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O  In this article, we extend two classes of merit functions for the second-order complementarity
problem (SOCP) to infinite-dimensional SOCP. These two classes of merit functions include
several popular merit functions, which are used in nonlinear complementarity problem,
(NCP)/(SDCP) semidefinite complementarity problem, and SOCP, as special cases. We give
conditions under which the infinite-dimensional SOCP has a unique solution and show that all
these merit functions provide an error bound for infinite-dimensional SOCP and have bounded
level sets. These resulls are very useful for designing solution methods for infinite-dimensional
SOCP.
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1. INTRODUCTION

Let # be a Hilbert space endowed with an inner product (,-), and
write the norm induced by (:,-) as | -|. The conic complementarity
problem CP(%, F, G) in # is, for any given closed convex cone 7 C # and
functions F, G : # — #, to find points x, y,{ € # such that

(x,9)=0, xeXH, yeR*
x=F0), y=G(0),
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where #*:={x € #|(x,y) > 0,Vy € #} is the dual cone of #. A closed
convex cone H C # is called self-dual if # coincides with its dual cone
F*, for example, the nonnegative orthant cone R} := {(%1,...,x,) €
R"|x>0,7=1,2,..., n} and the second-order cone (also called Lorentz
cone) K" := {(x, %) € R x R"!|x > ||x]/}. This article focuses on the
conic complementarity problem associated with the infinite-dimensional
second-order cone K in # (will be defined as in (10)) which is closed,
convex, and self-dual (see Section 2 for details). Since K is self-dual, the
conic complementarity problem reduces to CP(IK, F, G), which is to find

x,9,{ € # such that

(x,9y =0, xeK, yelk,

(1)
x=F0), y=G®).

For finite-dimensional second-order cone optimization and
complementarity problems, there have proposed various methods,
including the interior point methods [1, 15, 18], the smoothing and
semismooth Newton methods [3, 7, 10, 11, 13], and the merit function
method [2, 4]. As far as we know, only very few of aforementioned methods
are extended to infinite-dimensional SOCP case. More precisely, for
infinite-dimensional second-order cone optimization and complementarity
problems, some particular interior point method was employed in [8], and
a merit function method was considered in [5] where its merit function is
Vs 1 # x # — R, given by

1 g
Yrn(x,y) = §||¢F3(x, »IZ, (2)

which is induced by the Fischer—-Burmeister (FB) function ¢gp: # x
H — # defined as

Pra(x,y) = (x° + 9% — (x + ). (3)

Here, x> means x e x, where e will be introduced in Section 2. In this

article, we also concern with the merit function method for (1). In other
words, we aim to seek a smooth function ¥ : # x # — IR, such that, for
any x,y € #,

Y(x,y) =04 x€cK, yekK, (x9 =0, (4)

and then the problem CP(K,F,G) can be transformed into a smooth
minimization problem:
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rgrg(pf(é) = W), GO).

Traditionally, such a f or W is called a merit function associated with IK.

The two classes of merit functions that we will investigate come
intuitively from the finite-dimensional case where # equals IR" and is
associated with the Lorentz cone K", which was studied in [2]. The first
class is

Jix (D) = o (F(D), G(D)) + ¥ (F(), GO), (5)

where , : R — R, is any smooth function satisfying

Yo(t) =0 Vit <0 and yY,(t) >0 V>0, (6)

and Y : # x # — IR, satisfies

Y(x,9) =0, (x,5) <0 = (x,9) e KxK, (x,5) =0. (7)

The second class is

T Q) == Yi(FQ) o G() + W(EFQ), GQ)), (8)

where Y : # — R, is given by

1
Yo(w) = §I|(w)+ll2 (9)

and y : # x # — IR, satisfies (7). The function fr was originally proposed
by Luo and Tseng for NCP case [12] and was extended to the SDCP case by
Tseng [14], then to the SOCP case by Chen [2]. We explore the extension
to the infinite-dimensional SOCPs as will be seen in Section 3. The second
class of merit functions for SDCP case was recently studied by Goes and
Oliveira [9] and a variant of fLT was also studied by Chen [2] for SOCP
case.

As mentioned, we will define and study these merit functions associated
with KK in Hilbert space #. Three examples of { will be studied in
Section 3. In Section 4, we will show that, under certain conditions, t}/lg
infinite-dimensional SOCP has a unique solution and both fr and f
provide global error bound, which plays an important role in analyzing
the convergence rate of some iterative methods for solving CP(K, F, G).
Besides, under the condition that F and G are jointly monotone and a
strictly feasible solution exists, we will prove that both fir and fLT have
bounded level sets which will ensure that the sequence generated by a
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decent algorithm has at least an accumulation point. All these properties
will make it possible to construct a decent algorithm for solving the
equivalent unconstrained reformulation of CP(IK, F, G). Moreover, we will
show that both fr and fL; are Fréchet differentiable and their derivatives
have computable formulas.

Throughout this article, for any given Banach spaces & and %, let
Z(#,%Y) denote the Banach space of all continuous linear mappings from
Z into Y. We simply write Z(&,%) = £(¥) and denote GL(¥) the set
of all invertible mappings in Z(%). The norm of any [ € Z(¥,%) is
defined by ||/|| ;== sup{||{(x)|| | x € % and ||x|| = 1}. In addition, for any self-
adjoint linear operator ! from &% — %, we write [ > 0 (respectively, [ >
0) to mean that [ is positive definite (respectively, positive semidefinite).
For any x € #, (x). denotes the orthogonal projection of x onto KK,
whereas (x)_ means the orthogonal projection of x onto —IK. A sequence
of elements {x,} C # — x means lim,_ [|x, — x|| =0. A sequence of
operators {7,} — T means lim,_ |7, — T'|| = 0.

2. PRELIMINARIES

In this section, we recall some background materials and preliminary
results that will be used later. We begin with introducing the infinite-
dimensional second-order cone.

