ON THE SELF-DUALITY AND HOMOGENEITY OF
ELLIPSOIDAL CONES

YUE LU* AND JEIN-SHAN CHEN'

ABSTRACT. The class of ellipsoidal cones, as an important prototype in closed
convex cones, covers several practical instances such as second-order cone, cir-
cular cone and elliptic cone. In natural feature, it belongs to the category of
nonsymmetric cones because it is non-self-dual under standard inner product.
Nonetheless, it can be converted to a second-order cone, which is symmetric, by
a transformation and vice versa. Is it possible to make an ellipsoidal cone to be-
come self-dual by defining new setting of inner product? Is the class of ellipsoidal
cones homogeneous? We provide affirmative answers for these two questions in
this paper. As byproducts, its special cases such as circular cone and elliptic cone
can be tackled likewise.

1. INTRODUCTION

Let V be a finite dimensional real Euclidean space, we denote by (z,y)y the inner
product of z,y € V. A subset C' C V becomes a coneif tx € C forany x € C, t > 0
and a convez set if tx + (1 —t)y € C for any z,y € C, t € (0,1). A closed convex
cone Q) C V is self-dual if Q’{,’»V = ), where Q’{.7,>V is the dual cone of €2 under the
inner product (-, )y, i.e.,

QL ={yveVi{z,yy =20, Vo e Q}.

Let GL(V) be the group of all automorphisms of V. A closed convex cone Q C V
is homogeneous if for any x,y € intQ (the interior of Q), there exists an element
g € Aut(Q) such that gr = y, where Aut(2) denotes the automorphism group of
int 2, i.e., Aut(Q) :={g € GL(V)| g(intQ) = intQ} .

Let @ € IR™"™ be a real-valued nonsingular symmetric matrix with a single
negative eigenvalue A\, € IR and its unit eigenvector u,, € IR", the ellipsoidal cone
is expressed in terms of the parameters (Q,uy,) as

(1.1) Ke :={z € R"| eTQr <0, ulz > 0}.

According to the eigenvalue decomposition on @), there exist an orthogonal matrix
U € R™" and a diagonal matrix A € IR™*"™ such that Q = UAUT = Yoy Niwgul
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where U = [ul lug | -+ |un—1]| un], A = diag[A1, Ao, - -+, Adp—1, Ay] With eigen-pairs
(Niyui) for i =1,2,---  n satisfying the following two conditions:
1 ifi=j94
T Js
(1.2) AM>e > A1 >0> A, and “z‘“j:{o i

Such cone has been previously studied in the literature [17, 16]. More specifically,
Stern and Wolkowicz [17] characterizes the conditions of the spectrum of a given
real-valued symmetric matrix based on the existence of a corresponding ellipsoidal
cone. They also provide an equivalent description on exponential nonnegativity for
second-order cone [16], which is related to the solution set of a linear autonomous
system 5 = A£. On the application side, the ellipsoidal cone is further used to model
rendezvous of the multiple agents system and measure dispersion in directional
datasets, see [3, 15] for more details.

Indeed, the class of ellipsoidal cones, as an important prototype in closed convex
cones, covers several practical instances used in real world. For instances, if we set

_| I O _
(1.3) Q—[ 0 _1] and  u, = e,

then the ellipsoidal cone g reduces to the second-order cone [5, 6]:
K" :={(z,2,) e R" ' x R|||Z]| < 25}
When @) and u,, are set as

_ |10 _
(1.4) Q= [ 0  —tan20 ] and  u, = ey,

then the ellipsoidal cone g reduces to the circular cone [4, 19]:
Lo:={(z,z,) e R" ' x R||Z| < zntan6}
When @ and u, are taken as

T
(1.5) Q= [ MOM _01 } and  u, = e,

then the ellipsoidal cone g reduces to the elliptic cone [2]:
no= (@ ) € R X R ME|| < a2y}

Here || - || denotes the standard Euclidean norm, I,,_; means the identity matrix of
order n — 1, 0 € (0,5), M is any nonsingular matrix of order n — 1 and e, is the
n-th column vector of I,,. Hence, the ellipsoidal cone is a natural generalization of
second-order cone, circular cone and elliptic cone, whose relations [13, Remark 1]
are depicted in Fig. 1.

