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1. Introduction
Let J¢ be a real Hilbert space endowed with an inner product (-, -), and we write the norm induced by (-, -) as || - ||. For
any given closed convex cone K C J#¢,
K*={xeH|(x,y) >0, VyeK}

is the dual cone of K. A closed convex cone K in #¢ is called self-dual if K coincides with its dual cone K*; for example, the
non-negative orthant cone R’} and the second-order cone (also called Lorentz cone) K" := {(r, x') € R x R > |I¥]).
As discussed in [1], this Lorentz cone K" can be rewritten as

1
K" := {x eR"| (x,e) > ||x||} withe = (1,0) € R x R
V2

This motivates us to consider the following closed convex cone in the Hilbert space #:
K(e,r) :={xe | (x,e) =rlxl}
where e € # with |le|| = 1andr € Rwith0 < r < 1.1t can be seen that K (e, r) is pointed, i.e., K(e, r) N (—K(e, 1)) = {0}.
Moreover, by denoting
(e}t =={xe ]| (x,e) =0},
we may express the closed convex cone K (e, r) as

K(e,r) = {x/—i—)\ee}Hx’e (e)tand 1 >

r||x’||}
V1 —r12 '
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When # = R"ande = (1,0) € R x R"!, K (e, %2) coincides with K". In view of this, we shall call K (e, %) the infinite-

dimensional second-order cone (or infinite-dimensional Lorentz cone) in # determined by e. In the rest of this paper, we
shall only consider any fixed unit vector e € J, and denote

=k (e

since two infinite-dimensional second-order cones K(e;) and K(e;) associated with different unit elements e; and e, in #
are isometric. This means there exists a bijective isometry P which maps K(e;) onto K(e,) such that ||Px|| = ||x|| for any
x € K(ey). For example, lete; = (1,0, 0) and e; = (0, 0, 1). Then, for any x € K(e;) and y € K(e;), we have the following
relation:

0 0 1
y:PX: 0 1 0 X.
1 0 O

Moreover, this mapping preserves the Jordan algebra structure, i.e., P(x o y) = Px o Py. In the infinite-dimensional Hilbert
space, P is indeed a unitary operator. In light of this fact, we can consider the infinite-dimensional second-order cone
associated with a fixed arbitrary unit element in #.

Unless specifically stated otherwise, we shall alternatively write any point x € # as x = X' + Ae with ¥’ € (e)* and
A = (x, e).In addition, for any x, y € #, we shall write x >y y (respectively, x > y) if x —y € intK (respectively,x —y € K).
Now, we introduce the spectral decomposition for any element x € #. For any x = x’ + Ae € J#, we can decompose x as

x=o1(x) v + @ (x) - v, (1)

where o1 (x), oy (x) and v,El), v,EZ) are the spectral values and the associated spectral vectors of x, with respect to K, given by

ai(®) = A+ (DX, (2)
1<e+(—1)" X ) X 40

v = % (e (3)
5(e+ (—D'w), X =0

fori = 1, 2 with w being any vector in # satisfying || w| = 1. With this spectral decomposition, for any functionf : R — R,
the following vector-valued function associated with K is defined:

0 = fr ()" + flaa@)vP  Vx € H. (4)

The above definition is analogous to the one in finite-dimensional second-order cone case [2,3].
The motivation of studying f* defined as in (4) is from concerning with the complementarity problem associated with
infinite-dimensional second-order cone K, i.e., to find an x € # such that

xeK, Tx) eK and (x,T(x)) =0, (5)

where T is a mapping from # to #. We denote this problem (5) as CP(K, T). More specifically, when dealing with
such complementarity problem by nonsmooth function approach, i.e., recasting it as a nonsmooth system of equations,
we need to check what kind of properties of f can be inherited by f* so that we can know to what extent the
convergence analysis of solutions methods based on such nonsmooth system can be obtained. Indeed, the format of the
aforementioned complementarity problem CP(K, T) indeed follows the direction of complementarity problems associated
with symmetric cones in Euclidean Jordan algebra. Recently, nonlinear symmetric cone optimization and complementarity
problems in finite-dimensional spaces such as semidefinite cone optimization and complementarity problems, second-
order cone optimization and complementarity problems, and general symmetric cone optimization and complementarity
problems, become an active research field of mathematical programming. Taking second-order cone optimization and
complementarity problems for example, there have proposed many effective solution methods, including the interior-point
methods [4-7], the smoothing Newton methods [8,3,9], the semismooth Newton methods [10,11], and the merit function
method [12,13]. However, there are very limited works about nonlinear symmetric cone optimization and complementarity
problems in infinite-dimensional spaces, for instance [14], in which with the ]JB algebras of finite rank primal-dual interior-
point methods are presented for some special type of infinite-dimensional cone optimization problems.

It is our intention to extend the above methods for infinite-dimensional complementarity problem CP(K, T), in which
the vector-valued function f* will play a key role. In this paper, we study the continuity and differential properties of
the vector-valued function f# in general. In particular, we show that the properties of continuity, strict continuity (locally
Lipschitz continuity), Lipschitz continuity, directional differentiability, differentiability, continuous differentiability, and
s-semismoothness are each inherited by f* from f. These results can give some concept in designing solutions methods
for solving infinite-dimensional second-order cone programs and infinite-dimensional second-order cone complementarity
problems.
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2. Preliminaries

Foranyx =x' 4+ le € # andy =y’ + ue € F#, we define the Jordan product of x and y by

xoy = (ux' +1y) + (x,y)e, (6)

and write x> = x o x. Clearly, when # = R"ande = (1,0) € R x R*"! this definition coincides with the one given
in [15, Chapter II] which is the case of finite-dimensional second-order cone associated with Euclidean Jordan algebra. The
following technical lemmas will be frequently used in the subsequent analysis.

Lemma 2.1. Let o1 (x), oz (x) be the spectral values of x € J# and a1(y), a2 (y) be the spectral values of y € #. Then we have

o1 (®) — a1 NI + oz () — 2 )I* =< 2]x — yII%, (7)
and hence, |o;(x) — ()| < V2|x = yll, Vi=1,2.
Proof. The proof can be obtained by direct computation like in [2, Lemma 2]. O

Lemma2.2. [etx=x+iec Handy =y + ue € H.
(a) If X # 0and y’ # 0, then we have

() (@)
||Ux - vy || =<

X

lx—yll Vi=1,2, (8)

where v,Ei), v}(,l) are the spectral vectors of x and Y respectively.
(b) If either X = 0 or y’ = 0, then we can choose U)El), v;') such that the left hand side of inequality (8) is zero.

