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Abstract. In this paper, we extend two classes of merit functions for the second-order
complementarity problem (SOCCP) to infinite-dimensional SOCCP. These two classes of
merit functions include several popular merit functions, which are used in NCP (nonlinear
complementarity problem), SDCP (semidefinite complementarity problem), and SOCCP,
as special cases. We give conditions under which the infinite-dimensional SOCCP has
a unique solution and show that all these merit functions provide an error bound for
infinite-dimensional SOCCP and have bounded level sets. These results are very useful
for designing solution methods for infinite-dimensional SOCCP.
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1 Introduction

Let H be a Hilbert space endowed with an inner product (-, -), and write the norm induced
by (-,-) as || - ||. The conic complementarity problem C'P(K, F,G) in H is, for any given
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closed convex cone K C H and functions F,G : H — H, to find points x,y,( € H such
that
(x,y) =0, x € K, y € K*,
z=F((), y=G(C),

where £* := {z € H| (z,y) > 0,Vy € K} is the dual cone of K. A closed convex
cone I C H is called self-dual if K coincides with its dual cone K*, for example, the
nonnegative orthant cone R} := {(z1,---,2,) € R"| 2; > 0,5 = 1,2,...,n} and the
second-order cone (also called Lorentz cone) K" := {(z1,72) € R x R"™ | 2y > ||z2][}.
This paper focuses on the conic complementarity problem associated with the infinite-
dimensional second-order cone K in H (will be defined as in (10)) which is closed, convex,

and self-dual (see Section 2 for details). Since K is self-dual, the conic complementarity
problem reduces to CP(K, F, G), which is to find z,y,( € H such that

(x,y) =0, z € K, y € K, (1)
z=F(C), y=G(().
For finite-dimensional second-order cone optimization and complementarity problems,
there have proposed various methods, including the interior point methods [1, 15, 18],
the smoothing and semismooth Newton methods [3, 7, 10, 11, 13|, and the merit function
method [2, 4]. As far as we know, only very few of aforementioned methods are extended
to infinite-dimensional SOCCP case. More precisely, for infinite-dimensional second-
order cone optimization and complementarity problems, some particular interior point
method was employed in [8], and a merit function method was considered in [5] where
its merit function is ¢, : H x H — R, given by

1
¢FB(m7y) = §||¢FB(x7y)||27 (2)
which is induced by the Fischer-Burmeister (FB) function ¢, : H X H — H defined as

s (2,y) = (2 + )% = (z +y). (3)

2 means z e x, where o will be introduced in Section 2. In this paper, we also

concern with the merit function method for (1). In other words, we aim to seek a smooth
function ¥ : H x ‘H — R, such that, for any x,y € H,

Here x

U(z,y)=0<=zcK, yekK, (z,y) =0, (4)

and then the problem C'P(IK, F,G) can be transformed into a smooth minimization
problem:

min f(¢) := Y(F(¢), G(C)).

CeH

Traditionally, such a f or W is called a merit function associated with K.
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The two classes of merit functions that we will investigate come intuitively from the
finite-dimensional case where H equals R"™ and is associated with the Lorentz cone K",
which was studied in [2]. The first class is

fir (€)= o ((F(€), G(Q))) + »(F(C), G(C)), (5)

where 9y : R — R, is any smooth function satisfying
Po(t) =0 VE<0 and y(t) >0 Vt>0, (6)
and ¥ : H x H — Ry satisfies
Y(z,y) =0, (z,y) <0< (z,y) € Kx K, (z,y) =0. (7)

The second class is

o~

i (€)= g (F(C) # G(Q)) + »(F(C), G(Q)), (8)

where 9§ : H — Ry is given by

Ui (w) = 5l (). 0

and ¢ : H x H — Ry satisfies (7). The function f, . was originally proposed by Luo and
Tseng for NCP case [12] and was extended to the SDCP case by Tseng [14], then to the
SOCCP case by Chen [2]. We explore the extension to the infinite-dimensional SOCCPs
as will be seen in Sections 3. The second class of merit functions for SDCP case was
recently studied by Goes and Oliveira [9] and a variant of f,,. was also studied by Chen
2] for SOCCP case.

As mentioned, we will define and study these merit functions associated with K in
Hilbert space H. Three examples of ¢ will be studied in Section 3. In Section 4, we
will show that, under certain conditions, the infinite-dimensional SOCCP has a unique
solution and both f,. and f, . provide global error bound, which plays an important role
in analyzing the convergence rate of some iterative methods for solving CP(KK, F,G).
Besides, under the condition that F' and G are jointly monotone and a strictly feasible
solution exists, we will prove that both f,. and f:T have bounded level sets which will
ensure that the sequence generated by a decent algorithm has at least an accumulation
point. All these properties will make it possible to construct a decent algorithm for solving
the equivalent unconstrained reformulation of CP(K, F,G). Moreover, we will show
that both f . and fL\T are Fréchet differentiable and their derivatives have computable
formulas.

Throughout this paper, for any given Banach spaces X and Y, let £(X,)) denote
the Banach space of all continuous linear mappings from X into ). We simply write
L(X,Y) = L(X) and denote GL(X) the set of all invertible mappings in £(X). The
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norm of any [ € L(X,)) is defined by ||| := sup{||/{(z)| | x € X and ||z| = 1}. In
addition, for any self-adjoint linear operator [ from X — X, we write [ > 0 (respectively,
[ = 0) to mean that [ is positive definite (respectively, positive semidefinite). For any
x € H, (x), denotes the orthogonal projection of x onto K, whereas (z)_ means the
orthogonal projection of x onto —K. A sequence of elements {z,} C H — x means
lim, o0 |2 — z|| = 0. A sequence of operators {7},} — T means lim,,_, [|T,, — T'|| = 0.

2 Preliminaries

In this section, we recall some background materials and preliminary results that will be
used later. We begin with introducing the infinite-dimensional second-order cone.

