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Abstract Merit function approach is a popular method to deal with complementar-
ity problems, in which the complementarity problem is recast as an unconstrained
minimization via merit function or complementarity function. In this paper, for the
complementarity problem associated with p-order cone, which is a type of nonsym-
metric cone complementarity problem, we show the readers how to construct merit
functions for solving p-order cone complementarity problem. In addition, we study
the conditions under which the level sets of the corresponding merit functions are
bounded, and we also assert that these merit functions provide an error bound for the
p-order cone complementarity problem. These results build up a theoretical basis for
the merit method for solving p-order cone complementarity problem.
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1 Motivation and introduction
The general conic complementarity problem is to find an element x € R” such that
xeK, F(x)eK* and (x, F(x))=0, (1)

where (-, -) denotes the Euclidean inner product, F' : R" — R” is a continuously
differentiable mapping, KC represents a closed convex cone, and K* is the dual cone of
IC given by K* := {v € R" | (v, x) > 0, Vx € K}. When K is a symmetric cone, the
problem (1) is called the symmetric cone complementarity problem [9-11,18,20]. In
particular, when K is the so-called second-order cone which is defined as

K" = {(x1,x2) € R x R"™ | xal < %1},

the problem (1) reduces to the second-order cone complementarity problem [1-5,7,8].
In contrast to symmetric cone programming and symmetric cone complementarity
problem, we are not familiar with their nonsymmetric counterparts. Referring the
reader to [14,16,19,22] and the bibliographies therein, we observe that there is no
unified way to handle nonsymmetric cone constraints, and the study on each item for
such problems usually uses certain specific features of the nonsymmetric cones under
consideration.

In this paper, we focus on a special nonsymmetric cone K for problem (1), i.e.,
p-order cone. Then, the problem (1) reduces to the p-order cone complementarity
problem (POCCEP for short). Indeed , the p-order cone [17,22] is a generalization of
the second-order cone in R", denoted by K, and can be expressed as

1
n »
Kp:={xeR"|x > <Z |xi|1’) (p>1.
i=2
If we write x (= (x1,Xx) € R x R"1 the p-order cone K, can be equivalently

expressed as
Kp={x= (1.0 eRxR x 2 JEl,}. (0> D).

When p = 2, it is obvious that the p-order cone is exactly the second-order cone,
which means the p-order cone complementarity problem is actually the second-order
cone complementarity problem. Thus, the p-order cone complementarity problem
(POCCP) can be viewed as the generalization of the second-order cone complemen-
tarity problem. As shown in [15,17], k), is a convex cone and its dual cone is given
by

1
" i
Ky = yeR”‘yl > (ZIM")

i=2
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or equivalently
K=y =019 e Rx R 31 2 15} = Ko

where ¢ > 1 and satisfies L4l In addition, the dual cone IC; is also a convex
cone. For more details regarding p-order cone and its involved optimization problems,
please refer to [15,17,22].

During the past decade, there had active research and various methods for comple-
mentarity problems, which include the interior-point methods, the smoothing Newton
methods, the semismooth Newton methods, and the merit function methods, see [1—
12,14,21] and references therein. As seen in the literature, almost all the attention
was paid to symmetric cone complementarity problems, that is, nonlinear comple-
mentarity problem (NCP), positive semi-definite complementarity problem (SDCP),
second-order cone complementarity problem (SOCCP). As mentioned earlier, there is
no unified framework to deal with general nonsymmetric cone complementarity prob-
lems. Consequently, the study about nonsymmetric cone complementarity problem
is very limited. Nonetheless, we believe that that merit function approach, in which
the complementarity problem is recast as an unconstrained minimization via merit
function or complementarity function, may be appropriately viewed as a unified way
to deal with nonsymmetric cone complementarity problem. Indeed, the main difficulty
lies on how to construct complementarity functions or merit functions for nonsym-
metric cone complementarity problem. For circular cone setting, several successful
ways were shown in [16]. Inspired by the work [16], we employ the similar ways
to construct merit functions for solving p-order cone complementarity problem. For
completeness, the idea is roughly described again as below.

