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Abstract We provide some characterizations for SOC-monotone and SOC-convex
functions by using differential analysis. From these characterizations, we particularly obtain
that a continuously differentiable function defined in an open interval is SOC-monotone
(SOC-convex) of order n > 3 if and only if it is 2-matrix monotone (matrix convex), and
furthermore, such a function is also SOC-monotone (SOC-convex) of order n < 2 if it is
2-matrix monotone (matrix convex). In addition, we also prove that Conjecture 4.2 proposed
in Chen (Optimization 55:363-385, 2006) does not hold in general. Some examples are
included to illustrate that these characterizations open convenient ways to verify the SOC-
monotonicity and the SOC-convexity of a continuously differentiable function defined on an
open interval, which are often involved in the solution methods of the convex second-order
cone optimization.
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1 Introduction

The second-order cone (SOC) in IR”, also called the Lorentz cone, is a set defined by
"= {1, 1) e Rx R | Ix2]] < x1}, )

where | - || denotes the Euclidean norm, and k! denotes the set of nonnegative reals IR . It
is known that K" is a closed convex self-dual cone with nonempty interior int(XC"). For any
x,y € R", wewrite x >, yifx —y € K"; and write x >,., yif x —y € int(K"). In other
words, we have x >,., 0if and only if x € K" and x >, 0 if and only if x € int(K"). The
relation >,., is a partial ordering, but not a linear ordering in K", i.e., there exist x, y € K"
such that neither x >,., y nor y >, x. To see this, let x = (1, 1), y = (1, 0), and then we
havex —y=(0,1) ¢ K2, y —x = (0, —1) ¢ K2.

For any x = (x1,x2), y = (y1, y2) € R x R"~!, we define their Jordan product as

xoy=({x,y), yixa +x1y2). (2)

we write x> to mean x ox and write x4y to mean the usual componentwise addition of vectors.
Then o, +,ande = (1,0, ..., O)T € IR” have the following basic properties (see [7,8]): (1)
eox=xforallx e R".(2)xoy=yoxforallx,y e R".3) xo(x%0y)=x20(x0Yy)
forallx,y e R".(4) (x + y)oz=xo0z+ yozforall x,y, z € R". Note that the Jordan
product is not associative. Besides, K" is not closed under Jordan product.

We recall from [7,8] that each x = (x1, x2) € R x R"~! admits a spectral factorization,
associated with K", of the form

x =) - ud F ) - u®, )
2)

where A1(x), A2(x) and ul x ,uy are the spectral values and the associated spectral vectors
of x given by

: ) 1 )
100 =3+ (Dbl 1 = 5(1 (=D'8) fori=1.2 0
with X, = H - ‘ if xo # 0 and otherwise X being any vector in IR"~ !'such that |5 = 1. If
xp # 0, the factorlzatlon is unique. By the spectral factorization, for any f : R — IR, we
can define a vector-valued function associated with X" (n > 1) by

fsnc(x) f()»](x))u(l) + f()\z(x))u(z) Vx = (XI,XZ) eR x IR”-]7 (5)

and call it the SOC-function induced by f. If f is defined only on a subset of IR, then f s
defined on the corresponding subset of IR” The definition is unambiguous whether x; # 0
or xp = 0. The cases of f e (x) = xV/2% x2 , exp(x) were discussed in [7]. In fact, the above
definition (5) is analogous to one assoc:lated with the semidefinite cone; see [19,20].
Recently, the concepts of SOC-monotone and SOC-convex functions are introduced in
[5]. Especially, a function f: J — R with J C IR is said to be SOC-monotone of order n if

for any x, y € dom f * C R”, where dom f " denotes the domain of the function f . and
f is said to be SOC-convex of order n if, for any x, y € dom f ,

FE0x4+ 0=y < A @+ A =07 0) Aelo1]. ©)
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The function f is said to be SOC-monotone (respectively, SOC-convex) if it is SOC-
monotone of all order n (respectively, SOC-convex of all order n), and f is SOC-convex on
J if and only if — f is SOC-concave on J. The concepts of SOC-monotone and SOC-convex
functions are analogous to matrix monotone and matrix convex functions [2,10,11,14], and
are special cases of operator monotone and operator convex functions [1,3,12]. For example,
the function f is said to be n-matrix convex on J if

JAA+ (A —=MB) XAf(A)+A -1 f(B) rel0,1]

for arbitrary Hermitian n x n matrices A and B with spectra in J. It is clear that the set
of SOC-monotone functions and the set of SOC-convex functions are closed under positive
linear combinations and pointwise limits.

There has been systematic study on matrix monotone and matrix convex functions, and
moreover, characterizations for such functions have been explored; see [4,10,11,13,14] and
the references therein. To the contrast, the study on SOC-monotone and SOC-convex func-
tions just starts its first step. One reason is that they were viewed as special cases of operator
monotone and operator convex functions. However, we recently observed that SOC-monotone
and SOC-convex functions play an important role in the design of solutions methods for con-
vex second-order cone programs (SOCPs); for example, the proximal-like methods in [15]
and the augmented Lagrangian method introduced in Sect. 5. On the other hand, we all know
that the developments of matrix-valued functions have major contributions in the solution
of optimization problems. Thus, we hope similar systematic study on SOC-functions can be
exploited so that it can be readily adopted to optimization field. This is the main motivation
of the paper.

