THE VARIATIONAL GEOMETRY, PROJECTION EXPRESSION
AND DECOMPOSITION ASSOCIATED WITH ELLIPSOIDAL
CONES

YUE LU* AND JEIN-SHAN CHEN'

ABSTRACT. Non-symmetric cones have long been mysterious to optimization re-
searchers because of no unified analysis technique to handle these cones. Nonethe-
less, by looking into symmetric cones and non-symmetric cones, it is still possible
to find relations between these kinds of cones. This paper tries an attempt to this
aspect and focuses on an important class of convex cones, the ellipsoidal cone.
There are two main reasons for it. The ellipsoidal cone not only includes the well
known second-order cone, circular cone and elliptic cone as special cases, but also
it can be converted to a second-order cone by a transformation and vice versa.
With respect to the ellipsoidal cone, we characterize its dual cone, variational
geometry, the projection mapping, and the decompositions. We believe these
results may provide a fundamental approach on tackling with other unfamiliar
non-symmetric cone optimization problems.

1. INTRODUCTION

During the past decades, symmetric cones associated with the Euclidean space
R™, including nonnegative octant R’} and second-order cone K", have been exten-
sively studied from different views [1, 7, 8, 9, 10, 14]. With the developments of
modern optimization, more and more non-symmetric cones appears in plenty of
applications. However, due to the lack of a unified technical tool like the Euclidean
Jordan Algebra (EJA) for symmetric cones, it seems no systematic study on non-
symmetric cones. Until now, only a small group of them have been investigated
thoroughly such as circular cone [6, 21] and p-order cone [3, 13, 20]. In this paper,
we focus on another interesting type of non-symmetric cone, the ellipsoidal cone,
which not only contains a few well known convex cones but also forms a bridge
between symmetric cones and non-symmetric cones.

Before the formal discussion, we recall some definitions that will be used in the
sequel. A set K C R™ is a cone if afC C K for all @ > 0. In addition, suppose that
K is closed, convex, pointed (i.e., X N (—K) = {0}) and has a nonempty interior,
we call I a proper cone. Let 8™ be the collection of all real symmetric matrices
in the n dimensional matrix space R"*™. The proper cone K is called ellipsoidal,
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denoted by K¢, if there exists a nonsingular matrix () € 8™ with exact one negative
eigenvalue A\, € R and corresponding eigenvector u,, € R™ such that

(1.1) Ke:={z e R"|2TQx <0, and ulz > 0},
where the matrix @ admits the orthogonal decomposition @ = Y ", )\Zu,uZT with
eigen-pairs (\;,u;) for i = 1,2,---  n satisfying the conditions
1 ifi=j
T, 7
(1.2) AL > Ao > > A1 > 0> A\, and u; u; { 0 ifidts

Example 1.1. Let

Vi
0 —v2 | &8 and wu, = € R3.
\/Q 1

w\»—w‘%w\w
)

2
Figure 1 shows an ellipsoidal cone in R? generated by these parameters Q and u,,.

x3-a)(| S

FI1GURE 1. The graph of a 3-dimensional ellipsoidal cone.

The history of the ellipsoidal cone dates back to Stern and Wolkowicz’s research
[18] on characterizing conditions for the spectrum of a given matrix A € R™*"™ under
the existence of an ellipsoidal cone. After that, they also provide an equivalent
description on exponential nonnegativity for the second-order cone [19], which is
related to the solution set of a linear autonomous system § = A¢ and further applied
to modelling rendezvous of the multiple agents system and measuring dispersion in
directional datasets, see [4, 17] for more details.

On the other hand, the ellipsoidal cone K¢ includes the second-order cone, circular
cone and elliptic cone as special cases. To see this, we verify them as below.

Example 1.2. (a) Second-order cone [7, §]:
K" = {(z, ) € R x R|||z|| < Tn},

where ||Z|| stands for the Euclidean norm of z € R"~!. Clearly, K" is an ellipsoidal
cone with

Q = |: In(;l _01 :| and Uy = €Ep,
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where I,,_1 denotes the identity matrix of order n — 1 and e, is the n-th column
vector of I,,.
(b) Circular cone [6, 21]:

Lo:={(z,zn) € R x R|||Z|| < zn tand}, where 6 € (0, g)

It is not hard to see that the circular cone Ly is also a special case of ellipsoidal
cone with
[ I, 1 0

Q= 0 —tan246

] and u, = en,.
(c) Elliptic cone [2]:
= {(@2n) e RV XR[ | ME]| <},
where M is any nonsingular matrix of order n — 1. Obviously, the elliptic cone K,
can be viewed as an ellipsoidal cone by letting
MTM 0
o-|

0 1 ] and u, = e,.

Remark 1.3. We elaborate more about the aforementioned convex cones. In fact,
there hold the relations ! as follows:

K" C Ly C Ky € Ke CR"

Hence, the ellipsoidal cone is a natural generalization of the second-order cone,
circular cone and elliptic cone, see Figure 2 for illustration.

FIGURE 2. The relations among K", Ly, K%, and K¢.

