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NONSINGULARITY CONDITIONS FOR THE
FISCHER-BURMEISTER SYSTEM OF NONLINEAR SDPS*
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Abstract. For a locally optimal solution to the nonlinear semidefinite programming problem,
under Robinson’s constraint qualification, we show that the nonsingularity of Clarke’s Jacobian of
the Fischer—-Burmeister (FB) nonsmooth system is equivalent to the strong regularity of the Karush—
Kuhn-Tucker point. Consequently, from Sun’s paper [Math. Oper. Res., 31 (2006), pp. 761-776] the
semismooth Newton method applied to the FB system may attain the locally quadratic convergence
under the strong second order sufficient condition and constraint nondegeneracy.
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1. Introduction. Let X be a finite dimensional real vector space endowed with
an inner product (-,-) and its induced norm || - ||. Consider the nonlinear semidefinite
programming problem (NLSDP)

min  f(z)
(1) s.t. h(x) =0,
g(x) € S,

where f: X - R,A: X — R™ and g: X — S™ are twice continuously differentiable
functions, S™ is the linear space of all n x n real symmetric matrices, and S’} is the cone
of all n x n positive semidefinite matrices. By introducing a slack variable X € S7
for the conic constraint g(z) € S}, we can rewrite the NLSDP (1) as follows:

min  f(z)

(z,X)eXxSn
(2) s.t. h(z) =0,
g(z) - X =0,
X eSY.

In this paper, we will concentrate on this equivalent formulation of the NLSDP (1).
The Karush-Kuhn-Tucker (KKT) condition for the NLSDP (2) takes the form

(3) jw7XL(x7X7N757Y):07 h(x) =0, g(x)—X:O, _YENSi(X)ﬂ
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where the Lagrangian function L: X x S™ x R™ x S"™ x S™ — R is defined by

To,xL(z, X, 1, S,Y) is the derivative of L at (z, X, p,S,Y) with respect to (x, X),
and NSK (X) denotes the normal cone of §7 at X in the sense of convex analysis [17]:

_J{ZeS": (Z,W-X)<0 VYWeS'} if X eSt,
Ny (%) = { ; it X ¢ 51

Recall that ®: S™ x S" — S™ is a semidefinite cone (SDC) complementarity function
it

P(X,Y)=0 < XeS}, YeS}, (X,Y)=0 < -Y € Ng (X).

Then, with an SDC complementarity function ®, the KKT optimality conditions in
(3) can be reformulated as the following nonsmooth system:

ToxL(x, X, 1, S,Y)
h(x)
glz) - X
o(X,Y)

(4) E(ﬁ,X,/L, S,Y) =

The most popular SDC complementarity functions include the matrix-valued nat-
ural residual (NR) function and the Fischer-Burmeister (FB) function, which are
defined as

o, (X)Y) = X—Hgi(X—Y) VX,Y e S"
and
(5) o (X,)Y) = (X+Y)-vX24Y2 VX, YeSs"

respectively, where Ilg» () denotes the projection operator onto S}. It turns out
that ®,, has almost all favorable properties of @, (see [21]). Also, the squared
norm of @, induces a continuously differentiable merit function whose derivative
is globally Lipschitz continuous [?, 24]. This greatly facilitates the globalization of
the semismooth Newton method [15, 16] for solving the FB system of (2). The FB
system and the NR system mean E,(z,X,u,S,Y) =0 and E, (z, X, 1, S,Y) =0,
respectively, with the mappings E_, and E, defined as in E except that ® is specified
as ®_, and ® ., respectively.

The strong regularity is one of the important concepts in sensitivity and pertur-
bation analysis introduced by Robinson in his seminal paper [18]. For the NLSDP
(1), Sun [22] offered a characterization for the strong regularity via the study of the
nonsingularity of Clarke’s Jacobian of the NR system under the strong second order
sufficient condition and constraint nondegeneracy, and he established its equivalence
to other characterizations discussed in a wide range of literature. Later, for the linear
semidefinite programming problem (SDP), Chan and Sun [3] gained more insight-
ful characterizations for the strong regularity via the study of the nonsingularity of
Clarke’s Jacobian of the NR system, too. Then, it is natural for us to ask the following
question: is it possible to give a characterization for the strong regularity of NLSDPs
by studying the nonsingularity of Clarke’s Jacobian of the FB system? Note that up
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to now one does not even know whether the B-subdifferential of the FB system is
nonsingular or not without strict complementarity of locally optimal solutions.

In this work, for a locally optimal solution to the NLSDP (2), we prove that
under Robinson’s constraint qualification, the nonsingularity of Clarke’s Jacobian of
the FB system is equivalent to the strong regularity of the KKT point, which by [22,
Theorem 4.1] is further equivalent to the strong second order sufficient condition and
constraint nondegeneracy. This result is of interest since, on one hand, it relates the
nonsingularity of Clarke’s Jacobian of the FB system to Robinson’s strong regularity
condition, and, on the other hand, it allows us to obtain the quadratic convergence
of the semismooth Newton method [16, 15] for the FB system without strict com-
plementarity assumption. In addition, it also extends the result of [9, Corollary 3.7]
for the variational inequality with the polyhedral cone constraints to the setting of
semidefinite cones. It is worthwhile to point out that [22, Theorem 4.1] plays a key
role in achieving this objective.

Throughout this paper, J, f(2) and J2 f(z) denote the derivative and the second
order derivative, respectively, of a twice differentiable function f with respect to z,
and Z denotes an identity operator. For any n x m real matrices A and B, (A, B)
means their Frobenius inner product, and ||A]| denotes the norm of A induced by
the Frobenius inner product. For X € S™, we write X > 0 (respectively, X > 0) to
mean X € S} (respectively, X € S, ). For a linear operator A, we denote by .A* the
adjoint of A, and by ||.A||2 the operator norm of A. For a linear operator A : S — S™,
we write A = 0 (respectively, A > 0) if (W, A(W)) > 0 for any W € S™ (respectively,
(W, A(W)) > 0 for any nonzero W € S™). For any given sets of indices a and 3,
we designate by A,g the submatrix of A whose row indices belong to o and whose
column indices belong to 3, and we use |«| to denote the number of elements in the
set a.

2. Preliminary results. Let X and Y be two arbitrary finite dimensional real
vector spaces each equipped with a scalar product (-, -) and its induced norm || -||. Let
O be an open set in X and = : O — Y be a locally Lipschitz continuous function on the
set @. By Rademacher’s theorem, E is almost everywhere Fréchet-differentiable (F-
differentiable) in ©. We denote by Dz the set of points in O where = is F-differentiable.
Then Clarke’s Jacobian of = at x is well defined [6]:

0=(x) := conv{0p=(z)},

where “conv” means the convex hull and dpE(x) is the B-subdifferential of = at x,
OpE(x) := {V + V= lim T2(xk), 2F =z, 2F e DE}.
—00

For the concepts of (strong) semismoothness, please refer to the literature [16, 15, 20].
The following matrix inequalities are used in the proof of Lemma 3.3; see the
appendix.
LEMMA 2.1. For any n x m real matrices A, B and any Z € ST}, it holds that
(6) (A+B)"Z(A+ B) x2(A"ZA+ B"ZB),
(7) (A—B)TZ(A—-B) < 2(ATZA + BTZB).

Proof. Fix any Z € S}. Then, for any n x m real matrices A and B, we have that

0<(A-B)TZ(A-B)=(ATZA+B"ZB) - (A"ZB + B ZA),
0=(A+B)T"Z(A+B)=(ATZA+ BTZB) + (ATZB + BT ZA).
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The first equation means that (AT ZB+BTZA) < (AT Z A+ BT Z B), which along with
the second equality yields (6). The second equation implies that —(A” ZB+BTZA) <
(ATZ A + BT ZB), which along with the first equality yields (7). O

LEMMA 2.2. Let X,Y € S" with X2+ Y? =0. Then for any n x m real matrices
A, B,

ATA+BTB— (ATX + BTY)(X? +Y?)"Y(XA+YB) - 0.

