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Abstract In this paper, we consider complementarity problem associated with circu-
lar cone, which is a type of nonsymmetric cone complementarity problem. The main
purpose of this paper is to show the readers how to construct complementarity func-
tions for such nonsymmetric cone complementarity problem, and propose a few merit
functions for solving such a complementarity problem. In addition, we study the con-
ditions under which the level sets of the corresponding merit functions are bounded,
and we also show that these merit functions provide an error bound for the circular
cone complementarity problem. These results ensure that the sequence generated by
descent methods has at least one accumulation point, and build up a theoretical basis
for designing the merit function method for solving circular cone complementarity
problem.
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1 Motivation and introduction
The general conic complementarity problem is to find an element x € IR” such that
xek, F(kx)eK* and (x,F(x)) =0, (1)

where (-, -) denotes the Euclidean inner product, F : R” — IR”" is a continuously
differentiable mapping, C represents a closed convex cone, and C* is the dual cone
of KC given by

K*:={veR"|{v,x) >0, Vx € K}.

When K is a symmetric cone, the problem (1) is called the symmetric cone comple-
mentarity problem [12,14,18,20]. In particular, when /C is the so-called second-order
cone which is defined as

K" i={(x1,%2) € R x R"™ | [|lx2]| < x1},

the problem (1) reduces to the second-order cone complementarity problem [1,3-5,10,
11]. In contrast to symmetric cone programming and symmetric cone complementarity
problem, we are not familiar with their nonsymmetric counterparts. Referring the
reader to [16,19] and the bibliographies therein, we observe that there is no any
unified way to handle nonsymmetric cone constraints, and the study on each item for
such problems usually uses certain specific features of the nonsymmetric cones under
consideration.

In this paper, we pay attention to a special nonsymmetric cone /C for problem (1).
In particular, we focus on the case of K being the circular cone defined as below,
which enables the problem (1) reduce to the circular cone complementarity problem
(CCCEP for short). Indeed in IR”, the circular cone [7,23] is a pointed closed convex
cone having hyper-spherical sections orthogonal to its axis of revolution about which
the cone is invariant to rotation. Let its half-aperture angle be 6 with 6 € (0, 7). Then,
the circular cone denoted by £y can be expressed as

Ly = {x — (x1,x0) € R x R"™ | ||x|| cosO < xl}

= {r = 1w e R R™ o)) < 31 tan 6} 2)

When 6 = %, the circular cone is exactly the second-order cone, which means the
circular cone complementarity problem is actually the second-order cone comple-
mentarity problem. Thus, the circular cone complementarity problem (CCCP) can
be viewed as the generalization of the second-order cone complementarity problem.
Moreover, the CCCP includes the KKT system of the circular programming problem
[13] as a special case. For real world applications of optimization problems involving
circular cones, please refer to [6]. Note that in [23], Zhou and Chen characterize the
relation between circular cone Ly and second-order cone as follows:
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Lo=AT'K" and K" = ALy with A= [tagg ﬂ .

In other words, for any x = (x1,x2) € R x R"! and y =1,y € R x R,
there have
x € Ly <= Ax € K", y€£§<=>A71yelC”. 3)

Relation (3) indicates that after scaling the circular cone complementarity problem
and the second-order cone complementarity problem are equivalent. However, when
dealing with the circular cone complementarity problem, this approach may not be
acceptable from both theoretical and numerical viewpoints. Indeed, if the appropriate
scaling is not found or checked, some scaling step can cause undesirable numeri-
cal performance due to round-off errors in computers, which has been confirmed by
experiments. Moreover, it usually need to exploits its associated merit functions or
complementarity functions, which plays an important role in tackling complementar-
ity problem. To this end, we are devoted to seeking a way to construct complementarity
functions and merit functions for the circular cone complementarity problem directly.
Thus, we pay our attention to the circular cone complementarity problem and the
structure of £y mainly. There is another relationship between the circular cone and
the (nonsymmetric) matrix cone introduced in [8,9], where the authors study the epi-
graph of six different matrix norms, such as the Frobeninus norm, the /o, norm, /;
norm, the spectral or the operator norm, the nuclear norm, the Ky Fan k-norm. If we
regard a matrix as a high-dimensional vector, then the circular cone is equivalent to
the matrix cone with Frobeninus norm, see [24] for more details.

While there have been much attention to the symmetric cone complementarity
problem and the second-order cone complementarity problem, the study about non-
symmetric cone complementarity problem is very limited. The main difficulty is that
the idea for constructing complementarity functions (C-functions for short) and merit
functions is not clear. Hence, The main goal of this paper is showing the readers how
to construct C-functions and merit functions for such complementarity problem, and
studying the properties of these merit functions. To our best knowledge, the idea is
new and we believe that it will help in analyzing other types of nonsymmetric cone
complementarity problems.

Recall that for solving the problem (1), a popular approach is to reformulate it as
an unconstrained smooth minimization problem or a system of nonsmooth equations.
In this category of methods, it is important to adapt a merit function. Officially, a
merit function for the circular cone complementarity problem is a function z : R" —
[0, +00), provided that

h(x) =0 <= x solves the CCCP (1).

Hence, solving the problem (1) is equivalent to handling the unconstrained minimiza-
tion problem

in h
g h0)
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with the optimal value zero. For constructing the merit functions in finite dimensional
vector space, please refer to [17]. Until now, for solving symmetric cone comple-
mentarity problem, a number of merit functions have been proposed. Among them,
one of the most popular merit functions is the natural residual (NR) merit function
Yyr - R" — IR, which is defined as

1 2 _ 1 2
YNR(X) = Sl (6, FODIIT = Zllx = (x = FG)) %,

where (-)+ denotes the projection onto the symmetric cone K. It is well known that
Wyg(x) = 0 if and only if x is a solution to the symmetric cone complementarity
problem. In this paper, we present two classes of complementarity functions and four
types of merit functions for the circular cone complementarity problem. Moreover,
we investigate the properties of these proposed merit functions, and study conditions
under which these merit functions provide bounded level sets. Note that such prop-
erties will guarantee that the sequence generated by descent methods has at least one
accumulation point, and build up a theoretical basis for designing the merit function
method for solving circular cone complementarity problem.