Unlike symmetric cone optimization, there is no unified framework for dealing
with non-symmetric cone optimization. The experience and techniques for non-
symmetric cone optimization are very limited. The paper aims to find a way which
can help understanding more about non-symmetric cones. With this goal, we focus
on the ellipsoidal cone K¢ given as in (1.1). There are two main reasons for it. The
first reason is that the ellipsoidal cone includes the well known second-order cone,

IThe first inclusion comes from [21], the second one is established in [2].
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circular cone and elliptic cone as special cases, as mentioned above. The second rea-
son is indeed more important, through a transformation, the ellipsoidal cone and
the second-order cone can be converted to each other, see Theorem 2.1 in Section
2 for more details. This is a key which may open a new vision because it connects
symmetric cones and non-symmetric cones together. In order to pave a way to its
corresponding non-symmetric cone optimization, we explore the interior and bound-
ary sets, the dual cone, variational geometry including the tangent cone and the
normal cone, the projection mapping and the decompositions with respect to the
ellipsoidal cone. We believe these contexts will provide some fundamental bricks to
build a systematic optimization theory related to the ellipsoidal cone. Moreover,
with the connection (see Theorem 2.1 in Section 2) to second-order cone, some
analysis techniques may be carried to the territory of mysterious non-symmetric
cones. In other words, the links between these two types of cones may provide a
new perspective view on how to deal with unfamiliar non-symmetric cones thor-
oughly, which is an important contribution to the development of non-symmetric
cone optimization.

The remainder of this paper is organized as follows. In Section 2, we develop
the theory on the dual of the ellipsoidal cone. In Section 3, we proceed with the
study on its variational geometry including the tangent cone and the normal cone.
As a byproduct, the explicit expressions of its interior and boundary sets are also
established. Sections 4 and 5 are devoted to discovering a detailed exposition of the
projection mapping and the decompositions with respect to the ellipsoidal cone,
respectively. Finally, we have some concluding remarks and say a few words about
future directions in Section 6.

2. THE DUAL OF THE ELLIPSOIDAL CONE

In this section, we develop the theory regarding the dual of the ellipsoidal cone
K¢, which is denoted by K%, in other words,

Kg:={y e R"|(z,y) >0, Vz € K¢},

where (-, -) stands for the standard Euclidean inner product defined on R™. In what
follows, we write the matrices U € R™*™ and A € 8™ to respectively represent

(2.1) U := [ul Uy -+ un], A = diag (A1, A2, -+, Ap) .
The orthogonal decomposition of @) given as in (1.2) implies
Q=UAUT, and UTU=UUT =1I,.

For any given vector z € K¢, due to the orthogonal property of the sets {u;}!" q,
there exists a vector a := [a1,az, -+, a,]T € R such that

n n

z=Uaq, xTQaz = ozTUTQUoz =alAa = Z )\iozzz, ugaz = ug (Z oziui> = Q.
i=1 i=1

The set K¢ can be rewritten as the form UA, with

Z)\ia%SO, anZO}.
=1

(2.2) Ay = {a € R"
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If we take \; =1 fori=1,2,---,n—1 and A\, = —1, then the set A, reduces to
second-order cone

n—1
(2.3) K= {a eR" Za? <a, o, > 0} .

i=1

For any o € A,, in light of the relation (1.2) for {\;}"_;, we have

n
a€e N, Z/\iafgo and a, >0
i=1

n_l 2 2
— Z()\iﬂai) < ((—)\n)l/Qan> and (—)\n)l/Qan >0
i=1
T
= (A}ﬂal,)\;mag,--- ,A:L/_Qlan_l,(—)\n)lﬂan> e K"
~— a € DK"

where D is a n X n diagonal matrix in the form of

(24) D i=diag (M) 72 (02) 72+ Q) TV (<A 7).
Thus, the relation between A, and K™ is described as A, = DK™, which implies
(2.5) Ke=UA, =UDK" =TK", whereT :=UD.

It is clear that the matrix 7' € R™*™ is nonsingular. The relation (2.5) between the
ellipsoidal cone C¢ and the second-order cone K" is depicted in Figure 3.

I Elipsoidal cone
I Second cone

xs-axw L]

X j-axis 20 -20 2

FiGURE 3. The graphs of a 3-dimensional ellipsoidal cone and a 3-
dimensional second-order cone.

In fact, similar idea has been used in [18, Proposition 2.3] and [19, Lemma 2.2].
According to the relation (2.5), we can derive

K = {yeR"|(z,y) >0, Vx € K¢}
= {yeR"|(Tzy) >0, Vze€ K"}
= {yeR"|T"y e (K")* =K"}
NG



6 Y. LU AND J-S. CHEN

where
™ = (UD)=DTUT =DU~'=D*D Ut = DT,
(T7)"' = (D7) ' =TD2=UD.
In addition, by denoting |A| := diag(|A1], [A2l, -+, [An]) € 8™, which means |A| =
D=2, then (T7)~! = T|A| and the dual cone K} can be further expressed as
(2.6) K = (TT)7'K" =UDK" = T|AIK™,

which is displayed in Figure 4.

I D ual of ellipsoidal cone
I Second cone

X, -axis 20 -20 *praxis

F1GURE 4. The graphs of the dual of a 3-dimensional ellipsoidal cone
and a 3-dimensional second-order cone.
Likewise, we deduce the double dual K¢* of the ellipsoidal cone K¢ as follows:
K& {z e R"|(2,y) 20, Vy € K¢}
= {yeR"|(z,T|Alz) >0, Vz € K"}
= {yeR": (T|A)Tz € (K")* = K"}
—1 n
= ((T|Ap™) K,

where B »
(TIADT) ™ = (INTT) ™ = (@) AT = TIAJA T = T
This implies that the connection between K¢ and its double dual z* is
Ke" =TK" = Ke,

see Figure 5 for illustration.
To sum up these discussions, we state the relations among the ellipsoidal cone
Ke, its dual cones K%, Kz*, and the second-order cone K" in the following theorem.