Proof. Note that ATA+ BTB — (ATX + BTY)(X?+Y?) "1 (XA+ YB) is the
Schur complement of X2 + Y2 in the following block symmetric matrix:

X2+Y2 XA+YB

Y= (XA+YB)T ATA+BTB |-

We need only prove 3 > 0 (see [10, Theorem 7.7.6]). For any ¢ = (¢1,¢2) € R" x R™,

(T8¢ =¢ (X2 +Y)G + 2 (XA+YB)G + T (ATA+ BTB)¢,
= || X¢ + AG|? + |V + BG|)? >0,

which shows that > > 0. The proof is then complete. 0
For any given X € S”, let Lx: S”—S" be the Lyapunov operator associated with
X:

Lx(Y):=XY+YX VY eS

We next study several properties of the Lyapunov operators associated with X, Y € S”
and Z € ST with Z? = X? + Y2 To this end, we need to establish two trace
inequalities.

LEMMA 2.3. Let X,Y € S™ with X = |Y|. Then, for any W € S™, it holds that

Trace(WXWX) > Trace(WYWY).

Proof. Fix any W € S™. By the trace property of symmetric matrices, we have
that

Trace(WXW X) — Trace(WYWY)
= Trace WXW(X —Y)] 4 Trace [ W(X —Y)WY]
= Trace [W (X — Y)W X] + Trace [ W(X —Y)WY]
= Trace[ W(X —Y)YW(X +Y)].
Since X = |Y|, we have W(X — Y)W = 0 and X +Y > 0. From [10, Theo-
rem 7.6.3], it then follows that Trace [W (X — Y)W (X +Y)] > 0. The result is thus
proved. O

LEMMA 2.4. For any given X,Y € S™ and Z € S satisfying Z = VX% +Y?2,
we have

Trace(WZW Z) > Trace(W|X|W|X|) + Trace(W|Y|WY]) VW €S§".

Proof. Fix any W € §". Applying Lemma 2.3, we readily obtain that

8) Trace(WZW Z) > Trace (W\/X2 TYIWVX2 Y2) .
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In addition, from [1, Theorem IX.6.1], we know that (A, B) := Trace(W+/AW+/B) is
a jointly concave function on S x S%, which means that for any Ay, Ay, B1, By € S%,

A +Ay B+ B 1
( = 2>>§[30(A17Bl)+<p(z42,32)]-

Using this inequality with A, = B; = X2 and A, = By = Y2, we obtain that

X24+Y2 X24YV2
2¢ 2 ' 2

) > Trace(W|X|W|X]|) + Trace(W|Y |W|Y]).

This, together with the definition of ¢ and inequality (8), implies the result. O
The following proposition, extending the result of [8, Proposition 3.4] associated

with second order cones to SDCs, is used to prove Proposition 2.2. Among other meth-

ods, Proposition 2.2 is the key to characterizing the properties of Clarke’s Jacobian

of ®,.; see section 4.

PROPOSITION 2.1. For any given X,Y € S"™ and Z € S}, the following implica-
tion holds:

2= X24Y? = [ -L%+ LR

Proof. Since Z? = X2 +Y? and Z € S, from [1, Proposition V.1.8] it follows
that

Z = VX24+Y2

Now choose a matrix W € S™ arbitrarily. Then, a simple computation yields that

(W, (LY — L% — L3)W) = 2 [Trace(W ZW Z) + Trace(W?>Z?) — Trace(W XW X)
— Trace(W?X?) — Trace(W?Y?) — Trace(WYWY)]
= 2 [Trace (W?(Z* — X*> = Y?)) + Trace(WZW Z)
— Trace(WXWX) — Trace( WY WY)]
> 2 [Trace(WZW Z) — Trace(WXW X) — Trace(WYWY)]
>0,

where the first inequality is due to Z2 = X2+ Y2 and the second uses Z = /X2 + Y2
and Lemmas 2.4 and 2.3. Since W is arbitrary in S™, the result follows. O

PROPOSITION 2.2. For any given X,Y € S” and Z € ST} |, define A: S" x S™ —
S™ by

AAU,AV) i= L Lx (AU) + L, Ly (AV) VAU, AV € S™,

If Z* = X? +Y?, then the linear operator A satisfies || All, < 1, and consequently

9)  |£2'Lx(AU) + LG Ly (AV)|| < VIAUZ+|AV]2  VAU,AV € S™

Proof. Assume that Z2 = X2+ Y2. By the definition of A and Proposition 2.1,
we have

AL = LN + L3) L, = L, 5L, =T



NONSINGULARITY FOR THE FB SYSTEM OF NONLINEAR SDPs 1397

This means that the largest eigenvalue of AA* is less than 1, and consequently,

HAH2 = \/HA*AH2 = \//\maX(A*A) = \//\maX(AA*) <L

This completes the proof of the first part. By the definition of operator norm, we
have

I£2 Lx (AU) + L' Ly (AV)|| = [ A(AU, AV)[| < [|A]l, [(AT, AV)].

Together with the first part, we prove that the inequality (9) holds. d
Let «a, 3, and ~ be disjoint index sets with a U U~y = {1,2,...,n}. Define

(10) I(X,Y) = (X35 + Y5 + Xps Xy + YaaYap)'/? VX,V €S™

The following property of the function I' will be used in the subsequent sections.
PROPOSITION 2.3. Let X, Y € S™ be such that T(X,Y) = 0. Then for any
G,H e 8§,

1£0 5 3y (X7 Gyt Gon Xoyp) |l < 2v/1BI G,
L5 3y (YaaHap+ HoaYag)|l < 2v/[Bllaf || Hagll-

Proof. Let I'(X,Y) = Qgdiag(A1, ..., /\\BI)Qg be the spectral decomposition of
I'(X,Y), where A; > 0 for each i. Let @ and Q. be arbitrary but fixed |y| x ||

and |a| X |a| orthogonal matrices, respectively. Define )N(ﬂv = Q;";XMQV and ?ga =
QngaQa. Then, from the expression of I'(X,Y") and its spectral decomposition, it
is easy to get that

1 ||

> Z)ka—i—foﬁ forall i=1,...,|8|
k=1 1=1

This means that for 1 <k < |y, 1<I<|al, 1 <i<|f],and 1 < j < M),

[Xaw| o Xl Yal LYyl

11 1.
( ) /\i+)\j_ ’/\i-f—)\j_ ’)\i-f—)\j_ ,)\i—l—/\j_

For any G, H € S™, with (537 = QEGI@VQAY and I:T,ga = QgHgaQa, we calculate that

0 (R + G X
Qgﬁflxy (Xﬁ'vG'yB + Gﬁ'vX'vﬁ)Qﬁ = k:1( ikCrky + i kj) )
(X.Y) Ai + A -
1<i,5<18]
(Y Hy + HaY,
Qgﬁflxy (YﬂaHa/J’ +H3aYa,3)Q,8 = Zl:l( ey & lJ)
(X.¥) Ai + A .
1<4,5<|8]

Using the inequalities in (11) and noting that the Frobenius norm is orthogonally

invariant, from the last two equalities we obtain the desired result. ad
In the subsequent sections, we always use C': S” xS™ — S™ to denote the function
(12) CX,Y)=vX2+Y2 VXY eSS

and for any given X,Y € S™ assume that C(X,Y) has the spectral decomposition
(13) C(X,Y) = Pdiag(\i, ..., \,)PT = PDPT,
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where P is an n x n orthogonal matrix, and D = diag(A1,...,\,) with A; > 0 for all
i. Define the index sets « and 3 associated with the eigenvalues of C(X,Y") by

k= {i: A >0} and S = {i: A\ =0}.

Then, by permuting the rows and columns of C(X,Y) if necessary, we may assume

that
D, 0 D, 0
AR

3. Directional derivative and B-subdifferential. The function ®_, is direc-
tionally differentiable everywhere in S™ x S”; see [21, Corollary 2.3]. But, to our best
knowledge, the expression of its directional derivative is not given in the literature.
Next we derive it and use it to show that the B-subdifferential of ® ., at a general
point coincides with that of its directional derivative function at the origin.!

