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1 Motivation and Introduction

Recently there has been much attention on symmetric cone optimization, see (4, 13, 14,
20, 21] and references therein. The symmetric cone K is intimately related to Euclidean
Jordan algebra since it provides an essential toolbox for the analysis. In addition, the
symmetric cone has special structure in Euclidean Jordan algebra (V,o,(-,-)) [8, 12],
namely, K = {z? = z oz | x € V}. Tt is natural to ask what will happen if we go further
beyond Fuclidean Jordan algebra. In fact, it is known that the class of Euclidean Jordan
algebras belongs to the class of JB-algebras [29]. More specifically, a finite-dimensional
JB-algebra coincides with a Euclidean Jordan algebra. There is a subclass of JB-algebras
called JB-algebra of finite rank which attracts our attention because every JB-algebra
of finite rank is direct sums of spin factors and Euclidean Jordan algebras. What is
a spin factor? Indeed, a spin factor has form of IR & H where H is a Hilbert space.
In view of this, we realize that Hilbert space is the very basic structure when we go
beyond a Euclidean Jordan algebra. This is the main motivation why we consider the
complementarity problems in Hilbert space. We will focus on real Hilbert space for the
sake of convenience and reality.

Let H be a real Hilbert space endowed with an inner product (-,-), and write the
norm induced by (-,-) as || - ||. In general, the set of squared elements in H is no longer
self-dual. We will define a Lorentz cone denoted by €2 which is self-dual in next section.
Then, given a bounded continuous function F' : H — H, we will focus on the Lorentz
cone complementarity problem (C'P for short) which is to find an element z € H such
that

2€Q, w=F(z)eQ, and (z,w)=0. (1)

Such a problem is a natural extension of symmetric cone complementarity problems
(SCCPs) in Euclidean Jordan algebras. In the finite-dimensional space, a well-known
approach for solving the SCCPs is merit function method, which reformulates the SCCPs
as a global minimization over Euclidean Jordan algebras via a certain merit function
(1, 2, 5, 6,9, 13, 19, 25, 26]. For this approach, it aims to find a smooth function
®:VxV — IR, such that

O(zr,y) =0 <= z€K, yeKk and (x,y)=0,

where C is the symmetric cone in V. Then, the SCCPs can be expressed as an uncon-
strained smooth minimization problem:

min V(z) := ®(x, F(z)),

zev

we call such a ¥ a merit function for the SCCPs. It is well-known that the complemen-
tarity function associated with the symmetric cone plays a key role in the development



of merit function methods. For the approach to be effective, the choice of the comple-
mentarity function is crucial. Recently, merit function method was extended to solve the
Lorentz cone complementarity problems in the setting of infinite-dimensional real Hilbert
space, see [7, 22, 27].

In finite-dimensional space, two popular symmetric cone complementarity functions
are the Fischer-Burmeister (FB) symmetric cone complementarity function ¢, and the
natural residual (NR) symmetric cone complementarity function ¢,. Moreover, some
properties of these two complementarity functions were studied. For example, the globally
Lipschitzian continuty [23], strongly semismooth property [2] and the global Lipschitz
continuous gradients [18], etc.

In real Hilbert space H, the Fischer—Burmeister (FB) function was introduced in
[7, 27] and defined as

Gp (2, 0) 1= (2 + ) = (z +w) Vz,weH, (2)

where 22 and 2'/? will be explained in next section. Let z, denote the metric projection
IIo(2) of z € H onto the Lorentz cone 2. Then, the NR complementarity function in
infinite-dimensional real Hilbert space is given as follows

¢NR(Z7,LU) =z = (Z - w)+ \V/Z,U) € H.