Theorem 2.1. Let K¢ and K™ be defined as in (1.1) and (2.3), respectively. Then,
we have

(a) Ke=TK" and K" = T~ 'Kg;

(b) K& =T|AIK™ and K™ = |A|7IT1CE;

(¢c) K =T|AT'Ks and K = Ks.

The next theorem presents an explicit description of the dual cone K%.
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I lipsoidal cone
I O sl of ellipscidal cone

XS-BXIS

F1GURE 5. The graphs of a 3-dimensional ellipsoidal cone and its dual.

Theorem 2.2. Let ICg be an ellipsoidal cone defined as in (1.1). The dual cone K}
s equivalently expressed by

(2.7) Ki={yeR"|y"Q 'y <0, uly>0}.

Proof. In view of (2.6), it suffices to show that the set of the right-hand side in
(2.7) is equal to the set UD 1K™, where the matrix U is defined as in (2.1). Using
(1.2) for {N\;}I~, for any given y € R™ there exists a vector § € R™ such that
y = U, which yields

yTQ 'y <0 and uz;y >0

“— Z)\i_lﬁf <O0and g, >0
i=1

n—1

= S () < ((A8,) and (A28, 2 0

i=1
_ _ _ T
= (2805 B AN B, (M) 2B,) € K
> BeD'K"

Then, the desired result follows. O

As a byproduct, we denote Kg the polar of the ellipsoidal cone K¢. Applying
K% = =K% and (2.7), the exact form of the polar cone K3 is given by

(2.8) Kg:={y eR"| yIQ ly <0, uly < 0}.

Remark 2.3. By applying (2.7), the duals of the circular cone and the elliptic cone,
denoted by £ and (Kj;)* respectively, can be characterized as

* — — _ . ™
Ly :={(Yn-1,yn) €R" X R ||Gn-1]| < yn cot 0} = Lz_g, with 0 € (0, 5),

(Khp)™ = {(fgn—hyn) eR" ! x R’ H(M_l)Tyn—lH < yn} = K?Mfl)Ta
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where 7,1 := (y1,¥2, -+ ,yn_1)" € R~ Same arguments can be applied to the
polar cone g given as in (2.8). In other words, the polar of the circular cone Lj
and the elliptic cone (K,)° are described as

Ly = {(yn—layn) eR"! xR| [Jn—1ll < —yn cot 9}7
mn \o — n— — T _
(Kn)° = {(ynflayn) eR* ' x R‘ H(M 1) ynle < —yn} .

3. THE VARIATIONAL GEOMETRY OF THE ELLIPSOIDAL CONE

In this section, we pay attention to the variational geometry of the ellipsoidal cone
Ke, which includes the tangent cone T, (x) and the normal cone N, (z). From
the convexity of K¢ and the definitions of variational geometry in convex analysis
[15], we have

T (z) :={d € R"|3t,, | 0,dist(z + t,d, Ke) = o(tn)},
Nice (2) == {v € R"[(v,d) <0, Vd € T, (2)},
where dist(z, S) denotes the distance from z € R™ to the set .S, that is,
dist(z, .5) := mi —y||-
ist(z, 5) min |z =yl

The following theorem presents characterizations of i, (z) and Nk, (x) in terms
of those tangent cone and normal cone for the second-order cone ™.

Theorem 3.1. Let T € R™*™ be a nonsingular matriz defined as in (2.5). For any
x € Kg, there exists a vector o« = T~ 'z € K" such that

Tie () =T Tin(a) and N, (z) = T|A| Nin ().
Proof. For any d € R”, we denote p := T~ 'd. Then, applying Theorem 2.1(a)
yields
| 7|~ dist (z + tnd, K¢)
= ||T|| 7t dist (z + t,d, TK™)
= |7~ min |+ tnd — Tyl

= 77" min [|T(T 'z +t,T"'d —y)||
yeK

IN

min [|a + t,p — y||
yern

dist (o + t,,p, £™)

= dist (a + tnp, T_lng)

< |77 min ||z + t,d — w||
weKg

= ||T7Y| dist (z + tnd, Kg) .

On the other hand, from definition, there exists ¢, | 0 such that dist(x +¢,d, Kg) =
o(t,) if and only if d € Tx,. (). Thus, we know dist(a + t,p, L") = o(ty), which
yields T7'd = p € Tin(). The opposite inclusion can be achieved in the similar
way. In summary, we have shown Tx, (z) = TTxn ().
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As for the part of N, (z), we have

Nie(z) = {veR"|{v,d) <0, Vd € Tx, ()}
= {veR"|{v,Tp) <0, Vp € Tk ()}
= {veR"|(Tv,p) <0, Vp € Tin(a)}
= {veR"| Ty € Nicn () }

= {v eR"|ve (TT)_lN,Cn(a)} .
Together with the fact (T7)~1 = T|A], it follows that N, (z) = T|A| Nn(a). O

For convenience, we also denote int ¢ and bd K¢ the interior and the boundary
of the ellipsoidal cone K¢, respectively. Then, it follows from Theorem 2.1 and [15,
Theorem 6.6] that

(3.1) int g =T(int K*) and bd e =T (bdK").
This together with the definition of K™ implies that
int " .= {a e R"| aTQna <0, egoz > 0} ,
bdK" :={a € R"|a’Q,a =0, ela >0} U{0},
where the matrix @), is given by

(3.2) Qn = [ 1”61 91 } esm.

