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1 Introduction

Recently, much attention has been paid to the nonsymmetric cone optimization problems,
see [1-4] and the references therein. Unlike symmetric cones [5], there is no unified struc-
ture for nonsymmetric cones. Hence, how to tackle nonsymmetric cone optimization is
still an issue. For symmetric cone optimization, the algebraic structure associated with
symmetric cones, including second-order cone and positive semi-definite matrix cones,
allows us to study them via exploiting the unified Euclidean Jordan algebra [5]. In gen-
eral, the way to deal with nonsymmetric cone optimization depends on the feature of the
associated nonsymmetric cone. In this paper, we focus on a special nonsymmetric cone,
circular cone Ly. The circular cone [6-9] is a pointed closed convex cone having hyper-
spherical sections orthogonal to its axis of revolution about which the cone is invariant
to rotation. Let its half-aperture angle be 6 with 6 € (0,90°). Then, it is mathematically
expressed as

Lo:={x=(r,x)" € Rx R |x > |x] cosd}

= {x = (xLa) T e Rx R a1 > [loa | cot@}.

Real applications of a circular cone lie in some engineering problems, for example, in the
formulation for optimal grasping manipulation for multi-fingered robots, the grasping
force of ith finger is subject to a circular cone constraint, see [10, 11] and references for
more details.

Although £, is a nonsymmetric cone, we can, due to its special structure, establish the
explicit form of orthogonal decomposition (or spectral decomposition) [7] as

x = A1(x) - uLl) + Aa(x) - ugf), (1)
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where

A (x) = x1 = [|x2]| cot 6,

Aa(x) = w1 + ||z ] tan @

and

u(l) — 1 1 0 1] sin2 6
x 1+cot2§ | 0 cotfl, 1 X2 —(sinfcosB)xy |’

M(z) — 1 1 0 1 _ cos? 6
% 1+tan26 | O tan6l,_1 | | %2 (sin @ cos 0)xo

with Xy = xy/||%2 || if x2 # 0, and X, being any vector w in R"! satisfying ||w|| = 1 if x, = 0.
Clearly, x € Ly if and only if 21(x) > 0.

The formula (1) allows us to define the following vector-valued function:

FE @) = f () ul) + £ (Ao (x))u?, )

where f is a real-valued function from J to R with J being a subset in R. Let S be the set of
all x € R” whose spectral values A;(x) for i =1,2 belong to /, i.e., S:={x e R” | X;(x) € J,i =
1,2}. According to [12], we know that S is open if and only if / is open. In addition, as J is
an interval, then S is convex because

min{A;(¥), A1 (y)} < Ai(Bx+ 1= B)y) <Aa(Bx+ (1 - B)y)
<max{A(x),22(9)}, VB €[0,1].

Throughout this paper, we always assume that / is an interval in R. Clearly, as 6 = 45°,
L450 reduces to the second-order cone and the above expressions (1) and (2) correspond
to the spectral decomposition and the SOC-function associated with the second-order
cone, respectively (see [13, 14] for more information regarding f*°¢).

It is well known that in dealing with symmetric cone optimization problems, such as
second-order cone optimization problems and positive semi-definite optimization prob-
lems, this type of vector-valued functions plays an essential role. Inspired by this, we
study the properties of ¢, which is crucial for circular cone optimization problems. In
our previous works, we have studied the smooth and nonsmooth analysis of f Lo [8,10];
and the circular cone monotonicity and second-order differentiability of f~¢ [9]. From
the aforementioned research, there is an interesting observation: some properties com-
monly shared by f°°° and f%¢ are independent of the angle 6; for example, f¢ is direc-
tionally differentiable, Fréchet differentiable, semi-smooth if and only if f is directionally
differentiable, Fréchet differentiable, semi-smooth; while some properties are dependent
on the angle 6; for example, f~¢ with f(t) = -1/t for t > 0 is circular cone monotone as
0 € [45°,90°), but not circular cone monotone as 6 € (0,4:5°).

In this paper, we further study the circular cone convexity of f. More precisely, a real-
valued function f : ] — R is said to be £y-convex of order n on § if for any x,y € S,

FEe(Br+ Q= B)y) <z, BFE ) + (L= B)F5(9), VB e(0,1].
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The characterization of £, -convexity is based on the observation that f is £4-convex if and
only if (f~0)"(x)(h, h) € Ly for all 1 € R”. Our result shows that the circular cone convexity
requires that the angle 6 belongs in [45°,90°). In particular, we show that f is Lg-convex
of order 2 if and only if 6 € [45°,90°) and f is convex.