Recall that for solving the problem (1), a popular approach is to reformulate it as
an unconstrained smooth minimization problem or a system of nonsmooth equations.
In this category of methods, it is important to adapt a merit function. A merit function
for the p-order cone complementarity problem is a function 4 : R"” — [0, +00),
provided that

h(x) =0 <= x solves the POCCP (1).

Hence, solving the problem (1) is equivalent to handling the unconstrained minimiza-
tion problem

min /(x)
xeR”

with the optimal value zero. Until now, for solving symmetric cone complementarity
problem, a large number of merit functions have been proposed. Among them, one
of the most popular merit functions is the natural residual (NR) merit function W, :
R"” — R, which is defined as

W (1) = % | fne (v, FG)|* = % Hx . F(x))fﬂz,
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where (~)§ denotes the projection onto the symmetric cone /. Then, we know that
Wk (x) = 0 if and only if x is a solution to the symmetric cone complementarity
problem. As remarked in [16], this function W, (or ¢,;) can also serve as merit
function (or complementarity function) for general conic complementarity problem.
Hence, it is also applicable to p-order cone complementarity problem. Under this
setting, for any x € R", we denote x be the projection of x onto the p-order cone
Kp, and x_ be the projection of —x onto the dual cone IC;‘, of ). By properties
of projection onto the closed convex cone, it can be verified that x = x4 — x_.
Moreover, the formula of projection of x € R" onto K}, is obtained in [17]. Besides
the NR merit function W, are there any other types of merit functions for POCCP? In
this paper, we answer this question by presenting other types of merit functions for the
p-order cone complementarity problem. Moreover, we investigate the properties of
these proposed merit functions, and study conditions under which these merit functions
provide bounded level sets. Note that such properties will guarantee that the sequence
generated by descent methods has at least one accumulation point, and build up a
theoretical basis for designing the merit function method for solving p-order cone
complementarity problem.

2 Preliminaries

In this section, we briefly review some basic concepts and background materials about
the p-order cone, and define one type of product associated with p-order cone, which
will be extensively used in subsequent analysis.

As mentioned, the p-order cone K, is a pointed closed convex cone, and its dual
cone denoted by K7}, is given as

1

yi= (Xn: Iyil‘f) '

i=2

K,=1yeR"

or equivalently

Ky ={y= 019 eRxR" |y = I3l | =K,

where ¢ > 1 and satisfies % + 1 = 1. From the expression of the dual cone K%, it is
easy to know that the dual cone IC";, is also a closed convex cone. In addition, when
p # g, wehave K, # K4 = K7, i.e., the p-order cone K, is not a self-dual cone.
That is to say, the p-order cone K, is not a symmetric cone for p # 2.

It is well known that Jordan product plays a critical role in the study of symmetric
cone programming or symmetric cone complementarity problems. However, there is
no Jordan product for the setting of the p-order cone so far. Hence, we need to find
one type of special product for the setting of the p-order cone, which is similar to the
one for the setting of symmetric cone. To this end, for any x = (x1, - -, )T e R
and y = (y1,---,y,)! € R”", we define one type of product of x and y associated
with p-order cone C), as follows:
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&\'u

xey=| T where wi=(wa, -+, wn)T with wi = lxil¥yil — Iyillx]
Yy w Yy Yy

2

From the above definition (2) of product, when p = g = 2, it is not hard to see that
the product x e y is exactly the Jordan product in the setting of second-order cone.
According to the product “e” defined as in (2), we have the following equivalence.

Proposition 2.1 For any x = (x1,x) € R x R Y withi = (x3, -+, x,)L € R*~1
and y = (y1,5) € Rx R with 5 = (v2,---,y)T € R\, the following
statements are equivalent:

(a)erCp,yelC;=/annd(x,y)=O.
(b) x e Kp,ye K, =Ky andx ey=0.

In each case, x and y satisfy the condition that there is ¢ > 0 such that |x;|? = c|y;|?
or |yl = c|x;|P foranyi =2,--- ,n.

