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1. Introduction

The mixed complementarity problem (MCP) arises in many applications including the fields of economics, engineering,
and operations research [1-4] and has attracted much attention in last decade [5-10]. A collection of nonlinear mixed
complementarity problems called MCPLIB can be found in [11] and the excellent book [12] is a good source for seeking
theoretical backgrounds and numerical methods.

Given a mapping F : [l,u] — R"with F = (F;,...,F)", wherel = (I1,...,I;))T andu = (uy,...,u,)" with
li € RU{—o00}and u; € R U {400} being given lower and upper bounds satisfying ; < u; fori = 1,2,...,n. The
MCP is to find a vector x* € [l, u] such that each component x; satisfies exactly one of the following implications:

X{ =l = FX") >0,
x; € (I, u)) = F(x*) =0, (1)
x{ =u; = Fi(x*) <0.

It is not hard to see that, when ; = —oco and y; = +oo foralli = 1, 2,...,n, the MCP (1) is equivalent to solving the
nonlinear system of equations

F(x) = 0; (2)
whereas when [; = O and y; = +oo foralli = 1,2, ..., n, it reduces to the nonlinear complementarity problems (NCP)
which is to find a point x € R" such that

x>0, F(x) =0 (x,F(x))=0. (3)
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In fact, from Theorem 2 of [13], the MCP (1) is also equivalent to the famous variational inequality problem (VIP) which is
to find a vector x* € [, u] such that

(F(x*),x —x*) >0 Vxellul. (4)
In the rest of this paper, we assume the mapping F to be continuously differentiable.

It is well-known that NCP functions play an important role in the design of algorithms for the MCP (1). Specifically,
¢ : R x R — Ris called an NCP function if

@ b)=0&a>0, b>0, ab=0. (5)

With such a function, the MCP (1) can be reformulated as a nonsmooth system @ (x) = 0, and consequently nonsmooth
Newton methods or smoothing Newton methods can be applied for solving the system @ (x) = 0. Among others, the latter
is based on a smooth approximation of ¢. In the past two decades, many smooth approximations and Newton-type methods
using smoothing NCP functions for complementarity problems have been proposed (see, e.g., [ 14-18,8,19]). Most of these
methods focus on the Chen-Mangasarian class of smooth approximations of the minimum NCP function or the smoothing
function of the Fischer-Burmeister (FB) NCP function. It is worthwhile to mention that the smoothing Newton method
developed by Chen et al. [19] has global and superlinear (even quadratic) convergence by solving only one linear system of
equations at each iteration.

Recently, an extension of the FB NCP function was considered in [20-22] by two of the authors. Specifically, they define
the generalized FB function as

¢p(a,b) == |l(a,b)||l, —(@a+Db) Va,beR, (6)
where p is an arbitrary fixed real number from the interval (1, +o0) and ||(a, b)||, denotes the p-norm of (a, b),
i.e,|l(a, b)|l, = ¥lalP + |b|P.In other words, in the function ¢p, they replace the 2-norm of (a, b) involved in the FB function
by a more general p-norm. The function ¢, is still an NCP-function — that is, it satisfies the equivalence in (5). Moreover, it
turns out that ¢, possesses all favorable properties of the FB function; see [20-22]. For example, ¢, is strongly semismooth
and its square is a continuously differentiable NCP function. In particular, numerical results in [23] for all MCPLIB problems
indicate that the least-square semismooth Newton method with p close to 1 has better performance than the case of p = 2.
Thus, it is natural to ask whether the smoothing Newton method based on ¢, has similar a numerical performance.

In this paper, we are concerned with the smoothing Newton method [19,28] based on the generalized FB function,
motivated by the inexpensive computation work of the method at each iteration, and the fact that there are no corresponding
numerical experiments to verify the effectiveness of this algorithm. We investigate the influence of the parameter p on
the numerical performance of the smoothing method for solving the MCPLIB test problems. Specifically, in Section 3, we
present a smoothing function of the generalized FB function, and studied some of its favorable properties, including the
Jacobian consistency property; in Section 4, we describe the iterative steps of the smoothing algorithm and provide the
corresponding conditions for the global convergence and local superlinear (or quadratic) convergence; in Section 5, we
report the numerical results of the smoothing algorithm for solving the MCPLIB test problems.

Throughout this paper, R" denotes the space of n-dimensional real column vectors and e; means a unit vector with ith
component being 1 and the others being 0. For a differentiable mapping F, F’(x) and VF(x) to denote the Jacobian of F at x
and the transposed Jacobian of F, respectively. Given an index set 4, the notation [F’(x)],; denotes the submatrix consisting
of the ith row and the jth column withi € £ andj € J.

2. Preliminary

In this section, we review some basic concepts and results that will be used in subsequent analysis. We start with
introducing the concept of generalized Jacobian of a mapping. Let G : R" — R™ be a locally Lipschitz continuous mapping.
Then, G is almost everywhere differentiable by Rademacher’s Theorem (see [24]). In this case, the generalized Jacobian dG(x)
of G at x (in the Clarke sense) is defined as the convex hull of the B-subdifferential

BGx) = {V e R™" [3x*} € Dg : (¥} > xand G (x*) — V},
where Dg is the set of differentiable points of G. In other words, dG(x) = convadgG(x). If m = 1, we call dG(x) the generalized
gradient of G at x. The calculation of dG(x) is usually difficult in practice, and Qi [25] proposed so-called C-subdifferential
of G:

cG(X)T == 3G (x) X -+ X IGp(X) (7)

which is easier to compute than the generalized Jacobian dG(x). Here, the right-hand side of (7) denotes the set of matrices
in R™™ whose i-th column is given by the generalized gradient of the i-th component function G;. In fact, by Proposition
2.6.2 0f [24], 0G(x)T C 9-G(x)". We assume that the reader is familiar with the concepts of (strongly) semismooth functions,
and refer to [26,27] for details.

We also need the definitions of P-functions and P-matrices in the subsequent sections.

Definition 2.1. LetF = (Fy, ..., F))T withF; : R" — Rfori= 1,2, ..., n.Then,
(a) the mapping F is called a Py-function if, for every x and y in R" with x # y, there is an index i € {1, 2, ..., n} such that

xi #y; and (x; — y)(Fi(x) — F(y)) > 0;
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(b) the mapping F is called a P-function if, for every x and y in R" with x # y, there is an index i € {1, 2, ..., n} such that

xiZyi and (x; —y)(Fi(x) — Fi(y)) > 0.
(c) the mapping F is called a uniform P-function if there exists a positive constant ;. > 0 such that, for every x and y in R",
there is anindexi € {1, 2, ..., n} such that

xi — y) (Fi(x) — F(y) > wlx — yl*.

Definition 2.2. A matrix M € R™" is called an
(a) Po-matrix if each of its principal minors is nonnegative.
(b) P-matrix if each of its principal minors is positive.

From Definitions 2.1 and 2.2, it is not hard to see that a continuously differentiable mapping F is a Py-function if and only
if VF(x) is Pp-matrix for all x € R". For the Po-matrix, we also have the following important property.

Lemma 2.1 ([12]). A matrix M € R™" is a Py-matrix if and only if for every nonzero vector x, there exists an index i such that
x; # 0 and x;(Mx); > 0.

Next we recall some favorable properties of ¢, whose proofs can be found in [20-22].

Lemma 2.2. Let ¢, : R x R — R be defined by (6). Then, the following results hold.
(a) ¢, is a strongly semismooth NCP-function.

(b) Given any point (a, b) € R?, each element in the generalized gradient d¢y(a, b) has the representation (§ — 1, £ — 1) where,
if (a,b) # (0, 0),

sign(a) - [alP~! sign(b) - |b|P‘1)
¢.0)= — —
( la by~ "~ @bl

and otherwise (£, ¢) is an arbitrary vector in R? satisfying || o + ¢ = <1

(c) The square of ¢y, is a continuously differentiable NCP function.

(d) If {(a*, b*)} < R? satisfies (a* — —o0) or (b* — —o0) or (@* — oo and b* — o0), then we have |¢,(a*, b¥)| — oo as
k — oc.