Not only the ellipsoidal cone includes the well known second-order cone, circular
cone and elliptic cone as special cases, as mentioned above; but also the ellipsoidal
cone and the second-order cone can be converted to each other, see [13, Theorem 2.1
and Theorem 2.2] or Section 2. Through this bridge, the class of ellipsoidal cones
connect symmetric cones and nonsymmetric cones. It is well known that symmetric
cones can be dealt with under the Euclidean Jordan Algebra (EJA) [5, 6,4, 1, 9, 10],
whereas there is no unified framework for the category of nonsymmetric cones yet.
For symmetric cones, the self-duality and homogeneity are the two key components.
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FIGURE 1. The relations among K", Ly, K}, and K.

In this paper, we address the issue regarding how to make an ellipsoidal cone to be
self-dual and homogeneous!. Our contributions can be summarized as follows: (a)
We provide new easy-calculate inner products associated with ellipsoidal cone and
its special cases circular cone and elliptic cone, which make them to be self-dual. (b)
Following an easy-check procedure, we show that ellipsoidal cone is homogeneous,
see the proof of Theorem 3.1 below for more details. In some sense, we believe that
such constructive analysis will be crucial for finding an unified framework for some
families of nonsymmetric cone in the future.

2. PRELIMINARIES

In this section, we recall some background materials about the ellipsoidal cone,
including its interior, dual cone, and its connection to second-order cone. Most of
them can be found in [13], we only extract some for our subsequent needs.

In what follows, the dual of ellipsoidal cone K¢ under the standard Euclidean
inner product (-, -) defined on IR"™, denoted by (ICg)?s 3y 18 defined as

)

(Ke)j .y ={y € R"|(z,y) >0, Va € K¢}

oy

1While finalizing a first version of this work, the authors became aware of a more general
observation made in Giler [12], based on characteristic function of a cone. Following the discussion
in [12], we know that if E is isomorphic to a self-dual cone in R", then E is self-dual with respect
to some inner product on R". However, how to set such new inner product is not an easy task. On
the other hand, ellipsoidal cone can be viewed as the image of second-order cone under an invertible
linear transformation, therefore is homogenous due to theories on homogeneous cones [7, 8, 18]. In
contrast to these qualitative analysis, we provide a quantitative approach to show the self-duality
and homogeneity of ellipsoidal cones, in which more features and observations are obtained in this
constructive way.
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For any given vector x € Kg, due to the orthogonal property of {u;}?_;, there exists

a vector a := [y, -+, ]’ € IR™ such that x = Ua, which implies
n
acTQ:c = aTUTQUa =alAa = Z )\ia? and u T = U, (Z azuz> = .
i=1

Hence, the set K¢ can be rewritten as follows:

n
Ke=UA, where A, := {a € ]R”| Z)\iag <0, a, > 0} .
i=1
If we take \; = 1 fori=1,---,n—1and A\, = —1, the set A, reduces to the
second-order cone,

(2.1) K = {a € R"

n—1
Za? Sai, o 20}.

For any o € A,, in light of the relation (1.2) for {\;}? ;, we have A, = DK",
where D is a n x n diagonal matrix of the form

(2.2) D = ding [(A) 772 () 2 (A7)
In other words, we obtain K¢ = UA, = UDK™ = TK"™, where T := UD is a
nonsingular matrix in IR™*". For simplicity, we denote by |A| := diag [|A1],- -, |Anl],

and hence |A| = D2, Similarly, we also obtain (Ke)iy = (TT)"'Kn =UD™IK" =
TIAJK™ and (Ke)7*) = ((TIA)T) ™" K" = TK" = Ke.

The next theorem sums up the aforementioned relations and presents a reformu-
lation of the dual cone (ICg)z‘. » whose proofs can be seen in [13, Theorem 2.1 and

Theorem 2.2]. Such relations are also depicted in Fig. 2.

Theorem 2.1. Let K¢ be an ellipsoidal cone given as in (1.1) and K" be a second-
order cone given as in (2.1). Then, the following relations hold.