2 Preliminaries

In this section, we briefly review some basic concepts and background materials about
the circular cone and second-order cone, which will be extensively used in subsequent

analysis.
As defined in (2), the circular cone Ly is a pointed closed convex cone and has a rev-
olution axis which is the ray generated by the canonical vector e; := (1,0, ...,0)7 e

IR". Its dual cone denoted by Lj is given as
Lyi={y =01y e RxR"[|yl]sinf < yi}.

Note that the circular cone Ly is not a self-dual cone when 6 # %, that is, £j # Lo,
whenever 6 # 45°. Hence, Ly is not a symmetric cone for 6 € (0, %) \{%}. It is also
known from [23] that the dual cone of Ly can be expressed as

Ly={y =01 e RxR" ||y < yicotd} =Lz 4.

Now, we talk about the projection onto Ly and L. To this end, we let x| denote the
projection of x onto the circular cone Ly, and x_ be the projection of —x onto the dual
cone Lj. With these notations, for any x € IR", it can be verified that x = xy — x_.
Moreover, due to the special structure of the circular cone Ly, the explicit formula of
projection of x € IR” onto Ly is obtained in [23] as below:

x if x € Ly,

.X+ = O lfx S —L*, (4)
u otherwise,
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where

X1 + [|x2]| tan 6

. 1 +tan26
=1 (x1 +|x2| tan6 X2
- " tanf ) —
1 +tan?6 221

Similarly, we can obtain the expression of x_ as below:

0 ifxe Ly,
x_ =43 —xifx e =L}, (5)
w otherwise,

where

x1 — [lx2] cot &

_ 1 + cot?6
W=1 (x1 — lx2lcotd X2
— —cotf | ——
1+ cot?6 lx2 ]|

From the expressions (4)—(5) for x4 and x_, it is easy to verity that (x4, x_) = O for
any x € R".

Next, we introduce the Jordan product associated with second-order cone. As men-
tioned earlier, the SOC in IR” (also called Lorentz cone or ice-cream cone) is defined
by

K" :={x = (x1.x2) € R x R" | |xa]l < x1}.

Itis well known that the dual cone of K" is itself, and the second-order cone X belongs
to a class of symmetric cones. In addition, K" is a special case of Ly corresponding
to 6 = %. In fact, there is a relationship between Ly and K", which is described in
(3). In the SOC setting, there is so-called Jordan algebra associated with SOC. More
specifically, for any x = (x1, x2) € R x R and y=01,n) € R x R"L, in the
setting of the SOC, the Jordan product of x and y is defined as

Xoy:= (x, y) .
Yix2 + x1y2

The Jordan product “o”, unlike scalar or matrix multiplication, is not associative. The
identity element under Jordan product is e = (1,0, ...,0)”7 € R”. In this paper, we
write x2 to mean x o x. It is known that x2 € X" for any x € R", and if x € K", there

. . L. 1 1 1
exists a unique vector denoted by x2 in K" such that (x2)> = x2 o x2 = x. For any

x € R", we denote |x| := +/x? and x3>° means the orthogonal projection of x onto
. X+ |x .
the second-order cone K. Then, it follows that x_sfc = l l. For further details

regarding the SOC and Jordan product, please refer to [1,3,5,10].
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Lemma 2.1 ([10, Proposition 2.1]) For any x, y € RR”, the following holds:
xeK' yeK" and {(x,y) =0 < x e K", ye K", andxoy =0.
With the help of (3) and Lemma 2.1, we obtain the following theorem which explains
the relationship between SOCCP and CCCP.

tan6 0
0 I

(y1, y2) € R x R"™!, the following are equivalent:

Theorem 2.1 Let A = [ i| For any x = (x1,x2) € R x R ! and y =

(@) x € Ly, y e Ljand (x,y) =0.

(b) Ax e K", A~y e K" and (Ax, A~ly) = 0.
(c) Ax e K", A~y e K" and Ax o A™'y = 0.
(d) x € Lo, y e Land Axo A~y =0.

In each case, elements x and y satisfy the condition that either y;, is a multiple of x>
or x3 is a multiple of y».

Proof From the relation between " and Ly given as in (3), we know that
xeLy = AxeK" and ye L)< A"y ek
Moreover, under condition (a), there holds
(Ax, A7'y) = (A7 Ax, y) = (x,y) =0.
Hence, it follows that (a) and (b) are equivalent. The equivalence of (b) and (c) has
been shown in Lemma 2.1. In addition, based on the relation between K" and Ly
again, the equivalence of (c) and (d) is obvious.

Now, under condition (a), we prove that either y, is a multiple of x; or x is a multiple
of y>. To see this, note that x € Ly and y € £ which gives

[x2ll < xytan6 and |[[y2] < yicotd.
This together with (x, y) = 0 yields

0=(x,y)
= x1y1 + {(x2, y2)
= x1y1 — ezl y2l
= X1y1 — X1)1
=0

which implies (x2, y2) = [|x2||/|y2]|. This says that either y, is a multiple of x> or x;
is a multiple of y,. Thus, the proof is complete. O
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3 C-functions for CCCP
In this section, we define C-functions for CCCP and the product of elements in the
setting of the circular cone. Moreover, based on the product of elements, we con-

struct some C-functions which play an important role in solving the circular cone
complementarity problems by merit function methods.

Definition 3.1 Given a mapping ¢ : R"” x R" — RR", we call ¢ an C-function for
CCCP if, for any (x, y) € R" x R", it satisfies

P, y) =0 x€ Ly, ye L}, (x,y)=0.
When 6 = %, an C-function for CCCP reduces to an C-function for SOCCP, i.e.,
¢(x,y) =0 xe K", ye K", (x,y)=0.

Two popular and well-known C-functions for SOCCP are Fischer-Burmeister (FB)
function and natural residual (NR) function:

172
b ) = (2 43?) T = (),

SOC

(X, y) =x — (x _y)+ .