When H = IR, for these two complementarity functions, Tseng [25] proved the following
important inequality:

(2 = V2)llbyn (@, )| < 1645 (a, D)l < (2 4+ V2)[|6 (a, D). (3)

Recently, Bi, Pan and Chen [1] extended this important inequality to the setting of sym-
metric cones. Along this direction, we generalize inequality (3) to the setting of Hilbert
space. Next, we come to merit function approach for solving Lorentz cone complemen-
tarity problems in Hilbert space. To this end, we define @, : H x H — IR as

1
(I)FB (Za y) = §||¢FB (Zv y)HQ'

Then, solving problem (1) is equivalent to solving the following unconstrained smooth
minimization problem:

. 1
min U, (2) i= @y (2, F(2)) = 5llées (2, F ()7, (4)
where W is called a merit function associated with ) in H. In finite-dimensional space,
Bi, Pan and Chen [1] have established the global error bound property of the FB merit
function for the SCCPs. There is another kind of merit function which was also widely
studied ([3, 14, 28]) in the setting of finite-dimensional space. It is a slight modification



of the merit function studied by Yamashita and Fukushima, i.e., ¥, : R" x R" — R
defined by

Vo(2) i= Calz, F(2)) = %H(fc 0 F(2))4|I* + P (w, F(2)), (5)

where v > 0. When o = 0, ¥, reduces to FB merit function. When o = 1, Chen [3]
established the global error bound property of the merit function ¥, for the SOCCPs;
Liu, Zhang and Wang [14] obtained the global error bound property of the merit function
¥, for the SCCPs. In this paper, we also generalize W, to the setting of Hilbert space
and explore similar results. Property of bounded level sets will be discussed as well. In
particular, it only takes F' being Rgo-function to guarantee property of bounded level set
for ¥,,. However, it needs much more stronger conditions for ¥ _, to hold such property.
All the results established in this paper are standard and important when dealing with
complementarity problems, in particular, they are helpful for further designing solution
methods for problem (1).

2 Preliminaries

In this section, we briefly introduce some basic concepts in real (infinite-dimensional or
finite-dimensional) Hilbert space H, and review some basic materials. These concepts
and materials play important roles in subsequent analysis. More details and related
results can be found in [7, 16, 17, 27].

Let H be a infinite-dimensional real Hilbert space with the inner product (-, -), and e
be an unit vector in H (i.e. |le|| = y/(e,e) = 1). In [7], Chiang, Pan and Chen considered
the following closed convex cone

Qe,r) ={z € H | (z,¢) 27|z},
where r € IR and e € H with 0 <7 < 1 and ||e]| = 1. Define
()" ={zeH|(z,e)=0},

i.e., (e)* is the orthogonal complementarity space of e in H. Since H is a Hilbert space,
for any element z € H, there are z € (e)* and A € IR such that 2 = z + Xe (in fact,
A = (z,e)). With this, it can be verified that

Qle,r)={z€eH | (z,e) >7|z|} = {z:x+)\e | A > \/%ﬂﬂxﬂ}

Hence, for the closed convex cone (e, r), when r = \/Li’ we can see

e, %) — (e, %»



where Q* (e, %) is the dual cone of Q(e, \%), ie., Q% (e, \/Lﬁ) ={zeH|(z,w) >0, Ywe
Q(e, \%)} This illustrates that (e, %) is a self-dual closed convex cone. In particular,
if H =IR" and e = (1,0) € IR x R™™Y, the set (e, \%) coincides with the Lorentz cone
(also called second-order cone) K™ in IR™. In view of this, Q(e, \/Li) is called the Lorentz
cone (or second-order cone) in H. Throughout this paper, for the sake of simplicity, we
denote €2 := Q(e, \/Li) For any z € H, we write z > 0(z > 0) when z € Q(z € int(12)),
and z < 0(z < 0) denote —z € Q(—z € int(Q)).

Now, we come to the Jordan product in H associated with the Lorentz cone ). For
any elements z,w € H with z = v+ Ae and w = y + pe, where z,y € (e)L and \, u € R,
the Jordan product of z and w is defined by

zow = ux + Ay + (z,w)e.

Therefore, z? means z o z for any 2 € H. From the definition of Jordan product and
direct computation, it is not hard to prove the following properties.

Lemma 2.1 (a) For any z = x + Xe € H with v € (e)* and X € R, there have
22 =2z + ||2|?e € Q, and (z,2) = (2%, e) = ||z||>.

(b) zow=woz and zoe =z for any z,w € H.
(c) (z+w)ov=zov+wouw for all z,w,v € H.
(d) (z,wov)={(w,zov) = {(v,z0w) for all z,w,v € H.