On the other hand, using the spectral decomposition (1), we define the determinant and
trace of x in the framework of circular cone as

det(x) := A1 ()2 (%) and  tr(x) := A1 (x) + Ay (x),

respectively. In the symmetric cone setting, the concepts of determinant and trace are the
key ingredients of barrier and penalty functions which are used in barrier and penalty
methods (including interior point methods) for symmetric cone optimization, see [15—
17]. Here we further study some basic inequalities of det(x) and tr(x) in the framework
of circular cone. As seen in Section 3, the obtained inequalities are classified into three
categories: (i) the first class is independent of the angle (i.e., still holds in the framework
of circular cone); (ii) the second class is dependent on the angle, for example, for x,y € Ly,
the inequality

det(e + x + y) < det(e + x) det(e + y),

where e = (1,0,...,0) € R”, fails as 6 € (0,45°) but holds as 6 € [45°,90°); (iii) the third
class always fails no matter what value of 6 is chosen. These results give us a new insight
into a circular cone and make us focus more on the role played by the angle 6.

The notation used in this paper is standard. For example, denote by R” the n-
dimensional Euclidean space and by R, the set of all nonnegative real scalars, i.e.,
R, ={t e R| ¢ > 0}. For x,y € R”, the inner product is denoted by xTy. Let S” mean
the spaces of all real symmetric matrices in R”*", and let S denote the cone of positive
semi-definite matrices. We write x > £, ¥ to stand for x — y € L. Finally, we define % =0

for convenience.

2 Circular cone convexity
The main purpose of this section is to provide characterizations of £,-convex functions.
First, we need the following technical lemma.

Lemma 2.1 Giveno; € Rfori=1,...,6 and B; € R for i =1,2,3, we define
F(Br, B2, B3) 1= o) + a5 + asPi B3 + cafy B3 + asPi By + s P13 (3)

If F(B1, Ba» B3) = O for all (Bi, Ba, B3) € R3, then

Furthermore, if

oté - 4ayas foras >0, @)
4oy — (3 /4on)]as  for az € [-2/a102,0),

then F(B1, B2, B3) = O for all (By, B2, B3) € R>.
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Proof If By = 0, then F(B1, Ba, B3) = B3laafs + aaBs]. From F(Bi, Ba, B3) > 0, we have
a2,332 + oz4,322 > 0. Thus, oy > 0 by letting 8, — 0 and &4 > 0 by letting 3 — 0.
If B3 = 0, then F(By, B2, B3) = Bileu Bi + a5 B3]. From F (B, B2, B3) = 0, we obtain g > 0

and a5 > 0.
If B, =0, then
_ 4 4 202 _ 202 A ? B3 2
F(Bus B2, B3) = ca By + o5 + o3P By = B B3 | en B +o3+ay B (5)

whenever 8; 70 and 83 #0. Let £ = B1/83. From F(B1, B2, B3) > 0, equation (5) implies
as > —aat’ —ar(1/6%), Ve #0,

as > r?ﬁ)x[—ocltz — oy (1/£%)] = —r};igl[ozltz + (1)) = —24/eqcts.

Furthermore, if a3 > 0, then

. 5o 2 a2 o ae/2 :332
F(Br B2 B3) = a3 + s By By +asPifos = B Bifs] /2 s || BB =0

where the last step is due to

(0%} 066/2 ESZ O,
wel2  as *
which is ensured by condition (4). Similarly, if a3 € [-2,/0103,0) (implying oy # 0 in this
case), then

-F(ﬁl, ﬁZ: ,33)

2 2
(VA gp) o (anm g2 )6t s st aspled oot}

2
o
> <a2 - —4; )ﬂ§ +aspLB +asPiBab3
1

o ay — (03/4a1)  ae/2 || B3
=[83 /31/32][ a6l Ols:||:,31,32 =0

where the last step is due to

[az — (2 /4ary) aé/z} v O,
ae/2 o5 *

which is ensured by condition (4) and the fact oy — (a2/40;) > 0 since —2,/a10; < a3 < 0.
This completes the proof. O

Lemma 2.2 [9, Theorem 3.1] Letf :] — Rand f“? bedefined asin (2). Then f~ is second-
order differentiable at x € S if and only if f is second-order differentiable at ;(x) € ] for

Page 4 of 17
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i =1,2. Moreover, for u,v € R", ifx; = 0, then

4
(F“0)" () (u,v)
i MTV . _ _
S (x1) [umwluz] ) either u, =0 or vy = 0,
N F" ey ] )
, otherwise.
[f”(xl)(vwz+u1v2)+%f"(xl)(tali@—cot@)(lluzI|V2+132T172 lIv2lluz)