The following lemma establishes another property of ¢,, which plays a key role in the nonsmooth system reformulation
of the MCP (1) with the generalized FB function.
Lemma 2.3. Let ¢,: R x R — R be defined by (6). Then, the following limits hold.
(a) :,-ETOO bp (Xi — I, @p(ui — X, —F;(x))) = —p (ui — i, —F;(x)).
(b) ul_lilHOO & (xi — i, dp(ui — xi, —Fi(x))) = ¢y (xi — li, Fi(x)).
(0) lim  1im gy (x; = . ¢y — ., ~Fi())) = ~Fi(0.

j——00

Proof. Let {a*} C R be any sequence converging to +o0c as k — oo and b € R be any fixed real number. We will prove
’lim bp (a*, b) = —b, and part (a) then follows by continuity arguments. Without loss of generality, assume that a* > 0 for
K— OQ

each k. Then,

¢p(a*, b) = a* (14 (bl/d")?)"" —d* —b

1/1bI\* 1—=p /bl 2 (1=p)---(A—=pn+p) [(|bI\"
k
= 1+ - = —_ _
¢ [ p (ak) 2p? ak nlp" ak

o))

_ 1P d-p PP (A-p(-prdp) b @b o(Ibl/d)”™

= P (ak)p—1 2p2 (ak)2p—1 n!p” (ak)np—l (ak)np (lbl/ak)pn
where the second equality is using the Taylor expansion of the function (1 + t)/? and the notation o(t) means
lim;_qo(t)/t = 0. Since a* — +o00 as k — oo, we have (a,‘f;‘npp_] — 0 for all n. This together with the last equation
implies limy_, o @ (a*, b) = —b. This proves part (a). Part (b) and (c) are direct by part (a) and the continuity of b O

To close this section, we summarize the monotonicity of two scalar-valued functions that will be used in the subsequent
section. Since the proof is direct, we omit it here.
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Lemma 2.4. For any fixed 0 < 1 < W, the following functions

FO = +u) 7 =+ u) T (E>0)
and

L) =t +u)T —(t+p)T (20

are decreasing on (0, +-00), and furthermore, f(t) < f,(0) = u /P — ,#=V/P,
3. The smoothing function and its properties

For convenience, in the rest of this paper, we adopt the following notations of index sets:

[={ie{l,2,...,n}| —oc0 < l; < u; = 400},
L ={ie{l1,2,...,n} | —oc0o =1 < u; < +o0}, (8)
Iy :={ief{1,2,...,n} | —oo < |; < y; < +00},

={iefl1,2,...,n} | —oo =1 < u; = 400} .
With the generalized FB function, we define a operator @,: R" — R" componentwise as

ép(xi — li, Fi(x)) ifiel,
)i — xi, —Fi(x)) ifi eI,

Poi) =0 g — 1, gyt — x5, —Fi0)) i € Iy, (9)
—Fi(x) ifi eI,

where the minus sign for i € I, and i € Iy is motivated by Lemma 2.3. In fact, all results of this paper would be true without
the minus sign. Using the equivalence in (5), it is not difficult to verify that the following result holds.

Proposition 3.1. x* € R" is a solution of the MCP (1) if and only if x* solves the nonlinear system of equations @,(x) = 0.

We want to point out that, unlike for the nonlinear complementarity problem, when writing the generalized FB function
¢p as ¢p(a, b) = (a+b) — ||(a, b)||,, the conclusion of Proposition 3.1 does not necessarily hold since, if [, = {1, 2, ..., n},
then X = I satisfies @,(X) = 0, but F(x) > 0 does not necessarily hold. Similar phenomenon also appears when replacing
¢, by the minimum NCP function.

Since ¢, is not differentiable at the origin, the system @,(x) = 0 is nonsmooth. In this paper, we will find a solution of
nonsmooth system @,(x) = 0 by solving a sequence of smooth approximations ¥,(x, ¢) = 0, where & > 0 is a smoothing
parameter and the operator ¥, : R" x R, — R" is defined componentwise as

Yp(xi — I, Fi(x), &) ifi 1,

_ ) =i — xi, —Fi(x), €) ifiely,,
Vi ) 5=y (% — b (s — xi, —Fi(0, &), €) i € Iy, (10)

—Fi(x) ifi e If,

with

Yp(a, b, e) = JlalP + |b|P + &P — (a + D). (11)
In what follows, we concentrate on the favorable properties of the smoothing function v, and the operator ¥,. First, let
us state the favorable properties of v,.
Lemma 3.1. Let v, : R?® — R be defined by (11). Then, the following result holds.
(a) Forany fixed ¢ > 0, yrp(a, b, €) is continuously differentiable at all (a, b) € R? with
] b
@b o, @ b.e) _
aa ob

(b) For any fixed (a,b) € R?, v,(a, b, ¢) is continuously differentiable, strictly increasing and convex with respect to & > 0.
Moreover, forany 0 < &1 < &,

0 < yp(a, b, &) — Yp(a, b, &1) < (62 —&1). (13)
In particular, |Yp(a, b, &) — ¢p(a, b)| < e foralle > 0.

(c) For any fixed (a, b) € R? let y)(a, b) := (1811101 a%gzb’s), 181?3 aw”(;b;b's)> . Then,

i dp(a+hy b+ hy) — ¢p(a, b) — 2@+ hy, b+ hy)"h 0
m =
h=(h1,h2)—(0.0) Il

-2 0. (12)
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(d)Foranyglvene>01fp>2thenwp(a b,e) =0=a>0, b> 0, 2ab < &?, and whenever p > 1, Yr,(a, b, &) =
0=—a>0, b>0, min{a, b} <

7{’/2
Proof. (a) Using an elementary calculation, we immediately obtain that
dYp(a,bye)  sign(@]al! )
da (YTaP + [bP + gp)p’l '
oyp(abe) _ signdpP (14)

ab N (&TaP +1bPP + gp)”’1
For any fixed ¢ > 0, since aq;,,gy,m and a‘[/”g%b’g)
differentiable at all (a, b) € R?. Noting that

are continuous at all (a, b) € R?, it follows that Yp(a, b, €) is continuously

sign(a)alP~" sign(b)|b|P~"
= <1 and = <1,
(Y1aP + bPP + &P) (¥1aP + b + &P)
we readily get the inequality (12).
(b) For any ¢ > 0, an elementary calculation yields that
v, (a, b, p—1
¥pa,be) € _ .o,

de (YlaPP + |b|l3+gp)p

azwp(ay ba ‘9) _ (p - 1)8p72 <1 &P ) >
0¢? (YTaPF P Fep) "\ lalP - 1bP +er) =

Therefore, for any fixed (a, b) € R?, Y¥p(a, b, ¢) is continuously differentiable, strictly increasing and convex with respect to
& > 0. By the mean-value theorem, for any 0 < &1 < &, there exists some &g € (g1, £3) such that

_ W
wp(‘L b7 82) - wp(aa b’ 81) — 7(as b? 80)(82 - 81)'

Since 22 (a b, eg) < 1 by the proof of part (a), inequality (13) holds for all 0 < ¢ < ¢&;. Letting & | O, the desired result
then follows
(c) Using the formula (14), it is easy to calculate that

sign(a)|al””!

9 (a. b, SRR 1 if(a,b) # (0, 0),
im 028 A ey T 0
1 if (a, b) = (0, 0);
sign(b)|b"~" :
3V, (a, b - o ol R BT
w3%a’w:(%W1mW” @b 7 0.0, (15)
' -1 if (a, b) = (0, 0).

From this, we see that wg(a, by = ad"’a(jb), M”(a b

(a, b) = (0, 0). The desired result follows by
hi|P + |hy|P
_ _ 0 Ty _ p _ | 1 2
¢p(h1, h2) — §(0,0) — Y (hy, h) h = [P + |z [P A
= VP + [P = [P + [hy P
= 0.

) at (a,b) # (0,0). Therefore, we only need to check the case

(d) From the definition of ¥, (a, b, &), clearly, ¥,(a, b,e) = 0 impliesa 4+ b > 0, and hencea > 0 or b > 0. Note that,
whenevera > 0,b <0ora <0, b > 0, there holds that

YlalP + |blP + &? > {/|alP + |b|P > max{lal, |b]} > a + b,

i.e, ¥p(a, b, &) > 0.Hence, for any given ¢ > 0, ¥,(a, b, &) = 0 impliesa > 0and b > 0.
(i) If p = 2, using the nonincreasing of p-norm with respect to p leads to

Yp(a,b,e) =0 <> a+b=YlaP + [b]P + & < /|a> + [b]2 + &2
= (a+b)? < a®+b*+ &% = 2ab < &%
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(ii) For p > 1, without loss of generality, we assume 0 < a < b.Forany fixeda > 0, considerf(t) = (t+a)P —tP —a’ —&P (t >
0). It is easy to verify that the function f is strictly increasing on [0, +00). Since ¥, (a, b, ¢) = 0, we have f(b) = 0 which

says f(a) = (2P — 2)aP — &P < f(b) = 0. From this inequality, we get min{a, b} = a < E/% O

Using Lemma 3.1 and the expression of ¥,, we readily obtain the following result.