(e) Ifz = x+e € Q, there exists a unique element z*/? € Q such that z = (2'/?)o(21/?) =
(21/2)2. Here

0 ifz=0,

1/2
ze = A \2 2
—; + 7e otherwise, WhereT——\/ 5 Il .
-

orany z =x + e € H, i — ||z , then z is invertible with respect to the
f) F Y e € H, if \? 240, th s invertible with respect to th
Jordan product, i.e., there is a unique element z=+ € H such that zoz=* = e, where

1
[ — e).
z e H9L’H2( T+ Xe)

Moreover, z € int(Q) if and only if 2~ € int(Q).

For any z € H, z can be expressed as z = x + \e where z € (e)* and A € R. Tt is
also easy to verify that z can be decomposed as

cmztde = (Ot el + O elez)
= M(2)e1(2) + Xa(2)ea(2),
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where e;(z) = $(e+ (—1)" &) for i = 1,2 when z # 0, and ¢;(z) = 3(e + (—=1)""'%) for

[l
i = 1,2 when x = 0 (7 is any element in (e)* satisfying ||Z]| = 1 ). Here A\ (2), A2(2)
and e;(z), ea(z) are called the spectral values and the associated spectral vectors of z,
respectively. In addition, if z € 2, we have

22 =/ M(2)er(2) + Va(2)ea(2).

Clearly, when o # 0, the factorizations of z and z'/2 are unique. Note that {e;(z), e2(2)}
is called a Jordan frame in the real Hilbert space H.

Associated with every z € ‘H, we define a linear transformation L, : H — H as follows
L,(w):=zow forany w € H.

L, is called the Lyapunov transformation from #H to #H. It can be seen that L, € L(H),
where £(H) denotes the Banach space of all continuous linear transformation from H to

H.

For a convex cone 2 in H, let Ilg denote the metric projection onto €2 [10]. For an
z € H, zy :=1g(z) if and only if 2z € Q and ||z — 24 || < ||z — w]| for all w € . This is
also equivalent to (z — 24, w — z4) < 0 for any w € Q. Since €2 is convex cone, we have
zy is unique. Similarly, z_ means IIg(—2z). Then, we have the following results.
Lemma 2.2 Let z = x4+ Xe € H. Then the following results hold.
(@) Ifz=0, 2z, =z and z_ = 0.
(b) If 220, 2 =0 and z_ = z.
(c) If z¢ Q and —z ¢ Q, there have

el +A [l A

zy = T+ e = max{\ + ||z||,0}ei(2)
T 20 2
" Aol Jrl = A
= x e = max{||z| — A, 0}eza(2).
2| 2
(d) For any z € H, we have z = z, — z_ and ||z||* = ||z+]|> + ||=—||*.

(e) For any z € H and w € Q, we have (z,w) < (z,w) and ||(z +w)4|| > ||z4]-

(f) For any z € Q and w € H with 2> — w?* € Q, we have z — w € €.

Proof. These are well-known results for projection and convex cones. O



Lemma 2.3 [22, Lemma 3.3] Let H be a real Hilbert space and ¢, V., be given as in
(2) and (4), respectively. Then, for any z,w € H, we have

4y, (2,w) > 2] 6y (2,w) 4 [1* = [(=2) 4] + [1(—w)+ %

To close this section, we talk about other concepts which play important roles in
analysis of boundedness of level sets.

Definition 2.1 Let H be a real Hilbert space. For a bounded continuous mapping F :
H— H,

(a) F has uniform P*-property if there exists p > 0 such that

max((z —w) o (F(z) = F(w)),ei(w)) = pllz —w|* V2w eH

where e;(w) fori=1,2 are the spectral vectors of w;

(b) F is called an Ry -function if for any sequence {2*} such that

e g (CFE)

k —+
— — 0 k—
1501 = oo g I 8 koo

we have _
lim inf M

pnt e 0

(c) F is called an Roy-function if for any sequence {z*} such that

_ .k —F(*
(H;‘)’Jr—)O and %%0 as k — oo,

12*]] = oo,

we have . i
lim inf Mz o F(z7))

ot 0

The above concepts are taken from [3, 14] in the setting of finite-dimensional space.
Every Rpi-function is Rpe-function. In fact, Rpe-function is equivalent to Ry-property
defined in [24, Definition 3.2]. Besides, we recall the concept of the strong monotonicity
for a bounded continuous function F' : ‘H — H. That is, we say that F' is strongly
monotone with modulus g > 0 if for any z,w € H, there exist a constant u > 0 such
that

(z = w, F(2) = F(w)) > pllz — w|*.