Ifx, #0, then

I,

V@YMWmh[h}

where

I :=viu € + é(up’cgvz + vla'czTuz) + Ztvaug + (- Zl)o'cgvza'c;uz,

I := [(f] - Zz)ulicvaz + (o - SEI)a'cvazfczTuz +oviuy + (77 - Zz)vliczTuz]xg

+ d[J_CZTuzl/z + Vgl/lzﬁ_Cz + 9_6';1/2142] + Zl(ul\/z + V1M2)

with
[ (a®) —f ()
a= )
Ao (x) = A (x)
c_[a@) [ 0a@)
£ - " :
1+cot?6 1+tan?6
- cotd tanf
0= Trcory M)+ g/ (h209)
_ cot?’0 tan?6
1= Trcord M0 gl ()
- 1 cot?0 tan’6 f(ha®) —f(Aa(x)
= [1 reorg M)+ TS (@) - }
cot?d tan®6
7 e M) gl (W)

The characterization of £y-convexity is established below, which can be regarded as the
extension of some results given in [12, 18—-20] from the second-order cone setting to the
circular cone setting.

Theorem 2.1 Suppose that f : ] — R is second-order continuously differentiable. If f is
Lg-convex of order n on S, then tan6 > 1, f is convex on J, and for all 11,7, € ] with 1y < 1,

2

m5(flyfz)2 (6)

[ (12)8(2, 1) >

and

[tan®05(1, 7o) + (tan® 6 — 1)8(2, 1) [f" (1) — ﬁS(h, 7)?

> —f”(rl)\/(tan2 0 —1)8(12, 1)[2tan? 08(1y, 1) + (tan2 0 — 1)8(w, 70) |- (7)
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Furthermore, if

[tan® 08(11, 72) + (tan® 6 —1)8(z2, 1) [ (1) = =8(1y, 1)’ 8)

(2 —71)
and
88(12,11)8(11, 12)* < [2tan® 08(1y, ) + (tan® 0 = 1)8 (w2, ) [ (1)f " () (12 = T)*, (9)

orif

2
[tan®05(11, 7o) + (tan® 6 —1)8(a, 1) [ (1) < ﬁS(rz, 7)?
2—T1

and
85(11,72)*8(12, 11)* (tan 6 — 1) (11)

< {[(tan2 0 —1)f"(r1)*[2tan® 08(11, 7o) + (tan* 6 — 1)8(12, 1) |8(72, 1) |

2
- | (tan*08(1, 72) + (tan® 0 — 1)8(2, 1) )f" (1) — #5(‘[2, )2
(2 —m)?
x ()12 — )%, (10)
then f is Lo-convex. Here §(t,1') :=f(t) —f(z') - f'(z/)(z = ') for T, €].
Proof According to [9, Theorem 3.2], f is Ly-convex if and only if (F~¢)" (x)(h, h) € Ly for

all x € S and /1 € R”. We proceed the proof by considering the following three cases.

Case 1. For x, = 0 and /1, = 0, it follows from Lemma 2.2 that
Lo\ /1 h%
(F=0) @) (h, h) = f" (1) ol

Hence, (f~?)"(x)(h, h) € Ly if and only if f”(x;) > 0.
Case 2. For x; = 0 and /5 # 0, it follows from Lemma 2.2 that

) o) ) = £ A .
) en Lf”wm +f"(e)(tan6 - cot) [ 1y

Hence, (f~%)"(x)(h, h) € Ly if and only if f/(x;) > 0 and

tan6||4l|* > |2k + (tan @ — cotO) ||| |[|/22]],

—tan6 (i} + ||ha||*) < [2h + (tan@ — cot0)[|/ || a2 || < tan & (K + || 1?).

Page 6 of 17
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Dividing by ||/ || and letting ¢ = /1 /|| 412 || yields

—tan6‘(t2 + 1) <2t +tané —coto ftane(t2 +1)

= maRx—tanG(t2 +1) - 2¢ <tanf - cotd < mlﬁltane(t2 +1) - 2¢
te te

<= cotf —tanf <tan6 —cotd <tan6 — cotd

< tanf >1.