Proof. The proof is similar to [16, Lemma 3.2], so we omit it here. O

Lemma 2.3. For any x # 0 € #, the following hold.

(a) If g(x) = lix]l, we have g'(0)h = k.
(b) If g(x) = II%H we have g’'(x)h = ”7’1“ — %x.
Proof. (a) See Example 3.1(V) of [1].
(b) First, we compute that
x4 h) ®) x+h X
g(x —gkx) = -
lx+hll x]
h ( 1 1 )
= —-———- —_— M X
llx + hll lxIl - llx+ hll
_ h _J(x+h,x+h)—¢(x,x)
lx + hl| V& X) -/ x+h,x+h)
B h 2(x, h) + (h, h) N
xRl VX VERFRXFR (VR X R) + /X X))
L )
Ixl N2 '
From the above, it is clear that g’(x)h = ﬁ - \(\XX\TQ x. O

Semismooth function, as introduced by Mifflin [17] for functionals and further extended by Qi and Sun [18] for vector-
valued functions, is of particular interest due to the central role it plays in the superlinear convergence analysis of certain
generalized Newton methods, see [18,19] and references therein. Given a mapping F : R" — R™, it is well known that if F
is strictly continuous (locally Lipschitz continuous), then F is almost everywhere differentiable by Rademacher’s Theorem
— see [20] and [21, Sec. 9]]. In this case, the generalized Jacobian dF (x) of F at x (in the Clarke sense) can be defined as the
convex hull of the B-subdifferential dgF (x), where

BF(x) = { lim VF(¥)|F is differentiable at ¥ € ]R"} )
X —=x

The notation 95 is adopted from [19]. In [21, Chap. 9], the case of m = 1 is considered and the notations “V” and “3” are
used instead of, respectively, “0z” and “0”. Assume F : R" — R™ is strictly continuous, then F is said to be semismooth at x
if F is directionally differentiable at x and, for any V € dF(x + h) and h — 0, we have

F(x+h) —F(x) = Vh = o(||hl)). 9)
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Moreover, F is called p-order semismooth at x (0 < p < o0)if F is semismooth at x and, forany V € dF(x + h) and h — 0,
we have

F(x+h) — F(x) — Vh = O(||h||"**).

The Rademacher theorem does not hold in function spaces, see [22]. Hence, the aforementioned definitions of generalized
Jacobian and semismoothness cannot be used in infinite-dimensional spaces. To overcome this difficulty, in the paper [22],
so-called slanting functions and slant differentiability of operators in Banach spaces are proposed and used to formulate a
concept of semismoothness in infinite-dimensional spaces. We shall introduce them as below. Let X, Y C #. A function
F : X — Y is said to be directionally differentiable at x if the limit

. F(x+th) —F(x
STF(e h) = lim LM —F@) (10)
t—0t t
exists, where 8 TF (x; h) is called the directional derivative of F at x with respect to the direction h. A functionF : X — Y is
said to be B-differentiable at x if it is directionally differentiable at x and

. F(x+h)—F(x)—8TF(x; h)
lim =

0 (11)
h—0 Al

in which we call T F (x; -) the B-derivative of F at x. In finite-dimensional Euclidean spaces, Shapiro [23] shows that a locally
Lipschitz continuous function F is B-differentiable at x if and only if it is directionally differentiable at x. From (9) and (11)
(also see [18]), it can be seen that F is semismooth at x if and only if F is B-differentiable (hence directionally differentiable)
at x and, for each V € 9F (x + h), there has

§TF(x; h) — Vh = o(||h]).
As mentioned earlier, these results do not hold in infinite-dimensional spaces. Therefore, the slant differentiability is
introduced to circumvent this hurdle. In what follows, we state its definition.
Definition 2.1. Let D be an open domain in X and L(X, Y) denote the set of all bounded linear operators from X onto Y.

(a) Afunction F : D C X — Y is said to be slantly differentiable at x € D if there exists a mapping f° : D — L(X,Y)
such that the family {f°(x+ h)} of bounded linear operators is uniformly bounded in the operator norm for h sufficiently

small and
F —F —f°
lim (x+h) —F@x) —f°(x+ h)h _o (12)
h—0 il

The function f° is called a slanting function for F at x.

(b) A function F : D C X — Y is said to be slantly differentiable in an open domain Dy C D if there exists a mapping
f°:D — L(X,Y) such that f° is a slanting function for F at every x € Dy. In this case, f° is called a slanting function for
F in Do.

Definition 2.2. Suppose that f° : D — L(X, Y) is a slanting function for F at x € D We denote the set

OsF(x) == {Xl,igle"(xk)} (13)
and call it the slant derivative of F associated with f° at x € D. Note that f°(x) € 0dsF(x) which says dsF(x) is always
nonempty.

A function F may be slantly differentiable at all points of D, but there is no common slanting function of F at all points
of D. Moreover, a slantly differentiable function F at x can have infinitely many slanting functions at x. A slanting function
fe for F at x is a single-valued function, but not continuous in general. In addition, a continuous function is not necessarily
slantly differentiable. For more details about slanting functions and slantly differentiability, please refer to [22].

Definition 2.3. AmappingF : X — Y is said to be s-semismooth at x if there is a slanting function f° for F in a neighborhood
M of x such that f° and the associated slant derivative satisfy the following two conditions.

(a) lim;_, o+ f°(x + th)h exists for every h € X and
lim f°(x 4+ thyh — f°(x + h)h

lim =% =0
lIh]—0 Al '

(b) f°(x 4+ h)h — Vh = o(||h||) forall V € dsF (x + h).

We point it out that the function F defined in Definition 2.3 was called semismooth in [22]. However, we here rename
it as “s-semismooth” because when X, Y are both finite-dimensional spaces it does not reduce to the original definition
introduced by Qi and Sun [18] in finite-dimensional spaces. The main key causing this is the limits in d9sF (x) and dgF (x) are
approached by different ways. In order to distinguish such difference, we hence use the term “s-semismooth” to convey
concept of semismoothness in infinite-dimensional spaces.
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3. Continuous properties of f*

In this section, we show properties of continuity and (local) Lipschitz continuity of f *. The arguments are straightforward
by checking their definitions.

Proposition 3.1. Suppose x = x' + Ae € H with spectral values a1 (x), a2 (x) and spectral vectors v,((l), U)EZ). Let f* be defined

as in (4). Then, f* is continuous at x € # if and only if f is continuous at o (x), oy (x).
Proof. (=) This part of proof is similar to the argument of [2, Proposition 2(a)].
(<) This direction of proof is also similar to [ 16, Proposition 2.2(a)], we omitit. O

Proposition 3.2. Suppose x = x' + Ae € H with spectral values a1 (x), a»(x) and spectral vectors v,(cl), v,Ez). Let f* be defined
as in (4). Then, the following hold.