Recall that the finite-dimensional second-order cone (also called Lorentz cone) is
defined as K" := {(r,2') € R x R"™ | r > ||2/||}. As discussed in [5], this Lorentz cone
K™ can be rewritten as

K" .= {az‘ € R"| (z,e) > \/_HI'H} with e = (1,0) € R x R* 1

Motivated by this, the following closed convex cone in the Hilbert space H is considered:
K(e,r) ={z e H | (z,¢e) =rlzl},

where e € H with |le]] = 1 and 0 < r < 1. Observe that K(e,r) is pointed, that is,
K(e,r)N(—=K(e,r)) = {0}. Moreover, by denoting

()" ={reH | (x,e) =0},

we may express the closed convex cone K (e, r) as

K(e,r) = {x'+/\e€'H { 2’ € ()t and \ > \/%Hx ||}

When H =R" and e = (1,0) € R x R"!, K (e, f) coincides with IK". By this, we shall

call K (e, \/5) the infinite-dimensional second-order cone (or infinite-dimensional Lorentz
cone) in ‘H determined by e. In the rest of this paper, we shall only consider any fixed

unit vector e € ‘H, and denote
1
K:=K|e — 10
(- 75) 1o

since two infinite-dimensional second-order cones K (e, \/5) and K (es, ﬁ) associated
with different unit elements e; and e, in H are isometric.

Unless specifically stated otherwise, we shall alternatively write any point © € H as
r =12’ + Xe with 2/ € (e)* and X\ = (z,¢). In addition, for any z,y € H, we shall write
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x >k y (respectively, x =k y) if z —y € int(K) (respectively, z — y € K). Now, we
introduce the spectral decomposition for any element x € H. For any x = 2’ + Xe € H,

we can decompose T as
2)

T )

= o (2)olM + as(z)v

where (), as(z) and ofY, 0 are the spectral values and the associated spectral

vectors of x with respect to K, given by

ai(z) = (=1)7|l2']| + A,

1 i L ; /
@ _) 2 ((—1) +e> , a2t #£0,
ve =4 "l
s((—D'w +e), if ' =0,
for i = 1,2 with w being any vector in (e)* satisfying ||w|| = 1. Its determinant and

trace is defined as det(z) := ay(x)as(x) and tr(z) := ai(x) + as(z), respectively.

Next, we come to the Jordan product associated with the infinite-dimensional Lorentz
cone K. For any x = 2’ + Xe € H and y = ¢/ + pe € H, we define the Jordan product of
x and y by

zeoy = (uz'+ N\y') + (z,y)e. (11)

Clearly, when H = R" and e = (1,0) € R x R"!, this definition is the same as the one
given by [6, Chapter II]. From the definition (11) and direct computation, it is easy to
verify that the following properties hold.

Property 2.1 (a) zey=yex andxee=x for all z,y € H.

) (z+y)ez=zez+yez foralxy zeH.

(c) (z,yez)=(y,rez)=(z,xey) foralx,y,zecH.

(d) Foranyz=x2'+Xe €H, 2> =xex=2)\' + |z|*c € K and (z*, ¢) = ||z|]*.

(e) Ifr = a'+ e € K, then there is a unique /> € K such that (z'/?)? = (z'/?)e(2'/?) =

x, where
0, ifx =0
2% = oy (x) vV + Vag(z) v = ' ,
— +Te, otherwise
2T
with 7 = ) 221

2

(f) Every x = 2’ + Xe € H with \> — ||2'||*> # 0 is invertible with respect to the Jordan

product, i.e., there is a unique point x=' € H such that x e x™1 = e, where
/ /
-1 _ 1 (1) 1 (2) . —x + )\6 . —x + /\e
r =opx) v, tag(x) v, = = .
1( ) T 2( ) T det(aj) A2 — Hx/H2

Moreover, z € int(K) if and only if x=* € int(K).

5



Associated with every x € H, we define a linear mapping L, from H to H by
Lyy:=xey forany yeH. (12)

It is clear that L, € £(#H) and this mapping possesses the following favorable properties.

Property 2.2 [5, Lemma 2.2] For any v € H, let L, € L(H) be defined as in (12).

Then, we have

(@) 2>k 0« L, >=0andx =g 0 <= L, = 0;

(b) if x =2’ + Xe with X # 0 and |\| # ||2'||, then L, € GL(H) with the inverse given
by

1
Lty =5 (v = (@ hy)a') + (@ hy)e for any y=y' + pe € H.

Property 2.3 [5, Lemma 5.1] Let K be the infinite-dimensional Lorentz cone in H given
as in (10). For any z,y € H and z =k 0, the following implications hold:

2rg?+y? = L2-L)—L2>0,
z2>]Ka:2 — Z >

Moreover, the above implications remain true when “ =" s replaced by “ > 7.

The following describes some important relations when 2 4 y? lies on the boundary
of K.

Property 2.4 [5, Lemma 2.5] For any x = '+ e, y = ¢/ +pe € H with 2*+y* ¢ int(K),
we have

N=lE =R A=), W = el

Property 2.5 Let K be any closed convex cone in H. For each v € H, let - and
xy denote the minimum distance projection of x onto K and —K*, respectively. The
following results hold.

(a) For any x € H, we have x = x}f + z¢ and ||z]|* = ||z ]2 + o
(b) For any x € H and y € K, we have (x,y) < (z,1).
(c) If K is self-dual, then for any x € H and y € K, we have ||(z + y)&|| > ||z

(d) For any x € K and y € H with 2> — y* € K, we have x —y € K.



Proof. These results are true for general closed convex cone whose proofs are the same
as in [4, Lemma 5.1]. O

To close this section, we review some definitions that will be used in subsequent
analysis.

Definition 2.1 Let F,G : H — H be single-valued mappings.

(a) F is said to be n-strongly monotone if there exists a constant n > 0 satisfying

(F(x) = F(y),z —y) > nllz —yl*, Yo,y € H.

(b) F is said to be Lipschitz continuous with constant 7y if

1F(x) = Fy)ll <~llz = yll, Yo,y € H.

(c) F and G are said to be p-jointly strongly monotone if there exists a constant p > 0
satisfying
(F(z) = F(y),G(z) = G(y)) = plle — yl*, Y,y € H.