Although some work was done in [5] for SOC-monotone and SOC-convex functions,
the focus there is to provide some specific examples by the definition and it seems difficult
to exploit the characterizations there to verify whether a given function is SOC-convex or
not. In this paper, we employ differential analysis to establish some useful characterizations
which will open convenient ways to verify the SOC-monotonicity and the SOC-convexity of a
function defined on an open interval. Particularly, from these characterizations, we obtain that
a continuously differentiable function defined on an open interval is SOC-monotone (SOC-
convex) of order n > 3 if and only if it is 2-matrix monotone (matrix convex), and such a
function is also SOC-monotone (SOC-convex) of order n < 2 if it is 2-matrix monotone
(matrix convex). Thus, if such functions are 2-matrix monotone (matrix convex), then it must
be SOC-monotone (SOC-convex). It should be pointed out that the analysis of this paper can
not be obtained from those for matrix-valued functions. One of the reasons is that the matrix
multiplication is associative whereas the Jordan product is not.

Throughout the paper, (-, -) denotes the Euclidean inner product, IR” denotes the space
of n-dimensional real column vectors, and R™ x --- x IR™ is identified with R”! " +"m
Thus, (x1, ..., xn) € R™ x --- x R™ is viewed as a column vector in R T+ Also,
I represents an identity matrix of suitable dimension; J is a subset of IR; and 0 is a zero
matrix or vector of suitable dimension. The notation 7 means transpose and C @ (J) denotes
the family of functions which are defined on / € R to R and have the i-th continuous
derivative. For a function f : R — R, f@(x) represents the i-th order derivative of f at
x € IR, and the first-order and the second-order derivative of f are also written as f’ and f”,
respectively. For any f : R” — IR, V f(x) denotes the gradient of f at x € IR” and dom f
denotes the domain of f. For any differentiable mapping F = (F1, ..., F,)T : R — RR™,
VF(x) =[VFi(x):--VFy(x)]is an n x m matrix which denotes the transposed Jacobian
of F at x. For any symmetric matrices A, B € R"*", we write A > B (respectively, A > B)
to mean A — B is positive semidefinite (respectively, positive definite).
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2 Preliminaries

In this section, we develop the second-order Taylor’s expansion for the vector-valued SOC-
function f " defined as in (5) which is crucial in our subsequent analysis. To the end, we
assume that f € C®(J) with J being an open interval in R and dom f™* € R”.

Given any x € domfSOC and h = (hy,hy) € R x R"!, we have x + th € domfSOC
f0£cany sufficiently small # > 0. We wish to calculate the Taylor’s expansion of the function

[ (x +th) at x for any sufficiently small ¢ > 0. In particular, we are interested in finding
matrices me (x)and A;(x) fori = 1,2, ..., n such that

hT A1 (x)h
soc Soc soc 1 h T A2 (x )h
o +thy=f (x)+1Vf (0)h+ 72 : + o(1?). ®)

hT A, (x)h

For convenience, we Qmit the variable notion x in A; (x) fori = 1, 2 in the discussions below.
Itis known that £ is differentiable (respectively, smooth) if and only if f is differentiable
(respectively, smooth); see [6,8]. Moreover, there holds that

T
»D 2
VT = bl = . ©)
W2 07 4 ) a«»))‘Zixz2
Il [l |l
if xo # 0, and otherwise
VI = flant (10)

where

2O — f2) = f(r) p — f'O2) + (k) D= ') — f/()vl)'

) 11
Ay — A 2 2 an

Therefore, we only need to derive the formula of A;(x) fori =1,2,...,nin (8).
We first consider the case where x» # 0 and x; + thy # 0. By the definition (5),

1
) = %f(xl +thy — 2+ thal) | xa+th
llx2 + tha| |
1 L]
+§f(x1+th1+||xz+th2||) x3 +thy
llx2 + tha| |

[ +thy — |lxa +thal)) + f(er +thy + lx2 +tha|)

2
S+ thy + llxa +thall) = f(x1 + thy — |lxa + tha|l) x2 4 thy
2 llx2 + tha|

= [El} (12)
o
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To derive the Taylor’s expansion of f “(x + th) at x with x» # 0, we first write out and
expand ||x2 + th;||. Notice that

holl2
o+ thall = a2 + 26xT o + 2o 2 = ||x2||\/1 vz 2”2 R e
Therefore, using the fact that
11, )
V1i+e = 1+§6_§6 + o(e7),
we may obtain
1, B 2
2 + thall = Il (14 7—— + =1 5 | +o(), 13)
lx2ll 20 x|
where
T T 2
X h2 (X hz)
=22, B=llhal® — =2 = |h)> —o® = h] My,hy,
llx2 I llx2 |
with
_ X2X2T
. llx2]|?°

Furthermore, from (13) and the fact that (1 + €)™} = 1 — € + €2 + o(€?), it follows that

o 1 a?
lx2 + thal =" = x| ~" (1 —r— 512 (2 - L) +0(t2)) .4

llx2l 2l llx2ll?

Combining Eqgs. (13) and (14) then yields that

X2 +thy X2 ( hy o X2 )

llx2 +thall llx2l

lxall N2l flx2l

1 2 h
+*t2((2 R ﬂz) 2o, Mm@ )+0(t2)

2 lx202 lx20? ) llx2ll llx2]l lx2]]

- X2 hz

EA B

1 W xoxThy x hyl? hohl  x
o2 (3222 2 | 2”2 222 22 ) 4 o). (15)
2 lxal® llxall 2l lx2l x201% flx2l

In addition, from (13), we have the following equalities

[ +thy — |lx2 +thal)

=f (x1 +thy — (||x2|| (1 +t7 + l P ) +0(t2)))
all 2" Tl

=f()»1-|-t(hl—0l)—%f2 p +o(t 2))

llx2l
1
= fO) +1f G — ) + Etz ( f (M)”L + O (hi — @) ) +o(*) (16)
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and
fxr+thy + |lx2 + tha|)
= f(k2+t(h1 +oz)+§t2 ’3” +o(t ))

I
= f(2) +1f 02)(h + ) + 5# (f (m“i” + (02 (hy + @) ) +o(t?). (17)
Fori =0, 1, 2, we define
Lo FP02) = 10 >(m yir _ FP0)+ P00 - o P02~ U0
- A — A - 2 ’ - 2 ’

(18)

where f® means the i-th derivative of f and f© is the same as the original f. Then, by
the Eqs. (16)—(18), it can be verified that

ol

1
= S (O th 4 llxa + thal) + £ (1 + thi = 2 + 1ha1])

1
=50 41 (6 + cVa) + 5 (a8 + 620} + 0 +26P 1) + 0(t?)