Recall that the finite-dimensional second-order cone (also called
Lorentz cone) is defined as IK":={(r,x) € R x R"'|r> |}
As discussed in [5], this Lorentz cone K" can be rewritten as

1
K" :={xeR"|(x,e) > —||x||} with ¢ = (1,0) e R x R"™",
{ V2

Motivated by this, the following closed convex cone in the Hilbert space #
is considered:

K(e,r):={x e #|(x,e) > r|x]|},

where ¢ € # with |le|| =1 and 0 < r < 1. Observe that K(e,r) is pointed,
that is, K(e,7) N (—K(e,r)) = {0}. Moreover, by denoting

()" = {x € | (x,e) = 0},

we may express the closed convex cone K(e,r) as

K(e,7) = {x/ +leecH|x € (e)t and 1 > %llx/ﬂ},
—7r
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when # = R" and ¢ = (1,0) € R x R"™", K(e, %) coincides with K”. By
this, we shall call K(e, \/%) the infinite-dimensional second-order cone
(or infinite-dimensional Lorentz cone) in # determined by e. In the rest of
this article, we shall only consider any fixed unit vector e € #, and denote

K = K( (10)

1 )
V2
since two infinite-dimensional second-order cones K (el, %&) and K (62, %&)
associated with different unit elements ¢, and ¢ in # are isometric.

Unless specifically stated otherwise, we shall alternatively write any
point x € # as x = x' + Ae with x’' € (¢)* and 1 = (x,¢). In addition, for
any x,y € #, we shall write x >k y (respectively, x >k y) if x — y € int(IK)
(respectively, x —y € K). Now, we introduce the spectral decomposition
for any element x € #. For any x = &' 4+ e € #, we can decompose x as

X = Ofl(x)v,(cl) + oo (x) v

X b

where o;(x), o9(x), and vV, v{* are the spectral values and the associated

spectral vectors of x with respect to K, given by
2i(x) = (=D'[I¥ll + 4,

1(< Byt +> if x' £ 0
—( (=) —+¢]), ifx ,
5 X

0 —
v, =

%((—1)’7w+e), if x¥' =0,
for i=1,2 with w being any vector in (e) satisfying [w| = 1. Its
determinant and trace is defined as det(x) := a1(x)oe(x) and tr(x) :=
o1 (x) + oo (x), respectively.
Next, we come to the Jordan product associated with the infinite-
dimensional Lorentz cone K. Foranyx = x'+lee # and y =y + ue € #,
we define the Jordan product of x and y by

xey:i=(ux' +2y) + (x,y)e. (11)

Clearly, when # = R" and ¢ = (1,0) € R x R""!, this definition is the
same as the one given by [6, chapter II]. From the definition (11) and
direct computation, it is easy to verify that the following properties hold.

Property 2.1.

(a) xey=9yex and xee=x forall x,y € #.
(b) (x+y)ez=xez+yeoz forallx,y,ze#.
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(c) (x,yez)=(y,xez)=(z,x0Yy) forallx,y,ze #.
d) For any x =x'+lee#, x> =xeox=2x+ ||x||*c € K and (x% ¢) =
'y
(B
e) If x=x'+ de € KK, then there is a unique x> € K such that (x'/?)* =
q
(x'/%) o (x'/?) = x, where

, if x=0
x'? = o (x) o) + Joag(x)v® = { & .
2— + te, otherwise
T

with T = 5

(f) Every x = x'+ Ae € # with * — ||x'||* # O is invertible with respect to the
Jordan product, i.e., there is a unique point x' € # such that x e x™' = e,

where

[ 2/ 22 =121

B 7 a —x' + e —x' + e
x 1=OC1(X) 11)’(61)_{_0(2(96) 1,,03(62) — —

det(x) 22— x|

Moreover, x € int(K) if and only if x™' € int(KK).

Associated with every x € #, we define a linear mapping L, from # to
# by

Ly:=xey foranyye#. (12)

It is clear that L, € £(#) and this mapping possesses the following
favorable properties.

Property 2.2 ([5, Lemma 2.2]). Forany x € #, let L, € L(H) be defined as
in (12). Then, we have

(a) x>k 0= L, >0 and x > 0 < L, = 0;
(b) ifx = x' 4+ Ae with .. # 0 and |A| # ||x'||, then L, € GL(#') with the inverse
given by

1, ., ) /
L§1y=j(3’—<x Lnx)+(xye foranyy=y +pe €.

Property 2.3 ([5, Lemma 5.1]). Let KK be the infinite-dimensional Lorentz
cone in # given as in (10). For any x,y € # and z >x 0, the following
implications hold:

2 =k x2+y2=>Lf—Ly2—L;f > 0,

z2>]Kx2:>z>7{x.

Moreover; the above implications remain true when “>7 is replaced by “>".



SOCPs 393

The following describes some important relations when x* 4 y* lies on
the boundary of K.

Property 2.4 ([5, Lemma 2.3]). For any x = x' + e, y =y + pe € # with
x4+ yQ ¢ int(IK), we have

R=K1E =1 Ap=(xy), Ay =

Property 2.5. Let 7 be any closed convex cone in #. For each x € #, let x5

and x3, denote the minimum distance projection of x onto KX and —H*, respectively.
The following results hold.

(a) For any x € #, we have x = x, + x5, and ||x||* = ||x5[1* + [x5 2.

(b) For any x € # and y € K, we have (x,y) < (x5, ).

(c) If F is self-dual, then for any x € # andy € F, we have || (x + y)%|| > x|
(d) For any x € % and y € # with x* — y* € #, we have x —y € X.

Proof. These results are true for general closed convex cone whose
proofs are the same as in [4, Lemma 5.1]. O

To close this section, we review some definitions that will be used in
subsequent analysis.

Definition 2.1. Let F, G : # — # be single-valued mappings.

(a) F is said to be g-strongly monotone if there exists a constant # > 0
satisfying

(F(x) —F@y),x—9y) =nllx— y||2, Vx,y e #.
(b) F is said to be Lipschitz continuous with constant y if
(%) = F)I < 7llx = yll,  Vx,ye .