We also recall the concept of Fréchet differentiability. For given Banach spaces X
and Y, a mapping f from a nonempty open subset X of X into ) is said to be Fréchet
differentiable at « € X if there exists [, € L(X,)) such that

fleh) = fla) = lh _

s il
and [, is called the Fréchet differential of f at z, denoted by D f(x). When f is Fréchet
differentiable at every point of X, we say that f is Fréchet differentiable on X. If f is
Fréchet differentiable on a neighborhood U € X of a point zy € X, and if, as a mapping
from U into the Banach space £(X,)), the mapping  — D f(z) is continuous at zo,
then f is said to be continuously Fréechet differentiable at xq. The mapping f is called
continuously Fréchet differentiable on X if it is continuously Fréchet differentiable at
every point of X.

3 Two classes of merit functions

In this section, we elaborate more about the two classes of merit functions for (1). We
are motivated by a class of merit functions proposed by Luo and Tseng [12] for the NCP
case originally which was already extended to the SDP and SOCCP by Tseng [14] and
Chen [2], respectively. We introduce them as below. Let f_. be given as (5), i.e.,

Jix (€) := %o ((F(C), G(C))) + ¢ (F(C), G(C)),
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where ¢y : R — R, satisfies (6) and ¢ : H x H — R, satisfies (7). We notice that
g is differentiable and strictly increasing on [0,00). Let ¥, denote the collection of
¥ H x H — R, satisfying (7) that are Fréchet differentiable and their derivatives
satisfy the following conditions:

{ (Dyb(z,y), Dyo(z,y)) > 0, V(z,y) € H x H.

')
(2, Dot (@, ) + {y, Dyb(,9)) 20, V(,y) € H x H. (13)

We will give an example of ¢ belonging to ¥, in Proposition 3.1. Before that, we
need the following three lemmas which will be used for proving Proposition 3.1 and
Proposition 3.2.

Lemma 3.1 (a) For any x € H, (z,(x)_) = ||(z)_||* and (z,(z)y) = ||(z).|]?
(b) For any x € H and y € H, we have

re K<< (z,y) >0, Vy € K.

Proof. The results follow by Property 2.5 and self-duality of K. O

Lemma 3.2 [17] For x # 0 € H, the following hold.
(8) If g(x) = |lz]l, we have Dg(z)h = &1

(b) If g(z) = ||z||?, we have Dg(x)h = 2{x, h).

x h (x,h)
(c) If g(x) = —, we have Dg(x)h = — — ~——.
|| [zl fl]l?
Proof. The results can be verified by direct computation, also see [17]. O

Lemma 3.3 Let ¢, and 1., be given as in (3) and (2), respectively. Then,
(a) ¢pp(z,y) =0<=zecKycKrey=0<=zrecK,yc K, (z,y) =0.

(b) for any x,y € H, there holds

W (2,) > 2l ben (@, 1)+ I = (=) [I* + | (=y) 41"



Proof. (a) This is shown in [5, Lemma 3.1].

(b) The first inequality follows from Property 2.5(a). Since (z? + y?)"/? —x € K, by
Property 2.5(c), we can deduce that ||((2? + )2 — 2 — y),||?> > ||(=y)+||>. Similarly,
we can get ||((z% + y*)V? — 2z — y)4||> > ||(=2)4|>. Adding the above two inequalities
yields the desired second inequality. This completes the proof. O

Proposition 3.1 Let 11 : H x H — R, be given by

(=)l + 1 (=9)+11) (14)

N |

wl (SL’, y) =
Then, the following results hold.

(a) 1 satisfies (7).

(b) vy is conver and Fréchet differentiable at every (z,y) € H X H with Dy (x,y) =
(@), Dyn(z,y) = (y)-

(c) For every (z,y) € H x M, we have
(Dot (z,y), Dyhr (2, y)) = 0.
(d) For every (z,y) € H x H, we have
(@, Datpr (2,9)) + (y, Dythr(x,9)) = [[(2)-]* + | () -II*
(e) 1 belongs to ..

Proof. The proofs are similar to those in [2, Proposition 3.1], so we omit them. O

Next, we consider a further restriction on . Let W, . denote the collection of ¢y € U
satisfying the following conditions:

P(x,y) =0, Y(x,y) € H xH whenever (D,(x,y), Dyp(x,y)) =0. (15)

Two examples of such ¢ are given in next two propositions.

Proposition 3.2 Let ¢, (z,y) be given by (2). Then, the following results hold.

(a) Yy, satisfies (7).



(b) g is Fréchet differentiable at every (z,y) = (2’ + Xe,y' + pe) € H x H. Moreover,
Db, (0,0) = Dytb, . (0,0) = 0. If (z,y) # (0,0) and 2% + y* € int(K), then

D:chFB (l’, y) = La:L(;C12+y2)1/2¢FB (.Z', y) - ¢FB (.CE, y>7
DZ/¢FB (SL’, y) = LyL&12+y2)1/2¢FB (.77, y) - ¢FB (SL’, y)

If (z,y) # (0,0) and 2* + y* ¢ int(K), then A\? + pu* # 0 and

A

oo

DwaB(x7y) = (ﬁ_l> ¢FB(xay>>‘

(c) For every (z,y) = (' 4+ Xe,y + pe) € H x H, we have

DIQ/}FB('I7y) = ( _1> ¢FB(I7y)7

<Dx¢FB (./E, y)7 ‘Dyd}FB (:E7 y)) Z O

and the equality holds whenever ¢, (x,y) = 0.

(d) For every (z,y) = (2’ + e,y + pe) € H x H, we have
(@, Dot (.9)) + (Y, Dyt (7,9)) = |6 (2, )|
(e) ., belongs to V.

Proof. See [5, Theorem 4.1] and [5, Lemma 5.2]. O

Proposition 3.2 tells us that ¢, defined as (2) belongs to U, which yields a merit
function 1, : H x H — R given as

wYF(x’ y) = @/J0(<[E, y>) + ¢FB(x7y)7

and studied by Yamashita and Fukushima [16].