We may ask whether we can modify the above two C-functions for SOCCP to form
C-functions for CCCP. The answer is affirmative. In fact, we consider

1
fra (v, 3) = (A0 + (A7) = (Ax + 47"y,
B (6, ) 1= Ax — [Ax — A7l y]e,

Then, these two functions are C-functions for CCCP.

Proposition 3.1 Leta;}; and/qb;\;be defined as above where (Ax)? equals (Ax)o(Ax)
under Jordan product. Then, ?ﬁ:,; and ¢ are both C-functions for CCCP.

Proof In view of Theorem 2.1 and Definition 3.1, it is not hard to verify that

g(x,y)=0<=>x€£9, yeLy, (x,y)=0,
(X, y) =0 x€ Ly, ye Ly, (x,y)=0,

which says that these two functions are C-functions for CCCP. O

We point out that if we consider directly the FB function ¢ (x, y) for CCCP, unfor-
tunately, it cannot be C-function for CCCP because x2 is not well-defined associated
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with the circular cone Ly for any x € IR". More specifically, because x is defined
under the Jordan product in the setting of SOC, i.e.,

x2i=xox= tx, y) ,
X1y2 + y1x2

it follows that x> € K", which implies x> may not belong to Ly or L. Furthermore,

when ¢ (x, y) = 0, wehavex +y = (x> + yz)% € K", which yields that x, y € K".
This says that either x ¢ Lg or y ¢ L. All the above explains that the FB function ¢y
cannot be an C-function for CCCP. Nonetheless, the NR function ¢, : R" x IR" —
R” given by

¢NR(X7y) ::x_(x_y)-‘r (6)

is always an C-function for CCCP. Moreover, it is also an C-function for general cone
complementarity problem, see [11, Proposition 1.5.8].

Are there any other types of C-functions for CCCP and how to construct an C-
function for CCCP? As mentioned earlier, The FB function ¢, cannot serve as C-
functions for CCCP because “x2” is not well-defined in the setting of circular cone.
This inspires us to define a special product associated with circular cone, and find
other C-functions for CCCP.

For any x = (x1,x2) € R x R" ! and y=01,y) € Rx R"~! we define one
type of product of x and y as follows:

_| ™M yi| |y
rer= I:xz} * [y2j| o |:HlaX{tan29, l} X1y2 +maX{COt2 97 1} ))1)62] . (7)

From the above product and direct calculation, it is easy to verify that

(roy.2)={x.zey), VzeR"witho e (0, %] ®)
and
) T
<x.y7Z):<y’xgz>, VZG]R"WIthGGI:Z,E)- 9)

Moreover, we also obtain the following inequalities which are crucial to establishing
our main results.

Lemma 3.1 Forany x,y € R",

(a) if0 € (0, T 1, we have (x_, x4 o (—y)_) < 0;
(b) if0 € [§. %), we have ((—y)4, x4 @ (—y)_) < 0.

Proof (a) When 6 € (0, T1,letxy := (s, u) € R x R x_:=(r,v) e RxR""!

and (—y)_ = (k,w) e R x RR"~!. For the elements X4+, x— and (—y)_, if there exist
at least one in them is zero, it is easy to obtain

(x_, x4 o (—y)_) = 0.
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If all the three elements are not equal to zero, from the definition of x, x_,and (—y)_,
we have k cot§ > |w], stan6 = ||u||, t cotd = ||v| and

u=cavorv=au with a<O0.

Without loss of generality, we consider the case u = av with & < 0 for the following
analysis. In fact, using this, we know that

(x—, x4 o (=y)-)
= stk + t{u, w) + s{v, w) + k{u, v) cot’ 6
= llullllvlk — kllull[[lv] cot® & — [lu]l (v, w) tan & + ||u[|{v, w) cot &
= (1 — cot® O)k|lull[|lv]| — (1 = cot? &) (||| (v, w) tan §)
= (1 = cot® O)[klull[[v]| — [lu]l{v, w) tan 6]

< (1 —cot> O)[kllull[[v]l — llullllv][[w]| tan 6]
= (1 — cot? 0) Jull|vl|[k — [|w]| tan 8]
<0.
Here the second equality is true due to ot = «||v|[tanf = —|ul/tan@. The last

inequality holds due to kcotf > |lw| and 8 € (O, %]. Hence, the desired result
follows.
(b) When 6 € %, %), with the same skills, we also conclude that

((=¥)+,x+ 0 (=y)-) < 0.
Then, the desired result follows. O

Besides the inequalities in Lemma 3.1, “e” defined as in (7) plays the similar role
like what “o” does in the setting of second-order cone. This is shown as below.

Theorem 3.1 Forany x = (x1,x2) € Rx R" Vand y = (y1, y2) € R x R"!, the
following statements are equivalent:

(@) x € Lo,y € L and (x,y) = 0.
(b) x e Ly, ye Ljandx ey =0.

In each case, x and y satisfy the condition that either y, is a multiple of x, or x3 is a
multiple of y».

Proof In view of Theorem 2.1, we know that part (a) is equivalent to
xeLly, yeLlsand AxoA ly=0.

To proceed the proof, we discuss the following two cases.
Case 1 For 6 € (0, %], from the definition of the product of x and y, we have

_ |
rey= |:x1y2 + cot? 0 yix;
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which implies

—1y, _ | () 1o
AxoA y_|:x1tan9y2+cot9y1xzi|_[O(tane)l (x o).

This together with Theorem 2.1 yields the conclusion.
Case 2 For 6 %, %), from the definition of the product of x and y again, we have

_ | xp)
rey= |:tan29 X1y2 + y1x2

which says
_ 10
1, —
AxoA y_|:0(cot9)1:|(xoy).
Then, applying Theorem 2.1 again, the desired result follows. O

Based on the product x e y of x and y. we now introduce a class of functions
¢p : R" x R" — IR", which is called the penalized natural residual function and
defined as

$ppx,y)=x—x—=y)y +pxyoe(=y)-), p=>0. (10)
Note that when p = 0, ¢, (x, y) reduces to ¢, (x, y). In the following, we show that

the function ¢, is an C-function for CCCP. To achieve the conclusion, a technical
lemma is needed.

