)My + (p — 1)(p + 1) M3.
(iii) If hy < ho, the argument is similar to the case (ii).

All the above together with Lemmas 4.1-4.2 prove that ¢

P < 18 strongly semismooth.
O

5 The function ¢?
S—NR

In this section, we focus on the function ¢? _ defined as in (8). As mentioned earlier,

it is the second symmetrization of ¢f . Moreover, it is differentiable and possesses the

symmetric surface as shown in [1]. Here we further study the Lipschitz continuity, and

some property which is usually employed in derivative-free algorithm.
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Proposition 5.1. ([1, Proposition 3.1]) Let ¥?
a positive odd integer. Then, {¥

Q' = {(a,b)|ab# 0} U {(a,b)|a<b=0}U{(a,b)]0=

Proposition 5.2. ([1, Proposition 3.2]) Let )2

—NR

a positive odd integer. Then, the following hold.

(a) An alternative expression of ¢P _ is

(b) The function ¢?

Vi (@, 0) =

S—NR

¢§,NR (a’ b) =

plaP~ 1o, aPbP1
pla"~or —

In a more compact form,

Vi e (a:0) =

(c) The function ?

;

VAL (@:0) = S

p[gzﬁfm (a,b)bP, gf)fm(a,b)b”_l +
p[a2p 1 a2p l]T

plof (b,a)aP” L+ (b—

o (a,b)bP
alb? = a?

¢P (b,a)a? if a <b.

w18 continuously differentiable with

(a —b)P~1oP, aPbP~! —

(a
J* =pa='[1,1]7
(b—a)Pa’~! + (b —a)P~taP, aPbP~' —

(a

if a>0b,

a=>b,

15 twice continuously differentiable with

(p—1)[a"2 -

(a —b)P=2]pr

(p—1)(a—b)r=2"
+pla?~t — (a — b)P bt

(p— 1)aP~2b"
papflbpfl
(p—DbF -

(p — 1)aPbr—2

pap—lbp—l

(b= aplar
+2p(b — a)P~taP!
o )b ayar

—a)P~ 2qP

— a)p_l]ap_l

— b0 + (a

_ b)p—lbp]T

be defined as in (8) with p > 1 being
is an NCP-function and is positive on the set

a > b}.

s be defined as in (8) with p > 1 being

if a>0,
if a=0,

a)’"ta?, ¢ H(b,a)a? T if a <b.

(p—1)(a—b)P20>
(a — b)P~1pp1

+plar™! —

(p = Dla” = (a — )"

+2p(a — b)P~ 1ot
—(p—1)(a —b)r~2p"
(0= 1)(b—apar
B — (b — ap !
(p =D = (b= a)P*]a”

_ b)p—lbp]T

if a>b,
if a=0>,
(b—a)Pta?|T if a<b.

if a>0,

if a=0>,

if a<b.



Proposition 5.3. [1, Proposition 3.3] Let 42 = be defined as in (8) with p > 1 being

a positive odd integer. Then, for any a > 0, the Jollowing variants of Y¥  are also
NCP-functions.

di(a,b) = ¢ (a,b) +ala)(b)4.

Uala,b) = ¥0 . (a.0) +a((a)e(b):)”

Us(a,b) = ¢ (a,b) +a((ab)y)*

Vala,b) = w0 (a,b) +a((ab)y)?

Proposition 5.4. Let ¢?  be defined as in (8) with p > 1 being a positive odd integer.
Then, the following hold.

(a) P . (a,b) >0 for all (a,b) € R*.

(b) P . is positive homogeneous of degree 2p.

(c) PP 18 locally Lipschitz continuous, but not Lipschitz continuous.
(d) P . is not a-Hdélder continuous for any o € (0,1].

(e) Vou?  (a,b)- VP (a,b) >0 on the first quadrant R7 .

(f) ¢¥* .(a,b) =0 <= Vy?  (a,b) = 0. In particular, we have V¥ _ (a,b) -
VP (a,b) = 0 provided that ¥? _ (a,b) = 0.