For any given 2 € K¢ and its corresponding vector o = T~ tx € K", from (3.1), we
obtain

int Cg = {w e R" ‘ (T_lzc)T Qn(T'z) <0, T e > 0} )
bd Ke = {:c €R"| (Tﬁla:)TQn(Tflx) =0, el > 0} U {0}.

Due to the definitions of 7" and A as in (2.1) and (2.4), we also have some useful
transformations

(T QT = (DU QDU =UD QDU =UAUT =@,
'l =T (UD) ™ = eI DU = I D7IUT = (—2) V2L,

With the above discussions, we provide the explicit expressions for int K¢ and
bd Ks¢.

Theorem 3.2. Let K¢ be an ellipsoidal cone defined as in (1.1). Then, the interior
and the boundary of K¢ are respectively given by

mtke = {:c eR"|27Qxz <0, ulz > 0} ,
bdKe = {l‘ ceR"|2TQz =0, ulz > 0} U {0}.
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Remark 3.3. Similar to Remark 2.3, we conclude from Theorem 3.2 that the
interior and the boundary of £y and K}, are described by
int Lo = {(Zn—1,2n) € R x R|||Zn-1] < zn tanf}
bd Lo = {(Zp-1,2n) € R" T X R|||Zpp_1] = 5 tand > 0} U {0},
int Ky = {(Zn-1,25) € R X R||MZp_1| < 20},
bd K7y = {(Zn-1,2n) € R* P X R|||MZp_1]| = z, > 0} U {0},
where Z,,_1 := (z1,29, -+ ,2p_1)7 € R?7L,

To present the tangent cone and normal cone, we first recall their counterparts
for second-order cone K™, which can be found in [5]:

R™ if aecintk”,
{peR"|p"Q,a <0} if acbdk™\ {0},
{0} it oeintkm,

Nin (@) = ¢ =K if a=0,

R4 (Qna) if «aebdK™\ {0},

where @, is defined as in (3.2) and Ry (Qn«) stands for the set {nQna|n > 0}.
Combining Theorem 3.1, Theorem 3.2 with the definitions of Txn () and Nin (),
we present the expressions of tangent cone and normal cone regarding K¢ as below.

Theorem 3.4. For any given x € R™, the tangent cone and normal cone with
respect to the ellipsoidal cone K¢ at x are described by

R" if ze€mtle,
Tie(z) =<1 Ke if =0,
{deR"|dTQx <0} if =z € bdKe)\ {0},
{0} if z e mntls,
Ni,(z) =41 K2 if =0,

Ry(Qx) if ze€bdKe)\ {0},
where Ry (Qz) == {nQx|n > 0}.
Remark 3.5. We also present the following two special cases when K¢ reduces to
Ly or K. In fact, if take

_ In—l 0 o MTM 0
@=1 —tanQH} o Q_{ 0 —1]’

where M is any given nonsingular matrix of order n— 1 as in Example 1.2(c). Then,
the tangent cone and normal cone of Ly and K7}, are respectively given by

R™ if x €int Ly,
Teo(x) =< Ly if =0,

EE@ if xzebdly \ {0},

{0} if € int Ly,
Ngo(x) =4 L if =0,

R, (Z,—z,tan?0) if x € bdLy\ {0}
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where Ez, = {(Jn,l, dy) ER" X R|(dp_1,Tn_1) — dprytan® 6 < 0} and d,,_1 :=
(d1,dg, - ,dn_1)T € R*~1. Similarly, we also obtain
R™ if zeint K},
TKRI (:L') = IC% if = O,
Zxr, if @€ bdKY,\ {0},
{0} if xe€intCyy,
Nier, () = (Kr)° if =0,
Ry (MTMZ, 1, —2,) if = €bdK?,\ {0},

where Exn = {(dp_1,dn) € R" T X R|(Mdy_1, MZy,_1) — dp,, <0}

4. THE PROJECTION ONTO THE ELLIPSOIDAL CONE

In this section, we focus on the projection of any vector y € R™ onto the ellipsoidal
cone g. In other words, the following minimization problem is considered:
. l _ 2
(4.1) min - 5 |z =yl
st. x€Keg.

From the first-order optimality condition (e.g. [16, Theorem 6.12]), it is known that
0 € x — y + Nk, (x), which implies
z = (I +Nie) " (y) =TIk (),

where I, (y) denotes the projection of y onto Kg.
On the other hand, from the orthogonal property (2.1) for the set {u;}!" , there
exist « € IR™ and 8 € IR" such that + = Ua and y = UB. For simplicity, we write

A= diag(Anfly )‘n) S Sn’ Anfl = diag()\l’ YR a>‘n71) c Sn_l,
Q= (O_én—l,an) S Rn—l X R’ O_én—l = (OZl,O[Q’ - 7an—1)T c Rn—l’
B = (Bn—l;,Bn) = Rn_l X R’ Bn_l = (517527 e 7Bn—1)T € Rn_l.

The problem (4.1) is equivalent to solving the elliptic optimization problem with
respect to the variables (a,_1,a,) € R"! x IR, that is,

min 1 (|@n—1 — Ba-1l* + (an — Bn)?)
(4.2) s.t. ﬁMdn—IH < ay,

where M is a diagonal matrix of order n — 1 in the form of

- ) A A An_
4 M= dine W =i \/ Wil <—Anl>> '

It is easy to verify that the matrix M also satisfies the equation
(4.4) A1 + X MTM = 0.