Proposition 3.2. Let ¥, be defined by (10). Then, the following results hold.
(a) For any fixed ¢ > 0, ¥, (x, ¢) is continuously differentiable on R" with

V¥ (x, ) = Dy(x, €) + VF(x)Dp(x, &),

where D,(x, ¢) and Dy (x, €) are n x n diagonal matrices with the diagonal elements (D,);;(x, &) and (Dp);i(x, &) defined as

follows:
(al) Foriel,
sign(x; — ) |x; — j|P~!
(Doii(x, &) = — lp_l -1,
Il(xi — b, Fi(x), &)l

sign(F;(x)) [F;(x) "~
Dp)ii(x, &) = -1
i O = L R, o)l

(a2) Forie I,
sign(u; — x;)|u; — %P1
(Daii(x, &) = — 1
l(ui — xi, Fi(®), &)l

—sign(F(x) | ()"
(Dp)ii(x, €) = -1
Py — i, Fio), )27

(a3) Fori € Iy,
(Da)ii (%, &) = ai(x, &) + bi(x, e)ci(x, &) and (Dp)ii(x, &) = bi(x, )d;(x, &)
with )
ai(x, &) = sign(x; — I;) [x; — P~ 1

| G = b, Yo (s — i, =Fi(x), ), &[0
sign(¥p (u; — Xi, —Fi(x), €)Y (u; — x;, —Fi(x), €)[P~! B

bi(x, &) = = 1,
i = 1i, Yo (s — %1, —Fi (%), €), €) ||p
sign(u;i — xi)|uj — [P~
C,‘(X, ‘9) = - p—1 ’
(i — xi, Fi(x), &)l
ion(F; F:(x)|P~1
dix. ) = sign(Fi(x))|Fi(X)|

I1(wi — xi, Fi(x), &) 27"
(a4) Fori € I;, (Dg)ii(x, &) = 0 and (Dp);i(x, &) = —1.
Moreover, —2 < (Dgp)ii(x,&) < 0and —2 < (Dp)ii(x,e) < Oforalli € I UI, and —6 < (Dp)ii(x,e) < 0 and
—4 < (Db)ii(X7 5) < OfOT ie Iny.

(b) For any given &; > 0 and &, > 0, we have

195, 2) = By, el =/ (Y24 1) ey — eal,  Vx e R
Particularly, for any given ¢ > 0,

19, (x, &) — Bp(0)|| < Jﬁ(€f2+ 1) 6. VxeR"

The Jacobian consistency property plays a crucial role in the analysis of local fast convergence of the smoothing
algorithm [19]. To show that the smoothing operator ¥, satisfies the Jacobian consistency property, we need the following
characterization of the generalized Jacobian dc @, (x), which is direct by Lemma 2.2(b).

Proposition 3.3. For any given x € R", 0c®, )T = {Dy(x) + VF(x)Dy(x)}, where Dy(x), Dy(x) are n x n diagonal matrices
whose diagonal elements are given as below:
(a) Fori e I, if (x; — Ii, Fi(x)) # (0, 0), then
sign(x; — I) - |x; — L[~
(Dq)ii(x) = — pl_l -1
Ga =L EGO)p
sign(F(x) - [F®)[P~" 1

(= b FGO)IE™

(Dp)ii(x) =
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and otherwise
(D), D)) € f( = 1.6 =) € B | 17T +15177 <1}
(b) Fori € I, if (u; — x;, —Fi(x)) # (0, 0), then
A R
(Dpte) = SEMU X Ny
I = xi. ~Fx)Ip
_sign(F() - R

Il (ui — xi, —Fi G5!

Dp)ii(x) =

and otherwise
(D)0, (D)) € {6 = 1,6 = 1) e R | Jg17T + ¢ |77 <1}
(c) For i € I, (Da)ii(X) = ai(x) + bi(0)ci(x) and (Dp)i(x) = b (X)di(x) where, if (xi — b, ¢y (us — i, =F,(x))) # (0, 0), then
oo = — SEE W P
[ (6 = b, ¢y (i — i, —FiC0) |7
sign (¢ (ui — Xi, = (X)) - |$p(ui = xi, =)
| (xi = b, p(ui — xi, —Fi(x))) ng

bi(x) = 1,

and otherwise
@00, bi0) € {6 = 1.6 = 1) e B2 [ 1§17 +1¢171 < 1
and if (u; — x;, —Fj(x)) # (0, 0), then
—sign(u; — x;) - |u; — X"~
Il = xi, =Fi )15
dix) = sign (F;(x)) - IFi(X)Ip:]
Il = xi, —=Fi ) 157!
and otherwise
(@00, i) € € +1.¢+ 1 e B |77 15177 <1}
(d) Fori € Ir, (Dg)ii(x) = 0 and (Dp);i(x) = —1.

Now we are in a position to establish the Jacobian consistency of the operator ¥,.

ci(x) =

’

’

Proposition 3.4. Let ¥, be defined by (10). Then, for any fixed x € R",
lig)l dist(Vy®y(x, €)', dc P, (x)) = 0.
&

Proof. For the sake of notation, for any given x € R", we define the index sets:
Brx) :=f{iel| x—1FX®) =00} B®=I\AsE,
Box) == {i € I, | (uj — x, Fi(0)) = (0,0)},  Bo(¥) =1\ P2(0), (16)
Bsx) == {i € Iy | (xi — I, pp(ui — xi, —Fi(x))) = (0,0)},  B3(®) =1l \ B3(x),
Ba(o) = {i € B3(®) | (W — %, () = (0,0)}),  Ba(®) = B3(0) \ fa®).

We proceed the arguments by the casesi € [} Ul,,i € I, and i € If, respectively.
Case 1:i € [ UI,.Wheni € B1(x) U B,(x), it is easy to see that

(Da)ii(x, ) = =1 and (Dp)ii(x, &) = —1.
By Proposition 3.2(a1) and (a2), V¥, i(x, €)" = —e! — F/(x) forall ¢ > 0. Since

(~1.-DefE-1¢c-neR g7+ <1, (17)
from Proposition 3.3(a) and (b) we get V¥, ;(x, &) e 0c®pi(x). Wheni € Bl(x) U Bz(x),

lsiﬁ)l (Da)ii(x, £) = (Dq)ii(x) and 181%1 (Dp)ii(x, &) = (Dp)ii (%),
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which together with Proposition 3.2(a1) and (a2) implies that

lsi?ol Vi i(x, 8)" = (Da)ii(x)e] + (Dp)ii(X)F{ (x) € dc Py i(X).
Since [ UI, = B1(x) U Br(x) U Bl(x) U Bz (x), the last two subcases show that

13?01 ViW,i(x, &) € 3c®pi(x), VieUl,. (18)
Case 2:i € Iy, Wheni € B3(x), we havex; — I; = 0, ¢, (u; — x;, —Fj(x)) = 0, u; — x; > 0 and F;(x) = 0. Hence, ¢;(x) = 0 and
d;i(x) = 1. From Proposition 3.3(c), it follows that

Ic®p.i(x) = {ai(X)e] + bi(XF ()} (19)
with

@@, bi) € € = 1,6 = 1) e R 1617 + ¢ < 1.
On the other hand, since a;(x, ¢) = —1, d;(x, &) = 1 and
[V (Ui — xi, —Fi(x), &) [P~

bi(x, &) = — — 1,
p=1
(1p(ui — xi, —Fi(x), &) [P + &) P
x.6) =1 |ui — xilP~!

ci(x,e) =1— ,

l (lui — x;|P + e2) P~ VP
from Proposition 3.2(a3) it follows that

Viy.i(x, &) = (=14 bi(x, £)ci(x, £))e] + bi(x, &)F; (x). (20)
Taking

i — xi, —Fi(x), p—1
£=0 and = |Wp(ut Xi i(x), &)l

p=1"’

(1p(ui — xi, —Fi(x), &)|P + &) 7

it is not hard to verify that |£| i + |Z] e < 1, and consequently
—e] + bi(x, &)F/(x) € dc Py i(x).