Proof (b) = (a) From the definition of product x e y of x and y associated with /C,,
the implication is obvious.

(a) = (b) When x =0 or y = 0, from (a), we know x € ICp,, y € K, and (x, y) = 0.
Then, itis easy to see that x e y = 0. Whenx # Oand y # 0,byx € K, and y € I,
we have x; > [|x||, and y; > ||y|l,. Hence, it follows from (x, y) = O that

0=(x,y)

=x1y1 + (X, y)

= Ixlpllyllg — Ixp 1Y llg

=0.
This implies that x| = [|X||,, y1 = [I¥llg and |x;|? = c|y;|? or |y;|? = c|x;|? with
some ¢ > 0 for any i = 2,---, n. Next, we only consider the case |x;|” = c|y;|9,
and the same arguments apply for the case |y;|? = c|x;|”. Because |x; |’ = c|y;|?, we

4 1 .. .
have |x;|4 = c4]y;|. This yields that, foranyi =2, --- , n,
» » r 1
lerl yil = Iyillxile = |xil e yil — Iyile? il

" ! " P
>old?) il - Z|yk|‘f cyil
k=2

1 n
c (Zmﬂ) lyil —cd (Zmﬂ) 1yil
k=2

=0,
where the second equality holds due to x; = [|x||p, y1 = ||y ll4. Then, it follows that
x o y = 0, and the proof is complete. O
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To close this section, we introduce some other concepts that will be needed in
subsequent analysis. A function F : R" — R” is said to be monotone if, for any
x,y € R?, there holds

(x =y, F(x) = F(y)) = 05

and strictly monotone if, forany x # y, the above inequality holds strictly; and strongly
monotone with modulus p > 0 if, for any x, y € R", the following inequality holds

(x =y, F0) = F) = pllx = yI*.
The following technical result is crucial for achieving the property of bounded level

sets. Although the analysis technique is similar to [16, Lemma 4.1], we present the
details for completeness.

Proposition 2.2 Suppose that the POCCP has a strictly feasible point z, i.e., 7 €
int(fCp) and F(z) € int(lC}';) andthat F is amonotone function. Then, for any sequence

(x*} satisfying

ka H — 00, lim sup Hxli H < 0o and limsup H(—F(xk))JrH < 00,
k— o0 k— o0

we have (xk, F(xk)) — 00.

Proof Since F is monotone, for any x* € R", we have
[ -z Feh = F@) 20,

which leads to

(5 Feh) + 2 F@) = (v F@) + (2, Fab). 3)

From properties of projection, we write xk = xi — x* and F(xky = (=F(hy)_ —
(—F(xk))+. Then, it follows from (3) that

(x5, F&9) + (2. F)
> (x5, F@) = (5, F@) + (2 CFa)-) = (2 FGf)s). @)
Now, we denote xﬁ = [xi]l, ET ' and F(z) := ([f(z)]l, mT>T. With these

notations, we look into the first term on the right-hand side of (4):
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(£ F@) =[] tr@m + (. 7@)

[ vron -], 7@l
[, ven -], 7@,
[4]

>

v

] ([f(z)h - H%Hq) )

> 0.

Note that x¥ = xi — xk, which gives ||xf‘|r|| > Ik = x5 ). Using the assumptions
on {x*}, i.e., [[x¥|| = oo, and lim SUP;_, o0 Ix¥ || < oo, we see that ||xﬂ‘r|| — 00,
and hence [xi]l — 00. Because the POCCP has a strictly feasible point z, we know
[f@] — ||mnq > 0, which together with (5) implies that

(xﬁ, F(2)) = o0 ask — oo. 6)
Moreover, we also observe that
lim sup(x* , F(z)) < limsup ||x* ||| F (2)[| < o0,

k— o0 k— 00

lim sup(z, (—F (x%))4) < li]fn sup |zl [|(— F (x*)) 11| < oo

k—o00

and (z, (= F (xk)),) > 0. All of these together with (4) and (6) yield
<xk, F(xk)> — 00.
Then, the proof is complete. O

3 Merit functions for POCCP

In this section, based on the product (2) of x and y associated with p-order cone in R”
and employing the same idea in [16], we propose several classes of merit functions for
the p-order cone complementarity problem and investigate their favorable properties,
respectively.