(@) f* is strictly continuous at x € # if and only if f is strictly continuous at o (x), a3 (x).
(b) f* is Lipschitz continuous (with respect to || - ||) if and only if f is Lipschitz continuous.

Proof. (a) («<=) Suppose f is strictly continuous at a1 (x), o2 (x). Then, there exist k; > 0 and §; > 0 fori = 1, 2, such that
IF(§) —=F(OI < kil§ = ¢ V&, ¢ € ai(x) — 8, ci(x) +8i]i = 1,2.
Let§ = % min{8;, §,} and for any y, z € B(x, §), we have

F @) =@ = Fla@)l? +Fla)v®) — (Fai1@)v + f e @)v?)
= fla1 @) " = vi") + (F 1) — fe1(2)v"
+f 2P —vP) + (fe2) — f(e2(2))v? (14)

where y = oq(y)v)(,]) + az(y)vy(z) and z = al(z)vz(l) + az(z)vz(z). By Lemmas 2.1 and 2.2 and the similar argument in
[2, Proposition 6(a)], the proof can be obtained.

(=) This part of proof is quite simple and similar to [2, Proposition 6(a)], we omit it here.
(b) The argument of proof is similar to [2, Proposition 6(c)]. O

4. Differential properties of f ¥

In this section, we show properties of directional differentiability, differentiability, continuous differentiability and
B-differentiability of f*. For simplicity, in the arguments we sometimes abbreviate «;(x) as o; when there is no ambiguity
in the context. Note that, unlike in finite-dimensional second-order cone case [2], Propositions 4.1 and 4.2 are proved by
different approaches since the chain rule for directional differentiability in infinite-dimensional space does not hold in
general, see [23].

Proposition 4.1. Suppose x = x' + Ae € H with spectral values a1 (x), oz (x) and spectral vectors v,((u, U,EZ). Let f* be defined
as in (4). Then, f* is directionally differentiable at x € 3¢ if and only if f is directionally differentiable at a1 (x), otz (X).

Proof. (<) Suppose f is directionally differentiable at oz (x), a» (). Fix x = X’ + Le € # and any directionh = b’ + le € ¥,
we discuss two cases as below.

Case (i). Ifx' 0, then we have f* (x) = f (o1 (%)) vs" +f (2 (x))vi? where o (x) = A+ (—1)1[|x[| and v’ = %(e+(—1)iﬁ)

fori = 1,2.Nowx + th = (x' + th’) + (A + tl)e with spectral values o;(x + th) = A + tl + (—1)!||x’ + th’|| and spectral

vectors vi?_th = %(e + (=1 ni:iiziu ) fori = 1, 2. We consider Eq. (14) again in which replacing y with x + th, then we have

FE@A4th) — FX) = flan(x 4 th) (0 — v) + (F (@ (x 4 th)) — (o1 (%)) vV
+f (@ (x + th) (07 — v@) + (Flaz(x + th)) — f (@2 () v (15)

Because the process of checking argument is similar to [2, Proposition 3], we only present the result here.
By denoting

flaa(x)) — flo1(x))

T T L —a®
j_ @@ k) er(wf(al(x); k). "
- 8Tf (o (x); ko) — 8T f (o1 (x); k)

2
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where k; = (h, e) + (— 1)’ ! fori = 1, 2, we can write the expression of 7% (x; h) as

W H

S (x; h)_a(h—(h e)e — (|’|ij||hz>x/>+5e+5 x| (17)

(g

Case (ii). If ¥ = 0, we compute the directional derivative §*f*(x; h) at x € # for any direction h by definition. Let
h=Hh +1le € # withh’ € (e)* and | € R. We discuss two subcases.

Subcase (a). If b’ # 0, from the spectral decomposition, we choose v(') 5 Le4+ (=1 ||h,”) fori = 1, 2 such that

FExA4th) = fO A+ th)ol) + (0 + thy)v®
F0 = fFu +Fv?
where h; = | + (—=1)!||I|| fori = 1, 2. Now, we compute
im Fox+ tht) — ) _ tll%lf(k + th;) )0, i O+f(k + thi) (O
=8 F O T —= I DY + 8 F G L+ [0 Dv?. (18)
This shows that §f* (x; h) exists under this subcase.

Subcase (b). If ' = 0, we choose v,((i) = %(e + (—=1)'w) forany w € # with |[w| = 1. Analogous to (18), we have

FHOH th) — 7 (x) f(k+tl) SOy 4 gy LEHD =10 o
t X

lim = lim

t—0t t t—0t t—0t
= §F (s l)vx“) + 8T (x; Do, (19)

Hence, 5+ (x; h) exists under this subcase.

From all the above, we have proved that f* is directionally differentiable at x € # whenx’ = 0 and its directional derivative
8+f(x; h) is either in form of (18) or (19).

(=) Suppose f* is directionally differentiable at x € #, we will prove that f is directionally differentiable at o1, o». For
o7 € Rand any directiond; € R, leth = dlv(l) + Ov(z) where x = oclv )+ ol Uy 2 .Then, x 4+ th = (1 + tdl)v“) + azv(z)
and

[r@tth) —f* ) _ flon +tdh) —flen)
t t X
Since f* is directionally differentiable at x, the above equation implies that

tdy) —
§*f(an dy) = lim LT IO e
t—0t t
This means f is directionally differentiable at ;. Similarly, it can be verified that f is also directionally differentiable at

. O

Proposition 4.2. Suppose x = X' + Le € F with spectral values a1 (x), o2 (x) and spectral vectors v,ﬁl), vxz) Let f7 be defined
as in (4). Then, f* is differentiable at x € # if and only if f is differentiable at o (x), ct (x).

Proof. (<) Suppose f is differentiable at o1, arp. Fix x = x' + Ae € #and h = h' + le € 3¢, we discuss two cases as below.
Case (i). If X' # 0, then we have f* (x) = f(a1)vy” + f(az)vy” where o; = A + (= 1[[¥'|| and v’ = 1(e + (—=1)' %) for

X1l
i = 1, 2. By using Lemma 2.3 and the chain rule and product rule for differentiation, the argument is similar to [2, Proposition

4] so we omit the process and present the result as following. Denoting

:f(az) _f(al)’ b:f’(az) +f/(051)! C:f’(az) —f’(Oh). (20)
Oy — O 2 2

We can write the expression of (f*)’(x)h as

IIX T

Case (ii). The proof is identical to that of Case (ii) in Proposition 4.1, but with th replaced by h. We omit it and only present
the formula of (f*)’(x)h as below. If X' = 0, then

(F*) h = f'(Mh. (22)
(=) This part of proof is similar to [ 16, Proposition 2.2(c)]. O

(X', hye + (h, e)x). (21)
Xl
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Proposition 4.3. Suppose x = x' + Ae € H with spectral values a1 (x), oz (x) and spectral vectors v(]) ,52). Let f* be defined
as in (4). Then, f* is continuously differentiable (smooth) at x € # if and only if f is continuously differentiable at ct; (x), a3 (X).
Proof. (<) This part of proof is similar to [ 16, Proposition 2.2(d)], so we omit it.