3 The same growth of FB and NR merit function

In this section, we will give our first main result of this paper. To prove it, the following
lemmas will be needed.

Lemma 3.1 Let H be a real Hilbert space. For z € ‘H with z = x + Xe, define |z| :=
Zy + z_, where z, and z_ are the same as in Lemma 2.2. Then, we have

(a) (z4,2-)y=0and zy 0cz_ =0;
(b) 2P =122, el = lloll and |o] =224 — 2 = 5+ 25

Proof. The proof is obtained by straightforward calculation. thus it is omitted. O

Lemma 3.2 Let H be a real Hilbert space. For any z,w,u € H,
(a) if 2= 0,w =0 and z = w, we have z'/? = w'/?;
(b) if z = 0 and 22* = w? + u?, we have z = L (w + u).

Proof. (a) Let p = 22, ¢ = w'? and r = p — ¢ = = + Xe. To prove /2 = w'/?,
we need to verity that A > [|z||. Note that 0 < z —w = p?> — (p—71)?> = 2por — 2
Let e; = 2(e — &) when x # 0, and e = 1(e — Z) (Z is any element in (e)* satisfying

[l

|Z|]| = 1) when x = 0. Then, it follows that

0 <

2por—r ,€2>
2por, es) — (r2,62>

{
{

= (2p,roeg) — (A _||$||)2<62762>
(A [} (2p, eg) — LI

which implies (Aflyw < (A = ||z||){2p, e2). This together with p > 0 and ey = 0 yields

— |Jz|| > 0. The desired result follows.
(b) The arguments are similar to those for [1, Lemma 3.1]. For completeness, we present
them as follows. Since w? + u* — 2w ou = (w — u)? = 0, together with 22% = w? + u?
this implies that

1 1 1
22:§(w2+u)>- (w2+u2)+§wou:1(w+u)2.

1
4
=

lw+ul = t(w+w). O

From part (a) and z = 0, we have z = 1



Theorem 3.1 Let H be a real Hilbert space. For any z,w € H, there holds
(2= V2)[[onr (2, )| < |64 (2, )| < (24 V2) S (2,0 (6)

Proof. Fix any z,w € H. If 22 + w? = 0, we have z = w = 0. Hence, the desired result
is obvious. If 22 + w? # 0, by Lemma 3.1, we obtain

1
Onn(2,0) = 2 = (2 —w)y = S[(z + w) — [z —w]].
Furthermore, we know

¢FB(Z7w) = z4w— (22+w2)1/2
= 2(2_(Z—w)+)+2(2—w)+—(Z_w)_(z2+w2)1/2
= 2¢NR(27U}) + ’Z — w\ — <Z2 + w2)1/2.

Let p(z,w) = |z — w| — (22 + w?)/2. In view of triangle inequality, to prove inequality
(6), it suffices to verity that

(2, w)[| < V2| ¢ (2, w)])- (7)
To see this desired result, applying Lemma 3.2 gives
|z —w|+ (z +w) = 2(22 + w?)'?, (8)
Hence, we have

2|lp(z, w)|I” — 4| ¢y (2, w) 7

= 2(llz = wl® + |(z* + w) 2P = 2(|z — w], (z* + w?)'/?))
—llz +wl® = [llz = wl[|* + 2(|z — w|, 2 + w)

= 2|z —w||® = 2(|z — w],2(2* + w)? — (z + w))

= <|z—w|,|z—w|+(2+w)—2(22+w2)1/2>

< 0,

where the inequality holds is due to that |z —w| = 0 and (8). This implies that inequality
(7) is true. Then, the proof is complete. O

4 Error bound of merit functions

Error bound is an important concept that indicates how close an arbitrary point is to the
solution set of Lorentz cone complementarity problem (1). Thus, an error bound may
be used to provide stopping criterion for an iterative method. As below, for FB merit

9



function W, and merit function ¥,, we draw conclusions about the error bounds for the
solution of infinite-dimensional Lorentz cone complementarity problem (1), respectively.

For FB merit function ¥, we obtain a result about the error bounds for the solution

of problem (1), which is an extension of [13, Theorem 6.3] in SCCP case.