3.1 The first class of merit functions

In this subsection, we focus on the natural residual (NR) function ¢, : R”" xR" — R”,
which is given by:

¢NR(X, y) =X ()C - y)+,
where ()4 denotes the projection function. We know that the NR function ¢, is
always an complementarity function for general conic complementarity problem, see
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[16] or [8, Proposition 1.5.8]. In light of this, it is clear that the function W, (x) =
%Hd)NR (x, F(x))||? serves a merit function for the POCCP.

Lemma 3.1 Let x,y € R" and ¢\ (x,y) = x — (x — y)4. For any closed convex
cone IC, we have

e e, 21 = max {15 =1

where z’f denotes the projection of z onto the closed convex cone IC, and & means
the projection of —z onto its dual cone K*.

Proof The proofis similar to [ 16, Lemma 3.2] because the cone therein can be replaced
by any closed convex cone. Hence, we omit it here. O

In fact, Lu and Huang [12] considered a more general NR merit function, whose
format is as bellow:

1
Vo () = 3 Il = (x —aFO)4 |2, (@ > 0).
They also showed the property of error bound under the strong monotonicity and the

global Lipschitz continuity of F.

Theorem 3.1 [12, Theorem 3.3] Suppose that F is strongly monotone with modulus
p > 0and is Lipschitz continuous with constant L > 0, Then for any fixed « > 0, the
following inequality holds

24+ al

14+alL
VW (x) < flx — x| < ” Vv Wq (X),

where x* is the unique solution of the generally closed convex cone complementarity
problems.

From Theorem 3.1, we know that the NR merit function W, (i.e., « = 1) provides
an error bound for the POCCP. Unfortunately, when considering the boundedness of the
level set for the NR function ¢, , if under the same conditions used in Proposition 2.2,
we cannot guarantee the boundedness of the level set for the function ¢, . For example,
1

as mentioned in [16], taking F(x) = 1 — — and x > 0, it is easy to verify that the
X

level set

L) = {x e R" [ gy (x, F(x)| < 2}

is unbounded. Thus, a different condition is needed. In fact, in order to establish the
boundedness of the level set for the natural residual function ¢, or the merit function
W, we need the following concept.
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Definition 3.1 A mapping F : R” — R” is said to be strongly coercive if

(F(x),x —y)
m —
Ixl—o0  [lx — Yl

holds for all y € R”.

Theorem 3.2 Suppose that F is strongly coercive. Then, the level set
L) = {x €R"| e (x. FO))| < v}
or
L, () = {x eR" | Wy (x) < v}

is bounded for all y > 0.

Proof The proof is similar to [16, Theorem 4.2]. Hence, we omit it. O

3.2 The second class of merit functions

For any x € R", we denote fir the LT (standing for Luo-Tseng) merit function asso-
ciated with the p-order cone complementarity problem, whose mathematical formula
is given as follows:

1
Jrr(x) == e({x, F(x))) + E[II(X)—II2 + I(=F )4 I17], (N
where ¢ : R — Ry is an arbitrary smooth function satisfying
() =0, VYt <0 and ¢'(t) >0, V> 0.

It is easy to see that ¢(r) > 0 for all r € R from the above condition. This class
of functions has been considered by Tseng [21]for the positive semidefinite comple-
mentarity problem, for the second-order cone complementarity problem by Chen [2],
and for the general SCCP case by Pan and Chen [18], respectively. For the setting of
general closed convex cone complementarity problems, the LT merit function has also
been studied by Lu and Huang [12], with some favorable properties shown as below.

Property 3.1 ([12, Lemma 3.1 and Theorem 3.4]) Let fr7 : R" — R be given as in
(7). Then, the following results hold.