(¢) I and G are said to be p-jointly strongly monotone if there exists a
constant p > 0 satisfying

(F(x) = F(y), G(x) = G(y) = pllx —ylI*, Vx,y €.

We also recall the concept of Fréchet differentiability. For given Banach
spaces & and %, a mapping f from a nonempty open subset X of % into
%Y is said to be Fréchet differentiable at x € X if there exists [, € L(¥,¥Y)
such that

limf(x-i- h) — f(x) — L.k _o,
=0 Il Al
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and [, is called the Fréchet differential of f at x, denoted by Df (x). When
f is Fréchet differentiable at every point of X, we say that f is Fréchet
differentiable on X. If f is Fréchet differentiable on a neighborhood U € X
of a point xy € X, and if, as a mapping from U into the Banach space
Z(#,Y), the mapping x — Df(x) is continuous at x,, then f is said to be
continuously Fréchet differentiable at x,. The mapping f is called continuously
Fréchet differentiable on X if it is continuously Fréchet differentiable at
every point of X.

3. TWO CLASSES OF MERIT FUNCTIONS

In this section, we elaborate more about the two classes of merit
functions for (1). We are motivated by a class of merit functions proposed
by Luo and Tseng [12] for the NCP case originally which was already
extended to the SDP and SOCP by Tseng [14] and Chen [2], respectively.
We introduce them as below. Let fir be given as (5), that is,

Jir(O) == Yo ((F(D), G(O))) + YD), GO,

where ¥, : R — R, satisfies (6) and {: # x # — IR, satisfies (7). We

notice that y, is differentiable and strictly increasing on [0,00). Let ¥,

denote the collection of Y : # x # — R, satisfying (7) that are Fréchet

differentiable and their derivatives satisfy the following conditions:
(D (x,9), D (x,y)) = 0, V(x,y) € # x #.

13
(x, Dy (x,9) + (3, D (x,9)) =0, Y(x,y) € X X H. (13)

We will give an example of i belonging to W, in Proposition 3.1.
Before that, we need the following three lemmas which will be used for
proving Propositions 3.1 and 3.2.

Lemma 3.1.

(a) Forany x € #, (x,(x)-) = [(x)_|I* and (x, (x)+) = | (x)+|*
(b) For any x € # and y € #, we have

x €K = (x,y) >0, Vyelk.

Proof. The results follow by Property 2.5 and self-duality of IK. g

Lemma 3.2 ([17]). Forx # 0 € #, the following hold.

(a) If g(x) = ||x||, we have Dg(x)h = fx )

Il

(b) If g(x) = ||x||*, we have Dg(x)h = 2(x, h)
(c) If g(x) = m, we have Dg(x)h = otk

lIxll flxl1®
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Proof. The results can be verified by direct computation, also see [17].
O

Lemma 3.3. Let ¢rp and Yyp be given as in (3) and (2), respectively. Then,

(a) om(x,y) =0<=xecK,yecK,xey=0<= xcK,yec K, (x,y) =0.
(b) for any x,y € #, there holds

A (%, 9) = 2] dr(x, )4 I = [1(=2) 4 I + (=) %

Proof. (a) This is shown in [5, Lemma 3.1].

(b) The first inequality follows from Property 2.5(a). Since
(x> + )2 —x € #, by Property 2.5(c), we can deduce that |((x*+
Y2 —x — ) 1* > [[(—y)4||?. Similarly, we can get [((x*+ y*)"* —x —
y)J,II2 > |[(—x), |2 Adding the above two inequalities yields the desired
second inequality. This completes the proof. O

Proposition 3.1. Lety, : % x # — R, be given by

1
Yi(x,y) = §(|I(—x)+ll2 + (=917 (14)
Then, the following resulls hold.

(a) Y satisfies (7).
(b) Y1 is convex and Fréchet differentiable at every (x,y) € # x # with

(©) For sy oy €5 % e
(Deyi(x,y), Dppi(x, ) = 0.
(d) For every (x,y) € # x %, we have
(%, D1(x,9)) + (3, Dy (x,9)) = 11(x)-[1* + 1) II1%.
(e) W, belongs to V..

Proof. The proofs are similar to those in [2, proposition 3.1], so we omit
them. 0

Next, we consider a further restriction on . Let W,, denote the
collection of y € W, satisfying the following conditions:

Y(x,y) =0, V(x,y) € X x# whenever (D(x,y),Dy(x,y)) =0. (15)

Two examples of such ¥ are given in next two propositions.
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Proposition 3.2. Let Ypp(x, y) be given by (2). Then, the following results hold.

(a) Yrpp satisfies (7).

(b) Yep is Fréchet differentiable at every (x,y) = (X' + Ze,y + ue) € # x #.
Moreover, D pg(0,0) = Dyppp(0,0) = 0. If (x,y) # (0,0) and x*+y? €
int(IK), then

DxlpFB(x> y) = LxL(jCé_,'_y?)l/Q(bFB(x: y) - ¢FB('X’ y))
DylpFB(xa y) = LyL(;}ZJU,Q)l/?quB(X’ y) - (Z)FB(xa y)

If (x,y) # (0,0) and x% 4 y2 ¢ int(K), then A2+ p® # 0 and

A
Dyrg(x,y) = (\/ﬁ - 1)¢FB(X,))),
DylpFB(x’y) = (\/#7#2 - 1)¢FB(X,J))-

(c) For every (x,y) = (x' + Ae,y + ue) € # x #, we have

(Drep(x,y), DylﬁFB(xa y) >0

and the equality holds whenever Ypp(x,y) = 0.
(d) For every (x,y) = (x' + Ae,y + pe) € # x #, we have

<X, DxlpFB('x’ y)) + (J” DwaB('xa y)) = ”(;{)FB('xa y)”2

(e) Yrp belongs to W, .
Proof. See [b, Theorem 4.1] and [5, Lemma 5.2]. |

Proposition 3.2 tells us that Y defined as (2) belongs to W, ., which
yields a merit function Yy : # x # — IR, given as

Yve(x,3) = Yo ({x, ) + ¥rs(x, y),
and studied by Yamashita and Fukushima [16].