Proposition 4.1 Suppose that F' is strongly monotone with modulus 1 > 0 and is Lip-
schitz continuous with constant [. Then,

1 . [+1
(\/5+1)(2+Z)V‘I’FB(Z) <z =27 < m Vs (2),

Proof. Fix any z € H, let N(z) = ¢, (2, F(z)). Applying Theorem 3.1, we have

(3 = 2V2)IN(2)|* < s (2) < B+ 2V2)IN (). (9)
Since N(z) = ¢y (2, F(2)) = 2—(2—F(2))+, it follows that F(z)— N(z) (z—F(2)- =
0, z—N(z) = (z— F(2))+ = 0 and (F(z) — N(2),z2 — N(z2)) = 0. Because z* is the

unique solution of problem (1), we have

0 > (F(2) = N(2),z2 = N(2)) = (F(2) = N(2), 2" = N(2")) = (F(2") = N(z7),2 = N(2))
= (F(Z)—F(Z*)—( (2) = N(z%)),z = 2" = (N(2) = N(2")))
> (F(2) = F(2"),z = 2") = (F(2) = F(27), N(2) = N(2")) = (z = 2", N(2) = N(z7))
> pllz = 2|* = 1z = 2NN = [z = 2 [N ()],

where the last inequality is due to the strong monotonicity and the Lipschitz continuity

of F'. Thus, we obtain

[+1
Iz =2 = — = IN G- (10)

On the other hand,
IN(2)]l

Iz = (z = F(2))+ = (" = (2" = F(z")4)l

Iz = 2%l + 1l = 2% = (F(2) = F(z"))]

2|z = 2|+ [ F(2) = F() (11)
240Dz -2

IANINIA

Combining (9), (10) and (11) leads to

1 — . I+1
(\/§+1)(2—|—l) quB(’Z) S HZ—Z H S m \IJFB(Z)

which is the desired result. d

From Proposition 4.1, we see that if we use FB merit function ¥, to provide er-
ror bound for the solution of problem (1), we need the conditions of F' being strongly

10



monotone and Lipschitz continuous. However, to provide error bound for the solution
of (1) via ¥, merit function, we may weaken the aforementioned conditions to uniform
P*-property. We will prove this in Proposition 4.2. For this purpose, we present two
technical lemmas first.

Lemma 4.1 [15, Lemma 2.2] Let 2 = o + de,w = y + pe € H with z,y € {(e)* and
A € R. The following two conditions are equivalent:

(a) 2=0, w=0, and (z,w)=0;

(b) 2>0, w>0, and zow=0.

In each case, z and w operator commute.

Lemma 4.2 [15, Lemma 2.4] For any z,w € Q, if z and w operator commute, then
zow € ).

Proposition 4.2 Let V¥, be defined as in (5) and o > 0. Suppose that F has uniform
P*-property and the CP (1) has a solution z*. Then, there exists a scalar T > 0 such
that

Tllz = 2" [P < |(F(2) 0 2)ll + [(=F ()1l + |(=2)+]l ¥z € H. (12)

Moreover,
1
|z —2*|| < 0V, (2)s, VzeEH,

where 6 is a positive constant.

Proof. Since F' has the uniform P*-property, there exists p > 0 such that

plle =2 < max((z — z7) o (F(z2) — F(")), (7)), (13)

where {e;(z*)|i = 1,2} is the Jordan frame about z* in H. From z* being a solution of
(1), it follows that

(z—=2")o(F(2) = F(2")) =20 F(z) —z0 F(2*) — 2" o F(2).

Note that F(z*) € , z* € Q and ¢;(z*) € Q. By Lemma 4.1, Lemma 4.2 and Lemma
2.2(e), we have

(=2, F(2") 0 €;(2")) < ((—2)4, F(2") 0 €;(27))
and

(=F(2),27 0 ei(27)) < ((=F(2))4, 2" 0 ei(27)).