PROPOSITION 3.1. For any given X, Y € S™, let C(X,Y) have the spectral de-
composition as in (13). Then, the directional derivative ®_((X,Y); (G, H)) of ®,,
at (X,Y) with the direction (G,H) € S™ x S™ has the expression

(14) (G+H)—P Ly (Lx,, (Gre) + Ly, (Hix)) DEl(XMGﬂﬁ“LY“”H“ﬁ)] P

(éﬁ/@)?nn+ﬁﬁn?nﬂ)D;1 @(é,ﬁ)

where X = PTXP, Y = PTYP, G:= PTGP, H:= PTHP, and © is defined by
@(U, V) = |:Ug,3 + V,@ZB + UﬂHUNB + VBNVI{ﬂ
~ ~ ~ - 1/2
(15) — (UpnXnn + Vi Yer) D2 (XnUsp + Y Vieg) YU,V € S™.

Proof. Fix any G, H € S™. Assume that (X,Y) # (0,0). Then, for any ¢t > 0, we
have

(16) O (X +tG Y +tH) -2 ., (X,Y)=t(G+ H) — At)
with

1/2

Al) = [CHX,Y) +t(Lx(G) + Ly (H)) + t*(G* + H?)] C(X,Y).

Let X,Y,G, and H be defined as in the proposition. It is easy to see that
() A(t) = PTAWP = (D? + )12 - D,
where

W:t()?é+é)?+?ﬁ+ﬁ?)+t2 (é2+ff2).

IWhen we were preparing this manuscript, we learned that these results were obtained by Zhang,
Zhang, and Pang (see [26]) via the singular value decomposition. We achieved them independently
by eigenvalue decomposition in order to obtain Proposition 3.2.
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Since X2+ Y2 = D2 and Dg = 0, we have X = diag(X.x,0) and Y = diag(Y..,0).
So,

W=t

KK

éﬁfc)?mc +ﬁﬁﬁi}m{ 0

o(t) o(t)
o(t) 2 (égﬁ + H3, + GnGrp + Hgﬂflﬁﬁ) :

‘Cf( (éﬂﬁ) + ‘Cf/,m (ﬁmc) Xﬁﬂéﬁﬁ + ?Kﬂﬁ){ﬂ ‘|

+

By (17) and [24, Lemma 6.2], we know that

At = L} (W) + o [W])),

(18) Alt)us = Dy ‘Waas + ol |W]),
Wep = A(t)ZﬁA(t)ng + A(t)%m-

From the second equality of (18) and the expression of Ww, it follows that
(19) A(t)ns = tD7! ()?méﬁﬁ + ?nﬁﬁ,{ﬂ) +ol(t),
and consequently,
AOTA s = 12 (GonXon + HanViw ) Di? (XunGres + Ve s ) + 0(t?).
This, together with the third equation of (18) and the expression of W@g, implies that
A(t)2y =2 (éﬁ,{é,{ﬁ + HpoHep + G5 + ﬁgﬂ)
—t? (éﬁr@im@ + ﬁgnﬁm) D;? ()?ménﬁ + f/mﬁnﬁ) + o(t?).
Since Dg = 0, the expression of A(t) in (17) implies that A(t)ﬁg > 0. Therefore,

X A H2 11/2 o
hm% - hmM =0O(G,H).
tl0 t t10 t

In addition, from the first equation in (18) and the expression of Wi, we have
Alt)ew = t£5} (L, (Grn) + Ly, (Hin)) + 0lt).
Combining the last two equations with (19), we immediately obtain that
o B0 _ [ Lo (L5, (Gron) + Ly, (Hu) Dt (XenGiop + Vo Hicp) ] |
to 1 (GprXin + HpnYur) Dyt ©(G,H)
This, along with (16), shows that ® ((X,Y);(G, H)) has the expression given by
(14)When (X,Y) = (0,0), by the positive homogeneity of ®_., we immediately have
o ((X,Y);(G,H)=(G+H)—G*+H?>=9_,(G, H).

Note that this is a special case of (14) with x = (). The result then follows. O
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Note that the function © in (15) is always well defined since, by Lemma 2.2,
Uﬁchch + Vﬁfcv/{ﬁ - (UBR)?RK + VBR}A}KR)D;2()?RKUK5 + ?m»cvrcﬁ) = 0

for all U,V € S™. As a consequence of Proposition 3.1, we readily obtain the following
necessary and sufficient characterization for the differentiable points of the function
D

COROLLARY 3.1. The function @, is F-differentiable at (X,Y) if and only if
C(X,Y) > 0. Furthermore, when C(X,Y) = 0, we have for any (G, H) € S™ x S"

(20) jq)FB (Xv Y)(GvH) = (G + H) - ‘CE%X,Y) (LX(G) + ‘CY(H)) .

Proof. The “if” part is direct by [1, Theorem V.3.3] or [5, Proposition 4.3]. We
next prove the “only if” part by contradiction. Suppose that @, is F-differentiable
at (X,Y), but C(X,Y) > 0 does not hold. Then |3| # 0. Since ¥, is F-differentiable
at (X,Y), @ _((X,Y);(-,-)) is a linear operator. But, letting (G, H1), (G2, H2) €
S"™ x 8" be such that G1 = G2 = 0, Hy = diag(0, [|g/), and Hy = —H;, we obtain that

0=9 ((X,Y);(Gy,H1)+ (G2, Hz))
= ((X,Y);(G1,Hy)) + @, ((X,Y); (G2, H))

0 0 -
— _op PT.
( 0 I )

which is a contradiction. This contradiction shows that the “only if” part holds. The
formula in (20) follows by [4, Lemma 2] or [11, 12, Theorem 3.4]. a

Next we derive the expression of the directional derivative of © at (U, V') with the
direction (G, H) € S™ x S™, which is used to characterize the F-differentiable points
of © in Lemma 3.2 below. Define € : S" x §” — RIFXI%l and Q, : S* x S™ — RIFIXI~!
by

(U, V) = Usx — (Use X + VouYur) D2 X VU,V € S"
and

“2y_ YU,V €S™,

K

QQ(U, V) = VBn — (Ulg,{)}m{ + Vﬂ,{i}n,{)D

respectively. Noting that X2, + Y2 = D2, we can rewrite the function © in (15) as
(21)

O(U, V) = [U25+ Vi + (U, V) (U, V) + 0 (U, V) (U, V)T] V2 YU,V e 5™,
For any given U,V € S", assume that ©(U, V) has the spectral decomposition
O(U,V) = RAR" = Rdiag(d1,...,95)R",
where A=diag(v1,...,9|g) is the diagonal matrix of eigenvalues of ©(U, V) and R is
a corresponding matrix of orthonormal eigenvectors. Define the index sets I and J

associated with the eigenvalues of ©(U, V') by

I:={i:¥; >0} and J := {i:9; =0}.
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Then, by permuting the rows and columns of ©(U, V) if necessary, we may assume

that
A Ar 0] _[Ar O
- 0 Ay | 0 0|
From (21) and the spectral decomposition of @(U, V), it is easy to obtain that

(22)  [RTUsplss =0, [RT"Vis]s5 =0, [RTQ (U, V)]s = 0, [RTQ(U, V)]s = 0.

LEMMA 3.1. For any given (U, V) € S"xS", assume that ©(U, V') has the spectral
decomposition as above. Then, the directional derivative ©'((U,V); (G, H)) of © at
(U, V) with the direction (G, H) € S™ x S™ has the expression
Ly W] AW

23 A _ 2 ~
(23) WEATY (©45 — WEHA2Wy)1/2

R”,
where © := RTO%(G, H)R and W= RTW (G, H)R with W(G, H) given by

W(G, H) = Q0 (U, V) (G, H)" + (G, H)Q (U, V) + Lu,,(Gap)

+ Ly, (Hpg) + (U, V)Q0u(G, H)' + Qa(G, H)Q (U, V).
Proof. Assume that ©(U, V) # 0. For any ¢t > 0, we calculate that
A(t):==0(U +tG,V +tH) — 6(U,V)
= [OX(U,V) +tW (G, H) + 20%(G, H)]'/* — e(U, V).
From the spectral decomposition of ©(U, V), it then follows that
1/2

(24) A(t) := RTA(t)R = (A2 AW 4 t2’é) Y

where © and W are defined as in the lemma. From (24) and [24, Lemma 6.2], we
have

At = tL3} Wi + oft),

2 A0 = 10 Wy o).
Wiy + 120, = AOTLAW) 1 + A®)2,.

By (22) and the definition of f/[v/, we have W, 77 = 0. Then, from the last two equalities
of (25), it follows that

AWy =26, — AWLAWG L =2 (Bar = WHAT W) + olt?).