Theorem 4.1. Let K¢ be an ellipsoidal cone defined as in (1.1) andy € R™. Then,
the projection of y onto K¢ is given by

Yy if y e Kg,
i, (y) = 0 if y € Kg,
Ua otherwise,



12 Y. LU AND J-S. CHEN

where the matrix U € R™™ s defined as in (2.1), the vector a = (ap-1,0,) €
R™1 x R is the optimal solution of (4.2) and has the following forms:

(a) If B =0, then
On-1= (In—l +MTM)71 Bn—ly O = HM( n—1 +MTM) Bn—lH'

(b) If Bu # 0, then

Bn

_ T -1 3
Qp—1 = (In—l - WOAnMTM) Bn-1, Qn= m,

where the matriz M € S"' is defined as in ({.3) and the scalar ny € R
satisfies the relations

(0,-1/\,)  if B, >0, \iB?
(4.5) ’706{ (=1/An,+00) if B,<0 nd Z (1 +noXi)2 =0
with B € R™ lying outside of the set {6 € R || MBy_1| < Bn} and its polar
{BeR | M Bull < Bu}-

Proof. By checking the definition of K¢ or Kg, it is trivial to obtain the first two
cases. It remains to discuss the case of y ¢ Kg U Kz. From Theorem 3.4, there
exists a scalar 79 > 0 such that

(4.6) z =1k, (y) € bdle \ {0} and 0=z —y+nQu.

We set = Ua and y = U as earlier, where U € R™*" is defined as in (2.1). Then,
the relations (4.6) are equivalent to the system with respect to the variables a € R"
and 79 € R as follows:

ﬁ = (I + 770A)Oé,
(4.7) afAa =0,
an >0, no > 0.

It turns out that the system (4.7) can be rewritten in the following form

Br-1 = (In-1 + noAn—1)@n_1,
Br —_(1 + 10 An) s

al [ Ay_1a,-1+ a2 =0,
ap >0, o> 0.

(4.8)

Next, we proceed to show that the following two subcases hold for the system (4.8).
(a) If B, = 0, then ny = —ﬁ > 0. From the system (4.8) and the equation (4.4),
we have

1.\ -
On—-1= <In1 - )\An1> Bn 1= ( n—1 +MTM) Bn-1,

al A Q 12
o= (B0t ) i ) |
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(b) If B, # 0, from the second and fourth relations in (4.8), we know 1y # —i.
The first two relations in (4.8) and the equation (4.4) further imply that

Bn

_ o132 Tl
An-1 = (In-1+m0An-1)" Bo1 = (Inm1 =AM M) Bty ay = 1T+ n0A,

where 79 € R satisfies the condition

(07 _1/)‘71) if Bn > 07
T E U (=1/An, +00) if B <O

In addition, we have

~T %X _ 2
01 An—10n—1 + Moy,

2
= /BT,ZL—;I (In—l + UOAn—l)_l An—l (In—l + nOAn—l)_l Bn—l + An (ﬁn>

1+770)\n
_ oy MR
- = (L moh)?

and the third relation in (4.8) reduces to the equation (4.5). Since y ¢ K¢ UK and
y = Up, from the definitions of K¢ and Kg, we obtain

5¢{/3ewr§jxiﬁ?§0, 5nzo}u{ﬂeRanA;1ﬁ?§0, Bngo},

i=1 =1

which means that g ¢ {B € R ||| MBn_1| < Bn} U {ﬁ ER™||M1B,1| < Bn}.
O

Remark 4.2. For the projection onto the ellipsoidal cone Kg, we emphasize that
this projection is not yet an explicit expression because it is hard to solve the
equation (4.5) with respect to the variable 79 € R in general. However, under some
special cases, the equation (4.5) has closed-form solutions. For example, if we set

U=1I, \=1(i=1,2,--- ,n—1), Ay, = -1 or A\, = —tan?¥,

which correspond to the cases of the second-order cone K" and the circular cone
Ly. For more details about their projections, we refer the readers to [9, Proposition
3.3] and [21, Theorem 3.2].

5. THE DECOMPOSITIONS OF THE ELLIPSOIDAL CONE

In this section, we try to express out the decompositions with respect to the
ellipsoidal cone. Let K, be an elliptic cone with the matrix M defined as in (4.3),
ie.,

(5.1) Kb o= {(an-1,0m) € R*™™ X R||[|[Ma, 1| < o}
According to [11, Remark 2.2}, the dual cone of K7, is defined by
(52)  (Ki)* ={(Bn-1,80) ER" X R | M7 Bpmn]| < Bn} = Ky

It is easy to see that the ellipsoidal cone g and its dual cone (Kg)* can be
described in terms of K, and its dual cone K'f;_;.
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Theorem 5.1. Let K¢ be an ellipsoidal cone defined as in (1.1) and K'; be an
elliptic cone defined as in (5.1). Then, we have

Ke = UK, K = UK.

Proof. For any given x € K¢, since {u;}? , are orthogonal to each other, there
exists a vector o = (p—1, ) € R” ! x R such that £ = Ua. From the definition
of K¢, we have

T € K¢

1‘TQx <0, uga: >0

alAa < 0,0, >0

al (A 1@n-1+Ma? <0,0, >0

&g_IMTM@n_l <a a,>0

r=Ua,a €KYy,

1rueee

which implies the relation g = UKT,. One the other hand, for any given y € K,
due to the orthogonal property of {u;} , there exists a vector § = (Bn-1, Bn) €
R"! x R such that y = US. It follows from above that
y € K¢
y'Q 7y <0,uly >0
BIATIB < 0,8, >0
Bgflﬁgilgn—l + )‘1;16721, < 07 ﬂn > 0
n—1
A
3oL A,”) < B2 B >0
i=1 t
By (MY M ™ By < B2, B 2 0
y=UpB,B €Ky
Therefore, we obtain Kg = UK, _,. O

e v ooy

Inspired by recent studies on spectral factorization associated with p-order cone
in [13, Theorem 2.3] or [12, Theorem 3.2], there exists one type of the decomposition
for a point (&,_1,a,,) € R x R with respect to the elliptic cone K.