(a): K¢ =TK"™ and K" = T~ 'K¢;

(b): (Ke)y.., = TIAIK™ and K7 = |A|7'T-) (Ke)7

(c): (K ) 5= =T|ANT'Ke and (/Cg)’{*> =Keg;

(d): (iCs) ={y e R"|y"Q 'y <0, ujy > 0}.

Remark 2.2. Applying Theorem 2.1(d), the duals of circular cone and elliptic cone
under the standard Euclidean inner product (-, -), denoted by ([,g)z , and (Kr):

<’7'> ’
are respectively given by

(Lo)7. —{yn 1,Yn) €E RN X R [|Fn-1]l € yncot 6} = Lz,
<lc%>zi,.> = {Gnrw) € R R (07 5| < T

where 0 € (O,g) and ¥n_1 = (y1,%2, - ,yn_1)? € R Tt follows from the
above relations and Fig. 2 that circular cone, elliptic cone and ellipsoidal cone are
obviously not self-dual under the standard Euclidean inner product, except their

common special case, i.e., second-order cone.
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FIGURE 2. The graphs of a 3-dimensional ellipsoidal cone, its dual
cone under the Euclidean inner product and a 3-dimensional second-
order cone.

For convenience, we denote by int K¢ the interior of ellipsoidal cone. It follows
from Theorem 2.1 and [14, Theorem 6.6] that int g = T'(int K™). This together
with the definition of K™ imply that int " := {oz cR"|a’Qua <0, ela > 0} ,
where the matrix @, is defined as in (1.3), i.e.,

(2.3) Qn = [ 1"0*1 _01 ] € R™",

Then, for any given 2 € K¢ and its corresponding vector o = T~ 'z € K", we obtain
int K¢ = {z € R"| (T7'2)'Qn(T'2) <0, ef 7'z > 0}.
From the definition of T', we also achieve two useful relations as follows:
(Y Q.1 ' =D 'v N Qb Ut =UuD'Q,D'UT = UAUT =@,
It = eL(UD) = el DU = I DTIUT = (< 0,) Y20l

With these, an explicit expression for the interior of K¢ is displayed in the fol-
lowing theorem.

Theorem 2.3. Let K¢ be an ellipsoidal cone given as in (1.1). Then, the interior
of Ke can be expressed as

intKge = {zecR"| (T'2)'Qn(T'2) <0, et T 'z > 0}
= {zeR"|2"Qz <0, ulz>0}.
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Remark 2.4. Likewise, we conclude from Theorem 2.3 that the interior of £y and
Ky, are respectively described by

int Lo := {(Zn-1,25) € R"' x R|||Zn_1] < 2, tan},
int Kty = {(Zp_1,20) € R" T X R|||MZp_1]| < 2}

where %, 1 := (z1,22, -+ ,2p,_1)" € R" L,

3. MAIN RESULTS

In this section, we first introduce a new inner product with respect to the ellip-
soidal cone K¢ as in (1.1), which enables that the ellipsoidal cone is self-dual under
this new setting. Then, we establish the homogeneity of the class of ellipsoidal
cones.

In the sequel, the new inner product of x,y € IR™ is defined as follows:

o AN

(31) <$7Z/>IC5 T ||QunH - )\n

From the orthogonal property of {u;}}" |, there exist o € IR" and # € IR" such that
x =Ua and y = US. For simplicity, we write

A= diag[/infl, )\n] € ]:Rnxn’ An*l = diag[)\l’ )\2’ . 7)\n71] c IR(n—l)X(n—l)’
o= [dg—lvan]T € IRn, Qp—1 = [a17a2, ce 7an—1]T c IRn717
Bi= [_;{—1,5n]T € R", Byu_1:=[B1,P2, ’5n_1]T c R™!

and M is a diagonal matrix of order n — 1 with the i-th element /A;/(=),), where
i1=1,---,n—1. It is easy to verify that the matrix M also satisfies the equation

(3.2) Ay + MMM =0

and the ellipsoidal cone K¢ can be recast as K¢ = UK, where K7, is an elliptic
cone with the parameter M.

