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THE HÖLDER CONTINUTIY OF VECTOR-VALUED
FUNCTION ASSOCIATED WITH SECOND-ORDER CONE

Yu-Lin Chang and Jein-Shan Chen∗

Abstract: Let Kn be the Lorentz/second-order cone in IRn. For any function f from IR to IR, one can
define a corresponding vector-valued function f

soc
(x) on IRn by applying f to the spectral values of the

spectral decomposition of x ∈ IRn with respect to Kn. It was shown by J.-S. Chen, X. Chen and P. Tseng
in [5] that this vector-valued function inherits from f the properties of continuity, Lipschitz continuity,
directional differentiability, Fréchet differentiability, continuous differentiability, as well as semismoothness.
In this note, we further show that the Hölder continuity of this vector-valued function is also inherited
from f . Such property will be useful in designing solution methods for second-order cone programming and
second-order cone complementarity problem.
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1 Introduction

The second-order cone (SOC) in IRn, also called the Lorentz cone, is defined to be

Kn := {(x1, x2) ∈ IR× IRn−1 | ∥x2∥ ≤ x1},

where ∥ · ∥ denotes the Euclidean norm. If n = 1, K1 is the set of nonnegative reals IR+.
For any x = (x1, x2) ∈ IR× IRn−1, we can decompose x as

x = λ1(x)u
(1)
x + λ2(x)u

(2)
x , (1.1)

where λ1(x), λ2(x) and u
(1)
x , u

(2)
x are the spectral values and the associated spectral vectors

of x, with respect to Kn, given by

λi(x) = x1 + (−1)i∥x2∥, (1.2)

u(i)
x =


1
2

(
1, (−1)i

x2

∥x2∥

)
if x2 ̸= 0,

1
2

(
1, (−1)iw

)
if x2 = 0,

(1.3)
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for i = 1, 2, with w being any vector in IRn−1 satisfying ∥w∥ = 1. If x2 ̸= 0, the decompo-
sition (1.1) is unique. With this spectral decomposition, for any function f : IR → IR, the
following vector-valued function associated with Kn was considered (see [5, 9]):

f
soc

(x) = f(λ1(x))u
(1)
x + f(λ2(x))u

(2)
x ∀x = (x1, x2) ∈ IR× IRn−1. (1.4)

If f is defined only on a subset of IR, then f
soc

is defined on the corresponding subset of
IRn. The definition (1.4) is unambiguous whether x2 ̸= 0 or x2 = 0. The above definition
(1.4) is analogous to one associated with the semidefinite cone Sn

+, see [13].

In the paper [5], there had already studied the continuity and differentiability proper-
ties of the vector-valued function f

soc

. In particular, it was shown that the properties of
continuity, Lipschitz continuity, directional differentiability, differentiability, continuous dif-
ferentiability, and (ρ-order) semismoothness are each inherited by f

soc

from f . These results
parallel those obtained recently in [7] for matrix-valued functions and are useful in the design
and analysis of smoothing and nonsmooth methods for solving second-order cone programs
(SOCP) and second-order cone complementarity problems (SOCCP), see [3, 6, 10, 11] and
references therein. In this note, we further show that the Hölder continuity of this vector-
valued function f

soc

is also inherited from f . We suspect that some useful inequalities can
be derived by applying this property which will help towards more subtle analysis in SOCP
and SOCCP. For example, f(t) =

√
t is not Lipschitz continuous on [0,∞) and hence its

corresponding SOC-function f
soc

(x) = x1/2 is not Lipschitz continuous. However, f(t) =
√
t

is Hölder continuous with exponent α ≤ 1
2 which says f

soc

(x) = x1/2 is Hölder continuous

by the main result established in this note. Another example is that f(t) = t1/p with p > 1
is Hölder continuous on [0,∞) with exponent α = 1

p , hence its corresponding SOC-function

f
soc

(x) = x1/p is Hölder continuous. These are new discoveries, which we believe they will
be useful in some other contexts, for instance, exploring more nice properties for Fischer-
Burmeister function [4, 9] and generalized Fischer-Burmeister function [12], defined in the
second-order cone case.

2 Preliminary

In this section, we review some background materials that will be used for proving our main
result. We first present some facts by looking at definition of spectral decomposition of x
given as in (1.1)-(1.3). For any x = (x1, x2) ∈ IR × IRn−1 and y = (y1, y2) ∈ IR × IRn−1, it
can be easily observed that

|λ1(x)− λ2(x)| = 2∥x2∥, ∥u(i)
x ∥ = ∥u(i)

y ∥ =
1√
2
, u(1)

x − u(1)
y = −(u(2)

x − u(2)
y ). (2.1)

Moreover, we have the following lemmas which describe the relations among |λi(x)−λi(y)|,
∥u(i)

x − u
(i)
y ∥ and ∥x− y∥.

