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In contrast to the generalized Fischer-Burmeister function that is a natural extension of the popular
Fischer-Burmeister function NCP-function, the generalized natural residual NCP-function based on
discrete extension, recently proposed by Chen, Ko, and Wu, does not possess symmetric graph. In
this paper we symmetrize the generalized natural residual NCP-function, and construct not only new
NCP-functions and merit functions for the nonlinear complementarity problem, but also provide parallel
functions to the generalized Fischer-Burmeister function.

© 2015 Elsevier B.V. All rights reserved.

1. Motivation

The nonlinear complementarity problem (NCP for short) has
attracted much attention since 1970s because of its wide applica-
tions in the fields of economics, engineering, and operations re-
search, see [11,12,18] and references therein. The mathematical
format for NCP is to find a point x € R" such that
x>0, Fx) >0, (x,F(x))=0,
where (-, -) is the Euclidean inner productand F = (F;, ..., F,)T is
a map from R" to R". For solving NCP, the so-called NCP-function
¢ : R?> — R defined as
¢(a,b)=0<=a, b=>0,ab=0,
plays a crucial role. More specifically, with such NCP-functions, the
NCP can be recast as nonsmooth equations [23,24,29] or uncon-
strained minimization [13,14,17,20,21,25,28]. During the past four
decades, around thirty NCP-functions are proposed, see [16] for
a survey. Among them, two popular NCP-functions, the Fischer-
Burmeister (denoted by FB) function [10,14,15] and the natural
residual (denoted by NR) function [22,26], are frequently employed
and most of the existing NCP-functions are indeed variants of these
two functions. In particular, the Fischer-Burmeister function ¢ :
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R? — R is defined by

¢re(a, b) = va?> +b? — (a+b),

whereas the natural residual function ¢yg : R> — R is given by
onr(a, b) = a — (a — b), = min{a, b}.

Recently, a generalized Fischer-Burmeister function ¢k,
R?> — R, which includes the Fischer-Burmeister function as a
special case, was considered in [1-3,7,19,27]. The function q&gB is
defined as

Prs(a,b) = (@, b)ll, — (@+b), p>1 (1)

and this natural extension is based on “continuous generalization”
in such a way that the 2-norm in FB function is replaced by general
p-norm. In addition, its geometric view is depicted in [27] and
the effect of perturbing p for different kinds of algorithms are
investigated in [4,5,7-9]. More recently, a generalization of natural
residual function, denoted by d)ﬁR, is proposed in [6] and defined as

PRg(a, b) = a® — (a—b)k withp > 1
being a positive odd integer. (2)

Notice that when p = 1, ¢k, reduces to the natural residual
function ¢ng, i.e.

éag(a, b) = a — (a — b), = min{a, b} = Pnr(a, b).

In contrast to ¢k, the function ¢yg is obtained by “discrete
generalization” and surprisingly possesses twice differentiability,
see [6]. This feature enables us that many methods such as New-
ton method can be employed directly for solving NCP. However,
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unlike the graph of q}‘F’B, the graph of (bﬁR is not symmetric which
may cause some difficulty in further analysis in designing solu-
tion methods. To this end, we try to symmetrize the function
d)ﬁR. More specifically, we offer two ways to obtain symmetriza-
tions of this “generalized natural residual function”, which still sat-
isfy NCP-conditions. In other words, we construct not only new
NCP-functions and merit functions for the nonlinear complemen-
tarity problem, but also provide parallel “symmetric” functions to
the generalized Fischer-Burmeister function.