Noting that
lim | Vipi(x ©)" — (—ef + bilx ©)F () | = lim [bi(x, e)ci(x. e)e] | = 0.
& &

it then follows that

liﬂ)l dist (Va®p,i(x, €)', 0cPpi(x)) =0, i€ B3(x).
£

Wheni € B5(x), we have limg 0 a;(x, &) = a;(x) and lim, o b;(x, &) = b;(x). Also,
ci(x,e) =1, di(x,e) =1 for i€ B4(x)
and
limc(x, &) = ci(x),  limdi(x, &) = di(x) fori e Ba(x).
el0 el0
Using Proposition 3.3(c) and noting that
o o
e fE+ 10+ er? g0 +157 < 1],
we get limg o V¥ i (X, &) 0c®p,i(x) fori € Bg (x). Along with the above discussions,
11?3 ViW,i(x, &) € dc P, i(x) for i€ Iy. (21)
&
Case 3:i € I;. By Proposition 3.2(a4) and Proposition 3.3(d), it is obvious that
11?01 ViW,i(x, 8)' € 3Py i(x) foriels. (22)
&

Now the desired result follows from (18)-(22)and {1, 2, ..., n} = ULUL,Ul,. O
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Proposition 3.4 implies that for any § > 0, there exists an £(x, §) > 0 such that
dist (VW (x, &), 8c®@p(x)) <8 forall 0 <& < e(x,9).
The following lemma gives a way to choose such &(x, §), whose proof is seen in Appendix.
Lemma 3.2. Let ¥, be defined by (10). Suppose that x is not a solution of (1). Let
a(x) == min {oq(x), 02 (%), a3(0)} > 0, y(x) == max{y:(x), 2(x), y3(x)} = 0

with
a1(x) == min |x; — P + [P,
i€f1(x)
() = min |y —x" + |[F®)P,
i€fr(x0)UB4 (%)
az(x) = min IXi — LIP + |p (Ui — xi, —F;(x))|P

ieBa (x)U{il|x;—1j| #0}
y(®) = max |sign(x; — [)|xi — L[P~"e; + sign(F;(x)|[Fi () [P~ VF ) |

i€fq(x)

Yax) == max || sign(Fi(x)[Fi(x) P~ VFi(x) — sign(u; — x;)[u; — x;|P e |
1€epr (X

ys(®) = max [u; — x;[P~ + [F&)P.
i€fa(x)

Then, for any § > 0, there exists an £(x, 6) > 0 such that

dist (V@ (x, &), 0c@p(x)) <8 forall0 < & < &(x, ), (23)

where

p—1
£(x, 8) := min {eo(x, 8), e1(x, 0), &2(x, 8), e3(x, §), ( 5 ) ’ }

/M (x)
with
1/
. |u; — xilP~! ’ in 3
go(x,8) = min | ———— —|u—xl"| ,  e(x3) = min ~|x—1l,
ieB3(x) (1-— a/ﬁ)ﬁ i€fa(x) 2
_p_
p—1
: i (*/ﬁg(")) a0 <0,
e1(x, ) = -1/p
(p/(p=1)—a(x))
ny (x
a(x)¥P (M) otherwise,
1 if ¢y (ui— xi, —Fi(x)) > 0,
= 1
£3(x, 8) (=3 R0 = jui— —IF®P]""  otherwise.

4. Smoothing algorithm and convergence results

In this section, we describe the iteration steps of the smoothing algorithm based on the smooth approximation ¥, (x, ) =
0of @,(x) = 0,and then present the global and local convergence results of the algorithm. To this end, we need the following
merit functions:

1 2
Op(x) = EII%(X)II
and
1 2
Hp(x, €) == Ellllfp(x, el
The algorithm follows the same line as the one proposed by Chen et al. [19].

Algorithm 4.1 (Smoothing Algorithm).

(S.0) Given a starting point xX° € R", the parameters p, o, 7 € (0, 1) and v € (0, +00). Choose & € (0, (1 — a)/2). Let

o = ||@,(x°)|| and gy := -%-. Setk := 0.
p 2/n
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(S.1) Solve the following linear system of equations
@, (x) + ¥, (¥, ed = 0,

and denote its solution by d¥.
(S.2) Let my be the smallest nonnegative integer m such that

H,(X* + p™d, e¥) — Hy(x*, &) < =20 p™ 0, (*").

Set ty := p™ and x+1 == xK + t.dk.
(S.3) If | @,(x**1)|| = 0, then terminate. If

0 < [I@, (XNl < max {nfy, a1 — W, ]I}, (24)
let Brr1 = [|@,(x*1)|| and choose an g ; satisfying
. foBri ek
0<e¢ < min , — 25
k1 < { N } (25)
and
dist (Ve (X, 1), e, () < Briaw. (26)

If ||<Dp(x"“)|| > 0 but (24) does not hold, then let 8.1 = By and g1 = &.
(S.4) Setk := k+ 1,and go to (S.1).

In Algorithm 4.1, the parameter o chosen from (0, (1 — «)/2) has twofold purposes: one is to guarantee the existence of
my in (S.2), and the other is to lend itself to the superlinear convergence analysis of the algorithm, the initial Sy and &, are
chosen as ||®,(x%)|| and 2‘1% respectively, just for the global convergence analysis of the algorithm. Such choices for these
parameters are also used in the numerical experiments of Section 5. Algorithm 4.1 has inexpensive computation work and
only a system of linear equations is solved at each iteration. Since the operator ¥, has the Jacobian consistency property,
we can find an €1 > 0 such that (25) and (26) hold by the definition, and moreover, Lemma 3.2 shows how to choose an

er+1 > 0 satisfying (25) and (26) for the MCP (1).

Lemma 4.1. For any fixed ¢ > 0, the Jacobian matrix of W, at any x € R" is nonsingular if F is a Py-function and the submatrix
[F’(x)],f,f is nonsingular. Particularly, if I = 0, the Jacobian matrix of ¥, at any x € R" is nonsingular if and only if F is a
Py-function.

Proof. For any given ¢ > 0, the Jacobian matrix of ¥, at any x € R" is given by
Vi¥p(x, €)' = Da(x, &) + Dy(x, &)F'(x)

where D, (x, ¢) and Dy(x, &) are n x n diagonal matrices whose diagonal elements (D,);i(x, €) and (Dy);i(X, &) are negative
fori e L UI, Uly, and (Dy)ii(x, €) = 0, (Dp);i(x, &) = —1fori € Ir. Now suppose that V¥, (x, €)'z = 0. Then,

_ (Dpii(x, &)
(Dy)ii(x, &)

i =

(F®z),, forielUl,Uly (27)

and
(Fxz), =0, foriel. (28)

Since F is a continuously differentiable Py-function, F’(x) is a Po-matrix. From Lemma 2.1, we getz; = 0 fori € [; U I, U I,
Substituting this into (28), we obtain

[F/(X)lflf]zlf =0,

where z is a vector consisting of z; with i € I;. This along with the nonsingularity of [F/(x)],f,f implies z; = 0 fori € I.
Thus, we prove z = 0, and consequently the first part of the conclusions follows. The second part is implied by the above
arguments. [

Remark 4.1. We want to point out when p — 00, the diagonal elements (D,);;(x, €) and (Dp);i(x, &) fori € [ U, U Iy,
will tend to 0, though (Dy);i(x, €) 4+ (Dp)ii(x, €) < 0. This implies that for a larger p the nonsingularity of V¥, (x, €) actually
requires stronger conditions than those given by Lemma 4.1.

By Lemma 4.1 and Lemma 3.1 of [19], Algorithm 4.1 is well-defined under the conditions that F is a Py function and
[F ’(x)],f It is nonsingular. The following lemma provides a condition to guarantee that the merit function &, (x) has bounded
level sets.
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Lemma 4.2. The level sets L(y) := {x eR"| [P, < y} are bounded for all y > 0 if one of the following two conditions is
satisfied:

(a) land u are both bounded.
(b) F is a uniform P-function.

Proof. Under the condition (a), we have {1, 2, ..., n} = Ij,. The result is clear by the definition of ¢, and Lemma 2.2(d).
Next we prove the boundedness of .£(y) under the condition (b). Suppose that there exists some y > 0 such that £(y) is
unbounded, i.e., there exists a sequence {x} € £(y) such that ||x*|| — ooc. Define the index set

J={ie{1,2,...,n}| {x} is unbounded} .
ThenJ # @. We choose a bounded sequence y* with

« [0 ifie],
Vi = X otherwise.

Since F is a uniform P-function, there is a constant i > 0 such that
= y¥|1> < max (xf — yH(FEG" — FGN)
1<i<n
n?eaJX(Xf)(Fi * — F(")
IX{ [1Fip () — Fy )

where jg is an index from {1, 2, . .., n} for which the maximum is attained, and without loss of generality it is assumed to be
independent of k. Clearly, j, € J, which means that {xJ’?O} is unbounded. Consequently, there exists a subsequence, assumed

to be {x{ } without loss of generality, such that |x{ | — oc. Notice that

IA

k k2 k k12 _ 1 k2
X — y*II* > |xj, —y;,|° = Ix;,|° foreach k.

Therefore, 14[x} |* < X} [|Fjy (X*) — F, (/)| and
k k k k k
wlx; | < [F (37 — Fg )1 < [F (3D + [F )1,
which in turn implies |Fj, x| = oo as |xJ’-i)| — oo. Thus, we prove that

IXj | = 400 and |F;,(x*)| = 4o0. (29)
On the other hand, we notice that (29) implies that
X — il - +oo and |Fj,(x*)| — +oc.