Proposition 3.3. Let o : # x # — R, be given by

1
lPQ(X,y) = §||¢FB(X,)))+||2, (16)

where g is defined as (3). Then, the following resulls hold.



SOCPs 397

(a) Yo satisfies (7).

(b) Yo is Fréchet differentiable at every (x,y) = (x'+ Ae,y + ue) € # x .
Moreover, Dpp(0,0) = Dyppp(0,0) = 0. If (x,y) # (0,0) and x>+ €
int(IK), then

Daps(x,y) = LxL(;éﬂz)l/aﬁbFB(x, Y+ — Pra(X, ¥)4,
Do (x,9) = LyL 5 o1 Prn (%, )+ — Pru(x, ).

If (x,y) # (0,0) and x4+ y? ¢ int(KK), then 2241 #£0 and

Ds(x,y) = (ﬁ - 1)¢F3<x, s
Dy%(%)’) = (\/#—MQ - 1>¢FB(X,JJ)+-

(c) For every (x,y) = (X' + Ae,y + ue) € # x #, we have

(Dxpo(xa y),D)'ﬁQ(X,y)) = O

and the equality holds whenever Y5(x,y) = 0.
(d) For every (x,y) = (x' + Le,y + pe) € # x #H, we have

(%, Dapa(x,9)) + (y, Do (x,9)) = llprw(x, y)4 /1%

(e) Yo belongs to Y, ..

Proof. (a) Suppose WYo(x,y) =0 and (x,y) <0. Let z:= —¢pm(x,y).
Then (—z); = ¢s(x,y); = 0 which says z € K. Since x + y = (x* + y*)'/* +
z, squaring both sides and simplifying yield

2x 0y =2((x* +9*)"* 0 2) + 2°.

Now, taking trace of both sides and using the fact tr(x e y) = 2(x,y), we
obtain

4x,y) = 4{(x* + )2, 2) + 2||2])°. (17)

Since (x*4+y*)"? €K and ze€ K, we know ((x*+3y)"%z)>0 by
Lemma 3.1(b). Thus, the righthand of (17) is nonnegative, which
together with (x,y) <0 implies (x,y) = 0. Therefore, with this, Equation
(17) says z=0, which is equivalent to ¢g(x,y) = 0. Then by Lemma 3.3,
we have x,y € K. Conversely, if x,y € KK and (x,y) = 0, then again Lemma
3.3 yields ¢pp(x,y) = 0. Thus, Yo(x,y) = 0 and (x,y) < 0.
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(b) For the proof of part (b), we need to discuss three cases.

Case 1. 1If (x,y) = (0,0), then for any h=h'+ /_Ie, k=kK+peec#,
let p; < po be the spectral values and let vV, v® be the corresponding
spectral vectors of h* + k. Hence, by Property 2.1(e), we have

[(R* 4+ k)2 — b — k| = |V o + zv® — b — k||
< VvVl + Vullo® 1 + 12l + &
= (Vi + B2) /Y2 + | Rl + |IEII.

Also
< po = [[RI1° + I EI? + 20120 + k|
< AP+ RN+ 202117 + 20zl
< 2(JIAI1* + IIkI1%).

Combining the above two inequalities yields

Vo ) = 5(0,0) = S beuCh ),

b, )12

= (B2 + B2 — b — k|

< (Vi + B /Y2 + 1Al + 1Il)°

< (2V/2AIE+ 2ARIE/VE + 1Al + k1)

= O(|[k|I* + IIkI*),

IA

where the first inequality is from Lemma 3.3. This shows that v, is
differentiable at (0,0) with

D.2(0,0) = Dyyr2(0,0) = 0.

Case 2. 1If (x,y) # (0,0) and x4+ y2 € int(IK), let z be factored as z =
o (2)ul) + ag(z)u® for any z € #. Now, let g : # — # be defined as

1 . R n .
g(z) = 5((Z)+)Z = g(a(2)u” + g0 (z))u®,

where g : IR — R is given by g(a) := %(max(O, ))?. From the continuous
differentiability of g and [17], the vector-valued function g is continuously
Fréchet differentiable. Hence, the first component gi(z) = %||(z)+||2 of g(z)
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is continuously Fréchet differentiable as well. By an easy computation,
we have Dgi(z) = (z)+. Since Yo(x,y) = g1(Pr(x,y)) and ¢pp is Fréchet
differentiable at (x,y) # (0,0) with x* + y* € int(K) (see [5]). Hence, the
chain rule yields

Dapa(x,y) = Dpra(x, y)Dgi (dra(x, ) = L L(x§+yz)l/2¢FB(xay)+ — Prn(x, )+,
Dy%(x’)’) = Dy(l')FB(X,y)Dgl((ﬁFB(X,y)) =1L, L;zﬂz)l/z¢FB(x y)+ rp(x, y)+-

Case 3. 1If (x,y) # (0,0) and x4 y2 ¢ int(K), by direct computation,
we know |[x]|2 + ||y = 2||Ax’ 4+ py'|| under this case. Since (x,y) # (0,0),
this also implies Ax" + uy’ # 0. We notice that we cannot apply the chain
rule as in Case 2 because ¢pp is no longer differentiable in this case. By
the spectral factorization, we observe that

drp(x,9) 4 = Pra(x,y) <= (¥, y) € K
d’FB(X,y)-s- =0 — (/J)FB(X;J’) € —IK (18)
drp(x,9)4 = wu® dre(x,y) ¢ KU -IK,

where oy is the bigger spectral value of ¢gp(x,y) and u® is the
corresponding spectral vector. Indeed, by applying Property 2.4, we can

simplify ¢rp as

Ax' + py'
¢ra(x,y) = \/ZQ—T;L (2" +9y)+ (\/ A4+ — A+ ,u)) e. (19)

Therefore, oy and u® are given as below:

oy =22+ 12 — (A4 p) + fwsll,

u(2)=1< o +8>7
2 \ Nl

where wy = M;i (x' +9).
To prove the dlfferentlablhty of Y, under this case, we shall discuss the
following three subcases according to the above observation (18).