Since Ay = 0, the expression of A(t) in (24) implies that A(t) 7 = 0. Therefore,

. Ay . z(t)gJ ~ ~—r o \1/2
b i :(GJ"_WEAI2W’J) '

This, together with the first two equalities of (25), yields that

é&} (W) AWy

. RA(t)RT
O'((U.V): (G, H)) = lim ==~ U @y — WEAEW
(U, V)i (G, H)) WHATY (©45 — WEHAT* Wiy)'/?

=R RT.
t10 t
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If ©(U,V) =0, then Ugg = 0,Vgg = 0, Qi (U,V) = 0, and Q2(U,V) = 0. By
this, it is easy to compute that ©'((U,V); (G, H)) = ©(G, H). Note that ©(G, H) is
a special case of (23) with I = (). The result then follows. O

Remark 3.1. Lemma 3.1 shows that the function © defined by (15) is directionally
differentiable everywhere in S™ x S™. In fact, © is also globally Lipschitz continuous
and strongly semismooth in S” x S™. Let (U, V) := [Ugg Vg (U, V) Qu(U, V)]
for U,V € S", and G™*(A) := VAAT for A € RIFX?" Comparing with (21), we
have that ©(U,V) = G™*(¥(U,V)). By [21, Theorem 2.2], G™?' is globally Lips-
chitz continuous and strongly semismooth everywhere in RI#1*27 Since W is a linear
function, the composition of G™# and ¥, i.e., the function O, is globally Lipschitz
continuous and strongly semismooth everywhere in S™ x S™ by [7, Theorem 19].

By the expression of the directional derivative of ©, we may present the necessary
and sufficient characterization for the differentiable points of ©.

LEMMA 3.2. The function © is F-differentiable at (U, V) if and only if ©(U,V) >
0. Furthermore, when ©(U,V) = 0, we have for any (G, H) € S™ x S",

JOWU, V)G H) = Ly, [ (UsnGrp + GrUnp) + (VanHupg + HpiVicp)
- (GB,J?M + Hg,{?m) D;.? (J?WUNB + ?mvﬁﬁ)
— (UBR)?K;{ + Vﬁl{i}){fi) D;? ()?MGW + f/mHn/a)

+ LUBB (Gﬁﬁ) =+ ‘CVB;% (Hﬁﬁ)} .

Proof. We need only prove the “only if” part. If © is F-differentiable at (U, V),
then ©'((U,V); (G, H)) is a linear function of (G, H) which, by (23) implies that

(O — W}}AI_QWU)V2 is a linear function of (G, H). We next argue that this holds
. . . 0 0 0 0 .

true only if J = ). Indeed, if J # (), by taking G = [0 Gﬂlj and H = [0 HBLJ with
Ggp = 0and Hgg > 0, we have 1 (G, H) = 0 and Q3(G, H) = 0, which, together with
[RTUggls5 = 0 and [RTVjs] 5 = 0, implies that W, = [RTW (G, H)R] ;1 = 0. Note
that ©%(G, H) = G34+H3,. Then, (0,—WhHA?Wiy)t/? = \/[RT(GEM + H3,)R] 1,
which is clearly nonlinear. The Jacobian formula of © is direct by a simple computa-
tion. a

Remark 3.2. Combining Proposition 3.1 with Lemma 3.2, we immediately obtain
that ® _((X,Y); (-,-)) is F-differentiable at (G, H) if and only if ©(PTGP, PTHP) »-
0

By the definition of © and Lemma 3.2, we can prove the following result (see the
appendix for the proof), which corresponds to the property of ®,, in [14, Lemma 11].
LEMMA 3.3. For any given X,Y € S", let U, (-,-) = @, _((X,Y);(-,-)). Then,

Op®,,(X,Y) =05V, (0,0).

Now Lemma 3.3 and Proposition 3.1 allow us to obtain the main result of this
section.

PROPOSITION 3.2. For any given X,Y € S", let C(X,Y) have the spectral
decomposition as in (13). Then, o (U,V) € 0pP,.,(X,Y) (respectively, 0P,.,(X,Y))
if and only if there exists a (G,H) € 0p©(0,0) (respectively, 09(0,0)) such that for
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any G,H € S™,

(T-U)(G)+(T—V)(H)
£5! (L5, (Cue) + L5, () Dt (KunGs + Venllas)

A o ~ N pT
(GBNXNH +H,8/1Ym€) D;1 g(G) +H(H)

(26) =P

where X := PTXP,Y := PTYP, G := PTGP, and H := PTHP.
Proof. For any G, H € S", let ¥(G, H) := (PTGP, PTHP). Define Z: S" x S" —
S™ by

L5t (L5, (Sw)+ Ly, (Tue) ) DM (XunSius+ VanTis)

s ~ PT.
(S Xnnt T5Yer) Dt o(S,T)

2(S,T) =P

By Proposition 3.1, clearly, ¥ (G, H) = (G + H) — E(¥(G, H)) for any G, H € S™.
Note that = is globally Lipschitz continuous in S” x S™ by the remarks after (21),
and JY(G, H) for any G, H € S" is onto. Applying [3, Lemma 2.1] to the composite
mapping = o ¥ at (0,0), we have that dg(E o ¥)(0,0) = 9pE(¥(0,0))J¥(0,0) =
0p=(0,0)T. So,

0pV,(0,0) = (Z,Z) — 95E(0,0)¥.

This, together with Lemma 3.3 and the expression of =, completes the proof. O

4. Nonsingularity conditions. This section will show that the Clarke’s Jaco-
bian of E,_, at a KKT point is nonsingular if and only if the KK'T point is a strongly
regular solution to the generalized equation

ToxL(, X, 1,8,Y) N%\X/Sn ((;U,)X)
h(x) m (1
27 0€ o(z) - X 1 Nes)
X Nsz (V)

Let (Z,X,7,5,Y) € Xx ST x R™ x §" x S be a KKT point of the NLSDP (2), i.e.,
a point satisfying the KKT condition (3). Let C = C(X,Y). Noting that

(28) Xest, YeSt, and (X,Y) =0,

we may assume that C has the spectral decomposition as in (13) with x = a U,

B D, 0 0 B 0 0 0
(29) X=P| 0 0 0|P', and Y=P| 0 D, 0 |PT.
0 00 0 0 0

By this, we write P = [P, P, Ps] with P, € R**lel P, e R"*l and Py € R*¥IA1,

By the spectral decomposition of X and Y, we can simplify the function © in-
volved in @ _((X,Y);(:,-)) as the function I': S* x S" — SIAl defined by (10) with
the above a,~, and 8. In view of this, we first characterize a property of Clarke’s
Jacobian of I' at a general point, which will be used to prove Proposition 4.1 below.
Particularly, it also implies the property of Clarke’s Jacobian of ®,, at a general
point; see Remark 4.1.
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LEMMA 4.1. For any given (U, V) € S* x S™, let (G, H) € OT'(U,V). Then, we
have

1G(G) + HH)| < [(Gpp, Hap)ll + 2/ 18I Gyl + 2V/1Bllel [[Hagll VG, H € §™.