1
=b0 41 (b<1>h1 +cWnl ”x ”) + 5ﬂhTAl(x)h +o(t?),
X2

where

T
JXe) @12
Arx) = bl (19)
@_2=_ M @) _ 4y 222
c a'VI+ (b
[ 2|| ( ) ll2c2112
Note that in the above expression for 21, b® is exactly the first component of ™ (x) and

(b(l)hl + c(l)hzT ”xz ) is the first component of V ™ (x)h. Using the same techniques again,

E(f(xl + thy + |lx2 + tha|)) — f(x1 + thy — ||x2 + tha]]))

1
=cO 4 (c(l)hl + b<1>a) + Etz (b(”—l b, D3 +a?) + 2b(2>h1a) + o(r%)

[ x2]
1
— O 4y (c“)m + b“)a) + 52T B+ o(t?). (20)
where
T
@ p 2
[l |l
B(x) = Py x0) . 2D
p® 2 o I — @ ) my,
flx2 |l [l |l
Using Egs. (15) and (20), we obtain that
- 1 X2 +thy
82 = 5 (0 thy + w2 + thal) = £+t = llxz + thal) ) =22
2 lx2 + ths|]

X hy
— O 22 +t ( cVh; +bWa) + c(O)M)62
[l 1 (|2l

I ”)-i-lt W+ o(1%),
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where
h
7hT x2 2 (C(l)hl-i-b(l)a)
[lx2 | llx2 |l
Lo (3h2xexahy x2 bl x2 ) hohy x
Il fxal IIszI [ERRE

Now we denote

b —gO®  2pp) — 4O

= , U = hTC)h
[l 1 A2 — A
o cWDh+bDa _C(O)szThz _ x1hy
[lx2]] flx213 [l x2]]
where
c? @ — (1))
Cx) = Hxx”xT . (22)
242
@ — a2 41 4 (@ —3d
llx 2|| (€ ) llx211?
Then U can be further recast as
T, .T 2
U= hTB(x)h n C(O)?)hz X2X5 h2 . C(()) ”hZ” _ X2 2 (c (1)h1 + b(l)ot)
[l 14 llx211? || 2|2
Consequently,
—U + hyV.

llx2l

We next consider the case where x, = 0 and x; + thy # 0. By definition (5),

S+t (h — lhz2l) 1}12 N S+ 1(h + lh2l)

2 2 ha
(1722 ]] 172 ]

S+ 1 = h2lD) + f (1 +1(hy + |1h2])

F1 4G+ hal)) = FGer+ 101 = hal)) by |- (23)
2 lha

Using the Taylor expansion of f at x1, we can obtain that

fsoc(x + th) _

1

S[ G+ 0 =2 + £+ G+ 12 1)]
= FO) 4 1f O Crhy + %tzfm T h + o(t?),

1

S[ G 1 =2y = F 1+ 51+ 121

1
=1fDx)ho + Efzf(z)(xl)ﬂllhz +o(?).

Therefore,

Py = 1)+ Ok + 1 f(2>(x)[ ZJ 4)
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Thus, under this case, we have that

ei—1 0

_ 0 e 0 ¢\ ._
Ar(x) = 0, Ai(x) = 9 (x) i=2,...,n, (25)

where ¢ € IR"~! is the vector whose jth component is 1 and the others are 0.
Summing up the above discussions, we may obtain the following conclusion.

Proposition 2.1 Let f € C @(] ) with J being an open interval in R and dom f C R
Then, for given x € dom £, h € R" and any sufficiently small t > 0,

hT A ()R

soc Soc soc 1 h T A2 (x )h
Fo+th= ) +tVf (x)h+ 51‘2 : +o0@?),

hTA,;(x)h

where stoc()g) and A;j(x), i = 1,2,...,n are given by (10) and (25) if xo = 0; and

otherwise me (x) and A1(x) are given by (9) and (19), respectively, and fori > 2,

Xo;
2+ Bix)

Ai(x) = C(x)
[zl

where

T
I
Bi(x)=veiT+eivT, v=|al g2 .
llx2
From Proposition 4.3 of [5] and Proposition 2.1, we readily have the following result.

Proposition 2.2 Let f € CP(J) with J being an open interval in R and dom f™° C IR".
Then, f is SOC-convex if and only if for any x € dom f “ and h € R", the vector

WA (0)h
hT Ay (x)h
. e K".

rT A, ()

3 Characterizations of SOC-monotone functions

Now we are ready to show our main result concerning the characterization of SOC-monotone
functions. We need the following technical lemmas for the proof. The first one is so-called
S-Lemma whose proof can be found in [16,18].

Lemma 3.1 Let A, B be symmetric matrices and yT Ay > 0 for some y. Then, the implica-
tion [zTAz >0=7"Bz> 0] is valid if and only if B = LA for some A > 0.

Lemma 3.2 Given 6 € R, a € R"!, and a symmetric matrix A € R™". Let B"~ =
{z € R" | ||z|| < 1}. Then, the following results hold:

(a) Forany h € K", Ah € K" is equivalent to A [;] € K" forany z € B".