(=) This direction of proof is some variant of argument in [2, Proposition 5], we also skip it here. O

Proposition 4.4. Suppose x = x' + Ae € F with spectral values a1 (x), a»(x) and spectral vectors v,((” , vxz) Let f* be defined
as in (4). Then, f* is B-differentiable at x € # if and only if f is B-differentiable at a1 (X), otz (x).

Proof. (<) If f is B-differentiable at ct; (x), at» (x), f is directionally differentiable at a1 (x), o (x). By Proposition 4.1, f* is
directionally differentiable at x. It remains to verify that
A+ h) — 70 = 81 f*(x; h)

lim =0.
h—0 Al

We writex = X' + Aeand h = h’ + le € . Again, two cases will be discussed.
Case (i). If X' # 0, considering Eq. (15) in which we replace x + th with x + h, it yields

xR =0 = flaan+ )l — o) + (Flerx + h) — f e (x))v!
+feax 4+ )P, — v@) + (f @& + 1) — f @) v, (23)

Indeed, sum of the first and third can be simplified as

flog(x + h))(v,(::h — ") + flaa(x + h))(vii)h -v?)
1 X +H X
= (faa(x + h)) — f(a1(x + h))) - 3 (m - m)
zﬂm@+m%jww+m)0 <ﬂ@>+<wm)
201Xl Il

ﬂwa+hh—ﬂm@+M)G W h)
— — (h, e)e —

a(x) — aq(X) %12

where the second equality is due to Lemma 2.3(b) and the last equality uses the fact that o, (x) — a1 (x) = 2||x’||. From (17),
we know that

x +o(||h’||)> (24)

5T (x: h) = flaa () — fa1(x)) (h — (h. e)e — (x, h)x/)

ar(X) — a1 (x) [1x']12
+—5+f(a1(x);k1)v(“ + 8T f (a2 (x); ko) v (25)

04

where k; = (h, e) + (—1)' & Iix ||2

as in Proposition 4.1 gives

(X +h) — i) = 1+ (D' + 1] = 1K)

X / h/
=m@+&owﬁ+um®
=k + (=Do(IK) Vi=1,2.

Let T; :== ki + (—Dio(||||) = ai(x + h) — oi(x) for i = 1, 2, we obtain

@@t ) —fle®) o fei®) +Ti- D~ flei®) ki+ (—=Do(I1']))

h—0 [l h—0 Ti ([l

S (i (): 1) - ki
= 57 (i (0): k),

where the last equality uses the positive homogeneity property of §*f (c;(x); -) again and I?, = limp_ ¢ ﬁ We notice that

) fori = 1, 2. Since limp_,o(h — (h, e)

IX’H Lx ") = 0, following almost the same arguments

0< ||I?-|| <2and E can be viewed as a directional vector here. By the above discussion, we have

h 0 ||h|| (f(al (x + h))(vil—)h — v)gl)) + flop(x + h))(v)((i—)h _ U(Z))
_ flea(®) — fla1(0) <h e ', h)){/))

az(x) — o (x)
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_ (flaa(x+ h)) — fa2(x))) — (flaa(x + 1)) — f(a1(x))) ( (x', h) ,)
= lim | h—(h,e)e— X
h—0 Al - (2 () — 1 (X)) llx112
i flea(x+h) — flar(x+h)) o(|Ih[l)
im .
h—0 O[z(X) — 0 (X) “h”

_ 8 k) — 8Tk
o (%) — a1(x)
=0. (26)

0+0

By assumption, f is B-differentiable at «; (x), a2 (x) and employ almost the same arguments, we compute

i flaix+h) = fai(x) = 8*f(i(x); k)
im v
h—0 i
— lim (f(ai(x) +T) — foi(x)) — 8 f (i (x); Ty) ki 4 (=Dio(IH DI
h—>0 ITill Al
n 81 f (i (x); Ty) — 87 f(i(x); ki)) 0
Ikl *
_ (o- lim |&[| + lim 8*f <a,»(x); (—1)"0(”””))) P =0 Vi=1,2. 27)
h—0 h—0 (Ll

Now from Egs. (23) and (25)-(27), we see that

[ R — () — 8T (x; h)
lim =
h—0 [kl

0

which says that f* is B-differentiable at x.
Case (ii). If X' = 0, we need to further consider the following two subcases:
Subcase (a). If i’ # 0, we choose vff) = %(e + (—1)1'“;‘%“) fori = 1, 2 such that v)f?_h = v,Ei). Then,
o4 h) — 00 = (Flar® + 1) = f a0V + (f (@ + b)) — f (@ () v,
and from Case (ii)(a) of Proposition 4.1, we have
§HF*(x; hy = 8*F (s L= I v + 8FF O T+ 11 v,
where A = «1(x) = o (x). Again by the B-differentiability of f at o1 (x) and a, (x), we have

) =) =8 ) a4 D) = flea(0) = 8Ff (e (o L= 1N
m = lim - Uy

|
0 1Al 0 1Al
+ i 1020 1) (@20 = 5T @@ 1 WD) o
o 1Al
= O7

which implies the B-differentiability of f* at x.
Subcase (b). If ' = 0, we choose v,Ei) = %(e + (—1)iw) with any w € # with ||w| = 1. With almost the same arguments as
in Case (ii)-(b) of Proposition 4.1, the B-differentiability of f* can be verified, we omit the detail here.

(=) If f* is B-differentiable at x, then f* is directionally differentiable at x by definition. Then, f is also directionally
differentiable at «;(x), oz (x) by Proposition 4.1. In order to prove the B-differentiability of f at «;(x), a2 (%), all we have
to do is proving the following condition:

flai®) + ) — f(ai(x)) — 8Ff (eri(x); t)

lim =0 Vi=1,2.
t—0 [t]

Since f” is B-differentiable at x, the following condition is true:

xR = (x) — 8T (x; h)
lim =
h—0 (Al

0.