Lemma 3.2 Let ¢, : R" x R" — R" be defined as in (10). Then, forany x, y € IR",
we have

l¢p(x. I = max {[lx—_I[, [(=y)+II}
Proof First, we prove that [|¢,(x, y)|| > [|x_||. To see this, we observe that

llpp e, Y12
=x—@=++pxre(=y)—, x—x—y)+ +pxye(=y-)
=t —x——(@=Y)++tpxye(=y)—, x4y —x——(x =)+ +pxye(—y)-)
=+ s — =)+ p g o (= )? =2, x4 — (x — V)4 + pxy o (—¥)—)
> = )1? = 20—, x4) + 2 v, (6 — ) 4) — 2 {x—, pxp e (—y)=)
> x—l? = 2p (x—, x40 (=y)).

Here, the last inequality is true due to x4, (x — y) € Ly, x_ € L, (xy,x_) =0
and the relation between Ly and £j. When 6 € (0, 71, by Lemma 3.1(a), we have

<x—’ X+ @ (_y)—> <0.
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When 6 € [%, %), from Eq. (9), we have
(r_, x+ 0 (=)-) = (=), x+0x_) =0

where the second equality holds due to x e x_ = 0. In summary, from all the above,
we prove that

iy e, M > llx_ )12

With similar arguments, we also obtain

lpp e, 117
=x—@=—+t+pxre(=y)_, x—(x—y)y+pxye(—y)-)
=(y—-@=—y)—tpxye(—y)_, y—x—y)-+pxre(—y-)
===+~ =yt pxio(=y)—, (=y)- —(=y)+ —(x —y)-
+pxy o (=y)-)
= =P+ 1= = @ =)+ pxp o (=y)-IIP = 2((=y)4. (=y)—
—(x = y)-+ pxy o (=y)-)
> 1=+ 1P =2((=)4, (=) ) +2((=) 4, x=Y)=) =2(EY) 4, p X4 @ CY)-)
> (=) 11> = 2p ((=9) 4. x40 (=y))
> =)+ 11,
where the second inequality holds due to due to (—y)4+ € Ly, (—y)—, (x — y)— €
L5, {((=y)+, (=y)—) = 0 and the relation between Ly and Lj. The last inequality

holds due to equation (8) and Lemma 3.1(b). Therefore, we prove that ||¢,(x, y)|| >
[[(—=y)+|l. Then, the proof is complete. O

Remark 3.1 From the proof of Lemma 3.2, it also can be seen that
ldng (X, Y = max{flx—|I, [(=y)+II}-

Theorem 3.2 Let ¢, : R" x R" — IR" be defined as in (10). Then, ¢, is an C-
function for CCCP, i.e., for any x, y € R”",

$p(x,y) =0 < x €Ly, yeLjand (x,y) =0.

Proof “==" Suppose that ¢, (x, y) = 0.Ifeitherx ¢ Lyory ¢ L}, applying Lemma
3.2 yields

ll¢p(x, I = max{flx_]l, [(=y)+ I} > 0.

This contradicts with ¢, (x, y) = 0. Hence, there musthave x € Ly and y € LZ. Next,
we argue that (x, y) = 0. To see this, we consider the first component of ¢, (x, y),
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which is denoted by [, (x, )], In other words,

[¢p(x. )], =[x —(x =4+ pxey],
yi+px,y)ifx—ye Ly,
x1+px,y)ifx—ye-—-L},
w + p (x,y) otherwise,

where

_moyntlm—pltend  xitan?d 4y — Ik o tan6

w=x
1 +tanZ 6 1 +tan2 6

Since x € Ly and y € L}, it follows that x1, y; > 0, (x, y) > 0 and

xtan?@ + y; — [lx2 — y2| tan 6 - tan 0 (x tan & — [x2|| + y1 cotd — [ y2|])

> 0.
1 +tan26 - 1 +tan26 -

This together with ¢, (x, y) = 0 gives p(x, y) = 0. Thus, we conclude that (x, y) =0
because p > 0.

“«<=" Suppose that x € Ly, y € L} and (x,y) = 0. Since ¢, is always an C-
function for CCCP, we have x — (x — y);+ = 0. Using Theorem 3.1 again yields
Xy o (—y)_ =x ey =0, whichsays ¢, (x, y) = 0. O

Remark 3.2 Infact, forany x = (x1,x2) € RxR" landy = (y1, y2) € Rx R*"!,
we define another type of product of x and y as follows:

veve | T o] = (x, )
Y X2 V2 min{tan2 0,1} x1y2 + min{cot2 0,1} yixa |°
With the same skills, we may obtain the same results.

Motivated by the construction of ¢, given as in (10), we consider another function
¢r : R" x R" — RR" defined by

o, ) =x—(@x =i +rxend r>0, (11)

Ly if 6 € (0, Z1.
Ly if 6 e[%,5).
as in (11) is not an C-function for CCCP. The reason come from that if ¢, (x, y) = 0,
we have g (x,y) =x —(x —y)y = —r(xe y)f. Combining with the expression
of ¢, this implies that

where Q 1= LyNL] = We point out that the function ¢, defined

—r (x e y)§ +pxy e (=y)-) #0
dueto (x y)f €eQ=LoNL;andxye(—y)_ ¢ K" 2 Ly (or L) when 6 € (0, ]

(or 6 € [7, %)). This explains that ¢, (x, y) # 0, which contradicts ¢, (x, y) being
an C-function for CCCP.
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However, there is a merit function related to ¢, which possesses property of bounded
level sets. We will explore it in next section.

4 Merit functions for circular cone complementarity problem

In this section, based on the product (7) of x and y in IR”, we propose four classes of
merit functions for the circular cone complementarity problem and investigate their
important properties, respectively.

First, we recall that a function F : R” — IR” is said to be monotone if, for any
x,y € IR", there holds

(x =y, Flx) = F(y) = 0;

and strictly monotone if, for any x # y, the above inequality holds strictly; and strongly
monotone with modulus p > 0 if, for any x, y € R", the following inequality holds

(x —y, F(x) — F(») > pllx — y|*.

The following technical lemma is crucial for achieving the property of bounded
level sets.