To close this section, we present the ideas about how we
symmetrize the “generalized natural residual function”. The first
step is looking into the graph of ¢ﬁR givenin [27]. Because we wish
to symmetrize the graph of d)ﬁR, we need to consider subcases of
a > band a < b, respectively. In view of the definition of ¢ﬁR, we
propose the first symmetrization of ¢y, denoted by ¢§ \ : R —
R, which is defined by

@ — (a—b)? ifa>b,
¢5»NR(‘1’ b) = ya’ =bP ifa=Db, (3)
b’ — (b—a)’ ifa<b,

where p > 1 being a positive odd integer. We will see that ¢§_NR
is an NCP-function with symmetric graph in Section 2. However,
@& \g is not differentiable in general, it is natural to ask whether
there exists a symmetrization function that has not only symmetric
graph but also is differentiable. To this end, we see that the
induced family of merit functions ”¢§—NR”2 will fit this purpose.
Nonetheless, we can construct another simpler merit function by
modifying ¢§_NR. In summary, we wish to construct a symmetrized
function which is also differentiable. Fortunately, we figure out the

second symmetrization of ¢yg, denoted by ¥ \x : R* — Ry,
which is defined by
a’b’ — (a — b’V ifa > b,
V(@ b) = { abP = o ifa=b, (4)
@b’ — (b — a)Pd® ifa < b,

where p > 1 being a positive odd integer. The pictures and differ-
entiable properties of wé’_NR will be depicted in Section 3. We point
it out that the value of ¥¢ \ is always nonnegative which indicates
that ¥¢  is a merit function for NCP. Here, due to the symmetric
feature, we denote these two functions as “S-NR” standing for sym-
metrization of NR function.

2. The first symmetrization function ¢} .

In this section, we show that the function ¢ \, defined in (3) is
an NCP-function. It is not differentiable on the whole R?, but it is
twice continuously differentiable on 2 := {(a, b) | a # b}.

Proposition 2.1. Let ¢§_NR be defined in (3) with p > 1 being a
positive odd integer. Then, ¢§’_NR is an NCP-function and is positive
only on the first quadrant 2 = {(a, b) | a > 0, b > 0}.

Proof. It is straightforward to verify that ¢§_NR is positive only on
the first quadrant.

Next, we continue to show ¢%,; is an NCP-function. We
will proceed it by discussing three cases. Suppose a > b and
¢§’_NR(a, b) = 0. Then, we have @’ — (a — b)? = 0, which implies
that a = a — b. Thus, we see that a > b = 0. Similarly, when
a < band ¢ \z(a, b) = 0, we have 0 = a < b. For the third case
#% \r(a,b) = Oand a = b, it is easy to see thata = b = 0.1t is
trivial to check the converse way. In summary, ¢ \ satisfies that
(bg,NR(a, b) = Oifand only if a, b > 0, ab = 0; and hence, it is an
NCP-function. O

We elaborate more about the function ¢ y, as below:

(i) For p being an even integer, @¢ \x is not an NCP-function. A
counterexample is given as below:

PEr(—2, —4) = (=2)> — (=2 +4)* = 0.

(ii) The function ¢?% \ is neither convex nor concave function. To
see this, taking p = 3 and using the following argument, we
can verify the assertion.

_ 43 13 1.5
1= ¢S—NR(]7 1)< 2¢S—NR(Ov 0) + 2¢S—NR(27 2)

= 0+8—4
2 2 7
3 1 3 1 3
1= ¢S—NR(17 1) > 5¢S—NR(27 0) + 5¢S—NR(07 2)
= O+O—O
202

Proposition 2.2. Let ¢§_NR be defined in (3) with p > 1 being a
positive odd integer. Then, the following holds.

(a) An alternative expression of ¢>§’_NR is

PRg(a,b) ifa>b,
¢>§.NR(G, b) = a’ =b° ifa=h,
(b, a) ifa <b.

(b) The function ¢% . is not differentiable. However, ¢ . is
continuously differentiable on the set 2 = {(a,b) | a # b}
with
Ve nr (@, b)

_fple ' —@—b", (@a—by ']

I VIRCE L R L

In a more compact form,

pldte (@ b), @—bP "1 ifa>b,

plb—aP ™, fg' b, )1 ifa<b.

(c) The function ¢g_NR is twice continuously differentiable on the set
2 ={(a, b) | a # b} with

V2P (@, b)

ifa>b,
ifa<hb.