(i) If ¢pee(x,y) € KU —K then ¢p(x,y); = agu'®, where oy and u'®
are given as in (20). From the fact that |[u®|| = 1/+/2, we obtain

(20)

1
Yalx,y) = —||¢FB(X Nill* = —062
1 2
E —[(\/m— G+ )

4

+2(\/m— (Hu))llwgll + ||w2||2]-
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Since (x,y) # (0,0) in this case, ¥, is Fréchet differentiable clearly. For all
h € #, we have

1 A2
D,wslh = — h,e)x'
[Dyws] ( i i IR +M2> (h,e)x

A Ay’
— 1| (h— (A, — h,
+< T )( (h,e)e) ) T-l—,u?( e)
1 g g g
= —( e 2)3 ((/12 + 1Hx — 22— Auy')(h, e)

V u
A

' (J—Tﬂ) (= tho ol

)
= (ﬁ — 1) (h— (h,e)e),

where the last equality holds by Property 2.4. Using the product rule and
chain rule for differentiation gives

1
[Da(x, y)1h = EaQ[DxOCQJh
1 7 (we, [Dywy]h)
= —0 — 1) (h,e) + ——
2“2[<,W+;ﬂ )< T }
1 ’ L) (h,e)
- _r e
2 \/;u2+ﬂ
n _q (wy, h) — (wy, ) (h, e)
,/}Q—i-u [l o |
1 Wy >
—ty [ ——— 1| {— +¢, ).
BER (m ><||w2|| ‘

It then follows that

J J
_ _ 2 _ _
Dys(x,y) = (—/12 e 1) aou® = ( P 1) dra(x, V4. (21)
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Similarly, we can obtain that

u

ey = (

(i) If ¢r(x,y) € K then ¢p(x,9)+ = ¢dr(x,y), and hence,
Yo(x,y) = 3l drs(x, )+ 11> = §ll¢prs(x, )% Thus, by Proposition 3.1, we
know that the derivative of /3 under this subcase is as below:

- 1) <I>FB(x,y)+-

Dapo(x,y) = ¢ra(x,y) = < - l) dra(x, )+,

A A
_— 1 _
<\/12+u2 ) VAR +
Dyl//2(x,y) = (\/ﬁ—[u? - 1) ¢FB(X,y) = (##2 - 1) ¢FB(X,3))+-

(22)

If there is (x/,y) such that ¢mp(x,y)€KU—-K and ¢mm(x,y)—
¢re(x,y) € K (the neighborhood of point belonging to this subcase). From
(21) and (22), it can be seen that

Dx¢2(x/> y/) - Dx‘pQ('x; y); Dy'p?(x/)y/) - Dy‘/’?(% y)
Thus, Vs is differentiable under this subcase.

(iii) If ¢pp(x,y) € —IK then ¢p(x,y). =0. Thus, WYa(x,y) =
%II(;SFB(x, 4> = 0 and it is clear that its derivative under this subcase is

A
Ds(x,y) =0 = (m - 1) P (%, )+,

U
/72 4 12

Again, if there is (x',) such that ¢p(x’,y) €K U —IK and ¢p(x,y) —
¢rp(x,y) € K (the neighborhood of point belonging to this subcase). From
(21) and (23), it can be seen that

Dps(x,y) =0 = ( — 1) dra(x, )+ (23)

Dapa(x',y') = Daha(x,y),  Dypa(x',y') — Dyha(x, ).
Thus, s is differentiable under this subcase. From the above, we complete
the proof of this case and therefore the argument for part (b) is done.

(c) We wish to show that (Dy5(x, ), Dyfs(x,y)) > 0 and the equality
holds if and only if ¥s(x, y) = 0. We follow the three cases as above.
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Casel. If (x,9)=(0,0), by part (b), we know D,ps(x,y) =
Dys(x,y) = 0. Therefore, the desired equality holds.

Case 2. 1If (x,y) # (0,0) and x? 4+ y* € intK, by part (b), we have

(Detha(x,3), Dypra(x,3)) = (L L7 = I)(rn) 4, (LL — 1) (prm) )
((Lx - LZ)L;1(¢FB)+7 (Ly - Lz)Lz_l(d)FB)Jr)
((Ly - Lz)(Lx - LZ)L;I(Q’)FB)-H L;I((.Z')FB)-F)’ (24)

where z = \/x? +y? and I € Z(¥) is an identity mapping. From elementary
calculation, we obtain that

(L. — L)(L. — L) + (L, — L)(L. — L,) = (L. — L, — L,)* + (L} — L} — L)).

Since z € K and 2z* = x* +y*, Property 2.3 implies L? — L7 — L7 > 0. Then,
(24) yields

1
(Dha(x, ), Dyra(x, y)) = §”(Lz — L, — L)L () II°

1

= §|IL¢FBL;1(¢FB)+”2,

where the equality uses I, — L, — L, = L._,_, = Ly,. If the equality holds,
then the above relation yields ||Ly,L ' (¢rs)+lI* =0 and, by Property
2.1(d),

L(bFBL;l((bFB)-&- =¢m e (L;l((prB)-F) = (L;l(d)FB)-&-) o ¢ = 0.

Since z=,/x2+3y* €int(K) so that L '>0 (see Property 2.1(d)),
multiplying L ! both side gives ¢pp @ (¢rp)+ = 0. From definition of Jordan
product and Lemma 3.1(a), it implies (¢rs); =0 and hence s = 0.
Conversely, if (¢ps)+ = 0, then it is clear that (D.yo(x,y), Dys(x,y)) = 0.

Case 3. 1f (x,y) # (0,0) and x* + y* € int(K), by part (b), we have

A u
IR [ | N
sl e

If the equality holds, then either ¢gp(x,y); =0 or

u
Property 2.4 yields y =0 and A = ||x'[|. In the third case, we have 1 =0
and u > 0, so that Property 2.4 yields x' = 0 and u = [|y'[|. Thus, in these

cases, we have x e y = 0,x € K,y € K. Then, by (7), ya(x,y) = 0.