11



Moreover, from Lemma 4.1, we have that z* and F(z*) share the same Jordan frame.
Let

2= M(2%)er(2") + Ao(2%)ea(2")

and

< {(zo F(2))ysa(29) +{(=2)4, F(z") o e + 27 0e(z7))

< II(zoF( D+llle:(z) -+ 1 (=2) 4 [[1F(=") 0 e ()| + [(=F(2))+[l[|z" 0 es(z7)]]
< E[Il(zoF( D)+l + A(FEDN(=2) 4]+ X2 (= F(2) ]I

<

L A(F(ET) Alz)
maX{E, 73 }[Il(zoF(Z))+||+||(—2)+||+||(—F(Z))+||]
L A(F(E7) M(z)
< maX{E, N AR }[II(ZoF(Z))+H+H(—2)+II+II(—F(Z))+II],

where the first inequality is from Lemma 2.2(e), and the last inequality is from the facts
that X\;(F'(2%)) > 0, A1(2*) > Aa(2%) > 0 and z* o F(2*) = 0, i.e., \i(F(2)) - N(2%) =0
for i« = 1,2. Define

p
T = .
1 () M)
ma’X{Ti’ v }

This together (12) and (13) yields
Tllz = 2*|P < [(F(2) 0 ) | + (= F ()4 [ + [ (=2)+ ]| V2 € H.
Now, we come to the second part of the proposition. We know that

oY
Va(2) = Gll(z 0 F(2)4]” + Vs (2),
which says |[(z 0 F(2)). ]| < \/7 W, (2)Y2. Moreover, from Lemma 2.3, it follows that

I=FE)ll+ (=)l < V2UI(=FE)4 I+ 1(=2)11)2
< 2V2U,(2)!?
< V20, ()2,

Therefore,

12



Letting 6 = f(zgﬂ) shows the second part result. O

The condition a > 0 is necessary in Proposition 4.2. From the proof, we see that
0 — oo as a — 0. Thus, o # 0 is necessary. In fact, when o = 0, we have ¥, = ¥ __
This explains that for the FB merit function ¥
under the same conditions in Proposition 4.2.

o5, We can not reach our desired result

5 Boundedness of level sets

The boundedness of level sets of a merit function is also important since it is a necessary
condition to ensures that the sequence generated by a descent method has at least one
accumulation point. In this section, we will show the boundedness of level sets of ¥, and
W, under different conditions. The relation between such conditions will be discussed as
well.

Lemma 5.1 For any zF,w* € H, let \o(2%) < M\ (2%) and pa(w®) < py(w*) denote the
spectral values of 2* and w*, respectively. Then,

(a) if \o(2") = —o00 or po(wk) — —o0, we have ¥; — oo fori=1,2,

where W(2) = (1(~2) P+ [ (=wh) [?) and Wa(z) = £y (2, wh), ]

o

(b) if {)\2( MY and {ux(w*)} are bounded below, M\ (2*) — oo, ui(w®)
k|| 40 as k — oo, then ®_, (2%, w*) — .

[Edl
||w
Proof. (a) See [22, Lemma 4.4].

(b) Suppose that {¢,,(z*,w*)} is bounded. Define u* := ((*)? + (w¥)?)/? for each k.
From the definition of ¢, we have zF +w* = u* — ¢, (2%, w") for each k. Squaring two
sides of the above equality leads to

2z ow® = —2u* 0 ¢ (2F, W) + @7 (2F,w").

Since ||2¥|| > \/iﬁ/\l(z’“) and [Jwk|| > \/Li,ul (w"), by the conditions of this lemma, we have

k k)2 k)2 1/2
lim ku pp = lim k(z ) k(|2 k(Uz) ) k(|2 =0.
koo [|ZF[[[Jwk || koo [[|ZF[P[lw > |27 [wk |
This together with the boundedness of {¢,, (¥, w*)} implies
22k o wk . —2uF o ¢, (2%, wh) + qﬁiB(zk,wk)
lim ﬁ lim & & = 0.
koo [[2F||[[wk|| koo [[2*[H[w* ]

13



wk

Thus, limy_. ﬁ O TwF] = 0, which contradicts the given assumption. Hence, the
conclusion is proved. O

Remark: The condition of Lemma 5.1(b) was discussed in Lemma 4.2 of paper [11] and
Lemma 4.1 of paper [3] in finite-dimensional space as well.