S—NR

Proof. (a) This inequality follows from Proposition 5.1 or [1, Proposition 3.1].
(b) It is clear by the definition of ¢?

S—NR '

(c)-(d) The proof is similar to Proposition 3.4(c)-(d).

(e) For convenience, we denote A := V,y?  (a,b)- VP b). Then, we proceed the

(a,
S—NR
proof by discussing three cases. For a > b > 0, we have
A = p?p?Pt. (ap_l — (a— b)p_l) (ap —(a—bP+ (a— b)p_lb) )
Note that a > a —b > 0 and b > 0, therefore we prove A > 0. Similarly, when b > a > 0,
we also have A > 0. For the third case a = b > 0, it is clear that A = p?a®?~2 > 0 .

(f) Note that 92 is an NCP-function, i.e.,
U W (ad)=0 <= a>0,020, ab=0.

From Proposition 5.2(b), we knowV¢? (a,b) = 0 either when a >b=0o0r b > a = 0.

Conversely, we suppose Vy? _ (a,b) = 0. For a = b,

ng NR( ) pa2p—1[1 71]T:0 — a=0=0,

19



this proves that ¢?

S—NR

(a,b) = 0. For a > b, we know from Proposition 5.2(b) that

a? ' — (a — )PP =0,

14
aPbP~t — (@ — b)PHP 1 + (@ — b)P 1P = 0. (14)

Note that it is clear to see b = 0 satisfies the system (14). Assume b # 0, the system (14)
becomes

a’ ' —(a—b)1 =0, (15)
a? — (a —b)? + (a — b)P'b = 0. (16)
From (15), we obtain (@ — b)P~! = a?~!. Then, substituting it into the equation (16)

yields
a? — (a —b)a’t +a’ b = 0.

This implies a?~'b = 0. Thus, we obtain a = 0. Again, by (15), we obtain (—b)P~! =
0. This leads to a contradiction since we assume b # (0. Therefore, for a > b, we
obtain that b must be zero, and hence 2 _ (a,b) = 0. Similarly, when a < b, we also

have 2 (a,b) = 0. In summary, we conclude that ¢? _ (a,b) = 0 if and only if
VyP  (a,b)=0. O

S—NR

6 The function gpr e

In this section, we move to another discrete generalization of FB function ¢?  defined
as in (9). The differentiability of ¢? _ is studied in [22], here we investigate some other
properties from view point of an algorithm.

Proposition 6.1. ([22, Proposition 3.1]) Let ¢? __ be defined as in (9) where p > 1 is
a positive odd integer. Then, we have

(a) ¢2__. is a NCP-function;

(b) ¢?___ is positive homogeneous of degree p.

Note that the function ¢ is a convex function, whereas ¢? _ is not. This can be
checked by the following:

1 1 1,0
2\/§ —8= Q%-FB(L 1> > 5¢?3-FB (O’ 0) + §¢3D—FB (27 2) =0+ 5(23 o 26)

Next, we look at the gradient about this function.
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Proposition 6.2. Let ¢? __ be defined as in (9) where p > 1 being a positive odd integer.
Then, the followings hold.

(a) ¢» is continuously differentiable with

o(VETBP? — (a+ by ]
Voo (@0 =P T (bt |

0 0
(b) @b is twice continuously differentiable with V*¢P __ (0,0) = 00 ] , and for
(0.0) # (0.0) o '
S
o= | e |
obda ov?
where
a2¢f)—FB 2 2 —4 -2
2 = p{lo— D’ + PV B = (p - Dla+ by
82¢p a2¢p
D-FB _ o o) 2\p—4 __ _ p—2] _ D-FB
62%—1«“13 2 2 2\p—4 -2
= p{l+ (- DIV T — (- D(a+ )2

Proof. Ma et al. [22, Proposition 3.2] have shown that ¢¥ _ is continuously differen-

tiable when p > 1 and twice continuously differentiable when p > 3. It remains to show

that ¢P ___ is twice continuously differentiable whenever p = 3. In fact, for (a,b) # (0,0),

¢? . is twice continuously differentiable with V?¢? _ satisfying (17). We only need to
00

claim V?¢? __ (0,0) = 00 ] , and V2¢? _is continuous at (0,0).