Proposition 3.3 Let 1y : H x H — R, be given by

1
Va2, y) = Sl des (@, 9) 4%, (16)
where ¢, is defined as (3). Then, the following results hold.
(a) o satisfies (7).
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(b) w9 is Fréchet differentiable at every (x,y) = (z' + Xe,y + pe) € H x H. Moreover,
Dty (0,0) = Dy (0,0) = 0. If (z,y) # (0,0) and 2 + 4 € int(K), then

Dm¢2(w7 y) = LxL(_w12+y2)l/2¢FB ('I’ y)-‘r - ¢FB ('I7 y)-‘ra
Dy%(i& Z/) = LyL&12+y2)1/2¢FB (23, y)+ - ¢FB (37’ y)-i-'

If (x,y) # (0,0) and 2% + y? ¢ int(K), then A + u? # 0 and

A
Doipo(,y) = (ﬁ - 1) Ge (T,Y) 4,

Dyn(z,y) = (ﬁ—l) Gen (,9) 1.

(c) For every (z,y) = (' + Xe,y + pe) € H x H, we have
<me2($, y)? Dy¢2<x7 y)> Z 0
and the equality holds whenever q(z,y) = 0.

(d) For every (z,y) = (2" + e,y + pe) € H x H, we have

<.13, wa2<$,y)> + <y7 Dy%(%y» = H(bFB(‘rvy)+H2'
(e) 1y belongs to W, .

Proof. (a) Suppose o(x,y) = 0 and (z,y) < 0. Let z := —¢,,(z,y). Then (—z); =
bus (7, )+ = 0 which says z € K. Since +y = (22 4+ y?)"/2 + 2, squaring both sides and
simplifying yield

2r ey =2((z2 + %)Y 0 2) + 22

Now, taking trace of both sides and using the fact tr(z e y) = 2(x,y), we obtain
Ha,y) = 4@ +y*)2,2) + 2|2 (17)

Since (22 + y*)/? € K and z € K, then we know ((2% 4+ 3?)"/2,2) > 0 by Lemma
3.1(b). Thus the right-hand of (17) is nonnegative, which together with (z,y) < 0
implies (x,y) = 0. Therefore, with this, the equation (17) says z = 0 which is equivalent
to ¢p(x,y) = 0. Then by Lemma 3.3, we have z,y € K. Conversely, if z,y € K and
(x,y) = 0, then again Lemma 3.3 yields ¢, (x,y) = 0. Thus, ¢2(z,y) = 0 and (z,y) < 0.

(b) For the proof of part (b), we need to discuss three cases.
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Case 1: If (z,y) = (0,0), then for any h = b/ + Xe, k = k' + fie € H, let u; < pig be the
spectral values and let v, v(?) be the corresponding spectral vectors of h? + k2. Hence,
by Property 2.1(e), we have

(R + B2 —h =k = [V + i® —h k|
VLl + Vel + ([l + (k]
(Vi + Vi) /V2+ 1Rl + [|K].

IN

Also

py < pa =B+ |[K]1?+ 2| AR + Bk ||
[R))* + [[K]1? + 2 |7]] + 21z || &)

<
< 2117 + [1%]%).

Combining the above two inequalities yields

Yol ) = 2(0.0) = Sllgus (b )P

< ben (b )|

= [I(h* + &)Y — h — k||”

< (Vo + i) V2 + R+ (1K)

< V2IRI2 + 20k /V2 + [IR] + [1K])?

= O(||h|I* +1|%[*),
where the first inequality is from Lemma 3.3. This shows that )y is differentiable at

(0,0) with
wag(o, O) - Dng(O, O) =0.

Case 2: If (x,y) # (0,0) and 22+y? € int(K), let 2 be factored as z = al(z)ugl)—i—ag(z)u,(f)
for any z € ‘H. Now, let g : H — H be defined as

1
where g : R — R is given by g(«) := i(maX(O, ))?. From the continuous differentiability
of g and [17], the vector-valued function g is continuously Fréchet differentiable. Hence,
1
the first component ¢;(z) = §|](z)+||2 of g(z) is continuously Fréchet differentiable as

well. By an easy computation, we have Dg;(z) = (z)4. Since o(x,y) = g1(dpg (2,9))
and ¢, is Fréchet differentiable at (z,y) # (0,0) with 22 + y? € int(K) (see [5]). Hence,
the chain rule yields

Dx¢2(xa y) = D$¢FB (ZE, y)Dgl(ngB (l‘7 y)) = La:L(_$12+y2)1/2¢FB(m7 y)+ - ¢FB (l’, y)-f—a
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Dwa(xvy) = Dy(bFB (‘r7y)Dg1(¢FB (1}, y)) = LyL&12+y2)1/2¢FB (l’, Z/)+ - (bFB (x,y)+.

Case 3: If (z,y) # (0,0) and 22 + y? ¢ int(K), by direct computation, we know ||z||* +
lyl|? = 2||\2’ + py/|| under this case. Since (z,y) # (0,0), this also implies Az’ + uy’ # 0.
We notice that we can not apply the chain rule as in Case 2 because ¢, is no longer
differentiable in this case. By the spectral factorization, we observe that

ngB(x?y)‘f‘ = ngB(x?y) — ¢FB($7y) cK
¢FB($7y)+ =0 <~ ¢FB(x7y) € —K (18)
¢FB (.CU, y)+ = a2u(2) <~ ¢FB (.CU, Z/) ¢ Ku _]K7

where ay is the bigger spectral value of ¢, (x,y) and u® is the corresponding spectral
vector. Indeed, by applying Property 2.4, we can simplify ¢, as

Az’ + py’ / / 2 2
ben(r9) = T = +y)+ (VR = () e (19)

Therefore, ay and u® are given as below:

ay = A2 = (A p) + [Jws,
(2) ( w2 ) (20)
U — +e|,

[l

N | —

A’ + py’
VA4 2
To prove the differentiability of ¥y under this case, we shall discuss the following three
subcases according to the above observation (18).

where wy = (' + ).