D, D) = 1))l 0.

A
2242
=1. In the second case, we have u=0 and 4 >0, so that

=1 or
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(d) Again, we need to discuss the three cases as below.

Casel. If (x,y9)=1(0,0), by part (b), we know D,jo(x,y) =
D,5(x,y) = 0. Therefore, the desired equality holds.

Case 2. If (x,9) # (0,0) and x* + y* € int(IK), by part (b), we have

Dapo(x,y) = (LxLz_l — Dr(x,y)4,
Dyyo(x,y) = (LyLz_l — D) r(x,9)+,
where we let z = \/xz——i—y? Thus,
(%, Do (x,9)) + (3, Dyra(x, y))
= (x, (L, L71 — D or(x, 9)1) + (v, (LyL;l — D pr(x,9)1)
= (L L' = D, prn(x, ) 1) + (LLT = Dy, dr(x,9)+)
=(L]'Lyx+ L] 1Ly —x =, Pra(x,y)4)
= (L7'(** + ) — x — 3, ¢m(x,9)4)
= (L, 12— x =y, Pra(x, y)+)
=(z—x =Y, ¢r(x,7)+)
= ||¢FB(X>)))+”27

where the next-to-last equality follows from L.z = 2%, so that L, '2? = z and
the last equality is from Lemma 3.1(a).

Case 3. If (x,9) # (0,0) and x* + y* € int(KK), by part (b), we have
D = & 1
x%(xay) = T/ﬂ - ¢FB(X,y)+,

Dyps(x,y) = (#M = 1) brn(x, 9)+.

Thus,

(X, Dxlp2('x7 J’)) + (y’ Dypo(x’ y))

= (\/ﬁ—uz - 1) (%, Prs(x, y)1) + (\/#—Hz - 1) (y, a2, y)+)

_< Axtpy

\/m xX—Y, (,bFB(x’ y)+>
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= (<,Z5FB(X,}’), ¢FB(x> y)+)
= ||¢FB('X5 y)+||2’

where the next-to-last equality uses (19) and the last equality is from
Lemma 3.1(a) again.
(e) This is an immediate consequence of (a) through (d). |

Proposition 3.4. Let fir : # — IR, be given as (5) with \, satisfying (6) and
Y satisfying (7). Then, the following resulls hold.

(a) For all L € #, we have fix({) = 0 and fir({) = 0 if and only if { solves
the infinite-dimensional SOCP (1).

(b) Let Dypo((F(0), G(0))) = Dipo(1) with t = (F(L), G(O)). If Yo, ¥ and
F, G are Fréchet differentiable, then so is fir and

Dfix (D) = Do ((F(0), GIONIDF ()" G(0) + (DG(O) ' F(O)]
+(DF(O)'DY(F(0), G(O) + (DGO Dy (F (), G(D)).

(c) Assume I', G are are Fréchet differentiable mappings on # and  belongs
to W, (respectively, V. ). Then, for every { € # where DF({)[DG({)]™
is positive definite (respectively, positive semidefinite), either (i) fir({) =0
or (ii) fir(0) # 0 with (d({), Dfir(0)) < 0, where

() := —=(DGO)™HIDYo((F(0), GION G + Dy (F(D), GO))].

Proof. (a) This consequence follows from (5), (6), and (7).

(b) Fix any (€ #. From Theorem 4.2 in [5] and the Fréchet
differentiability of F and G, it follows that fir:# — R, is Fréchet
differentiable on #. By the chain rule of differential, we have, for any
veH,

Dfix(Ov = Dy ((F(O), GIONIDF (v, G(O) + (DGO, F(D)]
+(DY (F (D), G(D), DF()v) + (D (F (D), G(D)), DG(0)v),

which means

Dfir(0) = Dy ((F (L), GIONIDF) GO + (DG F(D)]
+(DF(0) ' DW(F(L), G(O) + (DG Dy (F(), G(L)).
(c) First, we consider the case of Yy € ¥, and fix { € #, where

DF(O[DG()]™" is positive semi-definite. Let o := Dy ((F({), G({))) and
drop the argument ({) for simplicity. Then
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(d, Dfix) = (=(DG)™'(aG + DY/(F, G)), (DF)" (aG + D(F, G))
+(DG)" (aF + DY(F, G)))
= —(aG + DY(F, G),(DG) ) (DF)" (G + Do (F, G)))
—{(aG + DY(F, G),aF + Dyy(F, G))

< —(aG + D(F, G),aF + D(F, G))

= —o*(G,F) — a({F, Df(F, G))) + (G, Dy(F, G)))
—(DY(F, G), DY(F, G))

< —aX(G,F) — (DY(F, G), Dy (F, G)),

where the first inequality holds since DF(DG)™! is positive semidefinite
and the inequality follows from « > 0 and Equation (13). Now, we observe
that tDy(t) > 0 if and only if ¢ > 0 since Y, is strictly increasing on
[0,00). Therefore, the first term on the righthand side is nonpositive
and equals zero if (F, G) < 0. In addition, by Equations (13) and (15),
the second term on the right-hand side is nonpositive and equals zero
if y(F,G)=0. Thus, we have (d,Dfir({)) <0 and the equality hold
only when (F({), G(0)) <0 and Yy(F({), G({)) =0, in which Equation (7)
implies { satisfies (1), that is, fir({) = 0.

Similar argument can be applied for the case of y € ¥, and DF(DG)™!
being positive definite. O

Next, we further consider another class of merit functions given as (8),
that is,

Jix (D) =Yy (F(O) o G) + W(FQ), L)),

where Y : # — R, is given as (9) and y : # x # — R, satisfies (7). We
notice that yj possesses the following property:

Yo(w) =0 4= w < 0

which is a similar feature to (6) in some sense.

By imitating the steps for proving Proposition 3.4 and using the
following Lemma 3.4 proved in SOC case by Chen [2], we obtain
Proposition 3.5, which is a result analogous to Proposition 3.4. We omit its
proof.