Case 3. For x; # 0, due to the simplification of notation, let us denote

M1 = h1 - cot95c2Th2, Mo = h] + tan 9565]42, U3 =1/ ||h2||2 - (&ghz)z (11)

Then

- tan6u, + cotd

2T, = TR nd gy = RO TEOTT R (12)
tand + coté tand + cotd

Note that i1, iy, and p3 can take any value in R x R x R, by taking a suitable value of /

(because the vector /& has n variables). It follows from Lemma 2.2 that

(=) @), h)
_ En} + 2057 o + allha |1 + (7 - @)(&] o)
1@ = 3)GT )? + 261 - DFL hah %, + (643 + |l |*)%, + 2[ah + dxL ol
J— ®1
- @29_62+®3h2 ’
where

O = EW? + 28%L hohy + @l |1* + (7 - @) (R o),
O = (@ —3d) (AT hy)” + 27 — @&l holy + 812 + d|| o |1,

O = 2[ahy +dx) hy).
Hence, (f~%)"(x)(h, h) € Ly is equivalent to

© >0 and O7tan’d > [|@y%, + O3/ >

Note that
1 11 — _ 2
1= mf (@) [ = 2(%3 ha) i cot + (%3 ha)” cot® 6]
1 1/ — - 2
UEPRTSY Bf (ha(x)) [} +2(%] o)y tan € + (3 1) tan® 0
vafllha)? - (% )]
_ # 17 2 " 9~ 9
~ 1+cot? Qf (o)) + 1 + tan? Gf (A20) 5 + apes. (13)

Page 7 of 17
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We now claim that ®; > 0 for all # € R” if and only if
S (Mm@®) =0,  f’(hx) >0, and a>0. (14)

The sufficiency is clear. Let us show the necessity. In particular, choosing / = (—tan6, x;)
yields pp = 0 and w3 = 0. It then follows from ®; > 0 that f”(A1(x)) > 0. If we choose

h = (cot8,x,), then we have f”(A(x)) > 0. Finally, choosing / = (1, kzy) with k € R, ||z2|| =1

and zzT X = 0 gives

o, =L @) fOax)

' 14co20  1+tan?6

+ak*> 0.

Dividing by k? both sides and taking the limits as k — 0o, we obtain @ > 0. Since A;(x)
can take an arbitrary value in J, it is clear that (14) is equivalent to saying that f”(t) > 0
for all T €], i.e., f is convex on J. Indeed, the condition @ > 0 is ensured by the fact that
a =TT ) £(45) > 0 for some £ € (A1(x), o ().

Now we calculate the values of ®, and ®s3, respectively.

cotd 9 tanf 9
7 f"(x — _f"(x
1 + cot? Qf ( 1(x))M1 * 1 + tan? Qf ( 2(96))#2

+dpl = 2(dxl hy + ah) (%5 )

tan - B
t Ty o)l +dus - (1) 0s. (15)

@, =

cotf

= ()

" 1+cot2@

Meanwhile, it follows from (12) that

_tanfug +cotuy  ~ o —
O3 =2|a +d
tan6 + cotd tan6 + cotd
2 - -
= atanf —d acotd +d)|. 16
tan9+cot9[“1(“ an6 —d) + pa(@cot +d)| (16)

Note that
2%, + O3k [|* = ©F + 20,03, hy + OF |12 |1

= 2+ 20,0550 by + O 12 + (¥ hy)’]

= (0 + Osxl k)" + Ol (17)

Putting (13) and (15)-(17) together, the condition ®?tan?6 > ||@,x; + O3k, ||> can be
rewritten equivalently as

t‘,mze[f”()\l(x)) 2 S 00E) 5 2]2

a
1+cot29p“1 1+tan20" 2 s
cotf tan @ ~ 2
> | ————f"(M@)u] + ————f" (a3 + dp3
_[ 1+cot20f ( i ))'ul 1+tan29f ( 2 ))'UQ Hs

4

- ~ - ~ 12
+ m[m(atan@ —d) + py(acotd +d)] u%,
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(tan® 6 — 1)f" (2 ()1 + (tan 6 + cot0)? (@ tan? 6 — &) u
+2[(tan 6 + cotf) (atan® 6 + d)f" (i (x)) — 2(atan g — d)*] i’
+2[(tan0 + cotO)(@tand — d)f” (r2(x)) - 2(@cot 6 + d)*| 3’
+2(tan* 0 + 1)f" (2 (%))f" (A2 (%)) T3

—8(atanf — d)(@cotf + d)pu1 o> > 0. (18)

To apply Lemma 2.1, we need to compute each coefficient in (18). By calculation, we have

atanf —d
[ Ga) = f'(M(x) 1 cot?6 tan’6
Tl -Mx) anf - M |:1 + cot? Gf (M(x)) * 1 + tan? 9f ( 2(x)):|
1 fra@) —f(Aix))
2l Aalx) = Ai(x)
_ S (a2 (®) —f" (A (x)) 1 cotd tanf
T @) - M) tanf - IPAl |:tan9 + cot@f (M) + tan6 + ctan 9f (AZ(x)):|

1 f(Aax) —f(A(x)
el Ao(x) — Aq1(x)

tand + ctan6 tan @ + ctanf

a0 e nwe @) /()]