(b) Forany z € Bl 0+alz>0is equivalent to 0 > | a||.
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T
© IfA = |:Z C;I ] with H being an (n — 1) x (n — 1) symmetric matrix, then for any

h e K", Ah € K" is equivalent to 0 > ||la|| and there exists A > O such that the matrix

0% —|lal?—=xr 6aT —aTH .0
0a—HTa aa’ —HTH4+A |~

Proof (a) Forany h € K", suppose that Ah € K". Leth = ; where z € B"~!. Then

h € K" and the desired result follows. For the other direction, if 4 = 0, the conclusion
is obvious. Now let & := (hy, hy) be any nonzero vector in K". Then, 71 > 0 and
1
h
2]l < hi. Consequently, h—z e B 'and A hfz € K". Since K" is a cone, we

1 hy
have
1
hi1A @ = Ah e K".
hy
(b) Forze Bl suppose 6 + aTz > 0.1f a = 0, then the result is clear since 6 > 0. If
_T
a #0,letz :== —a/||al|. Clearly, z € B"~" and hence 6 + 2l > 0 which gives
a
6 — |la]l = 0. For the other direction, the result follows from the Cauchy Schwarz

inequality:

0+a’z=6—lal-lzll =6 — llall = 0.

(¢) Frompart(a), Ah € K" forany h € K" is equivalent to A |:i } € K" forany z € B

UHE I H v

Then, Ah € K" for any h € K" is equivalent to the following two things:

Notice that

6+a’z>0, for any z € B! (26)
and
(a+H2)T(a+ Hz) < (0 +a’z)?, for any z € B\ 27)
By part (b), (26) is equivalent to 6 > ||a||. Now, we write the expression of (27) as below:
"@a” — H'H)z +20a” —a"H)z + 6> —a’a >0, for any z € B',

which can be further simplified as

0% — ||la||®* 0aT —aTH 1 _
T n—1
[1z ][Ga—HTaaaT—HTH . >0, for any z € B .

Observe that z € B! is the same as

s 4 [eo
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Thus, by applying the S-Lemma (Lemma 3.1), there exists A > 0 such that

02 —la|* 6a’ —a’H ] 107 _
0a— H"a aa” — H'"H 0—-1]|~

This completes the proof of part (c). O

Theorem 3.1 Let f € CV(J) with J being an open interval and domfmC C R”. Then,

(i) whenn =2, f is SOC-monotone if and only if f'(t) > 0 foranyt € J;
(i) whenn > 3, f is SOC-monotone if and only if the 2 x 2 matrix

Sf() — f(n)

FO ) p
2 — 1
M f(l)(tz) >0 forallt;,t) € J.
h—1

Proof By the definition of SOC-monotonicity, f is SOC-monotone if and only if
Fratm— U wek (28)

for any x € domf * and h € K" such that x + h € dom ™. By the first-order Taylor
expansion of f wb, i.e.,

Fa+h = @)+ VS (x+thh forsome € (0, 1),

it is clear that (28) is equivalent to V £ (x + th)h € K" for any x € dom ™ and h € K"

such that x + & € domfm, and some ¢ € (0, 1). Let y := x +th = v + pov® for

such x, i and ¢. We next proceed the arguments by the two cases of y» # 0 and y, = 0.
Case (1): y» # 0. Under this case, we notice that

soc 0 aT
vrm=104% ]
where

vyt

0 =50, a=cV 22 and H=a"1+ @B -a®) TR
¥

ly2ll”
with

S0 _ S2) — f(m)’ 50 — 1 (o) + f’(m)’ 20 [ (w2) = f1(un) (29)
M2 — 41 2 2
In addition, we also observe that
02 = llal* = B")? = @), 6a" —a"H =0
and

oyl

aa” — H'H = =@ + (@2 = GV + @) =22
lly2ll

Thus, by Lemma 3.2, f is SOC-monotone if and only if
@ b =Dy
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(b) and there exists A > 0 such that the matrix

B1)? — @V)? — i 0
yyd | = 0.
Ily2112

When n = 2, (a) together with (b) is equivalent to saying that f"(u;) > 0 and f'(u2) > 0.
Then we conclude that f is SOC-monotone if and only if f/(t) > 0 forany T € J.

Whenn > 3, (b) is equivalent to saying that (l;(l))2 —(@M2 =1 >0andr— @)% >0,
ie., (M2 — @M)2 > (GO)2, Therefore, (a) together with (b) is equivalent to

f(u2) — fur)

0 (= @)1+ (@2 = BV)? + @0)?)

SO ) P
_ - =0
S(u2) — f(ur) f(l)(uz)
U2 — i1

forany x € R", h € K" suchthatx +h € domfsoc, and some ¢t € (0, 1). Thus, we conclude
that f is SOC-monotone if and only if

e L@=10
20 =0 forallt;, n € J.
f(ti)—{(tl) f(l)(tz) = orall 11, €
2 — 11

Case (2): y» = 0. Now we have u; = po and me(y) = f(l)(m)l = f(])(/Lz)I.
Hence, f is SOC-monotone is equivalent to f M (1) = 0, which is also equivalent to

S (u2) — f (1)

FARTIY P
- 0
f(w2) = f () =
D)
H2 — 41
since £ (1) = £ (pa) and JE2=LU = p D prp) = D (115) by the Taylor formula
and w1 = wo. Thus, similar to Case (1), the conclusion also holds under this case. m}

From Theorem 3.1 and [11, Theorem 6.6.36], we immediately have the following results.