Combining the last two equations with Lemma 2.2(d), we have |®, ;, (**)| = 400 from the definition of &,,. This contradicts
the fact that {x*} € £(y). O

Using Lemmas 4.1 and 4.2 and following the same arguments as in [19], we have the following global and local
convergence results.

Theorem 4.1. Suppose that F is a uniform P-function. Then the iteration sequence {x*} generated by Algorithm 4.1 is well defined
and converges to the unique solution x* of the MCP (1) superlinearly. Furthermore, if F’ is locally Lipschitz continuous around x*,
then the convergence rate is quadratic.

5. Numerical experiments

We implemented Algorithm 4.1 in MATLAB 7.0 for solving the MCPLIB test problem collection [11]. The actual
implementation is same as the description of Algorithm 4.1 except that in Step 3 we choose &1 satisfying (25) only
whenever the inequality (24) holds. Although the condition in (26) is crucial for the superlinear convergence analysis of
Algorithm 4.1, numerical results reported in Table lindicate that Algorithm 4.1 without (26) seems to possess the superlinear
convergence.

All experiments were done with a PC of Intel Pentium Dual CPU E2200 and 2047MB memory. The parameters of
Algorithm 4.1 were chosen as follows:

p =0.5, o =107, a = 0.5, n = 0.01.
0.5 1072 0.5 0.01 (30)
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Table 1

Numerical results for the MCPLIB problems with different p.
Problem p = 1.001 p=1.1 p=2 p = 1000

It NF 12, )l It NF 12, )| It NF 1@, It NF @,

badfree 8 39 6.23e—11 41 607 1.57e—11 56 626 2.87e—12 53 934 1.22e—12
bertsekas(1) 35 101 8.30e—11 22 58 6.20e—12 27 122 2.21e—11 - - -
bertsekas(2) 45 154 8.53e—11 29 97 3.05e—11 30 137 2.33e—11 - - -
bertsekas(3) 60 212 8.95e—11 29 87 3.56e—11 28 146 1.07e—14 - - -
bert-oc 61 273 9.49e—11 15 20 4.44e—11 18 40 2.40e—13 20 3.08e—14
bratu 61 283 8.23e—12 16 21 1.94e—12 10 15 1.69e—14 - - -
billups - - - - - - 241 5759 0 33 715 1.00e—12
choi 14 38 451e—11 12 13 5.43e—13 6 7 8.30e—11 6 7 2.14e—14
colvdual(1) - - - - - - - - - - - -
colvdual(2) 51 371 3.07e—12 - - - - - - - - -
colvnlp(1) 123 2305 7.49e—11 23 53 2.02e—11 19 41 3.91e—11 - - -
colvnlp(2) 14 23 5.54e—12 16 27 4.38e—11 19 42 6.86e—12 - - -
cycle 24 50 7.68e—11 8 12 6.44e—11 4 6 0 4 6 0
degen 5 6 1.77e—13 8 9 4.35e—12 6 7 1.11e—16 3 4 0
duopoly - - - - - - - - - - -
ehl-k40 - - - - - - - - - - - -
ehl-k60 22 45 2.36e—12 25 54 1.28e—12 21 43 1.96e—12 - - -
ehl-k80 29 76 3.41e—12 25 49 8.83e—12 27 71 521e—11 56 334 3.12e—12
ehl-kost 26 59 1.85e—11 29 61 1.03e—11 34 97 4.47e—12 - - -
electric - - - - - - - - - - - -
explcp 31 117 1.28e—13 31 96 3.68e—12 20 47 0 19 54
forcebsm - - - 53 281 8.35e—11 - - - - -
forceda - - - - - - - - - - - -
freebert(1) 61 418 6.86e—11 27 105 1.07e—12 24 115 5.67e—12 - - -
freebert(2) 63 418 5.77e—11 68 336 9.04e—11 24 108 8.70e—12 - - -
freebert(3) 16 35 1.55e—13 17 33 1.19e—12 19 69 1.28e—14 - - -
freebert(4) 18 75 5.01e—11 26 97 1.24e—12 23 126 1.12e—14 - - -
freebert(5) 62 386 5.81e—11 70 346 3.19e—12 11 21 1.0le—14 - - -
freebert(6) 21 58 2.56e—11 20 52 1.90e—11 18 72 1.23e—14 - - -
gafni(1) 24 75 6.75e—11 16 30 2.54e—13 11 22 2.10e—15 17 64 3.83e—15
gafni(2) 28 70 5.66e—11 13 26 6.51e—11 14 35 5.55e—15 13 45 1.42e—15
gafni(3) 28 67 6.71e—11 15 32 3.79e—11 15 38 3.76e—15 15 53 3.56e—15
games 11 17 8.87e—12 13 23 2.76e—11 - - - - - -
hanskoop(1) 33 60 5.15e—13 30 57 4.96e—11 28 55 4.19e—16 - - -
hanskoop(2) 32 59 3.47e—12 14 21 4.32e—12 11 16 1.51e—14 - - -
hanskoop(3) 34 61 8.52e—13 32 59 231e—12 47 266 1.89e—14 4 6.80e—17
hanskoop(4) 34 61 7.80e—12 32 59 2.14e—12 30 57 9.90e—14 - -
hanskoop(5) 44 116 6.83e—11 36 74 9.42e—11 96 743 2.36e—16 - - -
hydroc06 9 15 4.06e—12 9 13 2.93e—12 5 7 4.15e—12 5 7 1.06e—12
hydroc20 16 31 1.34e—12 - - - 9 12 5.04e—11 9 11 9.77e—14
jel 7 9 9.58e—11 11 13 8.52e—13 23 88 4.56e—12 10 19 1.59e—14
josephy(1) 24 47 6.88e—11 10 12 5.93e—11 9 13 1.02e—12 12 24 1.78e—15
josephy(2) 25 51 6.27e—11 10 15 341e—11 8 13 0 8 16 1.07e—13
josephy(3) 28 55 7.01e—11 15 25 8.10e—12 - - - 13 25 1.78e—15
josephy(4) 6 7 4.86e—11 8 9 4.42e—12 5 6 1.48e—11 4 5 1.83e—15
josephy(5) 7 8 9.31e—14 9 10 9.19e—13 6 7 822e—14 4 5 3.24e—12
josephy(6) 30 85 9.19e—11 14 24 4.14e—12 7 10 0 7 11 0
kojshin(1) 26 52 5.37e—11 11 14 9.23e—12 11 20 5.28e—14 10 21 5.35e—13
kojshin(2) 28 64 7.59e—11 16 30 1.74e—11 11 24 2.17e—11 8 15 1.78e—15
kojshin(3) 31 71 6.17e—11 19 35 3.38e—13 12 16 5.32e—13 11 22 5.35e—13
kojshin(4) 29 61 9.97e—11 20 37 7.73e—12 11 16 7.09e—13 10 16 8.88e—16
kojshin(5) 7 8 4.74e—13 8 9 1.26e—11 11 17 2.44e—13 6 8 0
kojshin(6) - - - 14 22 2.86e—12 9 15 1.98e—11 7 12 8.88e—16
lincont 56 447 2.01e—10 33 119 237e—10 - - - - - -
mathinum(1) 5 6 2.75e—12 7 8 2.77e—11 5 6 4.35e—14 6 12 0
mathinum(2) 7 8 1.41e—13 9 10 4.43e—12 6 7 1.83e—12 6 7 0
mathinum(3) 7 9 6.36e—12 10 12 1.31e—12 7 9 0 7 12 0
mathinum(4) 7 8 1.80e—11 10 11 1.12e—12 8 9 4.44e—16 7 8 8.88e—16
mathisum(1) 7 9 1.19e—12 11 16 7.39e—12 9 13 0 - - -
mathisum(2) 8 12 1.31e—11 12 18 1.51e—12 7 9 4.45e—13 5 8 0
mathisum(3) 7 9 2.54e—11 9 10 1.15e—12 5 6 1.48e—11 4 6 0
mathisum(4) 10 20 1.34e—11 13 22 7.80e—13 8 10 4.44e—16 6 9 0
methan08 7 8 5.80e—13 8 9 356e—12 4 5 1.17e—11 4 5 7.87e—12
nash(1) 8 9 5.00e—13 10 11 9.73e—11 8 9 4.50e—14 9 16 6.31e—14
nash(2) 14 32 6.14e—12 15 28 2.65e—12 13 28 5.54e—14 14 42 8.20e—14
ne-hard 35 92 4.10e—11 35 92 4.10e—11 35 92 4.10e—11 35 92 4.10e—11
obstacle 47 226 2.63e—11 14 18 7.24e—12 9 12 3.37e—15 8 16 3.25e—15
opt-cont 52 214 2.64e—11 14 18 391e—11 9 10 3.93e—15 11 16 2.63e—15
opt-cont31 49 168 3.18e—11 15 20 4.11e—12 10 13 6.09e—15 12 29 5.87e—15
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Table 1 (continued)