_ (tan € + cotB)[f (Aa(x)) —f(A1(x)) — f' (A1 (%)) (A2 (x) — A1 (x))]
[Aa(x) — A1 (%)]2

) ()‘-2 (x), )‘-l(x))’

tan6 + cotd

T @) = @)

where the third equation follows from the fact A,(x) — 11 (x) = (tan6 + ctan 6)||x; ||. Similarly,
we have

atand +d
(tan € + cotO)[f (A1 (x)) — f(A2(x)) + (taf(;i“czm "(Ma(x)) + :;;Z;ﬁﬁf(x ) (A2 (x) — A1(x))]
- [Ao(x) — A1 (x)]?
tan6 +cotd [2tan?0 tan26 — 1
- [Aa(x) = A1(x)]2 [tan2 +1 tan? 9 + 16(A2(x),kl(x)):|,
(tan 6 + cotO)[f (A1 (x)) — f(Aa(x)) — f' (A2(x)) (A1 (%) — A2 (x))]
[Aa(x) — A1(x)]2

) ()"1 (x)v )‘Z(x)) )

acotd +d=

B tan6 + cotf
@) - M@
atan’6 +d
_ (tan6 + cotd)[f (h (x)) —f (Ao (x)) — [tan? 6f" (A2 (%)) + (1 — tan? 6)f" (A1 (x))] (A1 (x) — A2 (x))]
[A2(x) — A1 (x)]2

tan® 08 (A1 (x), A2 (x)) + (tan® 6 — 1)8 (A2 (x), M (%)) |-

tan6 + cotf

= Pat) — M@

Page9of 17
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Corresponding each coefficient in (18) to (3), we know

op = (tan* 6 — 1)f" (M (x))?,
oy = (tan9+cotz 8(ha (%), A1 (x)) 2tan? 6 (A (), Ao (%)) + 1an20—15(k2(x),kl(x))],

[A2(x) tan2 0+1 tan2 +1

0t = 2O {102 5y (v), A () + (tan® 6 = 1S (ha (), A (DY Gus (),

_ 9802 @)
2 [h2 ()21 ()12 b

_ (tan 6 +cot §)? % 5 (x),A2(x))%
Oy = ZW[ (A2(x), A ()" (A2 (x)) — zm]

=2(tan? 6 + 1)f" (A (%))f" (A2 (%)),
oG = —SM(S(M( ) A2(%))8 (Aa (%), A1 (x)).

Ao (x)-2

In view of Lemma 2.1, the condition o; > 0 means tan6 > 1, ap, 05 > 0 is ensured by the
convexity of f (see (14)), a4 > 0 corresponds to (6), and 3 > -2, /o, corresponds to (7).
In addition, condition (4) takes the special form (9) and (10), respectively. d

Theorem 2.2 Suppose that f : ] — R is second-order continuously differentiable. Then f
is Lg-convex of order 2 on S if and only iftan6 > 1 and f is convex on J.

Proof The necessity is clear from Theorem 2.1. For sufficiency, note that in (11) u3 =0
since x; = 1 in this case. Hence, (18) takes the form of

(tan4 0 - l)f” ()»1(96))2//1L + Z(tan2 0+ l)f” (Al(x))f” (Az(x))//,fug >0
for all ;1 and w,, which is equivalent to verifying
tanf >1 and f"(Ai(x))f" (r2(x)) > 0.

This is ensued by the conditions that tanf > 1 and f is convex on J. Thus, the proof is
complete. 0

If, in particular, 6 = 45°, then (6) and (7) reduce to [12, (21) in Proposition 4.2]; (9) re-
duces to [12, (22) in Proposition 4.2]. In addition, due to (7), (8) holds automatically in this
case. The above results indicate that the £4-convexity is dependent on the properties of f
and the angle 6 together.

3 Inequalities associated with circular cone
In this section, we establish some inequalities associated with circular cone, which we be-
lieve will be useful for further analyzing the properties of f~¢ and proving the convergence
of interior point methods for optimization problems involved in circular cones.

In [18], the author establishes the following results in the framework of second-order
cone. More specifically, for x >,,., O and y >,., 0, then

(a) det(e +x)? > 1 + det(x)'/?,

(b) det(x + y) > det(x) + det(y),

(c) det(ax + (1—a)y) > a?det(x) + (1 — a)? det(y), Yo € [0,1],

(d) det(e +x +y) < det(e + x) det(e + y),
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(€) Ifx >r,.0 ¥ =450 O, then det(x) > det(y), tr(x) > tr(y), and A;(x) > A;(y) for i =1,2,

(f) tr(x +y) = tr(x) + tr(y) and det(yx) = y2 det(x) for all y € R.