After these discussions, we are ready to show that the ellipsoidal cone is self-dual
under the new inner product.

Theorem 3.1. Under the new inner product (3.1), the ellipsoidal cone Kg given
as in (1.1) is self-dual, i.e., (ICg)Z“ e, = {z € R"|{z,y)x, = 0,Vy € Ke} = Ke.
&

.

Proof First, we show the inclusion K¢ C (ng)? el Suppose that = € Kg, we
’ £
need to verify that x € (ICg)z‘_ 3. Forany y € Ke, due to the orthogonal of {u;}! ;
vIKg

and the fact K¢ = UK, there exist o, 8 € K'j; such that z = Ua and y = Up.
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Hence, we obtain

(T, y)Ke
1
= Lty
— —allAls
_ Op—1 :|T /\_73\;1) 0 |: B’n—l :|
(679 0 1 Bn

Il

Qi |
Q3
3 |

—

] 0 1] Bu
= (Mau-1)" (MBy-r) + anBy
> (M) (MBo-r) + || M| - [ 4150 |
> (M) (MBa) + | (M) (MBa-r)|
= 0,

where the first inequality follows from the fact o, 5 € K% and the second one
is obtained by Cauchy-Schwartz inequality. The above inequality says that x €
(Kg)? ). and hence K C (ICg)’{ e

3 &€

Next, we prove that the reverse inclusion is also valid. Suppose that = € (ICg)z‘, A
’ &

Similar to the above arguments, there exist o € IR™ such that x = Ua. To proceed,

we discuss two cases:

Case (a): If a,—1 = 0, then we have z = a,u,. It suffices to verify that a,, > 0.

To see this, we choose y = u,,, which gives
n
yTQy = uzQun = uZ (Z )\luzuZT> Up = Ay, < 0 and uZy = ugun =1>0.
i=1

These imply that y = u, € K¢. Then, using definitions of (Kg)? e and (3.1)
"Ikg

yields

<l‘, y)/CE

— - UTD)TAITY)

1
= —/\*OZT|AW

n

BT

Case (b): If &,_1 # 0, then we set y = U3, where 8 = (—al_,, |Ma,_1|)T € K.

n—1»
From the relation K¢ = UKY;, we know that y € K¢. using the fact (z,y)c, > 0

This shows a;,, > 0 and hence x € K¢. Thus, we have proved (ICg)Zk b C Ke.
E
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and ay,_1 # 0, we have

<xay>’Cg = (Mdnfl)T (Manl) + anfBn = HMdnle (an - ||Mdn71H) >0,

which deduces that oy, —[[ M@y 1] > 0, ie., « € K, and z = U € K. This shows
(’Cﬁ)zK Ve C Ke. U

Similar to Theorem 3.1, for any z := (z._;,z,)7 € R" and y := (51 _;,yn)? €
IR"™, using (1.4) and (1.5), we define two types of inner products for the settings of
circular cone and elliptic cone:

(3.3) (2,9) 2y = cot?0 - TX_ 11 + Tpyn,
(3.4) (@, y)icy, = (MEn1)T (MPp-1) + 2nyn-
Corollary 3.2. Under the new inner products given as in (3.3) and (3.4), the

circular cone Lo and the elliptic cone K, are self-dual, respectively. In other words,
we have

(59)?’%9 ={z e R"| <x,y>£9 >0,y € Ly} = Lo,
(KnM)z‘w-)% ={z e R"| <x,y>,c7w >0,y € Ky} = Ky

Next, we establish the homogeneity of the class of ellipsoidal cones, which is
another main result of this paper.

Theorem 3.3. The ellipsoidal cone given as in (1.1) is homogeneous.