Problem p = 1.001 p=1.1 p=2 p = 1000

It NF NP, ) | It NF |2 ()l It NF el It NF [E2esll
opt-cont127 61 243 1.16e—11 21 31 1.27e—12 16 36 1.52e—11 30 136 1.08e—14
opt-cont255 73 277 1.95e—11 16 29 1.79e—11 15 32 1.54e—14 39 241 1.62e—14
pgvon106(1) 100 584 5.40e—11 - - - - - - - - -
pgvon106(2) 80 364 9.81e—11 42 107 7.66e—11 - - - - - -
pgvon106(3) 36 70 1.61e—13 287 2334 8.04e—11 - - - - - -
pies 59 676 1.24e—11 17 31 4.60e—12 16 46 7.29e—12 - - -
powell(1) - - - 13 30 9.43e—11 - - - - - -
powell(2) 120 1285 8.51e—11 17 48 8.67e—11 - - - - - -
powell(3) 17 86 9.36e—11 20 46 6.03e—11 12 33 8.99%e—-12 - - -
powell(4) 63 883 2.65e—13 - - - - - - - - -
powell-mcp(1) 6 7 6.46e—12 6 7 6.46e—12 6 7 6.46e—12 6 7 6.46e—12
powell-mcp(2) 7 8 2.17e—12 7 8 2.17e—-12 7 8 2.17e—-12 7 2.17e—12
powell-mcp(3) 9 10 5.43e—15 9 10 543e—15 9 10 543e—15 9 10 5.43e—15
powell-mcp(4) 8 9 1.98e—14 8 9 1.98e—14 8 9 1.98e—14 8 9 1.98e—14
qp 7 9 6.51e—14 8 9 3.66e—12 6 7 8.88e—16 3 0
scarfanum(1) 37 90 7.69e—14 39 92 897e—12 40 76 5.13e—11 - -
scarfanum(2) 36 89 2.73e—13 38 91 8.35e—12 38 71 3.20e—15 - - -
scarfanum(3) - - - - - - 118 676 2.28e—15 39 124 1.67e—12
scarfasum(1) 52 79 2.28e—13 58 85 1.43e—12 14 21 9.49e—15 - - -
scarfasum(2) 51 78 2.77e—11 60 88 9.08e—11 14 20 3.16e—15 - - -
scarfasum(3) 34 107 6.32e—11 13 17 4.18e—12 40 70 5.71e—13 - - -
scarfbsum(1) 63 251 7.90e—12 50 174 5.52e—12 34 168 5.45e—11 - - -
scarfbsum(2) 28 72 1.35e—12 89 370 2.28e—12 24 142 5.52e—11 - - -
simple-red 12 13 7.94e—13 14 15 3.29e—12 12 13 1.87e—15 12 13 1.15e—15
simple-ex 196 3321 3.50e—13 - - - - - - - - -
sppe(1) 13 18 5.92e—12 11 13 5.99e—11 6 7 1.11e—-12 - - -
sppe(2) 7 8 371e—12 9 10 14%—12 7 9 9.98e—14 - = =
shubik 49 207 1.87e—11 64 225 9.12e—11 - - - - - -
tinloi 23 83 2.19e—11 17 33 3.43e—11 14 26 3.77e—15 19 93 2.32e—15
tobin(1) 16 70 1.91e—12 12 21 1.14e—11 9 12 3.48e—14 16 28 8.27e—13
tobin(2) 13 23 2.47e—11 13 18 1.49e—11 9 12 2.04e—14 11 16 1.25e—12
trafelas 50 233 9.96e—11 27 62 6.22e—11 - - - - - -

We started Algorithm 4.1 with the standard starting point provided by the MCPLIB collection, and terminated the iteration
if one of the following conditions is satisfied

[®,()] <107'° or k> 300.

The numerical results corresponding top = 1.001,p = 1.1,p = 2 and p = 1000, respectively, are summarized in
Table 1. In these tables, the first column gives the names of problems, and the number after each problem specifies which
starting point from the library is used; Iter denotes the number of iterations; NF means the number of function evaluations
for the mapping F, and || @), ()| column denotes the values of || @, (x)|| at the final iterate x = X

Table 1 show that Algorithm 4.1 based on the smoothing approximation ¥,(x, &) with p € (1, 2] was able to solve
almost all MCPLIB test problems, including a number of examples known to be very bad. Among 55 test problems, there are
7 problems failure for p = 1.001, which are billups, duopoly, ehl-k40, electric, forcebsm, forceda, simple-ex; there are 8
problems failure for p = 1.1, which are billups, colvdual, duopoly, ehl-k40, electric, forceda, hydroc20, simple-ex; and
there 12 problems failure for p = 2, which are billups, colvdual, duopoly, ehl-k40, electric, forcebsm, forceda, lincont,
simple-ex, games, shubik, trafelas. It is known that the problems such as “duopoly, forcebsm, electric, shubik” are also
very difficult for other Newton-type methods in the literature. Unlike the least-square semismooth Newton method based
on ¢, (see [23]), Algorithm 4.1 with p = 1000 fails for most of test problems due to the singularity of V¥, (x*, €. This also
coincides with the observations in Remark 4.1.

From Table 1, we see that Algorithm 4.1 with a smaller p, to say p < 2, has better robustness than a larger p (>2), but
when p is closer to 1, Algorithm 4.1 generally requires more iterations. Therefore, we conclude that Algorithm 4.1 with p
chosen from [1.1, 2] should be desirable. In addition, we want to point out that the value of @ will give an influence on
numerical performance of Algorithm 4.1, and the favorable « should be chosen from the interval [0.3, 0.7].

6. Conclusions

In this paper, we have studied the smoothing Newton method [19] based on the smooth approximation ¥, of the
generalized FB function. The smooth operator ¥, is shown to possess the Jacobian consistency property, which implies
the fast convergence of this smoothing algorithm. Numerical experiments indicate that the algorithm with p € (1, 2]
has better numerical performance than the one with p > 2, and it has better robustness when p is closer to 1. Further
numerical experiments are needed to check whether imposing the condition (26) on g1 may improve the performance of
Algorithm 4.1.
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Appendix. The proof of Lemma 3.2

From Eq. (15), clearly, the index set {1, 2, ..., n} can be partitioned as
I U B1(x) U B1(x) U Ba(x) U Ba(x) U B3(x) U Ba(x) U Ba(x).
In view of this, we proceed the proof by the following several cases.
Case 1: i € I;. From Proposition 3.2(a4) and Proposition 3.3(d), we have

Vidi(x, &) = —F/(x) and dc®,;i(x) = —F (x),
which implies that
dist (VWp,i(x, )", 9cPpi(x)) =0 foralle > 0. (31)
Case 2:i € B1(x) U B,(x). From Proposition 3.2(a1) and (a2), it follows that
ViW,.i(x, &)" = —el — F/(x).
In addition, by Proposition 3.3(a) and (b), we have V, ¥, ;(x, &) € 3@, ;(x) since
(~1-DelE-1c-ner T+ <1}
Therefore,
dist (VWp,i(x, €)', 9cPp,i(x)) =0 foralle > 0. (32)

Case 3:i € B3(x). Under this case, x; — ; = 0, ¢, (u; — x;, —Fi(x)) = 0, u; — x; > 0 and Fj(x) = 0. Hence, ¢;(x) = 0 and
di(x) = 1. From Proposition 3.3(c), it follows that

e ®p.i(x) = {ai(x)e] + bi(F(x)} (33)
with

@@, bi0) € € = 1,6 = 1) e R [ 1617 + 15177 < 1.
On the other hand, since a;(x, ¢) = —1, d;(x, &) = 1 and
[V (Ui — xi, —Fi(x), &)/~

bi(x, &) = — — 1,
p=1
(1p (i — xi, —F;(x), &) [P + &) 7
x.6) =1 |ui — xilP~!
ci(x,e) =1— ,
' (lui — x;|P + e7) P~ D/P
from Proposition 3.2(a3) it follows that
Vi¥.i(x, &) = (=14 bi(x, e)ci(x, €))e] + bi(x, &)F; (x). (34)
Taking
u; — x;, —Fi(x), &) [P~
£=0 and ¢ = |Wp(1 i i(%), &) —