Lemma 4.1 Suppose that CCCP has a strictly feasible point X, i.e., X € int(Ly) and
F(x) € int(L}) and that F is a monotone function. Then, for any sequence {xk}

satisfying

] o tmsap ot < 0 ana timsup| (- (), <
we e
[ () 0 and [ (-5 (1)) ) o
Proof Since F is monotone, for all x* € R”, we know
(¢ =5 F () - F) 20,
which says
(¢ ()4 o = [ @+ o (F). a2
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Using x* = xX —xk and F (x¥) = (= F (x¥))_ — (-F (x*))_. it follows from (12)

that
<xk, F (xk)> + (%, F(D))
> <xf;, F()E)> — <xﬁ, F()E)> + <5c, (—F (xk)>_> — <x, (—F (xk))+>.(l3)
We look into the first term in the right-hand side of (13).
(x4 F@) - [x"] @+ (| ] o)
o =[] ] @

]l @) = [x] ano |Lrn|
|, {r@n —an6 JLr @b} (14)

Note that x*¥ = xlj_ —xk, it gives ||xi‘_|| > |Ix¥I = Ix*||. From the assumptions
on {x*}, i.e., |[x*| = o0, and lim SUP;_, 00 Ix¥ || < oo, we see that ||xi|| — 00,
and hence [xi] 1 — 00. Because CCCP has a strictly feasible point x, we have
[f(X)]; —tan@|[[f(X)]2]l > O, which together with (14) implies that

<xﬁ, F()E)> S oo (k= 00). (15)
On the other hand, we observe that

lim sup(x* , F(%)) < limsup [|x* ||| F ()| < o0

k— 00 k— 00
lim sup (%, (—F (xk)) ) < limsup |5 (—F (xk)) Il < oo
k— 00 + k—00 +

and (x, (—F (xk))_) > 0. All of these together with (13) and (15) yield

o ()

which is the first part of the desired result.
Next, we prove that <x§_ (—F (xk))_> — 00. Suppose not, that is, limy_, <xf‘|r

(—F (xk))_> < 00. Then, we obtain

(o (=P () )/ )
ET < Tl (-r (s ))> -0
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. - xﬂ‘r X4
This means that there exists x € IR” such that 3 —— and
A
Xy _
—, (=F(x))-)=0. (16)
[l 1l

Denote 7 := and apply Theorem 3.1, there exists o € IR such that

[+ 1
[(—F&)-], =az2 or azy=[(-Fx)-],.

It is obvious that z € £y and (—F (X)) € L}. Hence, Eq. (16) implies that @ < 0,
which says that z and [(—F ()E))_]2 are in opposite direction to each other. From
the expression of (—F (X)) and (—F (X)) again, it follows that [(—F(x))4], and
[(—=F(%))_], are in the opposite direction, to each other. These conclude that z; and
[(=F(%))4], are in the same direction, which means [X;]> and [(—F (X)) ], are
also in the same direction. Now, combining with the fact that x;, (—F(x))4+ € Ly,
we have

(¥4, (=F X)) = 0.

Similarly, by the the relation between x4 and x_, we know [x_]> and [(—F(x))_]2
are in the same direction. Then, combining with Xx_, (—F (x))_ € L}, it leads to

(X—, (=F(x))-) = 0.
Moreover, writing out the expression for (x, F'(x)), we see that
(X, F(x))={x4, CF(X))-) — (X4, F (X)) — (-, F (X)) +{x—, (=F(x))+).

Note that the second and third terms of the right-hand side are nonpositive and the
fourth is bounded from above. Hence, from the assumptions limy _, oo <xi, (—F (xk))7>
< 00, we conclude that (x, F(x)) < oo, which contradict

(. F(®) = lim <xk, F (xk)> = o0.
Thus, we prove that <xﬁ, (-F (xk))_> — o0. o

4.1 The first class of merit functions

Forany x € IR", from the analysis of the Sect. 3, we know that the function ¢, and ¢
are complementarity function for CCCP. In this subsection, we focus on the property
of bounded level sets of merit functions based on ¢, and ¢, with the product of
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elements, which is a property to guarantee that the existence of accumulation points
of sequence generated by some descent algorithms.

Theorem 4.1 Let ¢, be defined as in (10). Suppose that CCCP has a strictly feasible
point and that F is monotone. Then, the level set

Ly@) = {x eR"| [¢p(x, Fx))| <}

is bounded for all o > 0.

Proof We prove this result by contradiction. Suppose there exists an unbounded
sequence {x*} L (c) for some o > 0. If X% | = oo or || (—F (xk))+ | = oo, by
Lemma 3.2, we have ||¢,,(xk, F (xk))ll — 00, which contradicts ||¢p(xk, F (xk))|| <

«. On the other hand, if
(),

it follows from Lemma 4.1 that <xff_, (—F (xk)) 7> — 00. From the proof of Lemma

< 00,

lim sup ||xf|| < oo and limsup
k— 00 k—o00

4.1, there exists a constant k¢ such that

[ (7 ()],

[x{f_]l — K0 ifxk—F (xk) € 7[1;,

[(_F (Xk))*]l ~ k0 ika—F(xk) € Ly,

(K 1y tan? 9+|:(7F(xk))7i|lf\|[xler2H @no—[[(=F(+*)) hlwano
1+tan2 6

_ 2kg(1+tan 6) ook (k) _rx
anlo if x F(x*) ¢ LpU Eg,

which means lim inf [¢NR (xk, f (xk))]l > —o0. Hence, it follows that

o (07 ()], = o (55 (D], + [ (0 (- ()]
= [ (s ()], (5 (o ()

— 00,

where the limit comes from

<x{;, (—F (xk))_> ~ 00 and liminf [¢>NR (xk, 7 (xk))]l S

Thus, we obtain that ||¢, (xk, F (xk))|| — oo which contradicts [|¢, (xk, F (xk))|| <
a. Then, the proof is complete. O
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Note that, under the conditions of Lemma 4.1 or Theorem 4.1, we cannot guarantee

1
the boundedness of the level set on the NR function ¢, . For example, let F(x) = 1——
x

and x > 0, it is easy to verify that the level set

Ly (2) = {x € R" [ [lp (x, FO0))| < 2}

is unbounded. In fact, In order to establish the boundedness of the level set on the
natural residual function ¢, , we need the following concept.