Again, we write x = X' + Aeand h = h’' + le € # and discuss two cases.
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Case (i). If X' # 0, from the proof of first part, we know

x4 h) —f*(x) — 8T (x; h)
lim
h—0 Ikl

i [(f(az(X+h)) —fle2(%)) — (f(a1(x + h)) — f(e1(x))) < (x', h) ,>
= lim - h—(h,e)e—
h—0 Al - (2 (%) — () [Ix12
n flaa(x+ 1) —flarx+h)) o(lIR]) n i flei(x 4+ h)) — f(ei®) — 8" f(@i(x): ki) o0
@ (0) — a1 () LTI Al

where k; = (h, €) + (= 1) &1 forj = 1, 2.

[Ix"1]
[C)

Because limy,.o(h — (h, e)e — (

X)=0and le) 1 v,ﬁz), we must have

i L @&+ ) —f(@(x) — 8" f (ei(x); ki)
h—0 [l

=0 Vi=1,2. (28)

Note that h € J¢ is arbitrary, we can choose h = te where t € R is also arbitrary. Then, we have
ki=aix+h) —aix)=t Vi=1,2.
This together with the fact thatt — 0as h — 0 gives

I fla®) + ) = flo(x) — 8Ff (i (x); £)
im

t—0 |t|

=0 Vi=1,2,

which means that f is B-differentiable at «;(x) fori = 1, 2.

Case (ii). If X' = 0, we consider the two subcases of i’ = 0 or b’ # 0. The proof is routine check as earlier verifications, so
we omitit. O

5. S-semismooth properties of f ¥

In this section, we show s-semismooth properties of f*. To this end, we first present some equivalent criteria for
s-semismooth functions in infinite-dimensional spaces. In fact, we immediate obtain the following criteria from the very
basic definition and combining some known results in [22].

Proposition 5.1. Suppose that F : X — Y is slantly differentiable on a neighborhood N, of x. Let f° be a slanting function for
F in Ny and osF be the slant derivative associated with f° in Ny. Then, F is s-semismooth at x if and only if one of the following
holds:

(a) lim,_, o+ f°(x + th)h exists for every h € X,
lim+f°(x + th)h — f°(x + h)h
t—0

(= T =0 (29)
and
fe(x+hh—Vh=o(hl) VV € dsF(x+ h). (30)
(b) F is B-differentiable at x, and
§TF(x; h) — Vh = o(||h]) VYV € &F(x + h). (31)
(c) F is B-differentiable at x, and
F(x+h) —F(x) — Vh =o(||hl]) VYV € osF(x+ h). (32)

Proof. (a) This is clear from the original definition of s-semismooth function given as in Definition 2.3.
(b) This is result of [22, Theorem 3.3].
(c) Using part(a) and [22, Theorem 2.9] yield F being B-differentiable at x, and

§TF(x; h) — f°(x + Wh = o(||h). (33)

Then, by definition of F being B-differentiable, condition (31) holds. O
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The conditions in Proposition 5.1 are indeed hard to be verified since it is difficult to write out the set dsF (x 4+ h). Hence,
we further establish some equivalent conditions which are useful in subsequent analysis regarding s-semismooth property
which is the main contribution of this paper. We also want to point out the following observation. Suppose that F : X — Y
is slantly differentiable on a neighborhood W of x. Let f° be a slanting function for F with uniform bound ||f°|| < Lin M. It
is easy to derive that ||[F(y) — F(z)|| < 2L|ly — z|| for any y, z € V. However, we have no idea whether it is true or not for
the opposite direction.

Proposition 5.2. Suppose that F : X — Y is slantly differentiable on a neighborhood N of x. Let f° be a slanting function for F
in N, and dsF be the slant derivative associated with f° in N,. Then, the following hold.
(a) If F is s-semismooth at x, then F is B-differentiable at x, and

F(x4+h) — F(x) — §TF(x + h; h) = o(||h|) (34)

for all x 4+ h at which F is B-differentiable.
(b) If F is B-differentiable on a neighborhood N, of x and (34) holds for all x + h at which F is B-differentiable, then F is
s-semismooth at x.

Proof. (a) The B-differentiability of F at x is clear by Proposition 5.1. It remains to claim that when F is B-differentiable at
X + h, there has

|F(x + h) — F(x) — §TF(x + h; h)||

— 0 ash— 0. (35)
Al
If not, there exist a § > 0 and a sequence h; — 0 such that F is B-differentiable at x + h; foreachi =1, 2, ..., and
F h)) —F(x) —§*F h;; h;
IF(x+ hi) — F(x) (x + hy; hy) || > 5 (36)
[lhi]l
By assumption, F is s-semismooth at x, then for each i > 1 there exist V; € dsF(x + h;) and y; € Ny, such that
Vi = Feoll < llhill, lyi — (x + h)ll < llhill? (37)
and
F(x + h;) — F(x) — Vih;
IF@xth) = FGO Vil 38
[l bl
By [22, Proposition 2.8], for each h; there exist t; > 0 with 0 < t; < | h;|| such that
IF° (x4 hi + tih)hi — §YF(x + i h) || < ||l (39)

Now we compute
Fe@Dh — 7 + hi + tih)hy = (F(x + hi + tihy) — F(x) — f°(x + h; + tihy) (hi + tihy))
—(Fy) —FX) = f° )i — %) + (Fi) — F(x + hi + tihy)
+P@) X+ hi — yi) + F°(x + hi + tihy) (thy). (40)
Because F is slantly differentiable at x, the first and second term of (40) implies
F(x+ hi + tih) — F(x) — f°(x + hi + tihy) (hi + tihy)

— 0 asi— o©
lhi + tihy|

and
Fy)) —F(X) — fey) i — x)

— 0 asi—> o
ly: — x|

which lead to
F(x+ hi + tih) — F(x) — f°(x + h; + tihy) (hi + tihy)
[lhil
_ FG&A+hi + tih) — FG) — f(x+ hi + tihy) (hi + thi) [ + b
B lhi + tihill [l il
-0 asi— o (41)
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and

Fy) —FX) — )i —x) _ FO) —F) —f° 000 =% i =«
bl ly: — I llhi |
— 0 asi— oo.