Corollary 3.1 Let f € CV(J) with J being an open interval in R. Then,

(a) f is SOC-monotone of order n > 3 if and only if it is 2-matrix monotone, and f is
SOC-monotone of order n <2 if it is 2-matrix monotone.

(b) Supposethatn > 3 and f is SOC-monotone of order n. Then, f'(t9) = 0forsomety € J
if and only if f(-) is a constant function on J.

Note that the SOC-monotonicity of order 2 does not imply the 2-matrix monotonicity.
For example, f (1) = t> is SOC-monotone of order 2 on (0, +00) by Example 3.2 (a) in [5],
but by [11, Theorem 6.6.36] we can verify that it is not 2-matrix monotone. Corollary 3.1
(a) implies that a continuously differentiable function defined on an open interval must be
SOC-monotone if it is 2-matrix monotone. In addition, from the following proposition, we
also have that the compound of two simple SOC-monotone functions is SOC-monotone.

Proposition 3.1 If f : J1 — Jand g : J — R with J1, J C R are SOC-monotone on J;
and J, respectively, then the function g o f : Ji = R is SOC-monotone on J.

Proof 1t is easy to verify that for all x, y € R"”, x >x» y if and only if A; (x) > A;(y) with
i =1, 2. In addition, g is monotone on J since it is SOC-monotone. From the two facts, we
immediately obtain the result. O
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4 Characterizations of SOC-convex functions

In this section, we exploit Peirce decomposition to derive some characterizations for SOC-
convex functions. Let f € C®(J) with J being an open interval in IR and dom f ¥ C R
soc . . .
Forany x € domf  and h € R", if xo = 0, then from Proposition 2.1 we have that

hT A (x)h
hT Ay (x)h WTh
_ F@
: =f (xl)[2h1h2]~
hT A, (x)h

Since (W' h,2h1hy) € K", from Proposition 2.2 it follows that f is SOC-convex if and only

if f@(x1) > 0. By the arbitrariness of x1, f is SOC-convex if and only if f is convex onJ.

In what follows, we assume that x, ;é 0. Let x = Al(x)u —|— )»z(x)u , where u( )

and u'? are given by (4) with %, = Let u\) = (0, vé’)) fori = 3,...,n, where

vf), .. (") is any orthonormal set of vectors that span the subspace of IR”~2 orthogonal

() (2) u® ()
’ X 9

Hx I

to x3. It is easy to verify that the vectors uy are linearly independent.
Hence, for any given h = (h1, hy) € R x ]R" ', there exists i, i =1,2,...,nsuch that

n
h = Ml\/iu,(cl) + Mzﬁufcz) + Zuiui")
i=3

From (19) we can verify that b@ 4 ¢@ and b@ — @ are the eigenvalues of Aj(x) with

(2) and u, M being the corresponding eigenvectors, and a1 is the eigenvalue of multiplicity

n —2 with u(') (0, Uéi)) fori = 3, ..., nbeing the corresponding eigenvectors. Therefore,

n
W' Aj@h = pi (0P — ) + 3P + ) +aV D 7
i=3

= fP0nut+ rP0)ud +au?, (30)
where
2
wo=2>; Niz-

Similarly, we can verify that ¢® + 5@ — g and ¢® — b@ 4 ¢ are the eigenvalues of

@ B® — gy 2
IIX2 I
X2X)
»? — a(l)) dI + (c@® —d
[ 2|| ( ) llx212
with uy @ and u xl) being the corresponding eigenvectors, and d is the eigenvalue of multiplicity
— 2 with u(') (O, U;l)) fori = 3,..., n being the corresponding eigenvectors. Notice

that C(x) in (22) can be decomposed the sum of the above matrix and

0 0
xzxZT

122112
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Consequently,
R C)h = pi@® — b +aM) + u5c® + @ —aV) —d(uy — u)* +du®. (31
In addition, by the definition of B;(x), it is easy to compute that
' Bi(0)h = V2ho ;-1 (1@ = d) + pa(@V + d)), (32)

where hy; = (hay, ..., ha,—1). From Eqgs. (30)—(32) and the definition of A; (x) in Proposi-
tion 2.1, we thus have

D " Aih)? = [T CORP + 20ha (w1 @V — d) + pa(a + d))?
= +2(u2 = ph! Ch(ui @D — d) + pa (@™ + dy)

1
= [hT C(x)h*+2 <§(Mz—m)2+u2) (1@ — d)+ua@V + ay)®

+2(12 — AT CR (11 (@D — d) + pa@ + d))
= [WTCh + (u2 — p) (1@ —d) + pa @V + d))1?
+2u* (1 @V — d) + 2@ + d))*
= [-fP0nut + P03 +du*
+2u? (1 @V — d) + pa(a™ + d))*. (33)
On the other hand, by Proposition 2.2, f is SOC-convex if and only if

Aj(x) = 0 and D (h" A;(x)h)* < (h" Aj(x)h)*. (34)
i=2

From (30) and (33)—(45), we have that f is SOC convex if and only if Aj(x) > O and

2
[—f@) Gt + P03 + du2] + 203 (1 (@D — d) 4+ pa (@ + a))?
2

= [1@00ud + F2 02l +a 0] (35)

When n = 2, it is clear that © = 0. Then, f is SOC-convex if and only if
Ai(x) = 0 and fP ) fP(2) = 0.

From the previous discussions, we know that p@ — @ = f @), bP + @ = f @)
and V) = W are all eigenvalues of A;(x). Thus, f is SOC-convex if and only
if

P02 =0, P00 =0 P02 = Do,

which by the arbitrariness of x is equivalent to saying that f is convex on J.