Proof Our proof is inspired by [9, Chap I, pages 7-8] and we complete the
arguments by six steps.
Step 1: The interior of ellipsoidal cone K¢ is given as

int Kg = {z € R"| 2T(-Q)x >0, ulz > 0},
which follows from Theorem 2.3.
Step 2: We introduce the corresponding bilinear form [z,y] := z?(—Q)y and
rewrite int K¢ as int Ke = {z € R™| [z, 2] > 0, v}z > 0}.
Step 3: Now, we define
Z:= {P € R™"| P is nonsingular and PTQP = Q}.
It is clear to see that = is nonempty because I, € =. For any P;, P» € =, we have
PP, € = due to
(PLPy)"Q(PPy) = P (P QP1)Py = Py QP = Q,
where the last two equations follow from the facts P/ QP = Q and P{ QP> = Q.
Moreover, we know P~! € Z for any P € = by observing
(POTQP™) = (PQT'PT) ™ = (P(PTQP)'PT) ™ = Q.

To sum up, we have shown that the set = is a subgroup of GL(IR™) (the set of all
nonsingular matrices of order n) and closed under matrix multiplication and inverse.
Step 4: We next construct a set of transformations as below

(3.5) Ex, = {TAT_1 € R™*" | A is nonsingular, ATQ, A = Q,, and App > O} ,
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where T'=UD, D is defined as in (2.2), A, ,, is the (n,n)-entry of A and the matrix
@y is defined as in (2.3). We will show that this set Zx, is indeed an automorphism
group of int g, that is, Aut(int Cg) = Ex,.

(i) If P € Ek,, then there exists a nonsingular matrix A € IR™ " such that
P =TAT ' ATQ,A = Q., Ay, > 0 and hence the inverse of A now equals to
Q' ATQy. Besides these relations, we obtain A, | = Ay, > 0and (A~1)1Q, A" =
(AQ, 1 AT~ = (A(ATQ,A)1AT)"! = Q,, which show that P~! = TA-!T1 ¢
Exe- Moreover, let Py, P» € Ex,, there exist two nonsingular matrices Ay, Az €
IR™ " such that P, = TA T, AZ-TQRAZ- = @Qn and (Aj)pyn, > 0 for ¢ = 1,2
and PiP, = TA1AsT~'. Due to the properties of A; (i = 1,2), we know that
(A142)7Qn(A1As) = Q,. Then, it follows from [11, Proposition 7.1 and Proposi-
tion 7.6] that the matrix A in (3.5) has a polar decomposition of the form

S0 (In,rl—va)l/2 v
(3.6) A[o 1“ vl c |’

where S is an orthogonal matrix of order n — 1 and ¢ = /[[v||2 + 1, v € R*"!. In
particular, for the matrices A1, Ao, there exist Sy, So, two orthogonal matrices of
order n — 1, and ¢1, c2, v1, v such that

A o Sl 0 (In—l + U1U¥1)1/2 V1
L'~ o0 1 ol a |’

A, — Sy 0 (In—1+ UQU%)I/Q V9
27 10 1 vl ca |’

with ¢; = \/||lvi]|2 + 1 for ¢ = 1,2. Tt is easy to verify that

(A1A2)n,n
’U,{SQUQ + c1co

> ciea — |lur]] - || Save|

= cicg — |lor]| - [Jve]]

> Vvl + 1V vel2+ 1= |l - vzl
> 0,

where the second equation uses the fact that Sy is an orthogonal matrices of order
n — 1. From these results, we also obtain PP € Ex,.. Hence, the set Zx, is closed
under matrix multiplication and inverse as well. Notice that D~'Q,D~! = A. For
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any r € IR" and P € Ex,, we have

[Px, Pr]
— (P2)"Q(Px)
= I'PTQPx
= "(UDAD'UTY (UANUTY(UDAD'UT )z
= Tup ' ATDUT(UDQ, DU\ UDAD U«
= 'UD'ATQ,AD U
= Z'UD'Q, DU
= 2TUAUTz
= 27Qux
= [z,z] >0,
which shows that Zx, C = and hence Zx, is a subgroup of =.
(ii) On the other hand, for any = € intKg, there exist a element a = (al |, )7 €

itk such that z = Ua and ulz = ulUa = oy, > 0. For any P € Ex,, due to
the structure of A as in (3.6) and 7' = U D, we obtain

ug(Pa:)
= wUDAD 'UTUa
= e'DAD™!