(a) Forall x € R", we have fyr(x) > 0; and frr(x) = 0 if and only if x solves the
p-order cone complementarity problem.
(b) If F(-) is differentiable, then so is frr(-). Moreover,
Virr(x) = Ve((x, FOODIF(x) + xVF(x)] —x— — VF(x)(=F(x))+

forall x € R"™.
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Property 3.2 ([12, Theorem 3.6]) Let fr1 be given as in (7). Suppose that F : R" —
R" is a strongly monotone mapping and that the p-order cone complementarity prob-
lem has a solution x*. Then, there exists a constant T > 0 such that

Tlx — x*1* < max{0, (x, F(x))} + [x_|l + [(=F(x))+], Vx e R".
Moreover,

e —x* |2 < o (frr () + 20 fir ()12, Vx € R"

Although the above properties were established in [12] for general closed convex
cone setting, there is no study about bounded level set for fi7 therein. Hence, we
hereby present the condition which ensures the boundedness of level sets for the LT
merit function f77 to solve the p-order cone complementarity problem.

Theorem 3.3 Suppose that the p-order cone complementarity problem has a strictly
feasible point and that F is monotone. Then, the level set

Ly () ={x eR"| frr(x) <y}
is bounded for all y > 0.

Proof We prove this result by contradiction. Suppose there exists an unbounded
sequence {x¥} C L, (y) for some y > 0. Then, the sequences {x*} and
{(—F (xk ))+} must be bounded. If not, from the expression (7) of f; 7 and the property
@(t) > O forall r € R, it follows that

1
Frr @) = 3 [IAA 12+ = F )42 = oo,

which contradicts {xk} C %%, (y). Hence, we have

limsup [[x¥ || < 0o and limsup |(—F(x*)4| < oo.
k—o0 k— o0

Then, applying Proposition 2.2 yields
(xk, F(x%)) - oo.
Using the properties of the function ¢ again, we have ¢((x*, F(x¥))) — oo, which

leads to f1.7(x¥) — oo. It contradicts {x¥} C L, (7). Thus, the level set Z, . (y)
is bounded for all ¥ > 0 and the proof is complete. O

3.3 The third class of merit functions

Motivated by the construction way of the merit function f; 7, we make a slight modifi-
cation on the LT merit function f7 7 associated with the p-order cone complementarity
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problem, which leads to the third class of merit functions. More specifically, we first
look into the set 2 := K, N IC;. Indeed, the set 2 is characterized as follows:

Ky for 1 <p <2,

. *
Q'_’CPHKP_{K;=qu0r »>2,

where ¢ satisfies the condition ¢ > 1 and Ly % = 1. Moreover, it is easy to check
that €2 is also a closed convex cone. In ligﬁt of this closed convex cone €2, another
function is considered:

fir@) =310 o FEI+ 5 [P+ I-FoL ] ®

where (x o y)f denotes the projection of x e y onto Q2. As shown in the following

theorem, we see that the function f7 7 is also a type of merit functions for the p-order
cone complementarity problem.

Theorem 3.4 Let the functionﬁ?be given as in (8). Then, for all x € R", we have
Trr(0) =0 = x €K, F(x) €K} and (x, F(x)) =0,

where IC*;, denotes the dual cone of IC), i.e., IC; =K, with p,q > 1 and % + % =1.

Proof From the definition of the functionﬁ? given in (8), we have

Fir@) =0 [(xe F)EI =0, [x—| =0 and [[(=F(x))+ll =0,
= (xe F(x)¥ =0, x_ =0 and (—F(x))+ =0,
< xeF(x)e—-K, (oron(x) € —IC;‘,), x ek,
and F(x) e K*,
= —xeF ek, (o —xe F) ek}, x ek,
and F(x) € K¥,

= xek,, F) GIC;’;
and (x, F(x)) =0,

where the last equivalence holds due to the properties of ), and IC;‘,. Thus, the proof
is complete. O

In the following, we investigate the error bound property and the boundedness

property of level sets of the merit function fr for the p-order cone complementarity
problem. In order to achieve these results, we need a novel lemma as below.
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Lemma 3.2 Forany x,y € R", we have

(x,y) < || (x e 1)

)

where the product x e y is defined as in (2).