When n > 3, if u = 0, then from the discussions above, we know that f is SOC-convex
if and only if f is convex. If i # 0, without loss of generality, we assume that 4% = 1. Then
the inequality (46) above is equivalent to

4fP00) FP0)uinl + @M)? - d*
+2fP0)u3@? —d) +2f P i@ +d)

—2(u%(a“> —d)* + 3@V + ) + 2 pa (@) - d2>)
>0 forany ui, us. (36)
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Now we show that Aj(x) > O and (36) holds if and only if f is convex on J and
P00V +d) > @V - a)?, 37
fP02@" —d) > @V +a). (38)
Indeed, if f is convex on J, then by the discussions above A(x) > O clearly holds. If the
inequalities (37) and (38) hold, then by the convexity of f we have aV > |d|. 1f nipa <0,
then we readily have the inequality (36). If 112 > 0, then using aM > |d| yields that
P00 fP0uin; = @) —d*.

Combining with Egs. (37)—(38) thus leads to the inequality (36). On the other hand, if A (x) >
O, then f must be convex on J by the discussions above, whereas if the inequality (36) holds
for any 1, (o, then by letting u; = o = 0 yields that

a® > |d|. (39)

Using the inequality (39) and letting 1«1 = 0 in (36) then yields (37), whereas using (39) and
letting ;> = 0 in (36) leads to (38). Thus, when n > 3, f is SOC-convex if and only if f is
convex on J and (37) and (38) hold. We notice that (37) and (38) are equivalent to

Lo OD=F 0+ D G2) 0 =4l [fG) =G0 = f DG G =2
2 (2 —21)? B (2 —a1)*
and
110,y L0700 = F D002 =A0] | [fG)=f02) + fO 0GR =2
2 (k2 —A1)? - (2 —ap)? ’

Therefore, f is SOC-convex if and only if f is convex on J, and
1oy, Lf@0) = f@) = fP@0 @ =01 _ Lf@) = f) = f D) — 1))
=7 () >
2 (to —1)? (to — 1)*
Vo, t € J. (40)

Summing up the above analysis, we can characterize the SOC-convexity as follows.

Theorem 4.1 Let f € CP(J) with J being an open interval in R and dom f™ C R”. If
n = 2, then f is SOC-convex if and only if f is convex; if n > 3, then f is SOC-convex if
and only if f is convex and the inequality (40) holds for any ty, t € J.

By the formulas of divided differences, it is not hard to verify that f is convex on J and
(40) holds for any 19, t € J if and only if

A% f (1o, 10, 1) A% f(to, 1, 10)
AF(t 10, 10) A%f(t,t,10)

This, together with Theorem 4.1 and [11, Theorem 6.6.52], leads to the following results.

>0 (41)

Corollary 4.1 Let f € C®(J) with J being an open interval in R and domfSOC C R
Then, f is SOC-convex of ordern > 3 ifand only ifitis 2-matrix convex, and f is SOC-convex
of order n <2 if it is 2-matrix convex.

Corollary 4.1 implies that, if f is a twice continuously differentiable function defined on
an open interval J and 2-matrix convex, then it must be SOC-convex. Similar to Corollary
3.1 (a), when f is SOC-convex of order 2, it may not be 2-matrix convex. For example,
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f@ = 13 is SOC-convex of order 2 on (0, +00) by Example 3.3 (c) of [5], but it is easy to
verify that (41) does not hold for this function, and consequently, f is not 2-matrix convex.
Using Corollary 4.1, we may prove that Conjecture 4.2 in [5] does not hold in general.

Corollary 4.2 Let f : [0, +00) — [0, +00) be continuous. If f is SOC-concave, then f is
SOC-monotone. Conversely, if f is SOC-monotone, then it may not be SOC-concave.

Proof The first part has been shown in [5]. We next consider the second part. Consider
f@y=—cot (=51 +07"+7). 110,400,

Notice that — cot(¢) is SOC-monotone on [7/2, ), whereas — %(l +1)~! is SOC-monotone
on [0, +00). Hence, their compound function f(¢) is SOC-monotone on [0, +-00). However,
— f(¢) does not satisfy the inequality (40) for all # € (0, +00). For example, when #; = 7.7
and 1, = 7.6, the left hand side of (40) equals 0.0080, whereas the right hand side equals
27.8884. This shows that f(f) = — cot(t) is not SOC-concave of order n > 3. ]

Particularly, by Corollary 4.1 and [9, Theorem 2.3], we can establish the following char-
acterizations for SOC-convex functions.

Corollary 4.3 Let f € C™(J) with J being an open interval in R and dom ™ € R”. If
F@(t) > 0 foreveryt € J, then f is SOC-convex of order n with n > 3 if and only if one
of the following conditions holds.

(a) Foreveryt € J, the 2 x 2 matrix
20 O
> 0. (42)

(32) (4? =
9o 90
6 24

(b) There is a positive concave function c on I such that f(z) (r) = c(t)_3f0r everyt € J.
(¢c) There holds that

[f(to) — f(t) — FDO@O(to — DI L) — fto) — F P (t0)(t — 10)]
(o —1)? (1o —1)?

< P20, 43)

Moreover, f is also SOC-convex of order 2 under one of the above conditions.

Proof For completeness, we here present their proofs. Notice that f is convex on J. By
Corollary 4.1, it suffices to prove the following equivalence:

(40) < assertion (a) <= assertion (b) <= assertion (c).

(40) = assertion (a): From the previous discussions, we know that (40) is equivalent to
(37) and (38). We expand (37) using Taylor’s expansion at A to the fourth order and get

3
770000 = FPeny.