(42)

Here we use that fact that ||+ tihi|| = (1+t) |[h]| and [ly; —x|| = [lyi—x —hi+hill < [lyi —x = hil| + [[Fall < [[al> + |1l
Besides, for the third, fourth and fifth term of (40), since F is slantly differentiable in a neighborhood W, of x, ||f°(x)|| is

uniformly bounded in M, say ||f°(x)|| < M in M. Hence we have

IF(yi) — F(x+ hi + t;hp)ll < M|ly; — (x + b + t;hy) ||
< M(|lhi|1* + &llhilD,

IF° i) (x + hi — y) | < M|Ix + h; — yill < M||h||®
and

If°(x + hi + tih) (&h) || < MI|6hi]l < M|[hy]|?
which implies

IF(yi) — F(x + h; + t;hy) ||

— 0 asi— oo,

[l bl
Ife &+ hi —yll )
— 0 asi— o0,
[l bl
IF° @+ hi + tihi) (Ghy) | )
T — 0 asi— oo.
1

Combining (41)-(45) all together, we have

If°hi — f°(x + hi + t;hp)hy|
ksl

— 0 asi— oo.

Now consider
F(x+hj) —F(x) — 8 F(x + hi; hy) = [F(x+ hy) — F(x) — Vihi] + [Vih; — f°(yp) i)
+[f°hi — f°(x + hi + tihi)h]
+ [F°(x + hi + tihy)h; — STF(x + hy; hy)].
From (38), (37), (46) and (39), we have
IF(x + hi) — F(x) — 8"F(x + h; hy) ||
[l il
This is a contradiction to Eq. (36), hence (35) holds for all x + h at which F is B-differentiable.
(b) By Proposition 5.1(c), it suffice to show that for each V € dsF(x + h), there has
IF(x +h) — F(x) — Vh||
Al

— 0 ash; — 0.

— 0 as|h|| — 0.

If not, there exist § > 0 and a sequence h; — 0, V; € dsF(x + h;) and y; € Ny, such that [y; —

Vi —feoll < lihill and
IF& A+ hi) = FC) — Vilull
[l hill -
By assumption, F is B-differentiable in a neighborhood of x and satisfies (34) which yields
IF(x + hi) — F(x) — 8"F(x + h; hy) ||
[[hill

8.

— 0 as|hi|| = 0.

Then, we consider

F(x+ h) — F(x) — Vihy = [F(x + h)) — F(x) — 8"F(x + hi; h)] + [f°(vi)hi — Vihi]

(46)

&+ )l < I,

+[f°x + hi + tih)hi — f° () hil 4+ [8F(x + hi; hy) — f°(x + h; + t;hy)hy].
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With similar argument and choice of t; in part (a), we have
IF(x + hy) — F(x) — Vihi|
Ihill

This leads to a contradiction. Thus, the proof is complete. O

— 0 asi— oo.

Lemma 5.1. f* has the continuity or differential properties in a neighborhood Ny of x with spectral values a1 (x), oy (x) if and
only if f has the continuity or differential properties in neighborhoods Ny, of c;(x) foralli =1, 2.

Proof. (<) Suppose f has the continuity or differential properties in neighborhoods B («;(x), §;) of «;(x). By taking § =
min{§;}, we may assume that f has the continuity or differential properties in neighborhoods 8B («;(x), §) of ;(x). Then, for
anyy € B(x, %) with ||y — x|| < % applying Lemma 2.1 gives

loi(y) — ()| < V2|ly — x| <8, Vi=1,2,

which means «;(y) € B(«a;(x), §). From assumption we know that f has the continuity or differential properties at «;(y).
Then by previous propositions of this article, f* has the continuity or differential properties aty € B(x, %).

(=) Suppose f” has the continuity or differential properties in a neighborhood B(x, §) of x. For any s € B(«;(x), 8), say
s = i) +k 0 < |[k]| < §,lety = x+ ke with ||y — x|| = |k| < 8. Thatis,y € B(x, §), by assumption and previous
propositions of this article, we know that f has the continuity or differential properties at «;(y) = aj(x + ke) =s. O

Lemma 5.2. Let x = x' + Ae € H with spectral values a1 (x), oz (x) and spectral vectors U)El), v,ﬁz). If X' # 0, then the following
hold.
(a) (oc,»(x))’ is a slanting function for o (x) in a neighborhood Ny of x foralli =1, 2.
(b) (vf))/ is a slanting function for v,g') in a neighborhood Ny of x foralli =1, 2.
Proof. As usual, we write y = y' + ue € M.
(@) If X' # 0, for any nonzero (y — x) € #, since a;(y +y —x) = 2u — 1) + (=1)/[|2y’ — ¥| and o;(y) = p + (=D [IY'],
there has
iy +y—x —aiy) = (w—1) + D2y =¥l = Iy
(X 20 = X)X 20 = X)) — X+ (= X)X+ (Y —X))
= (M - A') + (_1)l / / ! ! / /
¥ +20" =)+ I¥ + ¢ — x|
P 20,y = X) +3(y =X,y —X)
= (M_A')_I_(_l)l / / / / / )
¥ + 20/ =)+ I¥ + ¢ = X))l

= (y—xe)+ <—1)f% +o(lly — ¥
This implies
, ~ Wy —X)
) =20 = = xe) + (1) I V=12 (47)

On the other hand,
@i(y) — ai®) = (=21 + DAY = 1K)
K+ =x), X+ —x)) — X,X)
X"+ ¢ — 2D + [1¥]]

.,y —x)
%]
Then, the fact that ||y’ — x| < |ly — x| together with Eqgs. (47)-(48) yields

ai(y) — ai(®) — (i)' (v —x) = o(ly —x|l) Vi=1,2,

which says the condition (12) in Definition 2.1(a) is satisfied.
Now, it remains to show that {(a;(x))’} is uniformly bounded. To see this, for any z € #, we estimate it as following.
Ifx’ # 0, then

= y-xe+ (=1

= (y—xe) + (=1 +o(ly =X|) Vi=1,2. (48)

x,z)
x|

(@i(¥)z = (z,€) + (1) Vi=1,2.
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Hence,

eyl = sup 12 _ H(Z,e>+<—1>”< x Z>H <2 Vi=1,2.
H Izl

zz0 |zl llx'

From all the above, we prove (¢;(x))’ is a slanting function for «;(x) in a neighborhood .V, of x for all i = 1, 2.
(b) The verification is routine, we only list the key steps here.

o_o0_ U < f oy Xy —=X) ,) D v
v Ty = ¢ —x)— ————X) +o(ly —X|) Vi=1,2.
T2 X112

(v}(}?)/(y —X) = 1 ((V/ —-x) - Mx/) Vi=1,2.

21Xl %12

Foranyz =z’ + &e € #, there hold
Z/ < y/ Z > y/
llzIl Iy Izl 1yl

As in finite-dimensional case, we were hoping to establish that f is s-semismooth at a(x), a»(x) if and only if f* is
s-semismooth at x € #. However, it is not possible to achieve this due to some essential difference between concepts
of s-semismoothness and semismoothness. As shown in the following proposition, we need some additional condition to
carry it.