In the following, we show that, in the framework of circular cone, the above inequalities
can be classified into three categories. The first class holds independent of the angle, e.g.,
(a); the second class holds dependent on the angle, e.g., (b)-(e); the third class fails no
matter what value of the angle is chosen, e.g,, (f).

Theorem 3.1 Let x = (x1,%,) € R x R"™! possess spectral factorization associated with cir-
cular cone given as in (1). Then

(a) [det(e +x)]Y2 > 1+ det(x)"? for all x € Ly;

(b) Ifx =1, v, then X1 (x) = L1 (p).

Proof (a) Note that det(x) > 0 and det(e + x) > 0 since x,x + e € Lg. Therefore,

[det(e + x)]”2 > 1 + det(x)"?

— det(e +x) > 1+ 2det(x)"? + det(x)

—  Mle+x)hg(e+x) =1+ 2/ A x)A (%) + A1 (x) Ao (%)

& (x+1-llxllcotd)(x +1+ [lx]ltand) = 1+ 2¢/ A (¥)Az (%) + A1 (x) A (x)
= (Mm@ +1)(Aa() +1) =1+ 211 (x) A2 (x) + A1 (%) A2(x)

= M@ @) F M) + Aa(x) + 1> 1+ 20/ A () (x) + M (¥)Aa (%)

= @)+ @) = 20/ Ew)

s MR e,

2

Hence, to prove the desired result, it suffices to show that

MO @ o,

\&}

which is clearly true by the arithmetic mean-geometric mean (AM-GM) inequality.

(b) Since x —y € L4, we know
%1 =91 > [%g =2l cotd > [[lxal = lly2ll] cotd,
i.e, A(x) =x1 — ||[x2]| cotd > y1 — ||y2]l cotd = A1 (p). O
Theorem 3.2 Let x = (x1,%x;) € R x R*! possess spectral factorization associated with cir-
cular cone given as in (1). Then the following hold.
(a) Forallx,y € Ly,
det(x +y) > det(x) + det(y) + (lxa]|* + Ily2[1*) esc® 6 — (x7 + ¥7) sec® 6.

In particular, when 6 € (0,45°], we have

det(x + y) > det(x) + det(y). 19)
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(b) Forallx,y € Ly and o € [0,1],

det(ax + (1 - a)y)

> o det(x) + (1 — )* det(y) + (062”362 12+ (1—a)?[ly2 ||2) csc?
— (a7 + (1 - @)*y7) sec® 6.
In particular, when 6 € (0,45°], we have

det(ax + (1 - a)y) > ® det(x) + (1 — &) det(y).
(c) Ifx,y € Ly and 6 € [45°,90°), then

det(e + x + y) < det(e + x) det(e + y). (20)
(d) Ifx=r,y>r, 0and6 €(0,45°], then

Ao (%) = Aa(y), det(x) > det(y), and tr(x) > tr(y). (21)

Proof (a) Notice that

det(x + y)
=M+ Aalx+y)
= (%1 + 1= 1%z + y2] cotO) (%1 + y1 + [l + y2 | tan )

= (1 +91)% + (01 + 1) 1%z + Yol tan @ — (xy + y1) [z + Y2 ]| cotd — [z + 2|

and

det(x) + det(y)
= @) (®) + 21 ()22 (y)
= (w1 — [l ll cot8) (w1 + [l ]| tan @) + (1 — IIy2 [l cot &) (y1 + [l ]| tan )
=6} + 31 [z | tan @ — 31 [lxz | cotd — ]l + 57 + 312 tan 6~y [yl cotd — [y

2 2 2 2
=x7 +y7 +x1lwz ]l tan @ + y1||ly2 || tan & — x|z || cotO — y1[|y2 || cot® — [loea ||” = [ly2]I”.

Then we have

det(x + y) — det(x) — det(y)
= 20191 — 23 Y2 + (x1ll2 + y2 | + y1llx2 + 2]l — 21 llx2 [l = 91192 ) tan

- (x1||x2 + 320l + 1l + yall = x|l |l —y1||y2||) cotd.
Using x,y € Ly (and hence x + y € Ly) gives

wtanbd > |xall,  —xtant <—|xall, x> [lxzflcotd,  —x; <[l cotb,

—(x1 + 1) < =ll%2 + ¥zl cot 6.