Lemma 2.1 ([2, Lemma 3.1]). Let λ1(x) ≤ λ2(x) be the spectral values of x ∈ IRn and
λ1(y) ≤ λ2(y) be the spectral values of y ∈ IRn. Then we have

|λ1(x)− λ1(y)|2 + |λ2(x)− λ2(y)|2 ≤ 2∥x− y∥2, (2.2)

and hence, |λi(x)− λi(y)| ≤
√
2∥x− y∥ , ∀i = 1, 2.
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Lemma 2.2 ([2, Lemma 3.2]). Let x = (x1, x2) ∈ IR× IRn−1 and y = (y1, y2) ∈ IR× IRn−1.

(a) If x2 ̸= 0, y2 ̸= 0, then we have

∥u(i)
x − u(i)

y ∥ ≤ 1

∥x2∥
∥x2 − y2∥ ∀i = 1, 2, (2.3)

where u
(i)
x , u

(i)
y are the unique spectral vectors of x and y, respectively.

(b) If either x2 = 0 or y2 = 0, then we can choose u
(i)
x , u

(i)
y such that the left hand side of

inequality (2.3) is zero.

We note that inequality (2.3) was stated as ∥u(i)
x − u

(i)
y ∥ ≤ 1

∥x2∥
∥x− y∥ in [2, Lemma 3.2],

however, from the proof therein inequality (2.3) at present form is also true (actually is more
sharp). Next, we introduce the definition of Hölder continuity of a mapping.

Definition 2.3. Let f be a real-valued function defined on D ⊆ IRn and 0 < α ≤ 1. The
function f is said to be Hölder continuous with exponent α in D if the quantity

[f ]α,D = sup
x ̸=y

|f(x)− f(y)|
∥x− y∥α

(2.4)

is finite. When D = IRn, we abbreviate [f ]α,D as [f ]α.

The above definition for real-valued function can be generalized to a mapping f : X → Y
where (X, dX) and (Y, dY ) are metric spaces. In other words, a mapping f : X → Y is called
Hölder continuous with exponent α if there exists a constant M > 0 such that

dY (f(x), f(y)) ≤ M · dX(x, y)α ∀x, y ∈ X.

In view of this, we say the vector-valued SOC-function f
soc

: IRn → IRn is Hölder continuous
with exponent α if the quantity

[f
soc

]α = sup
x ̸=y

∥f soc

(x)− f
soc

(y)∥
∥x− y∥α

(2.5)

is finite.

3 Main Result

In this section, we present the main result of this note, which says the Hölder continuity of
the vector-valued function f

soc

is inherited from f .

Theorem 3.1. Let f : IR → IR and f
soc

be its corresponding SOC-function defined as in
(1.4). Then, f is Hölder continuous with exponent α ∈ (0, 1] if and only if f

soc

is Hölder
continuous with exponent α ∈ (0, 1].
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Proof. “=⇒” Suppose f is Hölder continuous with exponent α ∈ (0, 1]. To prove f
soc

is
Hölder continuous with exponent α ∈ (0, 1], we discuss two cases.

Case(1): If x2 ̸= 0 and y2 ̸= 0, without loss of generality, we may assume that ∥x2∥ ≥ ∥y2∥.
Then, we have ∥∥∥f soc

(x)− f
soc

(y)
∥∥∥

=
∥∥∥f(λ1(x))u

(1)
x + f(λ2(x))u

(2)
x − f(λ1(y))u

(1)
y − f(λ2(y))u

(2)
y

∥∥∥
=

∥∥∥f(λ1(x))
[
u(1)
x − u(1)

y

]
+ f(λ2(x))

[
u(2)
x − u(2)

y

]
+ [f(λ1(x))− f(λ1(y))]u

(1)
y + [f(λ2(x))− f(λ2(y))]u

(2)
y

∥∥∥ (3.1)

≤
∥∥∥f(λ1(x))

[
u(1)
x − u(1)

y

]
+ f(λ2(x))

[
u(2)
x − u(2)

y

]∥∥∥
+ |f(λ1(x))− f(λ1(y))| · ∥u(1)

y ∥+ |f(λ2(x))− f(λ2(y))| · ∥u(2)
y ∥.

For convenience, we denote

I1 :=
∥∥∥f(λ1(x))

[
u(1)
x − u(1)

y

]
+ f(λ2(x))

[
u(2)
x − u(2)

y

]∥∥∥
I2 := |f(λ1(x))− f(λ1(y))| · ∥u(1)

y ∥

I3 := |f(λ2(x))− f(λ2(y))| · ∥u(2)
y ∥

and do estimations for them separatively. First, we analyze I1 as below.