Proof Givenany x,y € R, let x = (x1,--- ,x,)7 and y = (y1,---, y,)T. Recall
from the product (2), we know

P ARG
voy=| ] where wim (1l = il )

To proceed the arguments, we consider the following three cases.

Case 1 When x e y € 2, we have (x y)ff = x e y. Then, it is easy to verify that

[x e M = (x, y).

Case 2 Whenxey € —Q*, where Q* denotes the dual cone of 2, we have (x oy)i =0
and (x, y) < 0. This clearly implies that

o W = (x, y).
Case3 Whenx ey ¢ QU (—Q*), let (x @ )§ := (v, 97)T. If (x, y) <0, then the

result is obvious. Thus, we only need to look into the case of (x, y) > 0. If
Q = ), by the property of projection onto the p-order cone, we have

(xoy)f—xoy: |:U15—_(Xu,)y>i| € Q" =K}, =K,

From the definition of dual order cone IC;‘, again, it follows that vy — (x, y) > 0,
i.e., v > (x, y). Hence, this yields that

|x e T = o1l = v1 > (x, ).
With similar arguments, for the case of Q2 = IC;‘, = K4, we also obtain that
(x,y) < |xe T

From all the above cases, we have shown that (x, y) < || (x o y)f || Thus, the proof is
complete. O

Theorem 3.5 Let the functionﬁ?be given as in (8). Suppose that F : R" — R" is
strongly monotone mapping and that x* is a solution to the p-order cone complemen-
tarity problem. Then, there exists a scalar T > 0 such that

Tl — x*|? < <2+ ﬁ) [ﬂ(x)]% .

@ Springer



On merit functions for p-order cone complementarity problem 167

Proof Since the function F is strongly monotone and x* is a solution to the p-order
cone complementarity problem, there exists a scalar p > 0 such that, for any x € R”,

< (F(x) = F(x*),x —x¥)

= (F(x), x) + (F(x*), =x) + (= F (x), x*)

= (F(x), x) + (F(x"), x= —x4) + {(=F ()4 = (=F(x))-, x7)

< (F(x), x) + (FO&*), x2) + (= F(x)) 4. x¥)

[ e o FODE] + Ix=IHF NI+ [ | I (=F G|

max {1, [[F I 11} ([ @ FONE] + el + 1 (=F (0))-+11)

2
pllx —x*|

IA

IA

where the second inequality holds due to the properties of C,, and K, and the third
P

inequality follows from Lemma 3.2. Then, setting 7 :=
max {1, [[F ()], [lx*]]}

yields

T —x*|* < [ (x @ FGNE| + lle— | + 1(=F ().

Moreover, we observe that

1 1

1 2 —
[ o Fang| = v2 <5||(x . F(x>>$||2) =V2[fw]

(S]]

and

Bl—

b=+ 1 F )l = V2 (=12 4+ 1= Fn+ ) =2 [T ]

Putting all the above together gives

1
thx = 1P = @+ VD [fer)]

which is the desired result. O
Next, we study the boundedness of level sets of merit function f7 7.

Theorem 3.6 Let the merit functionﬁ?be given as in (8). Suppose that the p-order
cone complementarity problem has a strictly feasible point and that F is monotone.
Then, the level set

37\()/) = {x eR”

JLT

Tir) < y}
is bounded for all y > 0.
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Proof Like the proof of Theorem 3.3, we prove this result by contradiction. Suppose
there exists an unbounded sequence {x*} C Zﬁ?(y) for some y > 0. We claim that

the sequences (xK} and {(-F (xk))+} are bounded. If not, by the expression (8) of

TL?, we obtain

— 1

frrh) = E[le"llz + ||<—F<x")>+||2] — 00,
which contradicts {x¥} C ,,2”7;(7/). Therefore, it follows that

limsup |x* || < 0o and limsup [|[(— F(x*)4| < oo.
k—o00 k—o00

Then, applying Proposition 2.2 yields (x*, F(x¥)) — oo. This together with
Lemma 3.2 implies

H(xk . F(JC"))?H > <xk, F(xk)> — 00,
which leads to ?L?(xk ) — oo. This clearly contradicts (xky .,?7;()/). Hence, the
level set XTL?()/) is bounded and the proof is complete. ' O

Remark 3.1 In fact, if the term (x* o F (xk))i in the expression of f7 7 is replaced by
x* e F(x¥), all Theorem 3.4, Lemma 3.2, Theorems 3.5 and 3.6 still hold.