Page 12 of 17
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Thus,

det(x + y) — det(x) — det(y)

> 20091 — 223 93 + %2 ]| 192 + ya [l + [[y2llll%2 + y2|| — 47 tan” 6 — y7 tan® 6
—x1(x1 + 1) = 31(x1 + 1) + [|x2]|* cot 6 + [y 1% cot® 6

=2x1y1 — 2% y2 + %2 + yall (122l + [1921) = (#7 + 57) tan® 6
= (1 + 1) + (211> + [ly2]|*) cot® 6

> |lva + 9al” = (67 +97) tan® 6 — &7 — y7 — 243 y2 + (Ilx2 1> + [ly21I*) cot® &

= [leall® + lly2 )l = (37 +97) tan® 0 — 7 = 57 + (%201 + 12 [1%) cot® 0

= (2 ll* + ly2lI?) (1 + cot* ) — (x7 + y7) (1 + tan*0)

= (2 1* + ly21I*) csc® 6 — (a7 + y7) sec® 6,

which is the desired result.

When 6 € (0,45°], we know tané < cotf. Since x,y € Ly, i.e., x1 > || cotd and
91 > |ly2|l cot6, there exist a,b > 0 such that x; = ||x2] cotf + a and y; = ||y2| coté + b.
Hence,

det(x + y) — det(x) — det(y)
= 2w1y1 — 2x3 y2 + (willxa + y2ll + 31112 + y2 [l = w1 llxa ]l = y1lly2]l) tan
= (wllxz + y2ll + 311122 + y2ll = 21122 ]| = y1lly2]l) cot 6
= (loe2ll + ly2l) [zl + ly2]l = %2 + y2[ ] cot® 6
+ [l + 2 ll (12 ll + lly2]l = ll%2 + y2 ) + 2ab
+acot([y2ll + %2]] — llx2 + y2ll) + atan 6 ([ly2]l cot® 6 + [l + ya || — [|x2]])

+beotO(llyall + leall = llxs +y211) + btand (lxz]l cot® 6 + [l + ya | = Ilya )

>0,
where the last step is due to [[xa|| + [|y2]l = %2 + y2ll, %2l cot?0 + [lxy + yall = lly2ll =
2]l + 122 + y2ll = ly2]l = 0, and [|lya ]| cot® 6 + [lxa + ya || — 1%l = ly2 |l + 2 + ¥2ll = [l%2]] > 0

since cotf > 1, due to 6 € (0,45°].

(b) The result follows from the fact that det(yx) = y2 det(x) for all y > 0.

(c) Since 0 € [45°,90°), cotd < 1. For x,y € Ly, there exist two nonnegative scalars
a,b > 0 such that x; = ||x2 || cot + a and y; = ||y2|| cotd + b. This implies

det(e + x) = (x1 +1 =l cot@) (xl + 1+ |Jay] tan 9)

=(a +1)(cotf + tan0)||x3|| + (a + 1)%,

det(e +y) = (y1 + 1 - [ly2ll cot®) (y1 + 1 + [|y2 || tan6)

= (b +1)(cotf +tan @)y, | + (b + 1)

Page 13 of 17
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Thus, we obtain

det(e + x) det(e + y)
=(a+1)(b+1)(cotf +tan0)?||xs || |ly2 ]| + (@ + 1)(b + 1)*(cotd + tan 6) [|x, |

+(a+1)%(b +1)(cotd + tan6) [ ya || + (@ + 1)*(b + 1) (22)
On the other hand,

det(e + x + y)

(%1 + 91+ 1= |lxa + y2llcotf) (w1 +y1 + 1+ [l + y2 | tan6)
= ([||x2|| + 2l = [lx2 +y2||] cotd +(a+b+ 1))
X ([2ll + ly2ll] cotd + llxz + yoll tan 6 + (@ + b + 1))
= (Il + llyall = l1a + y2 1) (llall + 17211) cot® 6
+ (2l + ly2ll = 12 + y2l) 162 + y2ll + (@ + b+ 1)([l%2]] + 1721l = l%2 + y21l) cot®
+(a+b+1) (%l + [y2]1) cotd + (@ + b +1)[|lxa + y2|| tan 6 + (@ + b +1)*
=2cot? 0%, || ly2ll + 2(a + b + 1) cotO||xz|| +2(a + b+ 1) cotO ||y || + (a+ b + 1)
+ [l + 192 17] cot® 6 + (1= cot® 8) 1z + 32 I (2l + 1y )
+(a+b+1)(tand — cotB)||xy + ya || — [|x2 + y2 |
<2cot?@lxa |l [yl + 2(a + b + 1) cotf|xz || + 2(a + b + 1) cot B[y, || + (@ + b + 1)?
+ [l + 1y2]12] co + (1 - co8) (I | + 1))’
+(a+b+1)(tan0 - cot6)(lazll + lly2ll) = (I ll* + ly211*) + 21221172l
=2cot? 0%z || |ly2 ]| + (@ + b +1)(cot 6 + tanB)||xz || + (@ + b + 1)(cot & + tan6) ||y, |
+(@+b+17+ (1—=co0)[(Iwall + Iy21)” = (I%21” + y211%)] + 202 2
=4||x || ly2]l + (@ + b +1)(cotf + tan0)||x5|| + (a + b + 1)(ctan6 + tan )|y, ||