(6]
. T S 0 (n1+U’U 1/2
- an 1]
2 0
1

R H

n

[(Inl—l—vv 1/2 H 2

vIMan,_1+c¢-ay
—[Jo]l - [|M o1 + com

(3.8) = VP +1-on = [lv]l - [[Man-1],

where the fifth equation is obtained from (3.2). If v = 0, then u’(Pz) > an > 0;
otherwise, i.e., v # 0, from the fact o = (a]_;, a,)” € intK7, we obtaln ul (Pz) >
|v|| (= | M an—1]|) > 0. These relations together with (3. 8) show that Pz € intKg
for any given x € intK¢ and P € Ei,.

From (i) and (ii), we claim that the set Zx, is indeed an automorphism group of
intKCs, i.e., Aut(int Cg) = Zx,. In addition, it is clear that its dilation transforma-
tion é;cg =1 - Ex, with n > 0 is an automorphism group of intK¢, too.

Step 5: The set Ex, is nonempty. For example, we have two choices of A as below.

(a) A= [ g (1] ] , where S is an orthogonal matrix of order n — 1. This subclass

v

can be deduced from (3.6) when we set v = 0.
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(b) A = Hy, where H; are the hyperbolic rotations:

cosht 0 sinh ¢
H; = 0 1,9 0 , t>0.
sinh ¢ 0 cosht

Here cosht and sinh ¢ are hyperbolic cosine and hyperbolic sine, which are respec-
tively given by
el +et el —et

ht = —— inht =
cos 5 v sin 5

We can easily verify that H; satisfies the condition H Q,H; = Q,, and (Hi)nn =
cosht > 0 for any ¢t > 0.

Step 6: In order to show that ellipsoidal cone is homogeneous, we only need to
verify that for any given z € intKg, there exists an element P € é]cg such that
Pu,, = x for u, € intKs, which means that we need to find a positive scalar 7
and P € Ex, such that x = n - Pu,. From the relation int/Cg = T'(intK") and the
structure of Zx,, the above requirements are equivalent to the following conditions:
for any given « € intKC"™, there exist a positive scalar n and a element A € R™*"
such that ATQ,A = Qn, Apn > 0 and o = (—)\n)l/2n - Ae,,, where e, is the n-th
column of I,, and Te, = (—=\,)""/?u,, which reduces to the case in [9, Chap I,
pages 7-8]. Thus, there exists S an orthogonal matrix of order n — 1 such that

1/2
A= [ 50 } H;and n = (oaT(_—ann)a) . Moreover, from the relation z = T’ and

0 1
1/2
T = <[f’)\x]> T [ g (1) } HtT_lun,

T = UD, we obtain

which shows that the ellipsoidal cone is homogeneous. O
As special cases of ellipsoidal cone, the homogeneities of circular cone and elliptic

cone follow immediately by Theorem 3.3.

Corollary 3.4. The circular cone Lg and the elliptic cone K%, are also homoge-
neous.

4. CONCLUDING REMARKS

In this paper, through introducing the new inner product (3.1) with respect to the
ellipsoidal cone as in (1.1), we show its corresponding structural properties such as
the self-duality and homogeneity. At the same time, due to the relation K¢ = TK"
and [9, Chap I, pages 7-8|, two interesting things are observed:

o If we set

_ | In1 O — —
Q_[ 0 _1], U=1, and u, = e,,

then the new inner product (3.1) reduces to the standard Euclidean inner
product.
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e The set Ex,, the automorphism group of intKg, can be characterized as the
similarity transformation of the automorphism group of intXC"™ under the
matrix parameter 1. Let us denote the automorphism group of intK" as

Exn = {A € R""| A is nonsingular, ATQ,A = Q, and Apn > 0},

where A, , is the (n,n)-entry of A and the matrix @, is defined as in
(2.3). The relation of the automorphism group between intg and intkC" is
depicted as

inthcr — L~ intkCe

Aut(intKC™) l l Aut(intKg)

—_ TxT-1
Bxn — Zxe

where the notation “Aut(-)” denotes the automorphism group of the given
set.

To sum up, we believe that the analysis used in this paper will pave a way to
tackling with other unfamiliar closed convex cones appeared in real world.
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