We do the same for the inequality (38) at A, and get the inequality

3
Zf(” 02 P2 = (P 0%
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The above two inequalities are precisely

%f(” OfP0) = P veed, (44)

which is clearly equivalent to saying that the 2 x 2 matrix in (a) is positive semidefinite.
Assertion (a) = assertion (b): Take c(¢) = [f(z) ()]~"3 fort € J. Then c is a positive
function and f® (1) = ¢(r) 3. By twice differentiation, we obtain

FO) = 12¢(0) 5[ (O 1) = 3e() 4 (1).

Substituting the last equality into the matrix in (a) then yields that
1
—gc@ 70 =0,

which, together with c¢(¢) > O for every ¢ € J, implies that c is concave.
Assertion (b) = assertion (c): We first prove the following fact: if £ @ (¢) is strictly positive

for every ¢ € J and the function c(t) = [f(z) (t)]il/3 is concave on J, then
Lf o) = f(0) = FO @0 =] _

(o —1)? -

Indeed, using the concavity of the function c, it follows that

— — _ 1 ru
L/ (o) f(ét)o _];)2 QUU) =/0 /0 l FO U+ uz(to — )] duadu,

1
5f<2>(,0)1/3f<2>(;)2/3 Vo, t € J. (45)

1 uj
= / / e (1 = un)t + uat)) > durdu;
0 Jo

1 uj
< / / (1 = uz)e(t) + uzc(to)) ™ dundu.
0 0

Notice that g(¢) = 1/t (¢t > 0) has the second-order derivative g(z) t)y=2/ 13. Hence,

0 Jo

(to — 1) -
1 (g(c(ro» —gc®) _ gMew )

2\ (c(to) — c(0)? c(tp) — c(1)
B 1
T 2¢(tg)e(t)e(t)

= L@ 13 p@ 23
> . ;
which implies the inequality (45). Now exchanging 7o with ¢ in (45), we obtain
L/ @0) = f (o) = fP o) —19)] _
(to —1)? -
Since f is convex on J by the given assumption, the left hand sides of the inequalities (45)

and (46) are nonnegative, and their product satisfies the inequality of (43).
Assertion (c) = (40): We introducing a function F : J — IR defined by

L@ = fo) = fP0) — )T
(to — 1)

1
Ef(2>(,)1/3f(2>(t0)2/3 Vi, 1o € J. (46)

1
F(t) = 5f‘”<ro>[f<ro) —f) = fY0 @ — 01
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if t # to, and otherwise F'(fg) = 0. We next prove that F is nonnegative on J. It is easy to
verify that such F(¢) is differentiable on J, and moreover,

F'(t) = %f@ (t0) fP )t — 10)
=20t — 1) LF () — flto) — £ 0t — 1)1V @) — £V (20))
+20 = 1) Lf () = f(t0) — FP o)t — 1)
= %f@ (t0) fP ()t — 10)
=20t — 1) Lf () — fto) — FP o)t — )]ILf (t0) — F(1) — FP @)t — 1)]
=2(t — 10) Hf(z)(to)f(z)(t) — =1 (£ = £~ F V0 —10)

(re0) - 0 = FO0@0-0) |

Using the inequality in part (c), we can verify that F(¢) has a minimum value O at t = 1y,
and therefore, F'(¢) is nonnegative on J. This implies the inequality (40). O

5 Examples and applications

The SOC-monotonicity and the SOC-convexity are often involved in the solution methods
of convex SOCPs; for example, the proximal-like methods proposed in [15]. In this section,
we focus on their applications in the augmented Lagrangian methods for the convex SOCP:

min f(¢)

st. AL+b >, 0, “7

where f : R" — IR is a convex function, A € IR"*™ has the full column rank, and b € R".
Let ¢ : (b, +00) — R be a function with the following favorable properties:

(i) gisstrictly convex, strictly monotone increasing and twice continuously differentiable
on its domain domg := (b, +00) with —oo < b < 0;
(i) @(0) =0, ¢'(0) = 1 and lim, ., ¢'(r) = 00, lim,, 40 ¢/ (1) = 0;
(iii) limg_ge@p(t/e) = 0foranyt > 0O;
(iv) ¢ is SOC-monotone on (b, +00) and ¢ is SOC-concave on (b, +00).

For any ¢ > 0, we use such ¢ to define the function ¢, : (be, +00) — R by

@e (1) = ep(t/e). (48)
Then, by the properties (i)—(iii) and the SOC-monotonicity of ¢, we can rewrite (47) as
min_ f(¢) (49)

st @e (AL +Db) =4, 0.

Moreover, by the SOC-convexity of ¢, it is not difficult to verify that (49) is also a convex
programming problem. Consequently, its Lagrangian, given by

Le(x,y) i= f(x) = (y, 0 (Ax + b)) (50)

is convex for any x € domg, " . Similar to the augmented Lagrangian method for nonlinear
convex programming in nonnegative orthant cone, we can design the augmented Lagrangian
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method for (47) by solving a sequence of convex subproblems

min  L.(x, yk) with yk >en 0.
xedom(/zﬁOC
In what follows, we employ the characterizations established in the last two sections to
present some examples of SOC-monotone functions and SOC-convex functions, from which
we can choose a suitable one to design the augmented Lagrangian method for (47).

1
Proposition 5.1 (a) For any fixed o € R, the function f(t) =
o —

(0, +00).
(b) For any fixed o € R, the function f(t) = /t — o is SOC-monotone on [o, +00).
(c) Forany fixed o € R, the function f(t) = In(t — o) is SOC-monotone on (o, +00).

(d) For any fixed o > 0, the function f(t) =

; is SOC-monotone on

is SOC-monotone on (—ao, +00).
t+o

Proof (a) For any t1, t» € (0, +00), it is clear that
1 1
(o —1t1)2 (0 —tz)l(G -1 |~ 0.