(WP(”" —xi, —F (), )P + gp) P

we can verify that |§|1% + |§|1% < 1, and consequently —eiT + bi(x, &)F/(x) € 9cP,,i(x). Using the definition of g (x, §),
it is easy to verify that, for all ¢ < gq(x, §),

T T / T 8
[ Vap.i(x, &)7 — (—e] + bi(x, ©)F @) | = lIbi(x, )ci(x, e)e] || < [cilx, &)] < NG
Therefore, forall 0 < & < go(x, 8),

dist (VeWpi(x, )", 9c Py i(x)) < (35)

Bl
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Case4:i € B1(X)~ From Proposition 3.3(a) and Proposition 3.2(a1), it follows that
dist (Vx@,i(x, &)", 0c@p (%)) = || Vip,i(x, &) = Vb, (x|

1 1
- (”(Xi L C)] e — b FiGo, 8)||5_1)
[sign(x; — )% — kP~ e; + sign(F:(x) |[F:(x) P~ VE ) |

(160 7" = @10+ 7 ) 11

IA

A

1-p 1-p
< (@7 — @@+ ) y®

(@) + )7 —a®)'7
= V()
[ () ((x) + &7)] 7
gb~1
< Y ®) (36)
[ () ((x) + e9)]' 7

where the inequalities are using Lemma 2.4 and the definition of «(x) and y (x). Now using Eq. (36), it is not hard to verify
thatforall0 < ¢ < g1(x, 5)

dist (VWi (x, )", dcPpi(x)) < o (37)

Jn

Indeed, if y (x) = 0, this inequality obviously holds for all ¢ > 0. Suppose that y (x) > 0. Then, a simple calculation shows

that

3 p/(p—1)

U Sa:,a(x)zzsp(<¢w) _a(x)>.
[a(x)((x) +eP)] P v ’

Clearly, the inequality on the right hand side holds for all 0 < & < &1(x, §). Consequently, the result in (37) follows from
the above equivalence and (36).

Case 5:i € B,(x). From Proposition 3.3(b) and Proposition 3.2(a2), it follows that
dist (VaWp,i(x, )", dc Pp,i(x))

1 1
B <||<u X FCO)E i —x, Fix) e>||"‘1) Ioen DRIV = signtu = =i el
i— Al p i A I ) p

< (0207 — @@+ 7 )
= (a7 — @ +e) 7 ) y (0.

where the inequalities are using Lemma 2.4 and the definition of @ (x) and y (x). Using the same arguments as Case 4, we
can prove that forall 0 < ¢ < g¢(x, §),

. 8
dist (Vi®p,i(x, )", dc Pp,i(x)) < G (38)
Case 6:i € B4(x). Since (u; — x;, —F;(x)) = (0, 0), we necessarily have
xi—1; >0, dp(ui — x5, —Fi(x)) =0 and v, (u; — x;, —Fi(x), €) =&, (39)

which in turn implies a;(x) = 0 and b;(x) = —1. By Proposition 3.3(c),
IcPpi(x) = {—ci(x)e] — dix)F/(x)}
with
(@00, di(9) € {6 + 1,5+ 1) e B | 7T + ¢ |77 < 1]
In addition, we notice that under this case c;(x, ¢) = 1, d;(x, ¢) = 1 and
I — P! !

i L bhilxe) = o — 1.
(P|Xi_li|p+2£p) (”Ixi—li|1’+2£P)

ai(x, &) =
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Therefore, from Proposition 3.2(a3), it follows that

Vi i(x, )" = (ai(x, &) + bi(x, €))e] + bi(x, £)di(x, &)F/ (x)

Xx; — [P~ 4 gP1 b1 )
N X — 1i] 5+ 1 el — |- — + 1] F ).
(&% = TP +2¢7) (Y% — TP + 267)
We next want to prove that forany 0 < ¢ < &,(x, 4),

p

p—1

=1, (40)

_pb_
e gh!

1-— +
‘ (Y =P +2e7)" (Y% — TP+ 2e7)"

and consequently V¥, i(x, &)l € ¢ @, i(x). It is easily verified that the function

xi = LIP~! + P!
ik — P+ 26

is increasing on [0, & (x, 8)]. Since h1(0) = 1, we have h{(¢) > 10n [0, &5(x, §)]. Therefore,

hi(e) =

1 xi — P~ 4 &P~ = N gP~1 P
(p [x; — Li]P + 28p)p_] (” |x; — Li]P + 2811)!’_1

p
1

i — P~ 4 &2 ! &
= 1 — 1 + _—
(Y% — TP + 2e7)" xi — L[P +-2¢P
= hy(e).
We can verify that h; (¢) is strictly increasing on [0, &, (x, §)] and

p

1 1/p p—1
hy(e2(x, 8)) = ha(|x — 1i]/2) < |:<1+2p_1> —1:| +1/2

T
=[1+a@% -1 1221,

where the second inequality is since (1 + t)/? < 14 t"/? for t > 0. The last two equations imply that the inequality (40)
holds. Consequently,

B
dist (VeWp,i(x, 8)", 9c Py i(x)) < T forall 0 < & < &5(x, 8). (41)

Case 7:1 € B4 (x). Since (u; — x;, —Fi(x)) # (0, 0), by Proposition 3.3(c) and Proposition 3.2(a3),
dist (Vi¥p.i(x, )7, 3cPp,i(x))
= l(@i(x. &) = ai(x) & + (bi(x, )i(x, &) = hiVG) e + (bilx, e)di(x, &) — biRGX) V)|
= [[(ai(x, &) — a;(x)) e; + (bi(x, &) — b;(x)) c;(x)e; + (bi(x, &) — bj(x)) d;i(x) VF;(x)
+ bi(x, ) (Gi(x. &) — (X)) e + bi(x, ) (di(x, &) — di(x)) VE®)]| - (42)

In what follows, we will successively estimate the value of |a;(x, &) — a;(X)|, |bi(x, &) — bi(x)], |ci(x,€) — ci(x)| and
|di(x, &) — di(x)| for 0 < & < e3(x,§). Note that ¥, (u; — x;, —F;(x), ¢) and ¢, (u; — x;, —F;(x)) have the same sign for
all0 < & < e3(, 8). Indeed, if ¢p(u; — x;, —Fi(x)) > 0, then V,(u; — x;, —Fi(x), &) > 0 clearly holds. Otherwise, since

V(Ui — xi, —Fi(x), &) < 0 <= |uj — xiIP + |[F; ()P + &P < (uj —x; — F;(x))?,

= & < ((ui—xi — F()P — [ui —x;|P — |[F (o))

the definition of e3(x, §) implies that v, (u; — x;, —Fi(x), &) < Oforall0 < ¢ < e3(x, ).
Step 1: To estimate |a;(x, €) — a;(x)|. For 0 < ¢ < e3(x, §), we first estimate

1/p
)

1 1
s = by s = 20, —FiC0, &), ) [0 66 — by gy — x5, —FOD [0 |

r(x,e) =



J.-S. Chen et al. / Nonlinear Analysis 72 (2010) 3739-3758 3755

Let

g1(e) = [Yp(ui — xi, =Fi(x), &) 1" — |$p(ui — x;, —F;(x))|”
and

A(g) = Yp (U — Xi, —F;(%), &) — ¢p(ui — X;, —Fi(x))

for0 < e < e3(x, 8). If ¢, (u; — X;, —Fi(x)) = 0, then v, (u; — x;, —F;(x), ¢) > 0, and hence g;(¢) > 0. In addition, applying
the mean-value theorem and Lemma 3.1(c), we have,

g1(e) = Yp(uj — x;, —Fi(x), &) — ¢p(uj — xi, —F;(x))?
= p[dp(ui — xi, —Fi(®) + 14()]" Ae) for some t; € (0, 1)

-1
< p[pui —xi, —Fi®) + £3x, )] . (43)
Under this case, taking into account the definition of «3(x) and a(x), we have
1 1
r(x,e) =

[ 66— b o — 5 —EOD 2 6 — b ol — i —Fi(0. €, ) [0

p—1

_p1 _p=1
030077 — @@ + &)+ 7 |

IA

—1

[0~ — @@ +g16e)+e)77 |

IA

p—1 p—1 p—1
(@(x) +gi1(e) +&P) P —ax) ? - (g1(e) +¢&P) 7
2(p—1)

o S
[a()(a(x) +gi(e) +&P)] P ax) P
where the first three inequalities are due to Lemma 2.4, the last one is by (43), and

p—1
p

<M;(x)¢

P (65 — X1, —Fi(0) + 35 O] +e3tx, 81 7
M (x) = [ P } : (44)
If ¢p (u; — x;, —Fi(x)) < O, then v, (u; — x;, —Fi(x), ¢) < 0, and hence g;(¢) < 0. Now,
r(x,e) < ! — — ! -
G = b Yo s = xi, =Fix), €0, 07 [ = iy s — xi, =R (x)), )]
N 1 B 1
| i = by dp (i = xi, —FiC0), ) [0 [ (i — b, o (i — x5, —FiCOD [
[1p (i — xi, —Fix)|P~" — [Wp (u; — %1, —Fi(x), &) [P7]
& = b Y (ui — xi, —Fi(0), €), &) ||Z_1 | & = 1, p(ui — xi, —Fi(x)), ) Hz_]
+ [0 = @+
< [190ui=% SR = (i = % R, P (o507 — (@00 +e) 7] (45)

| i = i, o (s = 31, —Fix), &), ) |7
Notice that
| (Ui — Xi, —F: ()P~ — W (u — xi, —Fi(x), &)[P~"

