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The circular cone is a pointed closed convex cone having hyperspherical sections orthogonal to its axis of revolution about which
the cone is invariant to rotation, which includes second-order cone as a special case when the rotation angle is 45 degrees. Let Z,
denote the circular cone in R". For a function f from R to R, one can define a corresponding vector-valued function f¢ on R"
by applying f to the spectral values of the spectral decomposition of x € R" with respect to &. In this paper, we study properties
that this vector-valued function inherits from f, including Holder continuity, B-subdifferentiability, p-order semismoothness, and
positive homogeneity. These results will play crucial role in designing solution methods for optimization problem involved in
circular cone constraints.

1. Introduction where

. . . . A (2) = z; — |2,/ ctan O
The circular cone is a pointed closed convex cone having ! 1=l ’

hyperspherical sections orthogonal to its axis of revolution A (2) =21+ ||22 || tan 6,
about which the cone is invariant to rotation, which includes
. . . 1 1 1 0 1 (3)
second-order cone as a special case when the rotation angle is U= 210 ctan-I1|-z. |°
45 degrees. Let &y denote the circular cone in R". Then, the 1+ ctan’d 2
n-dimensional circular cone & is expressed as 2 1 1 0 1
Y2 T v tan26 |0 tan6-1] |7,

T n—1
Lo =1x=(x,%,) eRxR cosO x| < x;p. (1 _ _ -
0 { (1,%,) | I 1} O with Z, := z,/|z, if z, # 0, and Z, being any vector w € R™!

o o . ) satistying |w|| = 1ifz, = 0. With this spectral decomposition
The application of Z lies in engineering field, for example, (2), analogous to the so-called SOC-function f*° (see [3-

optimal grasping manipulation for multigingered robots;  5]) and SDP-function ™2 (see [6, 7]), we define a vector-

see [1]. valued function associated with circular cone as below. More
In our previous work [2], we have explored some impor-  specifically, for f: R — R, we define 7% : R" — R"as

tant features about circular cone, such as characterizing its Z, 1 )

tangent cone, normal cone, and second-order regularity. In fr@=f (@), + f (4, (@) . (4)

particular, the spectral decomposition associated with Z,
was discovered; that is, for any z = (z;,2,) € R x R"™", one
has

It is not hard to see that f7¢ is well-defined for all z. In
particular, if z, = 0, then

f(zl)] _ )

Ly _
z=A @ uL + A, (2) i, ) f (Z)—[ 0
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Note that when 6 = 45°, Z, reduces to the second-order
cone (SOC) and the vector-valued function f “ defined as in
(4) corresponds to the SOC-function f*°° given by

£ = £ (A @) ul + £ (A, () u?,
Vx = (x,%,) €e Rx R",

where 1,(x) = x, + (~1)'[lx,]l and u® = (1/2)(1, (-1)'%,) .

It is well known that the vector-valued function f*°° asso-
ciated with second-order cone and matrix-valued function
f™ associated with positive semidefinite cone play crucial
role in the theory and numerical algorithm for second-
order cone programming and semidefinite programming,
respectively. In particular, many properties of f*°¢ and ™
are inherited from f, such as continuity, strictly continuity,
directional differentiability, Fréchet differentiability, continu-
ous differentiability, and semismoothness. It should be men-
tioned that, compared with second-order cone and positive
semidefinite cone, &, is a nonsymmetric cone. Hence a
natural question arises whether these properties are still true
for f"%. In [1], the authors answer the questions from the
following aspects:

(a) f7¢ is continuous at z € R" if and only if f is contin-
uous at A;(z) fori = 1,2;

(b) f7¢ is directionally differentiable at z € R”" if and
only if f is directionally differentiable at A;(z) for
i=1,2;

(o f “s is (Fréchet) differentiable at z € R" if and only if
f is (Fréchet) differentiable at A;(z) fori = 1, 2;

(d) f"% is continuously differentiable at z € R” if and
only if f is continuously continuous at A;(z) for i =
1,2;

(e) f7 is strictly continuous at z € R” if and only if f is
strictly continuous at A;(z) fori = 1, 2;

f) f Zo is Lipschitz continuous with constant k > 0 ifand
only if f is Lipschitz continuous with constant k > 0;

(g) f7¢ is semismooth at z if and only if f is semismooth
at A;(z) fori =1,2.