(c—n)o—t) (0—n)?

From Theorem 3.1, we then obtain the desired result.

(b)If x >, oe, then (x —oe)'/? =, 0. Thus, by Theorem 3.1, it suffices to show
1 Jh—o — 4/t — 0o
2«/l1 — 0 h —1
Jh—o—Jtn—o 1 > O foranyt),t >0,
Hh—1 2/t — o
which is equivalent to proving that

1 1
— > 0.
4Jti —oJh—0 (Wh—o+Jti—0)

This inequality holds by 4./t1 —o/th —0 < (Vo —0 + J/t1 — 0)2 for any t1,1 €
(0, +00).
(c) By Theorem 3.1, it suffices to prove that for any t;, » € (o, +00),

1 1 (t2 —O’)
In
(t1 — o) (2 —11) ) I —o - 0

(lz — 0
In
(tr —11) f—o (tr — o)

which is equivalent to showing that

2
1 _[ 1 ln(zz—o)} 0.
(t1 —o)(r —0) (o —11) H—o

Notice thatIn¢ <t — 1 (¢ > 0), and hence it is easy to verify that

In <
(1 —11) Hh—o (t1 —o)(r —0)

Consequently, the desired result follows.

)
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(d) Since for any fixed 0 > 0 and any ¢, t» € (—0, 400), there holds that
o o
(o —i&tl)z (o +t22-;(0 +0) | o 0.

(0 +n)(o +11) (o +1n)?

we immediately obtain the desired result from Theorem 3.1. The proof is complete. O

Notice that Proposition 5.1 (a), (b) and (d) were established in [5] by the definition of
SOC-monotonicity, and Proposition 5.1 (c) was shown in [15] by the definition of SOC-
monotonicity and a transformation technique. However, we here use the characterization of
Theorem 3.1 to convert their proofs into proving some simple inequalities on IR.

Proposition 5.2 (a) For any fixed o € R, the function f(t) = (t — o)™ withr > 0 is
SOC-convex on (o, 400) if and only if 0 <r < 1.

(b) For any fixed o € R, the function f(t) = (t — o)" withr > 0 is SOC-convex on
[0, +00) if and only if 1 < r < 2, and f is SOC-concave on [o, +00) if and only if
0<r<l.

(c) Forany fixed o € R, the function f(t) = In(t — o) is SOC-concave on (o, +00).

(d) For any fixed o > 0, the function f(t) =

is SOC-concave on (—o, +00).

t+o
Proof (a) For any fixed 0 € R, by a simple computation, we have that
2o O rr+D@—o)" 2 rr+D(=r =2)t o)
2 6 _ 2 6
O 9w rr+D)(=r —=2)(t —o) "3 rr+D(r+2)(r +3)(t—0) 74
6 24 6 24

The sufficient and necessary condition for the above matrix being positive semidefinite is

Pr+ )2+ +3)0—0) 0 e+ 1) +2°0 —0) "
24 18

which is equivalent to requiring 0 < r < 1. By Corollary 4.3, it then follows that f is
SOC-convex on (o, +00) if and only if 0 < r < 1.
(b) For any fixed o € IR, by a simple computation, we have that

>0, 5D

@ O rr—1)(t — o) 2 rr—1@r —2)(t —o) 3
2 6 _ 2 6

A0 A0 || re=D0=20—0)3 rr=1)r—=2)(r=3)—0)*
6 24 6 24

The sufficient and necessary condition for the above matrix being positive semidefinite is

r2r—1D2r = 2)(r =3)(t —o)?°

24
r2r—1D2(r —2)%(t —o)* 6

18

whereas the sufficient and necessary condition for it being negative semidefinite is
P2 — 1% —2)(r = 3)(t —o)t* 0
24
200 — 1N2(r — N\2(f —_ 256

T (r—1(r 1;) (t—o0) > 0. 53)

rl

>0, (52)

0<r<1 and
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It is easily shown that (52) holds if and only if 1 < r < 2, and (53) holds if and only if
0 < r < 1. By Corollary 4.3, this shows that f is SOC-convex on (o, +00) if and only if
1 <r <2,and f is SOC-concave on (o, 400) if and only if 0 < r < 1. This together with
the definition of SOC-convexity then yields the desired result.

(c) Notice that for any ¢ > o, there always holds that

IAMOIAO) 1 1
2 6 | 260-0)? 3@1-o0)}
|0 Yo || o] I
6 24 3(t —0)3 4t —o0)*

Consequently, from Corollary 4.3 (a) we obtain that f is SOC-concave on (o, 4+00).
(d) For any t > —o, itis easy to compute that

20 o0 ! 1
2 6 |_| t+0)} (+o0) -
0 90 _ ! ! T
6 24 t+0) (t+0)S
By Corollary 4.3, we then have that the function f is SOC-concave on (—o, 400). O

From Propositions 5.1 and 5.2, we see that the functions In(1 + #), 24/t +1 — 2 and
——— — 1 are SOC-monotone as well as SOC-concave. Furthermore, it is easy to verify

thait they also satisfy the properties (i)—(iii). Thus, with the three functions, we can design
the augmented Lagrangian method for solving the convex SOCP (47), which in fact corre-
sponds to the modified barrier functions method proposed by R. Ployak [17] for nonlinear
programming over nonnegative orthant cones. We will leave the details of this method for
a future research topic. In addition, we should point out that the SOC-monotonicity and
the SOC-convexity often give a great help to establish some inequalities involved the par-
tial order “>,.,”. For example, from Proposition 5.1 (b), we readily recover the Eq.3.9 of
[8, Proposition 3.4].
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