Vol \r(a, b) = {

a2 —(a—bP?% (a—byP?
p(p_l)[ (a_b)p—z _(a_b)p—z
if a>b,
B —(b— )P (b — a)P 2
p(I;_ 1)}[ (b _ a)p—z bp—Z _ (b _ a)pZ]
1 a<ono.

In a more compact form,
V2 (@, b)

p—2 _ P2
-1 [;’;NR_ I _bl),)pfz} ifa>b,
- —b—aP? (b-—aP?] .
p(p - 1) |: (b _ a)p_z ¢§E2(b, a):| lf a<b.

Proof. The arguments are just direct computations, we omit
them. O

At last, we present some other variants of ¢ . Indeed, analo-

gous to those functions in [26], the variants of ¢§’,NR as below can
be verified being NCP-functions.

$1(a, b) = ¢F (@, b) + a(@) 4 (b)y, o > 0.
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$2(a,b) = P2y (@, b) + o (@4 (b)4)*, > 0.
$3(a, b) = ¢L (@, b) + & ((ab))*, > 0.
a(a,b) = ¢L (@, b) + & ((ab);)*, > 0.
$s(a.b) = ¢ (@ b) +a (@)2(B)4)". &> 0.

Proposition 2.3. All the above functions ai(a, b) fori € {1,2,3,
4, 5} are NCP-functions.

Proof. We only show that 51 (a, b) is an NCP-function and the
same argument can be applied to the other cases. First, we denote
2 :={(a,b) | a > 0,b > 0} the first quadrant and suppose that
#1(a, b) = 0.1f (a, b) € 2,then ¢t \;(a, b) > 0by Proposition 2.1;
and hence, 51 (a,b) > 0. This is a contradiction. Therefore, we
must have (a, b) € £2°¢ which says (a),(b), = 0. This further
implies ¢>§’_NR(a, b) = 0 whichis equi\@lent toa,b >0, ab=0by
applying Proposition 2.1 again. Thus, ¢; is an NCP-function. O

3. The second symmetrization function ¥§

In this section, we show that the function ¢ ; defined in (4) is
not only an NCP-function, but also a merit function. In particular,
Iﬁg_NR possesses symmetric graph and is twice differentiable.

Proposition 3.1. Let wf_NR be defined in (4) with p > 1 being a
positive odd integer. Then, Iﬁg_NR is an NCP-function and is positive
on the set

2 = {(a,b) | ab # 0)
U{(a,b) |]a<b=0}U{(a,b) |0=a > b}.

Proof. Firstofall, whena < b = 0,we have ¥¢ \;(a, b) = a® > 0.
Similarly, when 0 = a > b, we have ¥ \;(a, b) = b* > 0. For
0 # a > b # 0, suppose that b > 0. Then, a > (a — b) which
implies @’ > (a—b)? and b > 0, and hence a’b®? — (a—b)’b? > 0.
On the other hand, suppose that b < 0. Then,a < (a — b)
which implies @ < (a — b)? and b* < 0. Thus, we also have
aPb? —(a—b)PbP > 0.Fora = b # 0,itis clear thataPh? = a* > 0.
For the remaining case: 0 # a < b s 0, the proof is similar to the
case of 0 # a > b # 0. From all the above, we prove that V¢ \y is
positive on the set 2.

Next, we go on showing that £ \ is an NCP-function. Suppose
thata > band a’b? — (a — b)Pb? = [’ — (a— b)P]b* = 0.1fb = 0,
then we have a > b = 0. Otherwise, we have a = (a — b) which
also yields that a > b = 0. Similarly, the conditions a < b and
a’b? — (b — a)Pa®? = 0 imply that b > a = 0. The remaining cases
a = b and a’b? = 0 give that a = b = 0. Thus, from all the above,
V¥ g is an NCP-function. O

We can conclude from Proposition 3.1 that ¥ is a merit
function, since ¥& \; is positive on §2 and is identically zero on the
set {(a,b) | a > b =0}U{(a, b) | 0 = a < b}. Next, we elaborate
more about the function ¥& , as below:

(i) For p being an even integer, wé’_NR is not an NCP-function. A
counterexample is given as below.