In this paper, we further study some other properties
associated with f7%, such as Hélder continuity, p-order
semismoothness, directionally differentiability in the Hada-
mard sense, the characterization of B-subdifferential, positive
homogeneity, and boundedness. Of course, one may wonder
whether f% and f7¢ always share the same properties.
Indeed, they do not. There exists some property that holds
for £ and f but fails for f“¢ and f. A counterexample is
presented in the final section.

To end the third section, we briefly review our notations
and some basic concepts which will be needed for subsequent
analysis. First, we denote by R” the space of n-dimensional
real column vectors and let e = (1,0,...,0) € R". Given
x, y € R", the Euclidean inner product and norm are (x, y) =

xTy and [|x|| = VxTx. For a linear mapping H : R" — R™,
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its operator norm is |[H|| := max,_;[|Hx[. For « € R and
s € R", we write s = O(x) (resp., s = o(«)) to means
lIsll/lec| is uniformly bounded (resp., tends to zero) asax — 0.
In addition, given a function F : R" — R™, we say the
following:

(a) F is Holder continuous with exponent « € (0, 1], if

[Fl, = sup—“F (x) - F (y)" < 400; (7)

sty =l

(b) F is directionally differentiable at x € R" in the Hada-
mard sense, if the directional derivative F' (x; d) exists
foralld € R” and

F(x+td)-F(x)
F(xd) = lim ( t) ; 8)
t10

(c) F is B-differentiable (Bouligand-differentiable) at x,
if F is Lipschitz continuous near x and directionally
differentiable at x;

(d) if F is strictly continuous (locally Lipschitz continu-
ous), the generalized Jacobian 0F(x) is the convex hull
of the dzF(x), where

95F (x) := { ImVF(2)| z € DF}, 9)

where Dy denotes the set of all differentiable points of
F;

(e) F is semismooth at x, if F is strictly continuous near
x, directionally differentiable at x, and for any V' ¢
OF(x + h),

F(x+h)—F(x)-Vh=o(|hl; (10)

(f) F is p-order semismooth at x (p > 0) if F is semi-
smooth at x and for any V' € 0F (x + h),

F(x+h) = F(x) - Vh =0 ([lh]""*); (1)

in particular, we say F is strongly semismooth if it is
1-order semismooth;

(g) F is positively homogeneous with exponent o > 0, if

F (kx) = k“F (x), VxeR", k>0; (12)

(h) F is bounded if there exists a positive scalar M > 0
such that

IF(x)] <M, VxeR" (13)
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2. Directional Differentiability,
Strict Continuity, Holder Continuity,
and B-Differentiability

This section is devoted to study the properties of directional
differentiability, strict continuity, and Hélder continuity. The
relationship of directional differentiability between f7¢ and
f has been given in [1, Theorem 3.2] without giving the
exact formula of directional differentiability. Nonetheless,
such formulas can be easily obtained from its proof. Here we
just list them as follows.