Definition 4.1 A mapping F : R” — R” is said to be strongly coercive if

(F(-x)a-x_y) —

llloo  fx — yl
holds for all y € R”.
Theorem 4.2 Suppose that F is strongly coercive. Then, the level set
Lyg(@) = {x € R"| g (x, F(x))| <}
is bounded for all o > 0.

Proof Again, we prove this result by contradiction. Suppose there exists an unbounded
sequence (xky Ly () for some o > 0, i.e.,

{¢NR (K F (xF) =xk = (x* - F (xk))+} is bounded. It follows from the unbound-

edness of the sequence {x*} that the sequence {(x* — F (x¥)) .} is also unbounded.
Then, for any y € Ly, there exist N € N and 8 > 0 such that

(- (), -

From the property of projection mapping, we have

[t = F () = (F = F (1)), o= (=P () ) =0 an
for each k > N. On the other hand,
(¢ () = (- (), v ( r(+),)
=<xk_(xk_F(xk))+,y_ o )+>+<F(xk),(xk_F(xk))+_y>
(o r ()= (e () ) (- (), )

y= (- F (), (<F (|y)E Z((:>)))+ i ) |

> B, Vk> N.

> —

>
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Plugging in y* := x* — (x* — F (x¥)) _ — y, we obtain

) <F (), (xk = F (xk))+ - y> oy (F (xk) ,xk— yk)
e Iy — (K= F (), I koo fak —yF]

= 0Q,

where the last equality holds due to the strong coercivity of F' and [22, Theorem 2.1].
This implies that

i (- () () o (P (),

which contradicts (17). Therefore, the level set

Lyg(@) ={x € R"| ||py (x, F(x))| <}

is bounded for all @ > 0. O

4.2 The second class of merit functions

For any x € R", LT (standing for Luo-Tseng) merit function for the circular cone
complementarity problem is given as follows:

1
frr @) = o Fo) + 5 [10- 1P + 1 (=F )+ 12, (18)
where ¢ : R — IRy is an arbitrary smooth function satisfying
e(t) =0, YVt <0 and ¢'(t) >0, Vt > 0.

Notice that we have ¢ () > 0 for all + € IR from the above condition. Indeed, this
class of functions has been considered for the SDCP case (positive semidefinite com-
plementarity problem) by Tseng in [21], for the SOCCP case (second-order cone
complementarity problem) by Chen in [2] and for the general SCCP case by Pan and
Chen in [18], respectively. For the case of generally closed convex cone complemen-
tarity problems, the LT merit function has been studied by Lu and Huang in [15]. In
view of the results in [15], it is easy to obtain the following results directly for the
circular cone complementarity problem.

Proposition 4.1 Let fi7 : R" — IR be given as in (18). Then, the following results
hold.

(a) Forall x € R", we have frr(x) > 0; and fr7(x) = 0 if and only if x solves the
circular cone complementarity problem.
(b) If F(-) is differentiable, then so is frr(-). Moreover,

Vfrr(x) = Vo(x, FQODIF(x) + xVF(x)] —x- = VF(x)(=F(x))+
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forall x € R".
Proof See Lemma 3.1 and Theorem 3.4 in [15]. O

Proposition 4.2 Let f; 1 be given as in (18). Suppose that F : R" — R" is a strongly
monotone mapping and that the circular cone complementarity problem has a solution
x*. Then, there exists a constant T > 0 such that

Tl —x*> < max{0, (x, F())} + [x— | + [(=F ()4, ¥x € R".

Moreover,

Tl — % < @ (frr () + 20 fLr ()12, Vx € R™.

Proof See Theorem 3.6 in [15]. O

In the following theorem, we present the condition which ensures the boundedness
of the level sets for LT merit function f77 to solve the circular cone complementarity
problem.

Theorem 4.3 Suppose that the circular cone complementarity problem has a strictly
feasible point and that F is monotone. Then, the level set

Lpqp(e):={xeR"| frr(x) <a}
is bounded for all o > 0.

Proof We prove this result by contradiction. Suppose there exists an unbounded
sequence xKycr f1r () for some o > 0. We may assert that the sequences {(xk}y
and {(—F (x%)) .} are bounded. If not, from the expression (18) of LT merit function
frt and the property ¢(¢) > 0 for all t € R, it follows that

1
fur (%) = 5 [nxﬁuz +1(=F (+)) ﬂ —~ o,
2 +
which contradicts {x*} € L, (@), i.e., fo (xX) < a. Therefore, we have

lim sup [|x* || < co and limsup || (_F (xk)) < oo
+

k—o00 k—o00

Then, by Lemma 4.1, we get that

<xk, F (xk)> — Q.
By the properties of the function ¢ again, we obtain that ((x¥, F (x*))) — oo,

which implies f;7 (x*) — oo. This contradicts {x*} € L, («). Hence, the level set
L f, 7 (@) is bounded for all o > 0. |
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4.3 The third class of merit functions

To achieve the third class of merit functions, we make a slight modification of LT
merit function f7 7 for the circular cone complementarity problem. More specifically,
we consider the set €2 as follows:

Ly for0 <60 <7,

o * _
Q'_ﬁgmﬁa_[LIZfor% <0<7.

Indeed, Q2is also a closed convex cone. In light of this €2, another function is considered:

Toro = 3 [ocs Fn + 3 [l 4 h-Fen?], a9

where (x o y)_gﬁ denotes the projection of x e y onto 2. Then, together with the expres-

sions (7) of x e y, we can verify that the function?L?is also a type of merit function
for the circular cone complementarity problem, which will be shown in following
theorem.

Theorem 4.4 Let the functionﬁ?be given by (19). Then, for all x € R", we have
FLr(x) =0 <> x €Ly, F(x) €Ll and (x, F(x)) =

where L} denotes the dual cone of Ly, i.e., L} = L’%_g.