Type I:

v Op—1
G+ | M| | ol
S e M
— if Qp—1 7é 07
_ Op — ||Mdn—1|| &
[ Op—1 ] _ +f ([ M a1l
- 1
[
w —w
(70 MAToll 79 Y P
— | |Mw|| |+ =1 [|[Mw| if @,—1 =0,
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where w is any given nonzero vector in R"~!. Focusing on the right-hand side of
the Type I decomposition, we observe that the vectors

G-l Q-1 o v
[Man 1| |, [May | |, [ [Muw]| ] [Muwl
1 1 1 1

all belong to the set K, which is different from the decomposition with respect to
the circular cone Ly established in [21, Theorem 3.1}, since its associated dual cone
5 is involved in.

In contrast to the Type I decomposition, through importing the information of
its dual cone K'f,_, defined as in (5.2), we present another type of decomposition
for any given point (ay,_1,a,) € R"~! x R with respect to the elliptic cone K%, and
its dual cone K7, ;.

Type II:
( M Gn-t
_n Sl M| | [Man ]
1M a1 || + | M| )
_a if ap_1 #0,
ay — | Ma,_|| L e
+—2" n— -1 M ra, | - M-1a, 4
) I3 Tan |+ [ Man ] | 1| 1M
Qp—1 _
[67% w
(o7 - =
= . |[dw| - | [Mw]
1M Yw|[ + | Mw] 1 o
“w if @,_1 =0,
. ) _Cw
e A | AT ]
1Mol + [ Mw] .

\

where w is any given nonzero vector in R®~!. In contrast to the Type I decompo-
sition, these vectors

Qp—1 w
[Mag—a] |, | [IMw]
1 1
belong to the set K, , whereas the vectors

—Qp_1 —w
M~ b |, [ M~ ]|
1 1

belong to its dual cone K _;.
The following theorem presents the decompositions regarding the ellipsoidal cone.

Theorem 5.2. Let K¢ be an ellipsoidal cone defined as in (1.1) and K% be its dual
cone defined as in (2.7). For any given x € R™, it has two types of decompositions,
namely Type I and Type II.
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Type I:

sV(@) - o (@) + 5P (@) - 0P (@) if Tz #0,

sV (@) o (@

)+ s (@) v (x) if Uz =0,

where sg) (x), 3(12) (z), 3(11)( ), sg) () and v(l)(x), vg) (), vg)(a:), v?)( ) have the

following expressions

st (x) = ula + |MUT_ 2],

s (x) = ulx — | MUL_ x|,

82)( )i=ulx,

sg)(a:) =

’U(i)(l') = % . (ﬁn;gi;ﬁ + n) € Kg,
o (g ) e
@)= g (Tt ) e ke

vg) (z) == % : (— [||]X4_1101|1|) + un> € Ke

with any given nonzero vector w € R"™! and a diagonal matriz M looks like

Ur:zp—l(Q - )\nunug)Un,1

1/2

(5.3) Y
Type II:
s3 (@) ol (@
xr =
1 1
sV () ol

where sgll)a(:z:), 8&21)‘1@)7 S%)b(flf%

follows:

st (@) == ulz + | M OT_ ],

s () = ulw — | MUz,

1

S(Il)b( ) —’U,Z.CL‘,
2

S(II)b( ) :u£1‘7

(_)‘n)

)+ s (@) -0l () if ULz #0,

2 2 P
x)+5§1)1,($) Uglz,( ) if Uiz =0,

S?I)b(ff) and vﬁl, Uﬁl, v%)b, Ugl are defined as

Unr ULz + [|MUL 133H Un,

Ugll)( )= 17T €
M0 2| + [MUZ_ ]|
2) ~Up Uz + | MU 133|| Un o,
v, (7) = 17T € Ke,
. M0z + |[MOZ_ |
") (z) == Un—1w + |[Mw] - u,
[M~Twl| + [Mw] ~ "%
@) —Upyw+ |M 7wl -u,
': — — EIC .
R S T v IR

Proof. For any given z € R", due to the orthogonal property of {u;}!",, there

exists a vector o = (ay—1, )

€ R" ! x R such that z = Uq, therefore we obtain
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Qp_1 = U;{_lx and a,, = u:,C:I: From Theorem 5.1 and the decomposition formulas
of o with respect to K;; and its dual cone K1, we know

1 7 2 7 1 2
st (@) = ula + |MUL_z||, s&(2) == ula — |MUL_ 2|, s (2) = s (2) := ulz,

=5,
1 [ Uz 1 Ul |z
o @) =5 U | IMO7 2] | €Ke, off (@)= 5-U | "[MUL 2] | €Ke,
L 1 1
TR [ 1 v
vg)(x) = U ||Z\41w|| € Keg, vgf)(x) =g Ul |[Mw| | €Ke
1
and
1 - 17 2 - = 1 2
sSo (@) = ulw+ | MO 2], 57 (2) = ula — MOz, 5§, (@) = s, (@) = ula,
) 07 o
(1) o 77T ST
UIIa(x) T ||M_1UT 1l‘|| + ||MUT lmH ! ||MUn—1x|| U ||MUZ:_1(EH € ICS,
n— n— 1
) 07w
(2) — _ _ _ . M—lUT U 1771 c ’C*
UIIa (.I') . ||M71U5_1I|| ¥ ||MUT’];_1IH || 'nflmH HM (:[]n—lx” &
) w
1 _ _
’Ugl)b(w) = ||M71’LU|| n HMU/” : ||MU}|| U H‘]wl'w” € Ke,
! —w
2 o — MAr—1..1 *
Ui @) = (e arey Wl U | Tl | e kg