Proof. Let (G,H) € OT'(U, V). By Carathéodory’s theorem, there exist a positive
integer [ and (G*,H*) € 9gT(U, V) fori = 1,...,1 such that (G, H) = Zé:l vi(GH,HY),
where Zi:l vi=1land v; >0, i =1,...,I. From Lemma 3.2, we know that I' is
F-differentiable at (U, V) if and only if T'(U, V) > 0. Also, when T'(U, V') > 0, we have

JIrU,V)(G, H) = £1:(1U7V) [ﬁUBa (Ggp) + ‘CVﬂB (Hpp) + UsyGyp
+ G Uqyg 4+ Voo Hap + H@aVa,@]
for any G, H € S™. Hence, for each i € {1,...,1}, by the definition of the elements in

opT'(U, V), there exists a sequence {(U®,V%)} in S" x S converging to (U, V) with
(U, Vi) = 0 such that (G, H') = limg_,0o JT (U, V). Thus, for any G, H € S™,

l
G(G) + H(H) = lim S L, oy Ly (Gap) + Ly (Has) + U Gos
=1

2
BB

+ Gy Uy + Vi Hap + Haa Vol | -

Together with the continuity and convexity of || - ||, it follows that
1G(G) + H(H)
!
: -1
S kli{go Z Vi ‘CF(Uik 7Vik) [LU;% (Gﬁﬁ) + EV;;E (Hﬁﬁ)

i=1
+ Ut Grp + Gy Uty + Vil Hap + HBQV;;;;} H
l
< lim Y {HL;JU%)V%) {EU;%(Gﬁﬁ) Ly (Hﬁﬁ)} H

T k—oo

—1 oM 1k 1k ik
| Eniie iy (Uit G + Gty + Vi s + Haa Vi3 )| -

For each ¢ and k, from Propositions 2.2 and 2.3, we have that

Hﬁﬁ(lm,wk) ['CU;I;, (Gpp) + Ly, (Hﬁﬁ)} H < [(Gps, Hpp) |

and

-1 ix ix in i
HEF(Uik,Vik) (UﬁlinW + GB'YU'Y% + Ve Hap + HBO‘V&]Z%) H

<2VIBIIGysll + 2V 1Bl [[Hagl|-
From the last three inequalities, we immediately obtain that for any G, H € S™,

1G(G) + H(H)|| < (G, Hpp)ll + 2V [BIV Gl + 2V 18]l [ Hagpl-

Thus, we complete the proof. d
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Remark 4.1. When a U~y = (), the function I'(,-) reduces to C(,-) defined in
(12). Then, Lemma 4.1 characterizes the following property of Clarke’s Jacobian of
., at a general point: for any given X,Y € S", letting (U, V) € 00,.,(X,Y), it holds
that

UG)+V(H) =0 = (G,H) <0.

We achieve the main result of this section by two steps: (1) we show that the
strong second order sufficient condition and constraint nondegeneracy of (Z, X) im-
plies the nonsingularity of dF,, (T, X, 71, 5,Y). (2) We establish the relationship be-
tween Clarke’s Jacobians OF,, (%, X, 1, S,Y) and 0F,, (T, X, 71, S,Y). The first step
needs the following two propositions, which provide the properties of the elements in
09, (X,Y).

PROPOSITION 4.1. Let X,Y € S™ satisfy (28), and assume that they have the
spectral decomposition as in (29). Then, for any (U, V) € 0®,,(X,Y), it holds that

PGP, =0, PIGP, =0, PTHP, =0,
(30) UG)+V(H)=0 = {PTHP; =0,PT'GP,D, + D,PTHP, =0,
(P{GPs, Py HPg) < 0.

Proof. Fix any (U,V) € 0®,,(X,Y) and G, H € S" with U(G)+ V(H) = 0.
Applying Proposition 3.2, there exists a (G, H) € 9I'(0,0) such that

é —+ ﬁ = LBi (L)?mi (GKK) + EY/,{,{ (ﬁ/‘“ﬂ)) Dgl(ynnéﬂﬂ + ?KKHR/B)
(Gpn Koo+ HynYiw) D G(G) + H(HT)

where k = a Uy, X = PTXP,Y = PTYP, G = PTGP and H = PTHP. By (29),
an elementary calculation shows that the last equality can be rewritten as

 Lp,(Gaa+Haa)  Da(Gay+ Hay) + (Gay + Hay)Dy Gap + Hap
(G'va + H'yalDOc + Q’Y(G’YO‘ + H’va) ﬁDL(Gw ‘tHw) Cjw + If'yﬁ
Gpa + Hpa Gpy + Hpy Gpp + Hpp|
_ Lo, (é‘m)N Daéav +~ﬁa7D7 éaﬁ
G'vaDaN"' DyHyo EDL(H'W) _ Hys 0
Gpa Hg G(G) +H(H)

From this, we readily obtain the equalities in (30) as well as the following equality:
éﬂ@ + E[g@ = g(é) + H(ﬁ)

Using Lemma 4.1 and noting that 573 = O,I;Taﬁ = 0, we get the inequality in
(30). O -

PROPOSITION 4.2. Let X,Y € S" satisfy (28), and assume that they have the
spectral decomposition as in (29). Then, for any (U,V) € 0@, (X,Y), it holds that

UG +V(H)=0 = (G,H) <Yx(-Y,G),
where, for any given B € S, Tp : S™ x S™ — R s the linear-quadratic function
(31) Tp(A,A) = 2(A,ABTA) V(A A) eS" x S"

introduced in [22] with BY denoting the Moore-Penrose pseudoinverse of B.
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Proof. The proof is direct by Proposition 4.1, the definition of Y+(-Y,G), and
(29). O

We also need to recall from [22] the strong second order sufficient condition and
constraint nondegeneracy for the NLSDP (2). Let z = (2, X) € X x S™. Let

f(z) = f(@), h(z)= ( g(;l)(ai)x ) , and g(z)=X.

By (29) and [22, eq. (17)], the tangent cone Tg» (X) of S} at X takes the form

(32) %1(7):{36811:[}76 PW]TB[P,B PV]EO}'

Let A= X —Y and A; =Tls, (A). The critical cone of S% at A is defined as

(33) C(A;ST) = Toy (A4) N (Ay — A =Ty (X)NY .

By the spectral decomposition of Y and the expression of 7§1 (X), we may verify that

(34) C(A;S})={BeS": P;BP; =0, P BP, =0, P'BP, =0}.

From [2, 22], the critical cone C(Z) of the NLSDP (2) at Z = (, X) has the form
Cz) = {g EX xS LhZ)E =0, LG3E)E € C(A;Si)} .

Since it is hard to give an explicit formula to the affine hull of C(%Z), denoted by
aff(C(z)), Sun [22] defined the following outer approximation to aff(C(%)) with respect
to (@, S,Y):

(35)  app(1,5,V) = {€ € X x 8" Zh(2)E = 0, T.G(E)E € aff(C(4;8})) .

For a locally optimal solution Z = (7, X) of (2), we denote by M(Z) the set of
Lagrange multipliers satisfying (3) that is nonempty under certain constraint quali-
fications (CQs) such as Robinson’s CQ. By the definition of ]7,%, and ¢, the strong
second order sufficient condition and constraint nondegeneracy [22] for the NLSDP
(2) can be stated as follows.

DEFINITION 4.1. LetZ = (%, X) be a stationary point of the NLSDP (2). We say

~

that the strong second order sufficient condition holds at Z if, for any & € C(Z)\{0},
(36) sup  { (& TLL@ X, 1. 8,Y)E) = Ty (V. ZG(2)6) | >0,
(1,8, Y)EM(Z)

~

where C(Z) := (1, s.v)emz) 2PP(1, S, Y). B
DEFINITION 4.2. We say that a feasible point Z = (T, X) of the NLSDP (2) is
constraint nondegenerate if

(37) ( g?g ) < o ) + ( lin (Tg{io(}ﬁ(i))) ) - ( T )

where lin(Tsn (+)) denotes the largest linear space in the tangent cone Ty (-).
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Now Propositions 4.1 and 4.2 allow us to prove the following result by using an
argument similar to that of [22, Proposition 3.2]. We include the proof for complete-
ness.

PROPOSITION 4.3. Let (T, X, 7, S,Y) be an arbitrary KKT point of the NLSDP
(2). Suppose the strong second order sufficient condition (36) holds atz = (T, X) and Z
is constraint nondegenerate. Then any element in OE,, (T, X, 1, S,Y) is nonsingular.