Proof By the definition of the functionﬁ? given by (19), we have

Tir) =0 [xe Fa)$| =0, Ilx- =0 and [[(=Fx)4] =0,
& (xe F(x)$ =0, x- =0 and (—F(x))+ =0,
S xeF(x)e—Lyorxe F(x) e —L), x € Lg, and F(x) € L},
& x € Ly, F(x) € Ly and (x, F(x)) =0,

where the last equivalence holds due to the properties of the cone —Ly or —Lj. Thus,
the proof is complete. O

From Theorem 4.4, we know that the functionﬁ?is a merit function for the circular
cone complementarity problem. As below, according to the type of dot product (7),
we establish the differentiability of fr7.

Theorem 4.5 Letﬁ? : IR" — 1R be given by (19). Suppose that the type of dot

product (7) is employed. If F (-) is differentiable, then so is fr7(-). Moreover, for all
x € R", we have

Vir(x) = (Ly+VFE)L,) - (x e Fx)? —x_ — VF(x)(—F ()4,
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where
P R u oo ]
| max{tan” 6, 1}y, max{cot= 0, 1}y |
and
o sz -

Ly=

_max{tan2 6, 1}x, max{cot? 0, 1}x; I i

with I being the identity matrix.

Proof From the proof of Lemma 3.1(b) in [15], we have
1
v (5||<z>§||2) =@%, VzeR"
Then, by the chain rule again, it follows that

1
v (En(x . F(x»%nz) =Vi(x e F(x))- (x # F(x)){

= [Ly + VF()L,] - (x e F)S,

where
Ly = [ 2 2 2 _
| max{tan” 6, 1}y, max{cot= 6, 1}y |
and
- sz -

Ly=

_max{tan2 6, 1}x, max{cot? 6, 1hxi 1 |
with 7 being the identity matrix. Thus, we obtain that
Vir(x) = (Ly + VF(x)Ly) - (x @ F(x))¢ = (x)— = VF(x)(—F (x))+

for all x € IR". |

In order to establish error bound property of the merit function f7 7 for the circular
cone complementarity problem, we need a technical lemma as below.

Lemma 4.2 Let x = (x1, x3) € R x R"! andy = (y1, 2) € R x R"L. Then, we
have

1 +tan26 1+ cot?0
V22

(x,y) smax[ |G e g
where e is defined as in (7).
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Proof Givenany two vectorsx = (x1,x2) € RxR" 'andy = (y;, y») € RxR""!.
For the type of dot product (7), we know that
Xey= {x, y) — |
max{tan? 6, 1}x; y» + max{cot? 6, 1}yjxs | w )
To proceed the arguments, we consider the following three cases:
Case 1 When x e y € 2, we have (x y)f = x e y. Then, it is easy to verify that
IGe e DT = (x, y).

Case 2 When x ¢ y € —Q*, where Q* denotes the dual cone of 2, we have
(x @ y)¢ =0and (x, y) < 0. This implies that

e @ MEN = (x, ).
Case 3 When x e y ¢ Q U (—Q*), we consider the expression of (x e y)f. If
(x, ¥) <0, then the result is obvious. Thus, we only need to look into the case of

(x,y) > 0.If Q = Ly, by the expression of projection on €2, we have

(x,y) + |lw| tan 6

Q_ 1+ tan26
(rey)y = (x,y)+ |lw|tand w
1 +tan2 6 lw]]

This implies that

2
Q.2 (x, ¥y + ||lw| tan 6
:2
G e )5l ( 1+ tan?0

2
= e (007 + 200 ) il and 4wl o]
2

> m«x’ Y>)2-

Hence, we see that

1 +tan20
Tnmyﬁn.

With similar arguments, for Q = E;‘ = L%_@, it follows that

(x,y) =

1 + cot?

(xy) < Ol e 021
\/E +
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From all the above analysis for three cases, we obtain that

1 +tan%60 1+ cot?6
V22

Thus, the proof is complete. O

(x, ¥) < max

[1ocenal.

Theorem 4.6 Let the functionﬁ?be given by (19). Suppose that F : R" — R" is
strongly monotone mapping and that x* is a solution to the circular cone complemen-
tarity problem. Then, there exists a scalar T > 0 such that

1

tllx — x* > < 2+ v2) [ﬁ?(x)]i .

Proof Since the function F is strongly monotone and x* is a solution to the circular
cone complementarity problem, there exists a scalar p > 0 such that, for any x € IR”,

< (F(x) = F(x™), x — x¥)

= (F(x), x) + (F(x"), —=x) + (= F (x), x*)

= (F(x),x) + (F(x), x— = x4) + (= F ()4 — (=F(x))—, x")
< (F(x), x) + (F(™), x2) + ((=F (X)) 4, x¥)

] ICx @ FONEI A+ llx— [ F ™)

2
pllx —x*|

1+ tan?6 1+ cot?0
V22
+ [ I(=F )£l

< max[

<max[1+ta“29 1400 by ||x*||](||<x-F(x>)Q||+||x ||
= a0 o #l-
I F))L D,

where the second inequality holds due to the properties of the cone Ly and its dual
cone L}, and the third inequality follows from Lemma 4.2 and properties of inner

product. Then, setting t := 7 1 /;9 yields
+tan +-cot * *
max { LU0 L0 pen), ) |

tlx = x* |2 < [[(x @ FC)EU + Ix— | + I (=F ()]l
Moreover,

1 1

1 2 —_—
lr e FOn$ll = v2 (§n<x . F<x>>$||2)2 =V2[firw]’,

[ST]

and
b=+ 1 F )l = V2 (- 12 4+ 1= Fen+?) =2 [T
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Hence, we have

thx = 1P = @+ VD [fur)]

which is the desired result. O
Next, we focus on the boundedness of level sets of merit functionﬁ?.
Theorem 4.7 Let the merit functionﬁ?be given by (19). Suppose that the circular

cone complementarity problem has a strictly feasible point and that F is monotone.
Then, the level set

LT

,CT\(O[) = [x e R"

7;()6) < a]

is bounded for all o > 0.