3.4 The fourth class of merit function

In this subsection, in light of the product x e y and the NR merit function W, we
consider another merit function as below:

2

1 » 1 Q
fr() =3 g Cx. FC |~ + 3 [x o Fx)¥| ©)

where (x e y)f denotes the projection of x e y onto 2. As seen below, we verify that
fr(x) is also a merit function for the p-order cone complementarity problem.

Theorem 3.7 Let the function f, be given as in (9). Then, for all x € R", we have
Fx)=0<= xek, F@kx)e IC’;, and (x, F(x)) =0,

where IC;‘, denotes the dual cone of K, i.e., IC; =Ky

Proof In view of the definition of f, given as in (9), we have

Q2 1 2
[(x) =0 |(xe F(x)F}| =0 and W, (x) = 3 e (X, F(X))|” =0,
= x ek, Fx) € and (x, F(x)) =0,
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where the second equivalence holds because Wy, is a merit function for p-order cone
complementarity problem. Thus, the proof is complete. O

From Theorem 3.7, we see that if the squared exponent in the expression of f is
deleted, i.e.,
(10)

() = | bur

then ]7, is also a merit function for the POCCP. In fact, for these two merit functions
fr and f r» there has no big differences between them in addition to the nature that f;
is better than fr Next, we will establish the error bound properties for f, and fr

Theorem 3.8 Let f, and ]7, be given as in (9) and (10), respectively. Suppose that
F : R" — R" is strongly monotone mapping and that x* is a solution to the p-order
cone complementarity problem. Then, there exists a scalar T > 0 such that

1 ~
tllx —x*I? < 3V2[,(]7 and Tlx —x*|P < 2f(x).
Proof From Lemma 3.1, we know

llong (s F ) = max{flx—[[, [[(=F )+ [}

Then, following similar arguments as in Theorem 3.5, we have

tlx — x| < [[(x @« FG)E| + Ix—ll + I (=F )+
< V2(f ()2 + 2l (x. F) |

1
| !
= V2(/,(0))? +2V2 <§||¢NR (x, F(x))||2> :
< V2(£(x))7 4 2V2(fo(x)?

~3V2 [fr(x)} ’

and
tlx = x*|7 < || (x @ FG)E| + lx—ll + I (=F ()4 |
< | Cc e FODE] +2 e (s FOO)|
< 2f(x),
where T := p Thus, the proof is complete. O

max {1, | F Q)| a1}

The following theorem presents the boundedness of the level sets of the functions

f, and f;.
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Theorem 3.9 Let f, and ]7, be given as in (9) and (10), respectively. Suppose that
that the p-order cone complementarity problem has a strictly feasible point and that
F is monotone. Then, the level sets

L) ={x eR"| fr(x) < v}
and
Lr(y)={x eR"| f(x) < v}

are both bounded for all y > 0.

Proof Here we only show the boundedness of the level sets of the function f; for all
y > 0 because the same arguments can be easily applied to the case of f,.

As the proof in Theorems 3.3 and 3.6, we prove this result by contradiction. Suppose
there exists an unbounded sequence {x¥} C .,?fr(y) for some y > 0. If ||xX | - oo

or [(=F(x*))4 | = oo, by Lemma 3.1, we know

frh = ‘

bu 3, F))| = oo,
which contradicts x¥ € fﬁ (y). Hence, we have

lim sup Hxli H < oo and limsup H (—F(xk))+H < 00.
k— 00 k—o00

Then, applying Proposition 2.2 yields (x*, F(x¥)) — oco. This together with Lemma
3.2 gives

<xk, F(xk)> < ” (xF o F(x"))EH - 00,

which leads to };(xk) — 00. This is a contradiction because fr(xk) < y. Thus, the
proof is complete. O

Remark 3.2 As Remark 3.1, if the term (xk ° F(xk))i in the expressions of f, and
fr is replaced by x* o F(x*), all Theorems 3.7, 3.8, and 3.9 still hold.