Proof. Since the nondegeneracy condition (37) is assumed to hold at Z and, by

(32)-(34), lin(Tsy (9(2)) € Tz (9(z)) N YJ', we have from [22, Proposition 3.1] that
M(Z) ={(z,8,Y)} and aff(C(2)) =app(, S,Y).

Then, the strong second order sufficient condition (36) takes the form

(38) (A T%UT, 7, S)d) — Tx(=Y,A) >0 ¥(d,A) €aff(C(2)\{(0,0)},

where I(z, i, S) = f(z) + (1, h(z)) + (g9(x),S). Let W be an arbitrary element in
OE,. (T, X,1,S,Y). To prove that W is nonsingular, we let (Ax, AX, Au, AS,\Y) €
X x S™ x R™ x §™ x S™ be such that W(Az, AX, Au, AS, AY) = 0. Then, by the
expression of the mapping E,,, there exists a (U, V) € 99,,(X,Y) such that
[ Teal (T, 70, S) Az 4+ Toh(T)* Ap + Tog(T)*AS
—AS - AY
T=9(T) Az — AX
ULX)+V(AY)

which can be simplified as

[ T2UE, L S)Ax + Toh(Z) A — Tog(@)* AY
(39) Toh(®) A —0.
U(Tz9(T)Ax) + V(AY)

From the second and the third equations of (39) and Proposition 4.1, it follows that
Th(@Dx =0, P (Tag(@)Ax)Py =0, PJ(Teg(@)A)Py =0,

Comparing this with the definition of app(z, S,Y) in (35), we have that
(40) (Az, T.9(T)Az) € app(7I, S,Y) = aff(C(2)).
By the first and the second equations of (39), we can obtain that

(Dz, T2 T, 8) M) — (Tog(T) Az, AY) =0,
whereas the third equality of (39) and Proposition 4.2 imply that

(To9(@) D0, AY) < T(-F, Tug(@)52),

From the last two equations, we immediately obtain

(Ax, mel(f, 1, S)Ax) — Ty(—?, J=9(T)Azx) <0.
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Putting this with (40) and (38), we get Az = 0. Thus, (39) reduces to

Toh(T)*Ap — Tog(T)*AY

(41) V(AY)

=0.

Applying Proposition 4.1 with G = 0 and H = AY, we obtain that

(42) PIAYP, =0, PYAYP; =0, and PYAYP, =0.

In addition, by (37), there exist a (¢,U) € X x S" and a V' € lin(Tsy (¢(Z)) such that
Th(@) = Dp, Twg(@)—-U=-AY, U+V =-AY.

This, together with the first equation of (41), yields that

(Ap, Ap) + 2{AY, AY) = (T h(@)¢, Ap) — (T9(T)¢ — U, AY) — (U + V,AY)
= (V,AY) = (PTVP,PTAYP) =0,

where the last equality uses (42) and V' € lin(7gy (9(%)). Thus, Ap =0 and AY = 0.
Together with Ax = 0, we show that W is nonsingular. o

Next we turn to the work of the second step, which needs the following key lemma.

LEMMA 4.2. Let X and Y satisfy (28). Then, we have 9p®,,(X,Y) C Op®,,
(X,Y).

Proof. By the eigenvalue decomposition of X and Y, it is easy to verify that
(43) X =

K-V +(X-7) and Y=+ [[X-V|- (X-7)].

N =

1
2
From the definition of ®,, it follows that ®,(X,Y) = (X +Y) — 2(X,Y), where

E(X,Y) == [(X+Y)+|X-Y|] VX, Y eS"

N | =

Then, comparing this with the definition of ®,, it suffices to prove that
(44) 0pE(X,Y) C9pC(X,Y).

Let (U,V) € Op=(X,Y). From the definition of the elements in 95=(X,Y) and [14,
Corollary 10], there exists a sequence {(X*,Y*)} € S™ x S" converging to (X,Y)
with Z¥ = X* — Y* nonsingular such that (U, V) = limj_, JE(X*,YF). Also, for
any G, H € S™,

1 - 1 .
U(G) +V(H) = lim [5(1 L L)(@) + 5(T - ,czlk,czk)(ﬂ)]
(45) = Jim (LA Lzt (G) + L £ ey (D)

For each k, let X% = 2220 nq vk = 121228 Then, by 25 = X* — Y* and (43),

it is easy to see that X* — X and Y* — Y as k — co. Also, we have that

-~

(Xk)2 + (i}k)2 _ (Zk)2 _ (Xk . Yk)2 0.
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This means that the function C(-,-) is continuously differentiable at (X*,Y*) with

JC(X* V¥ (G, H) = E;éikyk)ﬁgk(G) + £5§§k7?k),cw(ﬂ)

- E\izl’cl'c—‘zk‘;’zk (@) + Elek\ﬁwzk\2—zk (H).

Together with (45), we have U(G) + V(H) = lim_. JC(X*,Y*)(G, H). This,
by the arbitrariness of G and H, shows that (U,V) € 9pC(X,Y). Then, (44)
follows. O

Lemma 4.2 states the relation between Clarke’s Jacobian of @, and that of ®,
at a complementarity point pair, which by the expression of £, and E,, implies

(46) OE (%, X,11,S,Y) COE,,(Z,X,7,S,Y).

Along with Proposition 4.3 and [22, Theorem 4.1], we get the main result of this
paper.

THEOREM 4.1. Let (Z,X) € X x ST be a locally optimal solution to the NLSDP
(2). Suppose that Robinson’s CQ holds at this point. Let (7i,S,Y) € R™ x S" x St
be such that (%, X, 1, S,Y) is a KKT point of (2). Then the following statements are
equivalent:
(a) The strong second order sufficient condition in Definition 4.1 holds at (Z,X), and

(T, X) is constraint nondegenerate.

(b) Any element in OF,, (T, X, 7, S,Y) is nonsingular.
(c) Any element in OF,, (T, X,q, S,Y) is nonsingular.
(d) (&, X,m,S,Y) is a strongly reqular solution to the generalized equation (27).

Proof. By Proposition 4.3 and the inclusion in (46), we have that (a) = (b)
= (c). Since the NLSDP (2) is obtained from (1) by introducing a slack variable,
we know from [22, Theorem 4.1] that (a) < (¢) < (d). Thus, we complete the
proof. a

To close this section, we take a look at the relationship between the nonsingularity
of Clarke’s Jacobian of the FB nonsmooth mapping associated to the KKT system of
(1) and the strong regularity of the KKT point. Let F,, : XX R™ xS" — XxR™ x S"
be the FB nonsmooth mapping associated to the KKT system of (1); that is,

le(x7uay)
Fop(z,puY):= h(x) V(z, 1Y) € Xx R™ x S",
Py (9(2),Y)

where [ : X x R™ x §™ — R is the Lagrangian function of (1). It is easy to verify
that if (Z,7, Y) is a KKT point of (1), then (7, g(%), T, —Y,Y) is a KKT point of (2);
and conversely, if (Z, X, 7, 5,Y) is a KKT point of (2), then (7,7, Y) is a KKT point
of (1). Moreover, from the Kummer inverse function theorem [13] and the Thibault
directional derivative of composite functions [25], it follows that the following result
holds.

LEMMA 4.3. If the mapping E., is a locally Lipschitz homeomorphism near a
KKT point (%, X,11,5,Y) of (2), then F,, is a locally Lipschitz homeomorphism near
Z.75Y).

In fact, by Lemma 2.3 of [23], it is not hard to prove that the converse conclusion of
Lemma 4.3 also holds if 7,¢(T): R™ — S™ is surjective. Thus, combining Lemma 4.3
and Theorem 4.1 above with [22, Theorem 4.1], we obtain the following result.
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THEOREM 4.2. LetT € X be a locally optimal solution to the NLSDP (1). Suppose
that Robinson’s CQ holds at this point. Let (fi,Y) € R™ x S be such that (T, [, Y)
is a KKT point of (1). If (Z,71,Y) is a strongly reqular solution to the generalized

equation

Tol(z, 1, Y) Nx(z)
(47) 0c h(z) + | Nem(p) |,
9(z) Nsn (V)

then any element of OF (T, 11,Y) is nonsingular. Conversely, if J.g(T) is surjective

and any element of OF., (T, [, Y) is nonsingular, then (T,71,Y) is a strongly regular
solution to the generalized equation (47).