(1) If ¢py(r,y) ¢ KU —K then ¢, (z,y)r = aou®, where ay and u® are given as in
(20). From the fact that ||u®|| = 1/4/2, we obtain

L,

1
¢2($,y) = §||¢FB(x7y)+||2:Za2

= VTR -y
2 (VVH12 = (0t ) ol + [ 7]

Since (z,y) # (0,0) in this case, 1y is Fréchet differentiable clearly. For all h € H, we
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have

[meg]h

1 A2 N o
] (m‘uzwz)m)m’”“(m 1) (=

B Apy' (he)
(A2 4 @2)y/ 0 2
1 A
= () =N <h,e)+<—) h — (h,e)e
< )‘2+#2)( 8 uy) VAR ( )

A
— (T;ﬂ — 1) (h = (h,e)e),

where the last equality holds by Property 2.4. Using the product rule and chain rule for
differentiation gives

[meQ(xv y)]h = %OQ [D:COQ]h

sl 2 ) ey o G [Dawsli)
() s i

S VP S . A (wa k) (wy,e){hye)
= S _<——/\2+u2 1) (h, >+(——A2+u2 1) ol

o (A ) ()
? A2+ 2 [|ws]| ’
It then follows that
Dyo(x,y) = # 1| au® = # — 1| bps(z,9) 4. (21)

Similarly, we can obtain that

Dwa(xvy) = (\/%,UJQ - 1) ¢FB($7y)+‘

(1) 1F Gy (,9) € K then gy (7,9)+ = b, ), and hence $(z, y) = L (2, 9) | =
$||éws (2, y)[|?. Thus, by Proposition 3.1, we know that the derivative of ¢ under this
subcase is as below:

Dz¢2(x,y) = <# - 1) ¢FB(xay) = <# - 1) ¢FB(xay)+a

NoET NoETe -
Dywz(%y) = (\/ﬁ -1 ¢FB($7y> = (\/ﬁ - 1)¢FB(x7y)+'
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If there is (2/,y’) such that ¢, (2',y') ¢ KU —K and ¢, (2", y) — ¢.,(x,y) € K (the
neighborhood of point belonging to this subcase). From (21) and (22), it can be seen
that

Dx¢2($/7 y/) — Dx,’vZJQ(aja y)7 Dng(x’,y’) — Dy%(%@-

Thus, 1 is differentiable under this subcase.

(iii) If ¢y (z,y) € —K then ¢, (z,y)+ = 0. Thus, ¢a(z,y) = 5||¢ps (2, y)+ [ = 0 and it
is clear that its derivative under this subcase is

A
Dx¢2($>y) =0= ﬁ_l ¢FB(x7y)+> ( )
23
Dyin(a,y) =0 = | —== = 1 | dyu(@.)s-

N

Again, if there is (2/,y’) such that ¢, (2',y) ¢ KU —-K and ¢, (2", y) = ¢ (z,y) € K
(the neighborhood of point belonging to this subcase). From (21) and (23), it can be
seen that

Dx¢2($/7 y/) — Dx@Z)Z(ma y)7 Dy¢2(x/7y,) — Dy¢2($7y)'

Thus, 1, is differentiable under this subcase. From the above, we complete the proof of
this case and therefore the argument for part (b) is done.

(c) We wish to show that (D,e(z,y), Dytba(x,y)) > 0 and the equality holds if and only
if ¥9(x,y) = 0. We follow the three cases as above.

Case 1: If (z,y) = (0,0), by part (b), we know D,q(z,y) = Dyio(z,y) = 0. Therefore,
the desired equality holds.

Case 2: If (z,y) # (0,0) and z* + y? € intKK, by part (b), we have

(Dot2(x,y), Dytha(z,y))

= <(LxL;1 - I)<¢FB)+’ (LyL;1 - I)(¢FB)+> (24>
<(LI - LZ)L;1(¢FB)+7 (Ly - LZ)L;1(¢FB)+>

= <(Ly o LZ)(LCE o LZ)L;1(¢FB)+7 Lz_1<¢FB)+>7

where z = /22 + y? and I € L(H) is an identity mapping. From elementary calculation,
we obtain that

(Lz - Lx)(Lz - Ly)+<Lz - Ly)(Lz - Loc) = (Lz - La: - Ly)2+(L§ - Li - Lz)

Since z € K and 2> = 2” + y*, Property 2.3 implies L? — L? — L? > 0. Then (24) yields
1 _
(Datn(@,y), Dyva(z,y)) 2 Sl(Le = Lo = Ly)L; H(Yes)+11?
1 _
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where the equality uses L, — L, — Ly = L,_,_, = L¢FB. If the equality holds, then the
above relation yields || Ly L;"(ép5) 4[> = 0 and, by Property 2.1(d),

L¢FB L;1(¢FB)+ = ¢FB b (L;1(¢FB)+) = (L;1(¢FB)+) ® ¢FB =0

Since z = y/2? + y? € int(K) so that L' > 0 (see Property 2.1(d)), multiplying L;'
both side gives ¢, ® (¢.;)+ = 0. From definition of Jordan product and Lemma 3.1(a),
it implies (¢,5)+ = 0 and hence 1y = 0. Conversely, if (¢,,)+ = 0, then it is clear that

<Dx¢2<x7 y)? Dwa(ma y)> = O
Case 3: If (z,y) # (0,0) and z? + y* ¢ int(KK), by part (b), we have

<Da:¢2(xvy)’ Dy¢2($,y)> = <; - 1) (L - 1) ||¢FB(’I’y)+||2 Z 0.

If the equality holds, then either ¢, (x,y);+ = 0 or \/# =1or \/}\2— = 1. In the
1%

second case, we have ;= 0 and A > 0, so that Property 2.4 yields ¢y’ = 0 and A = ||2/||. In
the third case, we have A = 0 and p > 0, so that Property 2.4 yields 2’ = 0 and p = ||¢/|.
Thus, in these cases, we have x @ y = 0,z € K,y € K. Then, by (7), ¢(z,y) = 0.

(d) Again, we need to discuss the three cases as below.