YEr(=2, —4) = (=2)*(=4)* — (=2 + 4)*(—4)* = 0.

(i) The function ¥ \; is neither convex nor concave function. To
see this, taking p = 3 and using the following argument verify
the assertion.

_ 3 13 1.5
1= WS.NR(L 1< ZWS_NR(O: 0) + ZWs.NR(Zs 2)

0+64_32
2 20 77

_ 3 15 1.5
1= Ips.NR(], 1> 21//S—NR(27 0) + ZWS.NR(O’ 2)
0 O

= -+-=0.
272

Proposition 3.2. Let wg’_NR be defined as in (4) with p > 1 being a
positive odd integer. Then, the following holds.

(a) An alternative expression of ¢& \p is

érra, bPPif a > b,
Wf.NR(ﬂ, by = {d’PP = a% ifa=b,
dre(b, )@ if a < b.

(b) The function wg’_NR is continuously differentiable with

Vil (@, b)
pla '’ — (a— b’ b, a”bP7!
—(@—bPPP '+ @—bP 1" ifa>b,
=1p[a WP, PP ' = pa®~[1,1]" ifa=b,
p[@ WP — (b—a)Pd” ! + (b —a)’ ',
@' — (b —a)P @]’ ifa<b.
In a more compact form,

Pk (@ b)b. dfe(a, byb!
+@—bP '] ifa>b,
vyl (@b =1p[a® ', a® ' ifa=b,
pldfe(b. )" + (b — a)’~'d?,
% (b.0)d’ ]’ ifa<b.

(c) The function 1//§_NR is twice continuously differentiable with
V2y? \x(a, b) as given in Box L.

Proof. (a) It is clear to see this part.

(b) It is easy to verify the continuous differentiability of wf_NR(a, b)
on the set {(a,b) | a > bora < b}. We only need to check the
differentiability along the line a = b. Suppose that h > k, we
observe that

lﬁf_NR(a +h,a+k) — Wé).NR(a, a)

= (a4 h)?(a + k)P — (h — k)PP’ — a®

= (pa®7'(1, 1), (h, k)) + R(a, h, k).
Here the remainder R(a, h, k) is o(h, k) function of h and k, since the
degree of h and k of R(a, h, k) is at least 2. Similarly, from the other
two cases h = kand h < k, we can conclude that V! . (a, @) =
pa*~1(1, 1)". In addition, the continuity of Vi \-(a, b) along the
line a = b is easy to verify.
(c) The arguments for this part are similar to those for part (b). We
omit them. 0O

Again, we present some other variants of wé’_NR. Indeed,
analogous to those functions in [26], the variants of ¥¢  as below
can be verified being NCP-functions.

¥1(a,b) = YL (@, b) + (@ (b)y, a>0.

Ya2(a, b) = Y& (@, b) + a (@4 (b)), > 0.
¥s3(a, b) = Yl (@, b) +a ((@ah)y)*, a>o0.
Va(a, b) = Y2 (@, b) + o ((ab)1)*, a > 0.
Us(a,b) = Y2 (@ b) +a (@2 (b)), > 0.

Proposition 3.3. All the above functions %(a, b)forie {1,2,3,4,5}
are NCP-functions.
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(= DIa*? — (@ — by IpP

(0 —D(a—b"~2p
+pla”™! — (a— b’ p"!
[(p— )P pa® b
| pa® ' (p— 1aPbP?

[(p— D[V’ — (b—a)’la"?
+2p(b — a)P~1aP!

p| —-@—-Db-a?d
(p— Db —a)P2a

| +p[b"" — (b — a)P " ]a"!

ViYL @@, b) = {p

(P -1Db-af?*d
+plb"! — (b — )P ']a"!