Lemma 3.4. The function Yj(xey):= %ll(x o)) || is differentiable
Jor all (x,y)e#H xH. Moreover, Dayj(xey)=L(xey),, and Dpji(xe
y=L(xey),.
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Proof. For any z € #, we can factor z as z = a;(z)u'" + a9 (2)u®. Now, let
g # — # be defined as

1 n R
g(z) = §((Z)+)2 = g (2)u" + g(as(2)u?,

where g : IR — IR is given by g(a) := %(max(O, «))?. From the continuous
differentiability of g and [17], the vector-valued function g is continuously
Fréchet differentiable. Hence, the first component g(z) = %Il(z)Jrll2 of g(2)
is continuously Fréchet differentiable as well. By an easy computation,
we have Dg(z) = (z)+. Now, let

z(x,9) ;= xey=(Ay + ux') + (x,9)e,

then we have Yj(xey) = gi(z(x,y)). Fix x =x"+Aec#, y=y +uee#
and A = &' + le € #, then we have
[Dyz(x, )b = (h, e}y’ + p(h — (h, e)e) + (h, y)e
=l + uh' + (h,y)e
=yeh
= L,h.

Similarly, we can obtain [D)z(x, y)]h = L.h. Hence, applying the chain rule,
the desired result follows. O

Proposition 3.5. Letﬁ; : #H — R, be given as (8) with j; satisfying (9) and
Y satisfying (7). Then, the following results hold.

(a) Forall € #, we haveﬁ;(é) >0 cmde;(C) = 0 if and only if { solves the
infinite-dimensional SOCP (1). .
(b) If Y5, and F, G are Fréchet differentiable, then so is fir and

Dfir(0) = [(DF(0) Loy + (DGO) " Ly IF(L) © G(O)4
+(DF () Dap(F(0), G(O) + (DG(O) ' Dy (F (L), G(O)).

4. SOLUTION EXISTENCE, ERROR BOUND,
AND BOUNDED LEVEL SETS

In this section, using the above merit functions fir and ﬁ;, we
obtain error bounds for the solution of infinite-dimensional SOCP (1).
Meanwhile, we study the existence and uniqueness for the solution of
CP(K, F, G). To reach our results, we need some lemmas as below.
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Lemmad4.1. lex=x+lecH andy=1y + pe € #. Then, we have
(x,3) < V2[(x 0 y)-]. (25)
Proof. First, we observe the fact that

x € K = (x); = «x,
XG—]K<:>(X)+=O,
xgKU-K < (x); = awu?,

where o, is the bigger spectral value of x with the corresponding spectral
vector u® defined as in Section 2. Hence, we have three cases.

Casel. If xeyec K, then (xey), = xey By definition of Jordan
product of x and y as (11), that is, x e y := (ux'+ 4y') + (x, y)e. It is clear
that [|(x @ y). || > (x,y) and, hence, (25) holds.

Case2. If xeye —K, then (xey); =0. Since xeyec —K, by
definition of Jordan product again, we have (x, y) < 0. Hence, it is true that

V2([(x @ )4l = (x,y).
Case3. If xeyg KU —K, then (xey), = ayu®, where

a = (x,y) + [lux’ + 4y,
u(2) _ 1 < ,LUC’ =+ },y/ N 6) ‘
2 \flpux’ + 2yl

If (x,y) <0, then (25) is trivial. Thus, we can assume (x, y) > 0. In fact, the
desired inequality (25) follows from the below.

1
1Cx @ )41I* = 5o

2

(e )% + 20, Nl + 291 + llux’ + 2y'11%)

N[ — N =~

=

(x,9)°.

Then, we complete the proof. O

Lemma 4.2. Let Y, Y1, Yo be given as (2), (14), (16), respectively. Then,
Vs, Y1, and s satisfy the following inequality.

Yo(x,9) = a(l(=2) 4 1P + [1(=2) 4 %), V(x,y) € # x #,

for some positive constant o and © € {1, 1,2}.
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Proof. For Y, it is clear by definition (14) with o = % For Ypp and o,
the inequality is still true due to Lemma 3.3. O

By the definition of y; given as (9), we can obtain the following lemma
easily.

Lemma 4.3. Let i, be given as (9). Then, Y satisfies
V(@) = Bl(@). ], Vo e,
for some positive constant f3.

Proposition 4.1. Let F and G are Lipschitz continuous with constants y
and 0, respectively. Suppose that F is n-strongly monotone and I and G are
p-jointly strongly monotone mapping from # to #. Let fix be given by (5) with
satisfying (7). If there exists a constant © such that

p 02— 02(y2 — 02) - .
o & Y = L p= 0= (26)

where  o=1—./1—-2n+y2.  Then, the infinite-dimensional  conic
complementarity problem CP(IK,F, G) given as in (1) has a unique solution (*
and there exists a scalar k¥ > 0 such that

IA

KIC = 1P < max {1, (F(O, GO} + I(=FO)+l + (=GO, ¥ e

Moreover,

éfu(l)”?, Vie,

kI = 1 < ¥y (i (O) + 7

where o is a positive constant.

Proof. 1t is not hard to verify that { is a solution to (1) if and only if, for
any constant t > 0, the following equation hold:

F(O) — Px(F(0) —16(0) =0,
where P is the projection of # onto K, that is,
(= F(O) + Pr(F(O) —16(0) =,
Based on this, we define the mapping 7 as

F(x) =x—F(x)+Px(F(x) —t1G(x)), Vxe#. (27)
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From the above discussion, ( satisfies (1) if and only if { is a fixed point
of 7. For any x,y € #, we have that

[F(x) = F I
=[x —y— (F(x) — G(x)) + (Px(F(x) —1G(x)) — P (F(y) — Gl
<llx—y—F(x) = G|+ [[1F(x) — F(y) — t1(G(x) — GOy)l
< (\/1 — 20+ 72+ /)T —2tp + 1252> e = yll.