From the orthogonal decomposition of @, the definition of M in (4.3) and the
relation (4.4), we obtain

Q=UANUT =U, 1Ay 1UL | + Mougul = Up_ 1 (=2)MTMUL | + Nunul,

and then the diagonal matrix M has an explicit expression as in (5.3). O

Corollary 5.3. Let x € R™ be the decompositions of Type I and Type II given as

in Theorem 5.2. Then, the scalar parts of these decompositions satisfy the following
relations

(a) sy, (x) = s (x) = si, () = 517, (@) = ul .

(b) s2(2) = 517 (x) = st (@) — | MUF_ .

(¢) sy (x) = | MUT yal| = 5 (@) — |M71OT 4| = s ().
(d) si (@) + 512 (@) = 257 (@), () (2) = 52 (@) = 2| MUL_ .
(e) 817 (2) — s (x) = IMUL_yz| + | MOy l].



18 Y. LU AND J-S. CHEN

Moreover, we also obtain
reKe & sg)(:p) = S?I)a (x) > 0.

On the other hand, some relations between these vector parts hold as follows:

o ma Bl ) gl Dl )
Ve MU, 195” fa MU, 133”
(1) . Un—lw (2) . Un—ﬂU

S d = 5 Wy, 9 S d - = 9 9
o) € mit{ ) o) € mi{ -t

7T 7T
(1) Un1U, 1z } (2) { Un1Ul_jz }
v cEcConvy +—=——=+——7,Up ¢, U € ConvVy ———=—=——,Up ¢,
o) € com it ) DT
1 Unflw 2 Unflw
vgl)b( )Econv{w,un}, vgl)b( )Gconv{—IMw”,un},
where mid{a,b} and conv{a,b} stand for the midpoint and the line segment between
a and b, respectively.

Remark 5.4. From Corollary 5.3, the vectors vg) (x) and vﬁ)a (x) can be rewritten

as
1
- 5 for vg)( ),
7U U, +(1 ) h
T- — T) " Up, where T =
1MUYz AT @
(1) (2) for vHa( )
Sr1, ~ SII,

Similarly, we can express the vectors vg) () and vg I)b (z) by

1 2
3 for Ugb)( ),

Un1w>
n-| ———= +(1-n)-u,, where n= _
( [ Mw]| | Mwl|

M= w| + || Muw]

for Ugl (x).
According to Theorem 5.2 and Figure 2, we investigate the decompositions with
respect to some special cases of the ellipsoidal cone in the following examples.
Example 5.5. Consider the second-order cone
K= {(:En_l,xn) eR"I xR||z|| < xn} .

In this case, we know
I 0 — _ _
Q: |: nol -1 :| ) Un—l :En—17 Up = €En, M:In—h An:_la

where E,_1:=[e1,e2, -+ ,en_1] € R™* (=1 With respect to the second-order cone
K", the scalar parts and the vector parts in two types of decompositions are given
by
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Type I, Type II:

i) (@) = 87, (@) = an o+ [Eacall, of) (@) = o) (@) = 5
5P (@) = s (1) = @ [Facall, 0f(@) = o2 (@) =
s (@) = s{) (a) =, o) (@) = o) () = 5
52 (@) = 57 (2) =, o (@) = o () =

1

19

Tp-1
[Znall | €K7,
[ . Tn—1
[Znall | €K,
1
r w
Htfll e kK",
r w
||1wH ] €K,

An interesting property about these decompositions is that they coincide with each
other and reduces to the classical spectral decomposition of the second-order cone

K" as
( 1 Tn—1 1 Tn—1
o+ 1t} 5 | Tonall |+ lnal) 5 | Tl | if 201 £0,
xr =
w w
1| — T =7 e
Ty - 5 ||IlfH + Zn - 5 ||1’LUH if Tp—1 = Oa
where w is any given nonzero vector in R"~!,
Example 5.6. Consider the circular cone
Ly = {(En_l,xn) e R x R||Zp-1] < xn tan&}
In this case, we know
I, 1 0 = = —
Q= nO —tan26 |’ Up-1=FEn-1, upn=¢€n, M =1In_1, \y = — tan® 6.

The scalar parts and the vector parts in two types of decompositions with respect