Case 1: If (z,y) = (0,0), by part (b), we know D,¢s(x,y) = Dybe(x,y) = 0. Therefore,
the desired equality holds.

Case 2: If (z,y) # (0,0) and 2 + y? € int(K), by part (b), we have

Dﬂﬁg(l‘,y) = (LIL;1_1)¢FB(x’y)+a
Dwa(xvy) = (LyL;1_1)¢FB($7y>+7

where we let z = /22 + y2. Thus,

(2, Dytha(z, y)) + (y, Dyta(z,y))
(@, (Lo L = Doy (,9) 1) + (Y, (Ly L' = Dby (2, 9) 4)
(Lol = D, by (x,9) 1) + (Ly L7 = Dy, by (,9) 1)
(L7 Low + L7 Ly — ¢ = 4, 6 (7,9) )
(L;* (93 +97) =z =y, by (2, 9)4)

(L'2% =2 —y, ¢ (z,y)4)

(z ==y, o (z,y)1)
= | ben (2, 9)411%,

where the next-to-last equality follows from L.z = 2%, so that L;'2? = z and the last
equality is from Lemma 3.1(a).
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Case 3: If (z,y) # (0,0) and 2 + y? ¢ int(KK), by part (b), we have

A
Dyiba(z,y) = (ﬁ - 1) Gep (T, Y) +

DyiﬂQ([lf,@/) = (\/%MQ - 1) ¢FB($’y)+'

Thus,

<I’, waQ(xw y)) + <y7 Dyd)Q("L‘: y))

(A @ L v
- (M 1) < 7¢FB( 7y)+> + (\/m 1) <y7 ¢FB< 7y)+>
= < /\x+luy _x_y7¢FB(‘r7y)+>

= <¢FB (l‘, y)a ¢FB(xv y)+>
= H¢FB (JI, y)-l—H2a

where the next-to-last equality uses (19) and the last equality is from Lemma 3.1(a)
again.

(e) This is an immediate consequence of (a) through (d). O

Proposition 3.4 Let f,. : H — R be given as (5) with vy satisfying (6) and 1 satis-
fying (7). Then, the following results hold.

(a) For all ¢ € H, we have f .(¢) > 0 and f..(¢) = 0 if and only if ¢ solves the
infinite-dimensional SOCCP (1).

(b) Let Dipo({F(C),G(C))) = Duo(t) with t = (F(C),G(C)). If 1o,v and F,G are
Fréechet differentiable, then so is f,. and

Df.(Q) = Dio((F(C), GIONIDF(C)"G(C) + (DG(C))" F(C)]
+HDF(Q)" Darp (F(C), G(C)) + (DG(Q)) Dy (F(C), G(Q))-

(c) Assume F,G are are Fréchet differentiable mappings on H and 1 belongs to W,
(respectively, W, ). Then, for every ( € H where DF(C)[DG(C)]™! is positive
definite (respectively, positive semi-definite), either (i) f,.(¢) =0 or (i) f..({) #0
with (d(C), Df..(C)) <0, where

d(¢) == —(DG(Q) D ((F(C), GONG(C) + Darp(F(C), G(Q))]-

17



Proof. (a) This consequence follows from (5), (6) and (7).

(b) Fix any ¢ € H. From Theorem 4.2 in [5] and the Fréchet differentiability of F' and
G, it follows that f . : H — R, is Fréchet differentiable on H. By the chain rule of
differential, we have, for any v € H,

Dfir(Qv = Dipo((F(C), GIONDF(C)v, G(Q)) + (DG(C)v, F(())]
H(D:Y(F(C), G(C)), DF(C)v) + (Dyh(F(C), G(C)), DG(C)v),

which means

Dfi2(¢) = Dyo({F(C), GIONIDF()" G(¢) + (DG(C)) F(Q)]
+(DF(C)" Dato(F(C), G(Q)) + (DG(C))" Dy (F(C), G(Q))-

(c) First, we consider the case of ¢y € ¥, and fix ( € H, where DF({)[DG(¢)]™!
is positive semi-definite. Let a := Di({F(¢),G(¢))) and drop the argument (¢) for
simplicity. Then

(d,Df,) = (=(DG) (oG + Dyo(F,G)), (DF)"(aG + Dyt (F,G))
+H(DG) (aF + Dyi(F,G)))
= —(aG + D¥(F,G), (DG)")(DF)" (aG + Dyp(F, G)))
—(aG + D, Y(F,G),aF + Dy(

—(aG + D Y(F,G),aF + Dy(F,
—a*(G, F) — a((F, Dy (F,G))) + (G, Dy(F, G)))
—(Da¥(F, G), Dyp(F, G))
< —aX(G, F) — (D¥(F,G), Dy(F, G)),

where the first inequality holds since DF(DG)™! is positive semi-definite and the in-
equality follows from o > 0 and equation (13). Now, we observe that tDvy(t) > 0 if
and only if ¢ > 0 since vy is strictly increasing on [0,00). Therefore, the first term on
the right-hand side is non-positive and equals zero if (F,G) < 0. In addition, by equa-
tions (13) and (15), the second term on the right-hand side is non-positive and equals
zero if Y(F,G) = 0. Thus, we have (d, Df,..({)) < 0 and the equality hold only when
(F(¢),G(¢)) < 0 and ¥(F(¢),G(¢)) = 0, in which equation (7) implies ¢ satisfies (1),
ie., f.(¢)=0.

Similar argument can be applied for the case of 1) € ¥, and DF(DG)~! being positive
definite. O

Next, we further consider another class of merit functions given as (8), i.e.,

—

fir (€)= ¢o(F(C) @ G(Q)) + ¢ (F(C), G(C)),
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where 9§ : H — Ry is given as (9) and ¢ : H x H — R satisfies (7). We notice that
possesses the following property:

Py(w) =0 <= w <k 0

which is a similar feature to (6) in some sense.

By imitating the steps for proving Proposition 3.4 and using the following Lemma
3.4 which has been proved in SOC case by Chen [2], we obtain Proposition 3.5 which is
a result analogous to Proposition 3.4. We omit its proof.