= [~ — xi, —F)]™ — [~ (i — %, —Fi(0, )]

= (=) [~ — xi, —Fi(0), &) + LAE)]"* Ae) forsomet, € (0, 1)
- {(p — 1) [~y — 31, ~Fx)]" e ifp > 2;
@ - D[ —x. —F®, e, )] e ifl<p<2
and

| = 1i, Yo (u; — xi, —Fi (%), €), €) Hp > || = by Y (ui — xi, —Fi(x), £3(x, 5)))”,,-
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Therefore,
[18p(ui — xi, —F(x) P~ — ¥ (u; — xi, —Fi(x), &) P~']
[ 6 = b Wrp (s = i, =Fi), ), )7

[—p (Ui — xi, _Fi(x))]IFZ e+ [~ — xi, —Fi(%), e3(x, 5))]1772

e
< (p - 1) 2p—2
| i = b, Wi — xi, —Fi()), £3(x, )|}
_ — x: —F: p-2
-1 [~ (ui — xi, —Fi(x))] .
| i = b, Yrp(u; — xi, —Fi(x), £3(x, 5)))”p
= M, (X)e.
This together with (45) and Lemma 2.4 yields that
p—1 p—1
X Y —alx) P
r(x,e) < My(x)e + @@ + ) a(p,)l
[a(*X)(c(x) +eP)] P
p—1
< My(x)e + T
a(x) P
Ms(x)e ifp>2
=< -1
Ms(x)e? ifl<p<?2
where
e3(x, §)P2 )
Mz(x)+% ifp > 2;
Ms(x) == ax) P
22
My(0)e3(x, )2 P +a(x) 7 if1 <p<2.
Summing up the above discussions, it then follows that
-1
max {M;(0), Ms®)es(x, )P} e ifp > 2;
T(X, 8) = (p+1-2) p—1 .
max | M; (x), M3 (x)es(x, 8)PT» }a P ifl<p<2,
p=1
< Myx)e v,
where

My (x) := max {M;(x), M3(x)&3(x, 8)'/P, M3 (x)e3(x, 8)P+1/P~2}
Consequently,

0%, £) — ()| = r(x, &)lxi — L~ < My@lx — hP 6’7
Step 2: To estimate |b;(x, €) — b;(x)|. From the expressions of b;(x, €) and b;(x),
sign(yp (Ui — i, —Fi(x), ) [¥p (Wi — Xi, —Fi(x), &) P~
H (Xi - lia Wp(ui — Xi, —Fi(X), 8)7 8) ||2_1
_ sign(@y (Ui — xi, —Fi(x)))¢pp (ui — Xi, —F;(x) "~
| (% = by ¥p (i — X1, —Fi(x), €), &) ||Z_]
sign(@p (Ui — Xi, —Fi()))|¢pp (Ui — xi, —Fi(x)["”"
| (xi = b, ¥p(ui — xi, —Fi(x), €), €) ||£71

|bi(x, &) = bi(x)| =

_sign(@p(ui — Xi, —Fi(x)) ¢ (ui — X, —Fi () P~!
| (xi = b, dp(u; — xi, —=Fi(x))) ”2_1
- &(¢)
6 = b vt = xi, —Fito, ), )0
where r(x, €) is same as above, and g;(¢) is defined by
g2(8) = [sign(¥p(u; — xi, —Fi(x), &) ¥ (u; — xi, —F;(x), &) [P~
— sign(¢y (u; — Xi, —FX)))|dp i — xi, —Fi(x)|P~"| .

+ 1, &)|gp(u; —

xi, —F ()P,

(46)

(47)

(48)
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If ¢p (u; — x;, —Fi(x)) > 0, then ¥, (u; — x;, —F;(x), &) > 0, and therefore
8(e) = Yp(uj — x;, —Fi(x), &)P " — ¢ (u; — x;, —F;(x))"""
=p-1 [d)p(u,- —xi, —F(x)) + t3A(s)]p_2 A(g) forsomets; € (0,1)
_ o= e —x. —F) + e, )] e ifp>2;
~ o= [eyw—x, —Fe)] e if1<p<2.
If ¢, (u; — x;, —Fi(x)) < 0, then ¥, (u; — x;, —Fi(x), €) < 0 and
W (Ui — Xi, —Fi(x), )P < (s —xi, —F())P~" for0 < & < e3(x,8).
Consequently,
82(8) = [—gpui —x. =)D"= [~ ¥p(ui — x:. —Fi(0). &)
=@(p-1 [—1//p(u1- —x;, —Fi(x), &) + t4A(<9)]p_2 A(e) forsomety € (0,1)
_ o= =g —x. —Feon] e ifp > 2;
o= D [-vpu—x —F®, e3x, N e if1<p<2.
In addition, if ¢, (u; — x;, —Fi(x)) > 0, then
(6 = by Wi — xi, —Fi0, 2), &) [0 > [ (i — by oy (i — 30, =R [0
whereas if ¢, (u; — x;, —Fi(x)) < 0, thenforall0 < ¢ < e3(x, §),
| (xi = b, Yrp(ui — xi, —Fi(x), €), €) IIT > Y (Ui — xi, —Fi(x), &)["”"
> | Yy (Ui — X, —Fi(x), e3(x, 8)) [P~
The above discussions show that for all 0 < ¢ < &3(x, §), we have
&2(8)
| i — b, Yp (i — xi, —Fi(x), €), &) |
where

T < (p = DMs(x)e,
p

(1 (i — i, —F:(0))| + e3(x, 8)]"°
Moo = | i =l gy = xi, =FioD [0
max{|@p (u; — i, —F;(x) P72, [, (u; — xi, —Fi(x), £3(x, §))[P~2}
[¥p(ui — x;, —Fi(x), e3(x, §))[P~!
This along with (48) and the result of Step 1 gives |b;(x, &) — b;j(x)| < Ms (x)spl'%1 where
Mg(x) == (p — DMs(X)e3(x, 8)"/P + Ma(x)|¢by (u; — Xi, —F;(x)["". (49)
Step 3: To estimate |c;(x, €) — c;(x)| and |d;(x, €) — d;(x)|. Using Lemma 2.4,

if p>2,

ifl<p<?2.

sign(u; — x;)|u; — x;[P~! _ sign(u; — xi)[u; — x[P!

ci(x, &) — ci(X)|

Wi — X, —Fx), )5 1w — i, —Fo) b
_ |u; — xi|P~! |u — xi|P~!
= _.l - —

Il (i — xi, —Fi(x) (15 ll(u; — xi, —Fi(x), &) |15

IA

|:012(X)];p — (o2 (x) + gp)l?’:| |uj — %P~

IA

[a(x)%p — () + 5p)1’%p:| lu; — x;|P~!

p=t p=1
(ax)+eP) P —akx) 1
= |ui — x|

[a(®) (@) +)]7
|ui — xi|P~"eP!

= 2p-2
a(x) ?

. .. A —1.p—1
Using the similar arguments, we also have |d;(x, &) — d;(x)| < %

a(x) P
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Now using (42) and the results of the above three steps, and noting that |b;(x, &)| < 1, |d;(x)] < 1and |¢(x)|] < 1,it
follows that for all 0 < ¢ < &3(x, §),
dist (VWp,i(x, &)", dcPp,i(x))

~1 L +|Ff(x)|”’18”’1

p p—
< MyX)|xi —lile 7 +Mg(x) 1+ [VE®)D e 7 +

2p—2 2p—2
akx) P alx) P
< M(x).sp%1
where
. 1£169)
M(x) = Mas(®)|x; — il + Ms(x) (1 + [VEX)I) + ——,=- (50)
akx) P
Therefore, when i € B4(x), we have
p—1
dist (Vi (x, £)", 0c®p (%)) < O forallo<e<(—=> )" . (51)
’ ’ ~Jn VM)

From the discussions in the above seven cases and the definition of ¢(x, §), we obtain the desired result.
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