(p— 1(a— by
+pla”! — (a— b’ b
(p—D[a® — (a—bPIY¥P?| ifa>b,
+2p(a — b)P~1pP1
—(p—D(a—byP?p
ifa=b,
ifa < b.
(p— D2 —(b—aP 2]

Box 1.

z-axis

x-axis
y-axis
(a) The graph of ¢% .

x10712

B
B
555

W
RS

x-axis

001 -0.01 y-axis

(b) The graph of ¥r& -

Fig. 1. The surfaces of ¢f  and ¥£ , withp = 3.

Proof. We only show that 1/71 is an NCP-function and the same
argument can be applied to the other cases. Let 2 = {(a, b) |
ab # 0} and suppose that ¥1(a,b) = 0.1f (a,b) € £, then
wé’_NR(a, b) > 0 by Proposition 3.1; and hence, ¥/1(a, b) > 0. This
is a contradiction. Therefore, we must have (a, b) € £2°¢ which
says (a)+ (b); = 0. This further implies wé’_NR(a, b) = 0 which is
equivalent to a, b > 0, ab = 0 by applying Proposition 3.1 again.
Thus, ¥ is an NCP-function. O

4. Concluding remarks

Due to space limitation, we illustrate the functions ¢% \, and
wf_NR for the single value p = 3, see Fig. 1. Nonetheless, we make
some remarks about the surfaces of @% \x and Y& ., as well as
say a few words about their algebraic properties. First of all, it
is clear to see that ¢f \z(a,b) = ¢ (b, a) and & z(a,b) =
Y2 \x(b, @), which mean that the surfaces of ¢§ \ and ¥¢ ; are
both symmetric with respect to the line a = b. As for the algebraic
structure, we can verify that

! (@, b) = [min(a, p)]* forp = 1.

To see this, for example ifa > b, we check thata'b! — (a—b)'b! =
b?> = min(a, b)?. On the other hand, for large p = 3,5, 7, ..., the
function ¥\ does not coincide with [min(a, b)]2p. Nonetheless,

when we restrict ¥¥ (@, b) on the line a = b and two axesa = 0
and b = 0, we really have that

2 k(@ b) = [min(a, b)]”.

In summary, ¥\ can be viewed as a merit function relative to
the original natural residual NCP-function ¢nr(a, b) = min(a, b).
Besides, we have to mention that ¥, is twice continuously
differentiable so that it is good enough to develop a lot of
algorithms based on this property. However, it does not satisfy that

VangR(av b) : Vbe_NR(a, b) > 0.
(cf. Property 2.2(d) in [2]).

For example, taking p = 3 and (a,b) = (0, —1) gives Val/’s3-NR
0,—-1) = 3 and Vbl/fS_NR(O, —1) = —6. This may cause some
difficulty in analyzing the convergence rate.

As it can be seen, the surface of ¢f  looks like “two-wings” of
an eagle and there is cusp along x = y. Moreover, the graph of ¢¢
is neither convex nor concave. The surface of y¢ . is smooth and
it is neither convex nor concave.

To sum up, we propose new NCP-functions and merit functions
in this short paper. Both of them possess symmetric graphs. With
our discovery of ¢¢ \r, ¥& \g in this short paper, there are many
future directions to be explored. We list some of them.

e Discovering benefits for such symmetrization.

e Doing numerical comparisons among ¢rs, Pk, o \g» and Yé o
involved in various algorithms.

o Studying the effect when perturbing the parameter p, applying
this new family of NCP-functions to suitable optimization
problems.

e Extending these functions as the complementarity function
associated with the second-order cone and symmetric cones.

e Developing some analytic properties on ¢E»NR such as direc-
tional differentiability, Lipschitz continuity, semismoothness.
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Finally, we would like to point out that the p-th root of qb’s’_NR and
¥? \ is also NCP-functions. In other words, the functions

[#ne]”s [Vl

are NCP-functions, too. The proof is routine, so we omit it.

=
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