1
Lemma 3.4 The function j(zey) := §||(xoy)+||2 is differentiable for all (x,y) € HXH.
Moreover, D,i(x o y) = Ly(z ®y);, and Dypj(vey) = Ly(rey),.

Proof. For any z € H, we can factor z as z = a1 (2)uV) + ay(2)u®. Now, let g : H — H

be defined as .

9(2) = 5((2)1)* = gl (2))u™ + glaa(2)u'®,

1
where ¢ : R — Ris given by g(a) := §(max(0, ))?. From the continuous differentiability
of g and [17], the vector-valued function g is continuously Fréchet differentiable. Hence,

1
the first component ¢;(z) = §||(z)+||2 of g(z) is continuously Fréchet differentiable as

well. By an easy computation, we have Dg;(z) = (z);. Now, let
2(x,y) =z ey =N+ pz’) + (z,y)e,

then we have ¢¥j(x e y) = g1(2(z,y)). Fixz = 2’ + e € H, y = ¢ + pe € H and
h=h +le € H, then we have

[Dez(z,y)lh = (h,e)y’ + u(h — (h,e)e) + (h,y)e
= Iy + puh' + (h,y)e
— y [ ] h
= Lyh

Similarly, we can obtain [D,z(z,y)|h = L,h. Hence, applying the chain rule, the desired
result follows. O

Proposition 3.5 Let fL\T : H — Ry be given as (8) with ¢ satisfying (9) and ¢ satis-
fying (7). Then, the following results hold.

(a) For all ¢ € H, we have fL\T(C) > 0 and fL\T(C) = 0 if and only if ¢ solves the
infinite-dimensional SOCCP (1).
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(b) If ¢, v and F,G are Fréchet differentiable, then so is ]?L\T and

Dfi(C) = UDF() La + (DG(O)) Lr)(F(C) ® G(Q))+
HDF(C)TDA(F(C), G(Q)) + (DG(C))T Dy (F(C), G(C)).

4 Solution existence, error bound, and bounded level
sets

In this section, using the above merit functions f,. and fL\T, we obtain error bounds for
the solution of infinite-dimensional SOCCP (1). Meanwhile, we study the existence and
uniqueness for the solution of C'P(K, F,G). To reach our results, we need some lemmas
as below.

Lemma 4.1 Letx =2'+ X e € H and y =y + pe € H. Then, we have

(w.y) < V2| (z o y)4]. (25)

Proof. First, we observe the fact that

reK <= (2); ==z,
re-K < (z); =0,
¢ KU-K < (2); =au®?,

where s is the bigger spectral value of  with the corresponding spectral vector u(?

defined as in section 2. Hence, we have three cases.

Case 1: If rey € K, then (z ey), = x ey. By definition of Jordan product of x and y
as (11), i.e., z oy := (ux' + \y') + (x,y)e. It is clear that ||(x @ y),|| > (z,y) and hence
(25) holds.

Case 2: If r ey € —IK, then (z ey), = 0. Since z @ y € —IK, by definition of Jordan
product again, we have (z,y) < 0. Hence, it is true that v/2||(z e y),| > (2, ).

Case 3: If r ey ¢ IKU —K, then (z e ), = apu®, where

oy = (z,9)+ lpa’ + N/,
1 "+ Y
NOR m+€)_
2 \[[pa’ + M|l
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If (x,y) < 0, then (25) is trivial. Thus, we can assume (z,y) > 0. In fact, the desired
inequality (25) follows from the below.
L 5

[woy)l? = a3

1
= S, y)? + 2z, y) | ua’ + M || + [|pa’ + M%)

1

> §<$,y>2.

Then, we complete the proof. O

Lemma 4.2 Let ¢, U1, 12 be given as (2), (14), (16), respectively. Then, .., 11,
and o satisfy the following inequality.

Yo(w,y) = all(=2) ¢ I* + [[(=2)4[*), V(x,y) € H x H,
for some positive constant o and ¢ € {FB, 1,2}.

Proof. For 4, it is clear by definition (14) with o = % For v, and v, the inequality
is still true due to Lemma 3.3. a

By the definition of ¥ given as (9), we can obtain the following lemma easily.

Lemma 4.3 Let ¢ be given as (9). Then, 1 satisfies
do(w) = Bll(w)+[?, Yw € H,

for some positive constant 3.

Proposition 4.1 Let F and G are Lipschitz continuous with constants v and ¢, re-
spectively. Suppose that F' is n-strongly monotone and F' and G are p-jointly strongly
monotone mapping from H to H. Let f.. be given by (5) with ¢ satisfying (7). If there
exists a constant T such that

2_6272_0-2
R P N A N i (26)

where 0 = 1—+/1 — 2n + ~2. Then, the infinite-dimensional conic complementarity prob-
lem CP(K, F,G) given as in (1) has a unique solution (* and there exists a scalar k > 0
such that

kll¢ = ¢l < max{1, (F(¢), GO)} + I(=F ()<l + (=G (O))+ ], YC € H.

Moreover,

2 Fa(OV2 VC e,

RIIC— I < gt (£ia(Q) + %

where o 1S a positive constant.
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Proof. It is not hard to verify that  is a solution to (1) if and only if, for any constant
T > 0, the following equation hold:

F(¢) = Px(F(¢) = 7G(()) = 0,

where Py is the projection of H onto K, that is,

¢ = F(¢) + Px(F(C) —7G(¢)) = ¢,
Based on this, we define the mapping F as
F(x) =z — F(z) + Px(F(z) — 7G(z)), Yz € H. (27)

From the above discussion, ¢ satisfies (1) if and only if ¢ is a fixed point of F. For any
x,y € H, we have that

IF () = F(y)ll
= |lz—y—(F2) - G()) + (Px(F(x) — 7G(z)) — Px(F(y) — 7G(y)))]l
< lz—y—(Fo) = G@)ll + [|[F(z) = Fly) — 7(G(z) = G(y))]
(\/1 — 2+ 72+ /7~ 27/)+7252> lz = yl|.