5. Conclusions. In this paper, for a locally optimal solution to the nonlinear
SDP (2), we established the equivalence between the nonsingularity of Clarke’s Ja-
cobian of the FB system and the strong regularity of the KKT point. This provides
a new characterization for the strong regularity of the nonlinear SDPs as well as
extends the result of [9, Corollary 3.7] for the FB system of variational inequalities
with the polyhedral cone constraints to the setting of SDCs. In addition, this result
also implies that the semismooth Newton method [15, 16] applied to the FB system
converges quadratically to a KKT point if the strong second order sufficient condition
and constraint nondegeneracy are satisfied.

Appendix.

The proof of Lemma 3.3. When (X,Y") = (0, 0), the result is clear since ¥, (+,-) =
..., (-, ). Therefore, in the following arguments, we assume that (X,Y) # (0,0).

Step 1: To prove that Op®,.,(X,Y) C 0p¥,,(0,0). Let (U,V) € 0pP,,(X,Y).
By Corollary 3.1 and the definition of the elements in dp®,,(X,Y), there exists a
sequence {(X* Y*)} in S” x S” converging to (X,Y) with C* = C(X*,Y*) = 0 such
that (U, V) = limy_00 TP, (X*,Y*). Fix any G, H € S". From formula (20), it
follows that

(48) (Z-U)G)+(IZ—-V)(H)= lim L [Lxr(G)+ Lyx(H)].

k—o0

Let C* = P*DF¥(P*)T be the spectral decomposition of C*, where D* is the diag-
onal matrix of eigenvalues of C* and P* is a corresponding matrix of orthonormal
eigenvectors. Writing each DF in the same form as D, i.e., D¥ = [[()): lg’é}’ we have
limy_,oo D* = D, which implies that DF is a nonsingular matrix for sufficiently large
k and limg_,c0 Dg = 0. Without loss of generality, taking subsequences if necessary,
we assume that {Pk} is a convergent sequence with limy_, P* = P>, which means

that

C(X,Y) = lim C* = Jim P*D*(PMT = p>D(P>)T.
— 00

k—o0

Hence, P> can be identified with P in (13). In what follows, we use P instead of
P>, Let

(49) Z8 = Loy [Lxn(G) + Ly (H)].
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With Z* = (PF)TzkpPk, X% = (PF)TXFPF, Y = (PY)TYRPE GF = (PF)TGP,
and H* = (P*)THP*, we can rewrite equality (49) in the block form

K7k 7k Dk pk7k 4 7k Dk =k =
CN e Dﬂzﬁ%ﬁ”i]{(zm =

DEZ, + Z5. Dy D§Zfs + Z,Dj Zes) Ebs
where

=Lz (Gi) + XF,GE, + GEXE, + Lo (HE,) + Y\ HE, + HEYE
Eks = XK Gy + GE Xy + XE,Gh g+ GE XK
+ YNkHHHﬂ + Hllan + Y ,BH,BB + HHIBYBIB’
Since X* — X and Y¥ — Y as k — oo, and X2+ Y2 = D2, it is not hard to see that
v S S Tk
lim X = Xin, klgI;OXw— 0, klgI;OXﬁﬁ— 0,

k— o0
Tk _ N e
(51) klirgo Y. =Y, klirgo Y.53=0, klirgo Yg3=10.

Using these equalities and (50), we immediately obtain that

(52) lim 75, = 25! {/:;( (Gror) + ,cgm(ﬁ,m)} :
(53) lim Z%; = D (XmGw + Yme) ,

with G = PTGP and H = PTHP. Since (X*)2 4+ (Y*)2 = (D¥)2, we have that

(54) Xk X”“g—kXﬁXM—FY YKB—FY YM—O

By (55) and Propositions 2.2 and 2.3, the Sequences {Eg,lc E)}k 1, {Eg,lc Ef,k 1,
£, (XBNG’CB—FG’C )} and {L£ (YBnHkB""H,B )} are bounded So is {Zﬁﬂ}
Wlth

(56)

By taking a subsequence if necessary, we may assume that {Z g B} is convergent. Then,
together with (48)—(50) and (52)—(53), we obtain that

(Z —U)(G) +(Z-V)(H)
LBiLﬁ)‘Ew (GHNZ—’_ é?,m (Hl’fﬁ)] ‘D (XHNGNB + YI{K,HK,ﬂ)
(GprXpn + HppYyen) Dt lim 74,

k—o0

(57) =P PT.

Now with X* and Y* we define a sequence {(U*, V¥)} in S x S™ by

vk
Uk ::P[ y )ENB

0 Yk
vk k
X5x XBs

P" and VFi=P| 5, L
Ys. Vs
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Clearly, (U*, V¥) = (0,0) as k — oo. Let U* = PTUFP and V* = PTV*P. We next
argue that © is well defined at (U*, V*) for large enough k. Indeed, from (54), we
have

~

(58)  XpuXEs+ Ve Vhs = ()A(,’j,{)?,’jﬁ T ijfﬁ) _ (X’,’jﬂ)? ko o+ ?ﬁkﬂ?ﬁkﬁ) ,

where X ko= X — X k_and ?ﬂkﬁ =Y. — ?,fﬁ Then, applying Lemma 2.1 yields
that

(Xun X[+ Vi V) DA (X XJg + Vi V)
= [()?ﬂfﬁf(fﬁ +VEY) — (XK XEy + f/ﬂkﬂ?ﬁ%)} '
D.? {()?fn)?fﬁ +YEYN) - (XksXhs + ?nkﬁ?ﬁkﬂ)}
= 4()?/]§n)?/]jﬂ)TD;2()?§ﬁ)?fljﬂ) + 4(?Hkn3~/ﬁk,8)TD§2(?ﬁkn?f@)
(59) +AXFXE )T DX XE ) + AV EYE)T DAY EYE,).
This implies that for sufficiently large k,
(?ﬁkB)Q‘F(XE,@)Q‘H?ENXEB + ?Bkni}ﬁk,@ - (Xm)?ffﬁ + ?mﬁk,@)TD;Q(XMXSB‘F?M?H%)
= Kb, (1 - 4XED2XE) Kby + Vi (1 -4V D2VE) Vs + %(Dgﬁ
b o Xhy (1 8X5D2RE,) Kb+ 5Vh (1 8VED2VE ) Vh = 5(D5? =0
m,?ﬁkn — 0 as k — oo. By the defi-
nition of ©, this shows that for k large enough, © is well defined at (U*,V*) and

O(U*, V*) = 0. By Lemma 3.2, © is F-differentiable at (U*, V*) with JO(U*, V*)
(G, H) equal to

where the second inequality uses X gﬁ, }7[3’“&,)? k

‘Cézﬁkﬁm [)?gnéﬁg + GouXFs + Y5 Hop + Hpo Y55 + Lz (Ggp) + Ly, (Hgp)
- (GﬂHXHN + HBNYNH> D;2 (XHNX,.I:B + Ynﬁyﬂkﬂ)
(6()) - ()?gnjznn + }7;,{}7/@)@) D;2 (iﬁﬂénﬁ =+ i@nﬁnﬁ)} .