First, we note that

a(va? +b%) — (a+b)?

V(bgD—FB(a? b) - V(bgD_FB(OaO) =3 [ b(\/m) _ ((L + b)2 )
and
a(va?+b?) — (a + b)? — o1
'”b(\/a?—l—b?)—(a—i—b)Q ‘ S | W8 (et 0) 1]H

=a’+ b+ v2(a+1b)?
= (1+2) (a2+62)+2@.
(i) (i)
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2 2
Q) % — V@B = 0as (a,b) — (0,0).
a
V3ab _ Vel
Va2 + 02 = \2ab]

arithmetic-geometric mean inequality.

(ii) V/ |ab] — 0 as (a,b) — (0,0), where the inequality holds by

Hence, we have

lim ||v¢?]:))7FB (CL, b) - vqb?];,FB (07 0) || 0
(a:6)=(0,0) Va2 + b2 ’

00
ie., ¢? s twice differentiable and V?¢? _ (0,0) = [ 0 0 ] :

Secondly, we claim each second partial derivative is continuous at (0,0). For

82¢?)7FB 2(1,2 ‘I— b2 \/ﬁ 0/2
80,2 =3 m—?(a+b) =3 a +b +\/a2:—|—b2_2<a+b) s

it is clear that Va2 + 0> — 0, a+b — 0 as (a,b) — (0,0). And the second term
also tends to zero because

2
a
VI i

a’ lal

vorr N ere

< |a| — 0.

2 243

. . 9248 L
is continuous at (0,0). For —5*2, the proof is similar. For

82¢pD7FB ab 82¢pD—FB
=3 —— —2(a+b)) = ,
9adb JaZ 1 12 bda

3
D—_FB
Oa?

Hence,

o . 2P, "
it is obvious that —P2=*% tends to zero, where the first term tends to zero by (ii).

Therefore, we obtain ¢? s twice continuously differentiable at (0,0), and we com-
plete the proof. O

Proposition 6.3. ([22]) Let ¢ __ be defined as in (9). Then, for any o > 0, the
Jollowing variants of o8 are also NCP-functions.

p1(a,b) = ¢p . (a,b) —ala)s(b)y,
pala,0) = @8 (a.b) —a((a)p(b)1)",
pala,b) = [0 (a0 +a((ab)s)",
pala,b) = (¢ (a, b)) +a((ab)+)*
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Proposition 6.4. Let ¢? __ be defined as in (9) where p > 1 being a positive odd integer.
Then, the following hold.

(a) ¢ _.(a,b) <0 <= a>0, b>0.
(b) @2 ___ is locally Lipschitz continuous, but not Lipschitz continuous.
(c) @2 .. is not a-Hélder continuous for any a € (0,1].

(d) Vag? _ (a,b)-Vyp?  (a,b) >0 on the first quadrant R3 |

(e) Vud?___(a,b)-Viye? _ (a,b) =0 provided that ¢?

D-FB

(a,b) = 0.

Proof. (a) It follows from [22, Lemma 3.1] immediately.
(b)-(c) The arguments are similar to Proposition 3.4(c)-(d).
(d) According to Proposition 6.2, we have

vagzs]ngB (CL, b) ' ngbp FB( 7b)

a(Va? + 02772 — (a+b)P'] - p [b(Va? + 0272 — (a + b)P]
PR (kD = (0 PV R (a4 D)
)
)P

P24 (a+b)P72 — (a+ b)P(Va + b2)P 2]
2lab(a® +0*)P 2+ (a+ b ((a+b)p*2 — (\/m)p*Q)} )

Since @ > 0, b > 0 and p — 2 is also an odd number, the term (a + b)P~2 — (Va2 + b2)P2
is always positive by part(a). This clearly implies the desired result.