Izl 1
0 Izl 2[ly'|

‘ 1
=< .
Iyl

Proposition 5.3. Suppose x = x' + Ae € H with spectral values a1 (x), a2 (x) and spectral vectors v,((l), U)EZ). Let f* be defined

as in (4). Then, the following hold.

(@) If f is s-semismooth at a1(x), az(x) and f is B-differentiable on neighborhood of o1 (x), a2 (x), then f* is s-semismooth at
X e H.
(b) If f* is s-semismooth at x € J# and f* is B-differentiable on neighborhood of x, then f is s-semismooth at o1 (x), a2 (X).

Proof. (a) Since f is s-semismooth at cr; (x), a2 (x), by Definition 2.3, there exists slanting functions f° for f in neighborhood
Ny Of (%) for i = 1, 2. Denote f°(2) = f(2) if z € Ny, () and f°(2) = f5(2) if Z € Ny, ), then f° is a slanting function
for f in Ny, (x) U Nayn. FOr any y € M, since |o;(y) — i (x)| < ﬁ”y — X|| by Lemma 2.1, we have ;(y) € Ny, x) and

fliy) = flei(®) — (i) (i(y) — ei(x)) = o(leti(y) — ei(®)]) = o(|ly — xII), (49)
where o;(y) € Ny, v fori = 1, 2. From definition of slanting function, we know
IF° (ciynll < L, (50)

where L is a positive number and «;(y) € Ny fori = 1, 2. In addition, by Lemma 5.2(a),
ai(y) — ai(®) — (@) —x =o(ly —xI) Vi=1,2,
and hence Eq. (49) turns into
f@i) = flei®) = f i) (@) @y —x =o(ly —xID), Vi=1,2. (51)

Now for any y € N, we define

2
2 @) @i®)) (v + ) @) (). ifx #0,
e =15 (52)
> o rey)ey — v, ifX =0,
i=1

we will show that (f*)° is a slanting function for f* in a neighborhood W of x. We write y = y' + e € N and discuss two
cases.

Case (i). If X' # 0, considering Eq. (23) in which we replace x 4+ h with y gives
FEW) = %) = Flar )@ = vP) + (@) — f (e ()
+ (2P —vP) + (Flez¥) — flaz(x)v?. (53)
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In fact, the sum of first and third terms in (53) can be simplified as

1 / /
Fermf” = o) + f@o) @ = o) = () ~fenm) - 5 - (nin - ||§'||>

_flea®) —flaw) . Ky =x)
- 2] O == e
Now, we compute
O —x =l ®) ¢ — v +Fla @)@ ¢ —x)
= [ (@) — 0V + fam) @) ¢ = x). (55)

By Lemma 5.2(b), the sum of second and fourth terms in (55) becomes

FleamM@M) ¢ =% +f @) @) —x) = f@®) — @ )®?) y —x)

X +o(ly =X (54)

1 , ) (x’,y’—x’) )
= (fle2y) — fla1 () - : ((V —-X) - 7X> . (56)

2|Ix' X[

Next subtracting the first/third term of (55) from the second/fourth term of (53), we obtain
I(F(@i@)) — flei))vy” — Flai) (@) v — 0v) |

< If (@) = f(@®) = @) @)y = 0lv 1| + If° (N (@) ¢ =0l - vy = v (57)
1 1
. — L-2lly — x| - Sy —
< NG o(ly = xI) + L - 2[ly — x| T ly —xII
=o(ly—x|) Vi=1,2, (58)

where the second inequality comes from (50)-(51), Lemma 2.2 and Lemma 5.2(a). The third inequality is due to the fact that
X' # 0. Now putting (53)-(57) all together yields

F@) =00 — ) —x = o(lly — xI)). (59)
wherey € N,.
Case (ii). If X' = 0, and ify’ # 0, we choose ﬁ = 0 such that v = %(e—i— (=1) Ilii\l) = vy(i>. Ify’ = 0, we choose a same unit
vector w with |jw|| = 1 such that v,((i) = %(e + (=Diw) = v}(,i), foralli = 1, 2. In this case, Eq. (54) becomes zero because

of v’ = vy(i), Vi =1, 2, when x’ = 0. From (49) and the fact that o;(y — x) = «;(y¥) — «;(x) when x’ = 0, we have

2
FEO =700 = PO =0 = Y _If (@) — f@i(0) = f @) (@) — ai()lv
i=1

o(lly = xID-
0

Now since f°, («;(y))" and (vj(,l))’ are slanting functions of f, &;(y) and v’ for alli = 1, 2, we can easily check that (f*)° is
uniformly bounded in a neighborhood . of x. From above discussion, (f*)° is a slanting function for f* in a neighborhood
Ny of x. In addition, because of the assumption that f is B-differentiable on neighborhood of o (x), cr2 (x), we obtain the result
that f* is B-differentiable on neighborhood of x by Lemma 5.1.

In order to prove that f* is s-semismooth at x, by Proposition 5.2(b), all we need to do is to identify (34) holds for all x + h
at which f* is B-differentiable. Let h = b’ + le.

Case (i). If X' # 0, From Egs. (23) and (24), we have

f]f(x+ h) _f]f(x) — f(az(x+ h)) —f(Otl(X + h)) (h _ (h, e>e _ (X,: hz>x/ + O(Hh/”))
az(x) — a1 (%) X1l
2
+ Z(f(ai(x +h) — fla)))vy. (60)

i=1
From (25), we further have
floa(x+h)) — fa1(x+ h)) (h (X' +h, N
—(h,e)e — ——
(X +h) —ai(x+ h) llx" + h||?

§TF*¥(x+h;h) = * + h’)>

2
+ )8l + s kv, (61)

i=1
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where ki = (h, e) + (—1)"CHEE) foralli = 1, 2. Since 02 (0) — o1 (1) = 2[|¥|| and cta (x + h) — a1 (x + h) = 2[}¥ + 1’|, the

first term of (60) becomes

flaa(x + ) — flar(x + ) < W )

2 TTRNTIER

X+ (Ilh’ll))

and the first term of (61) becomes

floa(x+h) — flar(x + ) < W X R+ (L) o + h/)>

2 llx" + h’ll X+ n|?
_ flea(x +h) — floea(x + 1)) ( : (X/,h;> +0(||h/||)>
2 I Xl

Hence the first terms of (60) and (61) are equal. Now we consider the second/third terms of (60) and (61). Foralli = 1, 2,