From (26), it follows that \/l -2+ 92+ \/yQ — 27p 4+ 1262 < 1, and hence,
the mapping defined by (27) has a unique fixed point belonging to %,
which is the solution of (1). Using Property 2.5 and Lemma 4.2, we can
complete the rest of the proof. The arguments are similar to those in [2,
Proposition 4.1], and so are omitted here. O

We would like to point out that, if the mapping F is Lipschitz
continuous with constant y and strongly monotone with constant #, then

nllx = ylI* < (F(x) = F(y),x =) <yllx=yl*, Vx,ye#
which implies that n <y and
1—2n+7y"= (1 -7)°=0. (28)

Furthermore, if G and F are jointly strongly monotone with constant p and
G is Lipschitz continuous with constant J, then we can get p < 76 and

P =204+ 6> (y—0)>=>0. (29)

Inequalities (28) and (29) ensure that the set where (26) to be held is
nonempty.

Similarly, we have the following Proposition 4.2 which is an extension
of [2, Proposition 4.2].

Proposition 4.2. Let ' and G are Lipschitz continuous with constants y
and O, respectively. Suppose that F is n-strongly monotone and F and G are
p-jointly strongly monotone mapping from # to . Let fir be given by (8) with
W satisfying (7). If there exists a constant T such that

2 _ 52(v2 — g2
‘1_%‘5\/'0 it N TS

o2
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where  o=1—./1—-2n+y2.  Then, the infinite-dimensional  conic
complementarity problem CP(IK,F, G) given as in (1) has a unique solution (*
and there exists a scalar k > 0 such that

KIC = I < NAFQ) @ GOl + IFO) ol + (=GO ll, Ve .

Moreover,

(G

where o. and [ are positive constants.

KIC— 17 < )fLT(C)”Q Viel,

Now, we give conditions under which fLT,E have bounded level sets.
We need the next lemma which is key to proving the properties of
bounded level sets.

Lemma 4.4. Let i, Y1 and s be given by (2), (14), and (16), respectively.
For any {(x*,y*)}2°, € # x #. Let o1 (x)* < aa(x)* and o1(y)* < aa(y)* denote
the spectral values of x* and y*, respectively. Then, the following results hold.

(@) Ifoy(x)* — —o0 oroy(y)* — —o0, then Y (x*, y*) — oo, foro € {1, 1,2}.
(b) Suppose that {o;(x)"} and {01 (y)*} are bounded below. If ay(x)* — oo or
as(y)t — o0, then (x, x*) + (y, y*) — o0, for any x,y € int(K).

Proof. (a) For Y, the proof follows by the fact that

20 (=" [ = 2l (o () oM — () o), |
= 2J| (= ()" o — (@) ) o

= (—ou (%))} + (—o(2)")}

= Z max{0, —o;(x)"})".

Similarly, we have 2||(—=y*),[I> = 37, (max{0, —«;(y)*})%. For Y and s,

using the same fact plus Lemma 3.3 leads to the desired result.

(b) For any x=x"+4de, y=9y +peec# with ||x'|| <4, [yl <
Using the spectral decomposition

p oe()F —og(x)t L oe(x)F o (x)*

X' = w" + e with |w*|| =1,
5 5 [l 2"l
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we have
(x, x") = oo (%) ; o (%) (X, W) + op (%) 42‘ 0‘1(96)}{/1
— “I(Qx)k (2 — (x, w")) + “Q(QX)k (A+ (x, ). (30)
Since ||[w*|| = 1, we have /4 — (x/,w*) > A — ||x'|| > 0 and A+ (x,w") > 1 —

|«'|| > 0. In addition, {o«;(x)*} is bounded below, the first term on the
righthand side of (30) is bounded below. If {oy(x)"} — oo, then the
second term on the righthand side of (30) tends to infinity. Hence,
(x,x") — 0o. A similar argument shows that (y,y*) is bounded below.
Thus, (x, x*) + (y, y*) — oco. Symmetrically, the desired results also holds if

{oa ()} — o0.
O

Using the above Lemma 4.4 and the same arguments in Proposition 4.3
and Proposition 4.4 in [2], we have the following Propositions 4.3 and 4.4.

Proposition 4.3. Let fix be given by (5) with  satisfying the condition of
Lemma 4.4(a). Suppose that F,G are Fréchet differentiable, jointly monotone
mappings from # to # satisfying

Jim (1PN +16ON) =

Suppose also that the infinite-dimensional SOCP is strictly feasible, i.e., there exists
C e such that F(0), G(0) € int(K). Then, the level set

L) :={leH|fir() <v}
is bounded for all v > 0.

Proposition 4.4. Let ﬁ; be given by (8) with \ satisfying the condition of
Lemma 4.4(a). Suppose that F,G are Fréchet differentiable, jointly monotone
mappings from # to # satisfying

Jim (IPO1+16ON) =

Suppose also that the infinite-dimensional SOCP is strictly feasible, i.e., there exists
(e # such that F(0), G({) € int(IK). Then, the level set

F(v):={(e H 1 fix (D) < v}

is bounded for all v > 0.
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5. CONCLUSIONS

In this article, we extend two classes of merit functions fi; and ﬁ;
to infinite-dimensional SOCP. We show analogous properties as in finite-
dimensional cases. In particular, under the condition that I and G are
jointly monotone and a strictly feasible solution exists, we prove that the
infinite-dimensional SOCP has a unique solution and both fir and fir
have bounded level sets which will ensure that the sequence generated
by a decent algorithm has at least an accumulation point. All these
will make it possible to construct a decent algorithm for solving the
equivalent unconstrained reformulation of the infinite-dimensional SOCP.
In addition, we show that both fir and fir are Fréchet differentiable
and their derivatives have computable formulas. All the aforementioned
features are significant reasons for studying these merit functions.

An interesting follow-up to this article is to establish the semi-
smoothness of all merit functions studied here and in [5], which
will provide a background brick for analysis of semismooth methods
for infinite-dimensional SOCP. Another direction is to explore other
conditions under which CP(K, F, G) has a unique solution. We leave them
as future research topics.
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