Using (55) and (51), and X*_, YE — 0 as k — oo, we have from (59) that

(61) 0", V) = [(DF)* +o()(D)?]'"*.
In addition, from (58) and (51), it is not hard to obtain that
(@,J?m + ﬁgﬁm) D;? ()?mf(,’:g + ?m?fg)
b (R R+ ThTie) D3 (R + To o)
= R, XI5+ X5 RE, + SE Y + Y5 SE, + Ly (Ris) + Ly (S5s)
with REK, Rgﬁ, S”gﬂ, S’gﬁ — 0 as k — oo. Then, by (55) and Propositions 2.2 and 2.3,
we have

lim Lg}é [(éﬁnim + I?ﬂ,{ffn,{) D2 ()?MX'LSB + ?n,{?jﬁ)

k—o0

+ (X'ENX'M + ?ﬁkﬁﬁ,{) D;? ()N(,méﬁg + ffwﬁﬁgﬂ =0.
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Together with (61) and (60), it is not hard to obtain that

k—o0

: Tk kY& T ol [k A AWk L vk R
Jim FOTF, V)G, H) = lim £} | X5 G+ Can Xl + Vi Mg
+ Hy V) + L, (Gap) + Ly (Hps)| -

Comparing it with (56), we have that limy_,o JO(U*, VF)(G, H) = limy_,o Z’gﬁ
Also, by Remark 3.2, the above arguments show that W, is F-differentiable at
(U*, V*) with

(G+H) - lim JV..(UF VF)G, H)

LBi (L)?,m (é’“{) +L}7hh(ﬁ"“f)) Dgl(iﬂﬁéﬁﬁ +}7ﬂfiﬁl€ﬁ)

=P G Rt Ha T D lim 7k P
BrAKK Brlkk K kLHolo BB
Comparing it with (57) yields that U(G) + V(H) = limy_,o J¥,, (U*, V*)(G, H).
Since (G, H) is arbitrary in S™ x S™, this shows that (U, V) € 9p¥,,(0,0). The result
follows.

Step 2: To prove that OpV,,(0,0) C 0p®,.,(X,Y). Let (U,V) € 0¥,,(0,0). By
the definition of the elements in 0p ¥, (0,0) and Remark 3.2, there exists a sequence
of matrices {(M*, N*)} in S" x S" converging to (0,0) with ©(M*, N*) = 0 such that
U, V) =limp0 TV, (M*, N*), where M¥* = PTM*P and N¥ = PTN*P. Fix any
G, H € S" with G := PTGP and H := PTHP. From the definition of V.., we have

(Z-U)G)+ (Z-V)(H)

LBi [‘C)?h (GRK) +‘C (ﬁm{)] D,Zl()?ménﬁ +}7ﬁﬂﬁﬁﬁ)

62) =P\ Gy Kt HyTu Dy lim O, N*)(G, H)
—00

PT

where, by Lemma 3.2, j@(ﬁk, N¥)(G, H) has the following expression:
%bm,m) {Mgnéw + GpnMps + NE Hyp + HgoNEs + L, (Gsp)
+ L, (Hgg) — (J\A/[/gﬂ)?m + Ngjm) D2 ()N(méﬁﬁ + ?ﬁﬂfiﬂg)
—~ (CN?B,JNCM + E[,BH?W) D;? ()meﬁgﬁ + ?mﬁéﬁ)} :
With M* and N* we define a sequence {(X*,Y*)} in S* x S™ by

Xew  SEs
Sk \T gk
(SNB) M,BB

k T k Vi Tfﬂ T
(63) X":=P P* and Y":=P | .. SF P
(Tis)" Nag

3

where
SH,@ - - XHND_2(XNHM/§ﬂ + YHK/N[:B)J
Thy = NFy — Yo D 2(X o MFs + Yo NE).
Clearly, X* — X and Y* — Y as k — oco. Let C* = C(X*,Y*) and C* = PT(C*)2P.
We next show that C* = 0 for large enough k. A simple computation yields that
k = D? k Ak _ Ok 737k 2(M*, N*
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Since C*_ > 0 and 6’55 = 0 for each k, by [10, Theorem 7.7.6] we need only argue that
Ik, = 6”55— élgﬂ(a’jﬁ)_léfjﬁ > 0 for large enough k. By computation, I'f; equals
S o S 1 S
O%(M*, N*) —(Sk, M}, + TfﬁNgﬁ) (D2+ Skﬁsﬁﬁ LTk TBK) (SkﬁMgﬁ +ThyNES)
2 Trk Nk Sk 7k -
2 7k Nk Mk.5k D28 Sk Ak
Lotk 2 | (~k \21 L 17k s s 28k 17k
L = Sk -2k \ Nk Tk - Tk v Nk
+ 5 Nbs (T = AT}, DTl W — (M6, Ko + NBKYM)DR (Xen MYy + Vi NE)
1 — - N
- 5[(M§5)2+(N§5)2]+MBKM’€5+NBKNK
- (MENXKR‘FNEH}A}KR)D; (XK){MHﬂ_FYK){Né:B)?

where the second inequality is due to Lemma 2.1, and the third inequality uses §§n —

0 and fk — 0. Now applying Lemma 2.2 with A = ]Tj and B = NK 5, we know

that the second term on the right-hand side of last e%u&,lon is positive semidefinite,
which implies that for sufficiently large k, 1"/3 5= @ ) > 0. Thus, we show

that C* = 0, and consequently C* = 0 for sufﬁmently large k. By Corollary 3.1, @,
is F-differentiable at (X*,Y*) for sufficiently large k, and for any G, H € S",

(64) (G+H)— Jim g, (X* Y™ (G, H) = Jim Lor (Lxe(G)+ Lyr(H)).
Let
ZF = Lo (Lxe(G) + Ly (H)).

Then, with X¥ = PTX*p, Yk = pTY*p,C* = PTC*P, and Z* = PT Z*P, we have

(65) CkZk + ZFCF = X*G + GX* + YFH + HY'*.
Note that
Ck 0 i
gvk _ ak 1/2 _ KK - _ Wk ,
() 0 ek Nt | T
where
o
Wk — l S 0 o SksMps + TEsNEg
MB,BSBN + NggT5, 0

Applying [24, Lemma 6.2] and noting that C’k =D? + Sk Sk Tk Tgﬁ, we have

gk _ | (CEIV> +o(IWH) D Wy + o[ W)
Wh. Dt + o [WH]) O, M) + of [T
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By this expression of C* and (65), we may calculate that

L yn(Zh) = (X5 G + Crn Xy + Kb Gl + Grp Xy,

(Yk Hen + HooYE 4+ Y, ﬂHﬂ,{ + Hwyﬂ +RE

N——

—Wh D Zky — Z5, D WEs + o |[WH])),

where RF, — 0 and R, — 0 as k — co. From the first two equalities in (66), we
have

hm Z,I:N = 551 (E)?*m(é/{n) + ﬁf/ﬁﬁ(ﬁnﬁ))a

(67) lim ZF5 = D (XpwGrp + YenHyp).-

k—o0

In addition, applying Lemma 2.2 with A = M :B and B = N, k@, we know that
ME MF+NE NES— (ME, X+ NE Vi) D2 (X MFs + Y, NES) = 0,

which, by the definition of ©, means that ©(M*, N*) = [(M,@B)Q + (NE4)2]H/2. Note
that

1
Ark —1
1oz im MBa) | = 51£ 570wy Lz, L)
1, . 1
< SIg e 5oL, 211 < 5 V181,

where I ) is a | B|x| 8] unit matrix, and the last inequality is by Pr0p051t10n 2.2. Hence,

{E(:)(le Nk)(M )} is bounded. Similarly, {E@(Mk Nk)(Nk )} is bounded. Thus,
Jim L0t o0 (WD 28+ 25D Wig) = 0and lim £00, o (o [WH])) = 0.

From the third equality of (66), the definition of X* Y* and (63), it then follows
that

1 vk & SOvk vk o 5wk
+}7[§:Kﬁ){ﬁ + ﬁﬁni}ﬂkﬁ + ?;Bﬁﬁﬁ + ﬁgg?;ﬁ)
= lim JO(M*, N*)(G, H).
k—oo
Combining this equality with (64)—(65) and (67), we obtain that
G+ H) - Jim 0, (X", Y*)(G.H)
— 00
Lo Lz, (Gun) + Ly, (Hur)) D' (XunGrp + YiwHyp)

=P ~ =~ = ~ ks | P
(GonXon + HonYur) D1 lim JO(M*, N*)(G, H)
—00
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Comparing it with (62) yields that U(G) + V(H) = limy_,o J®,, (X*, Y*)(G, H).
Since (G, H) is arbitrary in S™ x S", this shows that (U,V) € 9P, (X,Y). The
result follows.

Combining Step 2 with Step 1, we complete the proof of Lemma 3.3. d
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