Condition A[18]. For any sequence {z*} C H satisfying ||2*|| — oo, if {X2(2*)} and
Ao (F(2%)) are bounded below, and A\ (2*) — oo, A\ (F(z%)) — oo as k — co. Then

k F k
limsup< © (2 >H> > 0.

koo A\ ZEI [1F(2%)

Using Lemma 5.1 and similar arguments as in [3, Proposition 4.2], we may obtain
the following propositions, which are the boundedness of level sets for ¥ . and U,,
respectively.

Proposition 5.1 Let V.. be given as in (4). Assume that F' is a strongly monotone
function with modulus p > 0 and satisfies Condition A. Then, the level set

L(v) ={z€ H| V(2) <~}
s bounded for all v > 0.

Proof. We prove this result by contradiction. Suppose there exists an unbounded
sequence {zF} C Z(v) for some v > 0. We claim that the sequence of the smallest
spectral values of z¥ and F(z*) are bounded below. If not, by Lemma 5.1, we have
W,;(2%) — oo for i = 1,2, which implies ¥_,(z*) — oo. This contradicts {z*} C Z(v).
On the other hand, by the strongly monotone property of F', there exists a constant
1 > 0 such that

1P < (PR - F(0)

< ["NIFER) = FO)|

< [ IAEE)+ [FO)]).

|z

This implies that pl[2*|| < [|F(z%)|| + [|F(0)]|]. It follows from unboundedness of {z*}
and boundedness of F' that {F(z*)} is unbounded, which says that \;(2*) — oo and
M (F(2%)) = oo as k — oco. By Condition A, it gives

1imsup< , > > 0,
koo \ 127 [[E(ZF)]]

{zk . F(2%)
1241 [ R

which implies

> 0.

lim sup Ay
k—o0
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From this, we have ”z—:H o % # 0. Together with Lemma 5.1(b), we obtain ¥__ (z*) =
P (2% F(2*)) — co. Hence, this is a contradiction to z*¥ C # (). The proof is complete.

|

In fact, the condition A and the strong monotonicity of F' in Proposition 5.1 can
be replaced by the Lipschitz continuity of F' and Rp;-function. This can be verified as
below. Since the sequence of the smaller spectral values of 2% and F(z*) are bounded
below, we have (—2*), and (—F(z*)), are bounded above. For any sequence z* satisfying
|2%]] = oo, by the definition of Ry;-function, we have

k F k
liminfM

1 in e > 0. (14)

This implies that

s { Zir ) = e (e EL

koo A\ ZENT IE (Rl koo \ [|2F]|7 [P (29|
()12
= liminf
k=oo|[2F][2 0 [[F(2%)]]
> 0,

where the last inequality is due to (14) and the Lipschitz continuity of F.

Next, we show the bounded level sets for ¥,. As will be seen, it requires F' being
Rge-function to guarantee this property. In view of the above remark and the fact that
every Rg-function is an Rpo-function, we see this condition is weaker that in Proposition
5.1 though their proofs are similar.

Proposition 5.2 Let ¥, be given as in (5). Suppose that F is an Rga-function. Then,
the level sets

L) ={z e H| Va(z) <}
is bounded for all v > 0.

Proof. We prove this result by contradiction again. Suppose there exists an unbounded
sequence {zF} C Z(v) for some v > 0. We claim that the sequence of the smaller
spectral values of 2* and F(z*) are bounded below. In fact, if not, by Lemma 5.1, we
have U;(z%) — oo for i = 1,2, which says ¥,(2*) — oo. This contradicts {z*} C Z(v).
Therefore {(—2z*),} and {(—F(z¥)); } are bounded above. Thus, for any sequence {z*}
satisfying ||2*|| — oo, we have

(=29 o (CFE),

— 0.
2] 2]
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By the definition of Rys-function, we have

k k
lim inf Mz o F(z7))

ot Y

This implies that A (2% o F(2¥)) — oo. Hence, ||(z* o F(2*)), || — oo. This together with
definition of ¥, which leads to ¥,(2*) — oco. This contradicts {2*} C £ (v). Therefore,
the desired result is proved. O

6 Concluding Remarks

In this paper, we have studied the Lorentz cone complementarity problems in real Hilbert
space for which we prove the same growth of FB and NR merit functions, provide a global
error bound for the solutions via two kinds of merit functions, and discuss the property
of the bounded level sets of these two kinds of merit functions under different conditions.
Such results will be helpful and useful for further designing solution methods for solving
problem (1).
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