Fl@i(x + h) — f(@i))v® — 8% (@ix + h); kv,
= (f(ai(®) + T) — f(@i(®) — 8+ f(ei(); T + (87 f(i®); T — §7f (i(x + hy; ko), (62)

where T; = ki + (—Dio(||'||) = (h, &) + (— 1)' IX’H +( 1)io(]|K’|)). Since f is B-differentiable at o;(x), the first term of (62)
is equal to o(]|h]|). Let us consider the second term of (62), we separate it into three parts as following:

5HF (o (): Tl — 8¥f (eri(x + h)s k)vyly = (8¥F (i (x): To) — 87 (eulx + h); Ty
+ (M f @i+ h); T) — 8 F(ai(x + h); k) v + 8 (ix + h); k) (v — v, (63)
From the assumption that f is B-differentiable at «(x) + T; and Eq. (34), we have
F(@i(®) +T) = f(ei(x) — 87f (i(x) + T1: Ty) = o(|ITil})
That is,
Fleix + h)) = fei(x) — 8¥f (ei(x + h): T) = o(ITil).
Now, the first part of (63) turns into

(8T f(i(®); T)) — 8T f (i(x + h); TV = —(F(ati(®) + T) — f(ei(x)) — 81 f (i (x); T}) — o(|ITi[)) vl

—(UITI) — o(IT:1))v?
o(lIhll).

Moreover, since limy,_, ¢ ﬁ = limy_ ¢ ”kT’” the second part of (63) becomes

lim ST (i(x + h); T)) — 8Ff (i (x + h); kvl _ 11m (5+f< ”f”') e ( ”h”>) o0

0 Al

:O,

while the third part of (63) becomes

+ o _ @O N
fim @D D@ = vy = lim 5% (e -+ ); ) - ||f11|| ( . D)( Sl ("h/")>

h—0 [l 2 TR

. — (=1 1 0 X W\ X o(h)
= lim §*f (i(x + h); k; -(— )( —< > + )
pirn 87 () ki) 2 ) e =\ ) e g

:0,

due to limy_.o ki = limy_o((h, €) + (—1)" 1) = o,

From above discussion, we can obtain the result that

FEx+h) —f*(x) — 8T (x+ h; h) = o(||h]).
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Case (ii). If X' = 0, we consider the following two subcases:
Subcase (a). If i’ # 0, we can choose vy’ = Je+ (— l)th’H) forall i = 1,2 such that v}, = v\, &i(x) =  and

ai(x+h) = A+ 1+ (=1Di|H|| = A + h; where h; = I + (—1)!||I||. From Eq. (23), we have

fAa+h) = f ) = Z[f(al(x +h) — f @)

i=1
2
=Y [FO+h) —fF)I (64)
i=1
and

§Tf*(x 4+ h;h) = lim (f (x + h + th) — f*(x + h))

t—0t+ t

lim Z (F (A + hi + thy) — f(h + hy))

t—0t

2

=Y 8O+ hi vl (65)

i=1
Combining Eqs. (64), (65) and the fact that f satisfies Eq. (34), we have

2
FrxA4h) =) = 8TF* &+ by h) = Y (FO 4 h) — F ) — 8F O+ his h))v”

i=1
= o([[hlD).

0= 3(e+ (—1)'w) by any @ € # with |lw|| = 1. With almost the same argument,

Subcase (b). If ' = 0, we can choose vy
we only list the result as following:

2
A4 h) =@ =Y 0+ D —FO)
i=1
2 -
S (b =Y 8TF( A+ L D
i=1

From above discussion, f7 satisfies condition (34) for all x + h at which f* is B-differentiable. Hence, f* is s-semismooth
at x by Proposition 5.2(b).
(b) Since f* is s-semismooth at x, by Definition 2.3, there is a slanting function (f*)° for f* in a neighborhood ; of x. Now
we define a function f° : R — L(R, R) by

Fol@)t = 2(F)° ®) (te), v).

We will argue that f° is a slanting function for f in a neighborhood ;) of &;(x), i = 1, 2. To see this, we fix some i = 1, 2
and any o;(y) € Ny, With o;(y) — o(x) = t € R. Without loss of generality, we can choose y = x + te € #. Since (KN
is a slanting function for f* aty € W, we know that {(f*)°(x + te)} is uniformly bounded in the operator norm. With the

following calculation
[f°(0tf(><)+t)f| 2(F%)° () (Fe). vy)| - 2[(F*)° (el _ 2[[(f*)° (x + te) (te) |
|t] It] - Iitell Iitell

it implies that {f°(«;(x) 4 t)} is uniformly bounded in the operator norm for t. Now from the definition of slanting function,
we have

FEO) =0 = M =0 = o(lly — x|

)

That is,
F A+ te) = F () = (F)°(x + te) (te) = o([t)). (66)
Due to the fact that v(l) = v,ﬁﬁte = v\ and from Eq. (15), we have

2
Frx+te) =700 =) (Faix + te) — f(ei(x))vy. (67)

i=1
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After combining (66)-(67), there hold

2
(F*)°(x + te)(te) = Z(f(af(x + te)) — f(i(®))vy’ — o([t]). (68)
i=1
Now, recalling the definition of f°,
Folaix + te))t = fo ()t = 2((F")°W)(te), v’) = 2((F")° (x + te) (te), v"). (69)

With the fact v)E]) 1 v,ﬁz) and apply (68) into (69), we have

Fol@iyt = 2(f(i(x + te)) — f ) v I = (o(lt]), vy”)
= f(@i(¥)) = f(@i(®) —o(lt]),

which says

flei®) — flei() — (i) (@) — ai(®) = o(lei(y) — i (X)]).

That means f° is a slanting function for f in a neighborhood Ny, of o;(x) fori =1, 2.
Because of the assumption that f* is B-differentiable at neighborhood of x, we know that f is also B-differentiable at
neighborhood of ¢;(x),i = 1,2 by Lemma 5.1. Now for any t € R, te € #, after replacing h with te in Eq. (61) and the

fact that vﬁte = vf) and o;(x + te) = «;(x) + t, we obtain

2 2
S (x+teste) = Y 8Tf(ulx+ te); vyl = Y 8T () + 0): vl (70)

i=1 i=1

Since f* is s-semismooth at x, by Proposition 5.2(a), f* must satisfy Eq. (34) for te € #. That is,
fH x4 te) — f*(x) — 87f (x + te; te) = o(te]}) = o([t]).

This together with (67) and (70) gives

2
D (e + t0)) — f(@i(0) — 8 f (i) + 1); D) = o(t]).

i=1
Since we know that v,ﬁ” J_v,gz) ,itimplies

flai) + ) = f(ai(0)) = 8" f ((ai(x) + ); t) = o(|t])
foralli = 1, 2. Thus, by Proposition 5.2(b), f is s-semismooth at o;(x), i=1,2. O
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