to the circular cone Ly are given by
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Type I:
1 [ Tn—1
si) () ==y + cot 0| Tp_1]], Ug)(x) =3 cot 8||Z,—1]] | € Lo,
1
1 [ :fn—l
si (@) = 2 — cotfl|Taa]l, v (@) =5 | cotbllza] | € Lo,
T
(@) 1= . o (@) =5 | cotfllul ] € Lo,
1 [
s (@) = 2, v (@) =g | eotfll ] € L,
Type II:
t0 Tn—1
1 _ 1 CO — =
ST (2) =y + tan ||z, ], 0i (@) = i red | 9||1zn_1\| € Ly,
" 6 i'nfl
2 _ 2 an b e—— .
SEU)Q (x) == an — cot 8]|Tpn—1]], Uga) (z) = tand 1 cotd tan91||$n—1|| € Ly,
1o [ —o—
(1) — (1) — co
11, () 1= T, Uy, (z) = tand + cotd cotOllw| | € Ly,
tang [
(2) — (2) — an - *
811, () 1= T, vy (x) = tand 1 ootd tan19||wH €L}
Consequently, their decompositions have the following expressions:
Type I:
1 jnfl
(@, + cot 0]|Tp—1]]) - 5 cot 0||Zp—1 ||
1 e -
N B if Z,-1#0,
= +(zp — cot 0)|Tp—1]|) - 3 cot 9|1|@n,1\|
[ 1 v
Tpn -3 COt@HU)” + -z COtQHwH if Tpo1 = 07
2 1 2 1
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Type II:
Tn-1
cot# cotOlz.
.ol | e
(@, + tan 0| Z,,—1]) tan @ + cot @ [ 0 Hlx ! ]
- X if Tp—1 7&07
+( t 0| Zr-1]]) tan? _m
In = COLO[[Tn-1]]) - == o
H T fan 0 + cot 0 1 1
a:' p—
tan 6 gl
L B
tan @ 4 cot 6 1
" if Tp—1 :0’
tan 6 T tanOllwll
. tanb tan 0w
+Ty tan@—}—cOtG[ 1 ” H ]

where w is any given nonzero vector in R"~!.
Example 5.7. Consider the elliptic cone
= {(@no1,20) ER" X R MZpoq|| < 20}

In this case, we know

. 7 _
0= [ MTM 01 ] o, - { Un-1,n-1

0 0 } )t = o
M — (Ufrj;—l,n—lMTMUn—L’n—l)1/27 )\n - _].,

where M is any nonsingular matrix of order n — 1 and Un_lm_l e R(n=1x(n-1) jg

an orthogonal matrix satisfying the condition
Un—l,n—lMTMU;{_Ln_l - MTM
Therefore, we obtain

(MU _y2)" MU,z =T\ M"MZ,1,
(MU )T MUL 2 = 2L  MTMz,_q,

which show that |[MUL x| = [|[MZ,—1| and |M UL x| = [[(M~)Tz,_4|. If
we set w = U;{_Ln_ln, then n # 0 and U,_1w = (n,0) € R"~! x R, since w # 0
and the orthogonal property of Up—1n—1. Moreover, by simple calculation, we also
obtain

(]\wa)T]\qui = wTUgflﬂflMTMUn_Ln_lw = T MT Mn,
(M~ )M~ w = wT Yy MY M) U prw =0 (M) (M),

therefore we have ||Mw|| = ||[Mn| and |M " w| = ||(M~1)"n||. With respect to the
elliptic cone K, their scalar parts and vector parts are given by
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Type I:
1 i Tn-1
si) (@) 1= @ + | MEaall, of) (@)= 5 | [MEall | € Kar,
1
1 _ [En—l
sP(@) =0 — [MEna ], v (2) = | M3 | € Kar,
1
T
1
i, () = @, o @=5 | TV | € Kar,
r__n
sty () = au, o @i=g | Ml € Kar,
Type II:
s (@) = 2+ (MY 200, 55 (2) = 20 — | MEncall,
_ jnfl
W |MZ, || Anol
vy (z) = Mz, € K,
Al TAYEs e Ty zey B L IR
_ [ jnfl
(2) H(M_I)Tx’ﬂfln - “INT - *
vy ' (x) = M Tp— e Ky,
Ia( ) |(M_1)Tjn—1||+HMi'n—ln ||( ) 1H M
M () M) () | M| _ LL” cK
T) = Tn, T) = ,
= O gy g | | S
N PN (€0 | NN e 16y
I B T (=) T+ [[ M | M

The decompositions with respect to the elliptic cone K%, can be summarized as

follows:
Type I:
( ) Tyt
(@n + [ MZna]]) - 5 [ ||M§31n—1H
1 Tn—1
=]t MBI
[ 2 1 d
xn'2[ || M| +xn~2[ [ M|
\ 1 1

P

if Z,-1#0,

Tpo1 =0,
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Type II:
(@n + (M) 21 ]])- o
7 Tn—1
||M.Tn,1|| _
Mz, _
T & | + W] | 12l o
+(@n — | MZo_1]) ] ) if T, #0,
- — Tn—1
or Vel | TTarrEo
T = [(M=1)TZpy_q || + || MZp1]| |
. | Mo wn
n —
[(M=1)Tn|| + || M| 1 o
n if Tn—1 :O7
(M) ") — T
“+x, - ||(M 1)T77H
"M YTl + (| M| 1

where 7 is any given nonzero vector in R" 1.

6. CONCLUDING REMARKS

In this paper, we have characterized some main properties of the ellipsoidal cone
from optimization viewpoint. The reasons why we focus on this special cone are
already explained earlier. There are two aspects that these results are helpful for its
corresponding non-symmetric cone optimization. One is that the explicit expres-
sions of its dual cone, tangent cone, and normal cone can be used to establish the
first-order optimality condition of minimization problems related to the ellipsoidal
cone. The other one is that the projection mapping and the decompositions with
respect to the ellipsoidal cone are introduced, then its corresponding conic functions
can be defined and studied. There are plenty of non-symmetric cones in real world.
We believe the analysis techniques used in this paper will pave a way to tackling
with other unfamiliar non-symmetric cone optimization problems. Among all lots
of non-symmetric cones, is there a way to clarify them? This is another important
direction which we are interested in.
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