+(a+b+1)% (23)
Note that (@ + 1)(b + 1)(cot 0 + tan6)? > (cotd + tan6)> > 4 and

(a+D)b+1)*>a+b+1,
(a+1D)*b+1)>a+b+1,

(a+1)2(b+1)*>(a+b+1)>%
Hence, comparing (22) and (23) yields
det(e + x + y) < det(e + x) det(e + ).
(d) For 6 € (0,45°], since cotd > tan6 and x — y € Ly, we know

X1 =91 = |lx2 = y2ll cotd > [y — ya | tan 6 > [[ly2]| - I|x2]|] tan6,
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which means
Aa(x) = x1 + [lx2][ tan @ > y1 + [|y2[| tan 6 = A ().

This together with the fact A;(x) > A1(y) by Part (b) in Theorem 3.1 and A;(x), A;(y) > 0 for
i=1,2 (due to x,y € Ly) further yields

det(x) = A1 (x)A2(x) > A (9)A2(y) = det(y).

Meanwhile, we obtain

tr(x) = A1(x) + A2(x) > 21 (p) + A2 (y) = tr(y). O

Here are some remarks for Theorem 3.2.
(i) Inequality (19) fails when 6 € (45°,90°). For example, let x = (1,3,4), y = (1, -3, -4),
and cotd = 0.1. Then det(x) = det(y) = 51/2 and det(x + y) = 4, which says
det(x + y) = 4 < 51 = det(x) + det(y).
(ii) Inequality (20) fails when 6 € (0,45°). For example, let x = (3/10,1/10),
y =(3/10,-1/10), and cotf = 2. Then
det(e + x + y) = (1.6)% > (1.485)? = det(e + x) det(e + ).
(ili) Inequality (21) fails when 6 € (45°,90°). For example, for x = (1.1,1), y = (1,2), and
cotd =0.1. Then x >, y, Ao(x) =11.1 < 21 = Ay (y),
det(x) = (1.1-0.1)(1.1 + 10) =11.1 < 16.8 = (1 — 0.2)(1 + 20) = det(y), and
tr(x) = 12.1 < 21.8 = tr(y).
Next, let us move from inequalities to equalities. In particular, we focus on two identities
in the framework of second-order cone as below

tr(x +y) = tr(x) + tr(y) and det(yx) =y det(x), Vy eR. (24)

But these two identities fail to hold in the circular cone setting no matter what value of
the angle is chosen. In fact, in the second-order cone case,

tr(x) = 2% and  det(x) = x7 — |lxa ||*.
Hence, (24) holds trivially. For the circular cone setting, we have
tr(x) = 2x; + [|x2]|(tan® —cotf) and  det(x) = (x1 — [lx2 ] cotd) (x1 + [|x2 ]| tan6).

Thus, tr(x) is not linear any more, i.e., tr(x +y) # tr(x) + tr(y); e.g., forx = (1,2) and y = (1, -2),
and cotd = 1/2 (or cotd = 2). Then

tr(x + ) = 4 #10 = tr(x) + tr(y) (or tr(x +y) =4 # -2 =tr(x) + tr(y)).

In addition, det(yx) = 2 det(x) holds as y > 0 but not true as y < 0; e.g, for x = (3,4),
y =-2,and cotf = 1/2 (or cot = 2), then

det(—2x) = 100 # 44 = (-2)? det(x) (or det(—2x) = 44 #-100 = (-2)* det(x)).
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The precise relationship between tr(x + y) and tr(x) + tr(y) is provided as below.

Theorem 3.3

> tr(x) + tr(y) as 6 €(0,45°],

t
i +7) <tr(x) +tr(y) as6 € [45°,90°).

Proof The result follows from the fact that

tr(x + y) — tr(x) — tr(y) = [[l%2ll + ly2]l = [l%2 + ¥2]1](cot® — tan6). O

Note that tr(x) is positively homogeneous, i.e., tr(yx) = y tr(x) for all y > 0. This together
with Theorem 3.3 yields the following result.

Corollary 3.1 The trace tr(x) is concave as 6 € (0,45°] and is convex as 0 € [45°,90°).

These results further indicate that the angle plays an essential role for a circular cone.
As in symmetric cone optimization, we believe that these inequalities about det(x) and
tr(x) are key ingredients in penalty and barrier functions which can be adapted in design-
ing barrier and penalty algorithms (including interior point algorithm) for circular cone

optimization. This merits our further research.
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