IN

From (26), it follows that /1 — 21 + 42 ++/92 — 27p + 7262 < 1, and hence the mapping
defined by (27) has a unique fixed point belonging to H, which is the solution of (1).
Using Property 2.5 and Lemma 4.2, we can complete the rest of the proof. The arguments
are similar to those in [2, Proposition 4.1], so we omit them. O

We would like to point out that, if the mapping F' is Lipschitz continuous with
constant v and strongly monotone with constant 7, then

nllz —yl|* < (F(x) = Fy),z —y) <Allz —yl>, Yo,y e H
which implies that n <~ and
L=2n+9*>(1-7)*20. (28)

Furthermore, if G and F’ are jointly strongly monotone with constant p and G is Lipschitz
continuous with constant §, then we can get p < 74 and

=204+ 82> (y—6)?>0. (29)

Inequalities (28) and (29) ensure that the set where (26) to be held is nonempty.

Similarly, we have the following Proposition 4.2 which is an extension of [2, Proposi-
tion 4.2].
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Proposition 4.2 Let F and G are Lipschitz continuous with constants v and ¢, re-
spectively. Suppose that F' is n-strongly monotone and F and G are p-jointly strongly
monotone mapping from H to H. Let f;T be given by (8) with 1 satisfying (7). If there
exists a constant T such that

p
e

2_62 2 _ 42
S\/p 657 0),p>5\/72—02,

where 0 = 1 — /1 —=2n+~2. Then, the infinite-dimensional conic complementarity
problem CP(K, F,G) given as in (1) has a unique solution (* and there exists a scalar
k > 0 such that

v

Kl = CII* < IEQ) @ GO+l + I(=F())+ | + I(=G(C))+1, ¥¢ € H.

Moreover,

KlIC = ¢II* < (% + %) (O, VG e,

where o and [ are positive constants.

Now, we give conditions under which f, ., f;T have bounded level sets. We need the
next lemma which is key to proving the properties of bounded level sets.

Lemma 4.4 Let ¢, 11 and 1y be given by (2), (14) and (16), respectively. For any
{(z* ")}, € H x H. Let aq(2)* < ag(x)* and oy (y)* < aq(y)k denote the spectral
values of x* and y*, respectively. Then, the following results hold.

(a) If ay(x)* — —o0 or ai(y)* — —oo, then Vo (z*, y*) — oo, for o € {FB, 1,2}.

(b) Suppose that {a(z)*} and {ay(y)*} are bounded below. If as(z)* — oo or as(y)* —
oo, then {x,2*) + (y, y*) — oo, for any x,y € int(K).
Proof. (a) For ¢4, the proof follows by the fact that

k k
2(=a")4 P = 2l(—an(@) vl — az(x) o) |2

T

(
= 2o (2)")v®" ~ (aa(a)) "

Similarly, we have 2||(=y*) [ = S22, (max{0, —a;(y)*})%. For v, and v, using the
same fact plus Lemma 3.3 leads to the desired result.
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(b) For any x = 2’ + Xe, y = ¢ + pe € H with [|2'|| < A, ||| < p. Using the spectral
decomposition

OéQIk—Oél.Tkk Oégl‘k Oéll'k . k
ot = Q2] Al gy sy =1,
we have
(z,2%) = Qz(x)k_al(x)k<x/’wk>+&2<$>k+041(37)k)\
o (2)" oy, 02 : 30)
= T(A—(z’,w>)+T(A+<x/,w ).

Since ||w*]| = 1, we have A — (2/,w*) > X\ — ||2/|| > 0 and X + (z/,w*) > X\ — ||2/|| > 0.
In addition, {a;(x)*} is bounded below, the first term on the right-hand side of (30) is
bounded below. If {as(x)¥} — oo, then the second term on the right-hand side of (30)
tends to infinity. Hence (x, 2*) — oco. A similar argument shows that (y,y*) is bounded
below. Thus, (z,z*) + (y,4*) — oco. Symmetrically, the desired results also holds if
{az(y)*}t = 00. O

Using the above Lemma 4.4 and the same arguments in Proposition 4.3 and Propo-
sition 4.4 in [2], we have the following Proposition 4.3 and Proposition 4.4.

Proposition 4.3 Let f,. be given by (5) with 1 satisfying the condition of Lemma
4.4(a). Suppose that F,G are Fréchet differentiable, jointly monotone mappings from
H to H satisfying

lim @F@m+we@w):am

[I€l|—o0

Suppose also that the infinite-dimensional SOCCP is strictly feasible, i.e., there exists
¢ € H such that F({),G(¢) € int(K). Then, the level set

co)={cen | a0 <vf
is bounded for all v > 0.
Proposition 4.4 Let f/L\T be given by (8) with ¢ satisfying the condition of Lemma

4.4(a). Suppose that F,G are Fréchet differentiable, jointly monotone mappings from
H to H satisfying

lim @F@m+we@w):am

[I€l|—o00

Suppose also that the infinite-dimensional SOCCP is strictly feasible, i.e., there exists
¢ € H such that F({),G(¢) € int(K). Then, the level set

coyi={oen | @ <)

is bounded for all v > 0.
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5 Conclusions

In this paper, we extend two classes of merit functions f,,. and ]?L\T to infinite-dimensional
SOCCP. We show analogous properties as in finite-dimensional cases. In particular, un-
der the condition that F' and G are jointly monotone and a strictly feasible solution
exists, we prove that the infinite-dimensional SOCCP has a unique solution and both
f.r and fL\T have bounded level sets which will ensure that the sequence generated by a
decent algorithm has at least an accumulation point. All these will make it possible to
construct a decent algorithm for solving the equivalent unconstrained reformulation of
the infinite-dimensional SOCCP. In addition, we show that both f,. and fL\T are Fréchet
differentiable and their derivatives have computable formulas. All the aforementioned
features are significant reasons for studying these merit functions.

An interesting issue after this paper is to establish the semismoothness of all merit
functions studied here and in [5], which will provide a background brick for analysis of
semismooth methods for infinite-dimensional SOCCP. Another direction is to explore
other conditions under which CP(IK, F,G) has a unique solution. We leave them as
future research topics.
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