3.5 The fifth class of merit functions

In this subsection, we introduce the implicit Lagrangian merit associated with the
POCCOP. For any x € R"” and « > 0, the implicit Lagrangian merit function is given

by
1 2 2
Mo () = (v, F(@) + 5= { I = aF )41 = ]
o

+llex = FO)-I? = P2} (11)
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This class of functions was first introduced by Mangasarian and Solodov [13] for
solving nonlinear complementarity problems, and was extended by Kong et al. [11]
to the setting of symmetric cone complementarity problems. Moreover, for the setting
of general closed convex cone complementarity problems in Hilbert space, Lu and
Huang [12] further investigated this merit function. Accordingly, the corresponding
results in [12] can be applied to the the setting of POCCP. For completeness, as below,
the error bound property of the merit function M, for the POCCP is also presented.

Property 3.3 ([12, Theorem 3.9]) Let M, be given as in(11). Suppose that F : R" —
R" is a strongly monotone mapping with modulus p > 0 and is Lipschitz continuous
with L > 0. Assume that the p-order cone complementarity problem has a solution
x*. Then, for any fixed a > 0, the following inequality holds

1 o a(l+L)?
mMa(x) < x—=x7| < Y

In the following theorem, we present the boundedness property of the level sets on
the merit function M, for solving the p-order cone complementarity problem.

Theorem 3.10 Suppose that the p-order cone complementarity problem has a strictly
feasible point and that F is monotone. Then, the level set

L, () = {x € R" | Mo(x) < v}

is bounded for all y > 0.

Proof First, we note that

_ L _ 2 _ 2
Mo (x) = (e, F() + 2= {10x = PG4I = ]
Hlex = FO)-I7 = 1FI?]

1
= (x, F(x)) + E(x —aF(x), (x —aF(x))4)

1
200

+<F(x), é[o{x —F(x) 4+ (ax — F(x))_] — x>

{16 = aP eI + 1512}

1 2
oo {llox = F @) + (@ = F)- — ax?]
2o

1
== (F&), x —aF)y —x) = — [ —aF X))+ — x|

2
+<F<x>, é(ax — F())4 — x> +3 H é(ax — F())4 —x

v

1 1 1.1 5
- [—<aF(X), —(ax — F(x))y —X>— zll=(ax — F(x))+ — x| ]
o o 2«
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1 1 a 1 s
+a [<—F(X), —(ax — F(x))+ — X> + < ll=(ax — F(x))+ — x|| ]
o o 2 o

a2 —11 2
= —(ax — F(x)4 — x
20 o
o —1 1 2
= 5 |G Py —x
o o

From Theorem 3.2, we know that the level set £y, () of the general NR merit function
W, is bounded for all y > 0. With this, it is easy to see that the level set %y, (y) is
bounded for all y > 0. Then, the proof is complete. O

4 Conclusion and future direction

Although the p-order cone complementarity problem belongs to nonsymmetric cone
complementarity problem, for which there is no unified framework, we believe that
the merit function approach may be an appropriate method that can be extended from
symmetric cone complementarity problem to nonsymmetric cone complementarity
problem. The key point to do such extension is constructing merit functions. Hence,
in this paper, we present how to construct merit functions (by defining a new product)
for the p-order cone complementarity problem. In addition, we have also shown under
what conditions these merit functions have properties of error bounds and bounded
level sets. These results provide a theoretical basis for designing the merit function
method for solving the special nonsymmetric cone complementarity problem, i.e., p-
order cone complementarity problem. We leave this topic as our future direction. At
last, we point out that the main idea is employed from [16] (which is for circular cone
setting) and most analysis techniques look similar to those used in [16]. Nonetheless,
the product is novel which contributes to the literature by providing a new way to deal
with such complementarity problem.
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