I1 =
∥∥∥f(λ1(x))

[
(u(1)

x − u(1)
y )

]
+ f(λ2(x))

[
(u(2)

x − u(2)
y )

]∥∥∥
=

∥∥∥f(λ1(x))
[
(u(1)

x − u(1)
y )

]
− f(λ2(x))

[
(u(1)

x − u(1)
y )

]∥∥∥
=

∥∥∥[f(λ1(x))− f(λ2(x))] ·
[
(u(1)

x − u(1)
y )

]∥∥∥
≤ |f(λ1(x))− f(λ2(x))| ·

∥∥∥(u(1)
x − u(1)

y )
∥∥∥

≤ [f ]α · |λ1(x)− λ2(x)|α · ∥x2 − y2∥
∥x2∥

= [f ]α · (2∥x2∥)α · ∥x2 − y2∥
∥x2∥

= [f ]α · 2α
(
∥x2 − y2∥

∥x2∥

)1−α

· ∥x2 − y2∥α

= [f ]α · 2α ·
∥∥∥∥ x2

∥x2∥
− y2

∥x2∥

∥∥∥∥1−α

· ∥x2 − y2∥α

≤ [f ]α · 2α · 21−α · ∥x2 − y2∥α

≤ [f ]α · 2 · ∥x− y∥α

where the second and fourth equalities are from the fact (2.1), the second inequality is due
to (2.3) in Lemma 2.2(a) and definition of Hölder continuity, the fourth equality is by (2.1)
again, and the third inequality is true by applying triangle inequality. Estimation of I2
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follows from

I2 = |f(λ1(x))− f(λ1(y))| · ∥u(1)
y ∥

≤ [f ]α · |λ1(x)− λ1(y)|α · 1√
2

≤ [f ]α ·
(√

2∥x− y∥
)α 1√

2

= [f ]α · 2
α−1
2 · ∥x− y∥α

where the first inequality is due to the fact (2.1) and definition of Hölder continuity, and
the second inequality holds because of Lemma 2.1. Similarly, we also have

I3 ≤ [f ]α · 2
α−1
2 · ∥x− y∥α.

Now, we plug all the above estimations for I1, I2 and I3 back into (3.1), which yield

∥f
soc

(x)− f
soc

(y)∥
≤ [f ]α · 2 · ∥x− y∥α + [f ]α · 2

α−1
2 · ∥x− y∥α + [f ]α · 2

α−1
2 · ∥x− y∥α

= [f ]α ·
[
2 + 2

α+1
2

]
· ∥x− y∥α.

Thus, f
soc

is Hölder continuous with exponent α in this case.

Case(2): If either x2 = 0 or y2 = 0, we can take u
(i)
x = u

(i)
y . Therefore, we obtain∥∥∥f soc

(x)− f
soc

(y)
∥∥∥

=
∥∥∥f(λ1(x))u

(1)
x + f(λ2(x))u

(2)
x − f(λ1(y))u

(1)
y − f(λ2(y))u

(2)
y

∥∥∥
=

∥∥∥[f(λ1(x))− f(λ1(y))]u
(1)
x + [f(λ2(x))− f(λ2(y))]u

(2)
x

∥∥∥
≤ |f(λ1(x))− f(λ1(y))| · ∥u(1)

x ∥+ |f(λ2(x))− f(λ2(y))| · ∥u(2)
x ∥

≤ [f ]α · |λ1(x)− λ1(y)|α · 1√
2
+ [f ]α · |λ2(x)− λ2(y)|α · 1√

2

≤ [f ]α ·
(√

2∥x− y∥
)α

· 1√
2
+ [f ]α ·

(√
2∥x− y∥

)α

· 1√
2

= [f ]α · 2
α+1
2 · ∥x− y∥α

where the third inequality is due to the fact (2.1) and definition of Hölder continuity, and
the second inequality holds because of Lemma 2.1. Thus, we also prove that f

soc

is Hölder
continuous with exponent α in this case.

“⇐=” Suppose f
soc

is Hölder continuous with exponent α. Then, for any ξ, ζ ∈ IR, we have

|f(ξ)− f(ζ)| =
∥∥∥f soc

(ξe)− f
soc

(ζe)
∥∥∥

≤ [f
soc

]α · ∥ξe− ζe∥α

= [f
soc

]α · |ξ − ζ|α

where e = (1, 0, · · · , 0) ∈ IRn. Thus, the Hölder continuity of f follows. �
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We want to point out that one direction in Theorem 3.1 for matrix-valued function
associated with Sn

+ was recently proved in [14], and Lipschitz continuity of such matrix-
valued function, corresponding to α = 1, was also shown in [1, Chapter X]. It is well known
that both Kn and Sn

+ belong to symmetric cones [8]. Hence, one may naturally ask whether
such property holds for functions associated with general symmetric cones or not. We are
not clear about this yet. The main difficulty comes from that the spectral values and spectral
vectors associated with symmetric cones have no explicit formulas though similar spectral
decomposition exists. Nonetheless, it is definitely an interesting future direction to try to
answer this question.
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