(e) From Proposition 6.1, we know ¢? _is an NCP-function, which implies
¢ y(@,0) =0=0a>0,b>0, ab=0.

When a > 0 and b = 0, we have V,¢?__ (a,0) = a(Va2)P2 — a?™! = a?~} — a?~! = 0.
Similarly, when b > 0 and a = 0, we have V,¢? _(0,b) = 0. In summary, we conclude
Va}, b) - Vy¢?__ (a,b) =0 provided that ¢» _ =0. O

DFB(’

7 Conclusion

In this paper, we further study some new NCP-functions which are discrete types of
extensions of the well known Fisher-Burmeister and Natural-Residual functions. We
explore more properties about these functions. It is observed that for such discrete NCP-
functions, they possess continuous differentiability surprisingly. However, at the same
instant, they lose the Lipschitz continuity unfortunately. In general, the Newton method
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may not be applicable even though we have the differentiability for some new comple-
mentarity functions because the Jacobian at a degenerate solution may be singular (see
[19, 20]). Nonetheless, there are some other applicable algorithms like quasi-Newton
methods and neural network methods, which heavily rely on differentiability. Moreover,
we can reformulate NCP and SOCCP as nonsmooth equations or unconstrained mini-
mization, for which merit function approach, nonsmooth function approach, smoothing
function approach, and regularization approach can be studied. All the proposed new
complementarity functions in this paper can be employed in these approaches.

To close the conclusion, we point out there is another way to achieve ¢f _and ¢%
which was proposed in [16]. More specifically, it is a construction based on monotone
transformations to create new NCP-functions from the existing ones. The construction
is stated as below.

Remark 7.1. ([16, Lemma 15]) Assume that ¢ is continuous and ¢(a,b) = fi(a,b) —
fala,b). Let 0 : R — R be a strictly monotone increasing and continuous function. Then
¢ is an NCP function if and only if ¥g(a,b) = 0(f1(a,b))—0(f2(a,b)) is an NCP-function.

In light of this, we let the function 6 = 6, be 6,(t) = sign(¢)|t|?, where “sign(¢)” is the
sign function and p > 1. For Fischer-Burmeister function, we choose fi(a,b) = va? + b2,
fa(a,b) = a + b, and for Natural-Residual function, we choose fi(a,b) = a, fo(a,b) =
(a — b)4, then it can be verified that both ¢? _and ¢? (only with odd integer p) can
be obtained from the function ¢,. In other words, the function vy, includes both them
as special cases, from which we may view it as a “continuous generalization”. However,
we prefer to treating them as “discrete generalization”. We elaborate more about our
original idea as below. First, for the function ¢* (a,b) = a? — (a — b)%, as remarked in
[7], the parameter p must be an odd integer to ensure that the generalization is also an
NCP-function. This means that the main idea to create our new families of functions
relies on “discrete generalization”, not on the “continuous generalization”. That is why
we call it “discrete generalization”. On the other hand, if we consider the FB-function
¢pp(a,b) = Va? + b2 — (a+b). When plugging p = 2 into 6, we obtain a corresponding
NCP-function

e, (a,b) = a® + b* — sign(a + b)(a + b)?,

which doesn’t coincide with the form
2
O pla) = (Va2 +17) "~ (a+ )2,

Thus, the functions ¢? and ¢? only with positive odd integer p can be retrieved from
the way proposed in [16]. Again, it requires p to be a positive odd integer to guarantee
that both ¢ and ¢? are NCP-functions. In view of all the above, we still call them
discrete-type families of NCP-functions. Another thing to mention is that both ¢?

and ¢? are not only NCP-functions, but also complementarity functions for SOCCP
(see [22] for more details).
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