Proof Similar to the proof of Theorem 4.3, we prove this result by contradiction.
Suppose there exists an unbounded sequence {x¥} C fﬁ?(a) for some o > 0. We

assert that the sequences {x* } and {(—F (x*)) .} are bounded. In fact, if not, it follows

from the expression (19) of ﬁ? that

— 1
k Tk g2 _ k 2
ﬁrQ)zzhau+n(F@)Ln]»w,
which contradicts {x¥} C jfﬁ?(a), i.e.,ﬁ?(xk) < «. Therefore, we have

lim sup [|x* || < oo and lim sup || (_F (xk)) I < co.
+

k—o00 k—o00

Then, by Lemma 4.1 again, we get
<xk, F (xk)> — Q.
Then, together with Lemma 4.2, it is easy to verify that
(xk o F (xk ))Q
+

This leads to ﬁ?(xk) — 00, which contradicts {x¥} C fﬁ?(oe). Therefore, the
level set Lﬁ?(a) is bounded. O

1 +tan%6 1 t2 60
max[ +tan +co H z(xk,F(xk))—>oo.

V22
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4.4 The fourth class of merit function

Forany x € R", combining NR merit function and the merit function f7 7, we consider
another merit function as below:

1 1
Jr(x) = S| (x, F)l* + 5 [xe F(x))f||2~ (20)

Based on the dot product (7) for x e y, we show that f, (x) is also a merit function for
the circular cone complementarity problem.

Theorem 4.8 Let the function f, be given by (20). Then, for all x € R", we have
r(x)=0 << x €Ly, F(x)e L) and (x, F(x)) =

where L} denotes the dual cone of Ly, i.e., L} = [,%_9.

Proof In light of the definition of f, given by (20), we have

[(x0) =0 |(xe F(X))f” =0 and [y (x, F(x)I =0,
e x €Ly, F(x)e L) and (x, F(x)) =0,

where the second equivalence holds because the function ¢, (x, ¥) is a complemen-
tarity function for the circular cone complementarity problem. Thus, the proof is
complete. O

From Theorem 4.8, we see that the function f, is a merit function for the circular

cone complementarity problem. In fact, if the squared exponent in the expression of
fr is deleted. In other words, we consider

Fr ) = o

2. 1)
then f, is also a merit function for the CCCP. For these two merit functions f, and

fr, there has no big differences between them in addition to the nature of f; is better
than fr As below, we establish the error bound properties for f, and fr

Theorem 4.9 Let f, and fr be given by (20) and (21), respectively. Suppose that
F : R" — R" is strongly monotone mapping and that x* is a solution to the circular
cone complementarity problem. Then, there exists a scalar T > 0 such that

tlx = x*|2 < 3V204WI and tlx — x*|? < 25 (x).
Proof From Remark 3.1, we have

g (X F )| = max{|lx—|], [|(=F (x))+ I}
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This together with the proof of Theorem 4.6 imply that

lx — x* ) < |(x @ F)E + llx— |l + (= F ()4l
< V2(f ()2 + 2l (x. F) |

1

| !
= V2(£(0))? +2V2 (5||¢NR (x, F(x)>||2) ’

< V20 @)+ 2V2(f ()2
= 3V2[f(0]2

and

tlx —x*1? < I (x @ FG) U + llx— [l + (= F ()l
< I(x @ FO)) Pl + 2l (x, F (X))
<2f(x),

P

1+tan?2 6 1+cot? 6 % « }
max [ LU0 L0 e, |

where 7 := . Thus, the proof is complete. O

The following theorem will show that the boundedness of the level sets of the
function f, and f,.
Theorem 4.10 Let f, and fr be given by (20) and (21), respectively. Suppose that

that the circular cone complementarity problem has a strictly feasible point and that
F is monotone. Then, the level sets

L) ={xeR"| fr(x) <a}
and

Li@={xeR"| f;(x) <a}
are both bounded for all @ > 0.

Proof Here we only prove that the level sets of the function fr are bounded for all
a > 0. With the same arguments, we also easily obtain the boundedness of the level
sets of the function f.

We prove this result by contradiction. Suppose there exists an unbounded sequence

(xky L7 («) for some o > 0. If |x¥ || = oo or H (—F (xk))JrH — 00, by Remark

3.1, we have
7 () =

b (1 ()] =
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which contradicts x* € £ 7(), ie., f (x¥) < «. On the other hand, if

lim sup fo H < oo and limsup H (—F (xk)) < 00,
+

k—00 k— 00

it follows from Lemma 4.1 that (x*, F (xk )) — 00. Then, applying Lemma 4.2 gives

(xk,F (xk)> < max[l+tan29, l+COt29] H (xkoF (xk))’c
+

VSR
(e ()

which says f, (xf) — oo. This is a contradiction because f (x¥) < . Thus, the
proof is complete. O

—> OQ.

This implies that

— 0OQ,

5 Conclusion and future direction

In this paper, we have shown that how to construct complementarity functions for the
circular cone complementarity problem, and have proposed four classes of merit func-
tions for the circular cone complementarity problem, which belongs to nonsymmetric
cone complementarity problems. In addition, we have also shown conditions under
which these merit functions have properties of error bounds and bounded level sets.
These results not only build up a theoretical basis for designing the merit function
method for solving circular cone complementarity problem, but also open a way to
tackle nonsymmetric cone complementarity. In particular, with these properties, it is
possible to construct a descent algorithm for the circular cone complementarity prob-
lem, even for general nonsymmetric cone complementarity problem. Hence, the future
study will be about the descent methods including numerical examples for solving the
unconstrained minimization via these merit functions.

We also want to point out that our approach to constructing complementarity func-
tions for the circular cone complementarity problem is based on careful observation of
the structure of circular cone. Alternatively, as mentioned by one reviewer, we think
that it may be possible to achieve some results of this paper directly by exploiting the
relation between the circular cone and the second-order cone. For example, Proposi-
tion 3.1, Proposition 4.2, Theorem 4.2, and Theorem 4.3 may be reached by this way.
More precisely, if we replace the product x e y for the elements x and y as Ax o A~ !y,
and change the formula (x e F (x))ﬁ as in (19), the analysis may be do-able. However,
we are not sure about how far this approach can go by now. We will keep an eye on
this approach in the future.
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