Lemmal. Let f : R — R and f7° be defined as in (4).
Then, f7° is directionally differentiable at z if and only if f is
directionally differentiable at A,(z) for i = 1,2. Moreover, for
any h = (hy,h,) € R x R"™!, we have

(F7) (zsh) = [f’ <z01;h1>] _y

when z, = 0 and h, = 0. Consider

(zi3h)) e, (14)

Zo\ (2.1 — 1
(%) @) = ;35 f (@1 ] ctan6)
1 0 !
X[O ctan@-[] _i
1
1 ' )
+ mf (Zl,hl + ||h2|| tan@)

1 0
X[O tan@-I] ﬁ ?
1A

(15)

when z, = 0 and h, # 0; otherwise,

2o\ (. 1) — ; ! . h,
(f7) @ = ———f (Al (2);hy - “ o ctan@)
1 0 IZ
“lo ctan@-1]| -2
=]

_ ctanf f A (2)
1+ ctan’d |z,

M, h

22

1
+ —_—
1 + tan%0

o !
0 tan@-1
221l

tan@ f (A, (z))M I
1+tan?0 ||z, “

f' (A (2);h, + 2tan9)
||

(16)

3
where
0 0
M, := T 17
2 = 01—z2z2 . 17)
2
2.

Lemma?2. Let f: R — Rand f7¢ be defined as in (4). Then,
the following hold.

a) f7% is differentiable at z if and only if f is differentiable
at A(z) fori = 1,2. Moreover, if z, = 0, then

Vi7 (@) = ' (2) s (18)
otherwise,
: o
V% (2) = EA| 1w
QZZ (}1 a) 222
||Zz|| Iz
where

~tanf  f(A,(2))
S 1+tan’0 |z,

__ ctan® (A (2)
1+ ctan’0 |z,

f (/\2 (Z)) -f ()‘1 (Z))

L@-A(2)
g L@ fhE)
1+ ctan?0  1+tan?@’

n=&-po(ctan 6 —tan¥),

ctan 6

tan 0
1+ ctan20

Oy @) RO £ (4 2).

(20)

0=-

(b) f7% is continuously differentiable (smooth) at z if and
only if f is continuously differentiable (smooth) at A;(z)
fori=1,2.

Note that the formula of gradient Vf“* given in [1,
Theorem 3.3] and Lemma 2 is the same by using the following
facts:

1 1

- =sin’6, — = cos,
1+ ctan20 1 + tan?0
(21
ctanf  tanf §in 6 cosf
1+ ctan?0 1+ tan20 ’

The following result indicating that A,; is Lipschitz contin-
uous on R” for i = 1,2 will be used in proving the Lipschitz
continuity between f7¢ and f.

Lemma 3. Let z, y € R" with spectral values 1,(z), A;(y),
respectively. Then, we have
IA; (2) = A; ()| € V2max {tan 6, ctan 6} |z - y|, )
22
fori=1,2.



Proof. First, we observe that
A (2) - A, (0)]
= |z; = ||z,] ctan 6 = y; + ||y, ctan 6|

= |Z1 - )’2| + "Zz - }’2" ctan®

< max(Leund) (o -l + o l)
< max {1, ctan 0} V2\|z, = 31> + | - 3
= max {1, ctan 6} \/E“Z - y|| .
Applying the similar argument to A, yields
A, (2) = A, ()] < max {1, tan 6} V2 |z - y] . (24)

Then, the desired result follows from the fact that max{l,
ctan 0, tan 6} max{ctan 0, tan 6}. O

Theorem 4. Let f : R — R and f7¢ be defined as in (4).

Then, f Zo js strictly continuous (local Lipschitz continuity) at z
ifand only if f is strictly continuous (local Lipschitz continuity)
at A(z) fori=1,2.

Proof. “<” Suppose that f is strictly continuous at A,(z), for
i = 1,2; that is, there exist k; > 0 and §; > 0, for i = 1,2 such
that

If @)~ f©|<kl|r-{,
v, € [N (2) =8, M (2) +6,], i =1,2.

(25)

Eetg = min{d,,8,} and C :=
0, A,(z) + 8]. Define

[A1(2) =8, A, (2) + 81U [A,(2) -

f@
(f (1) if T € C,
(1-1) f (1 (2) +9) ) )
+1f (A, (2)-8)  if A, (2) +8 < A,(2) -0,
T=(1-1)(} (2) +9)
] +t (A, (2) - 9)
with ¢t € (0, 1)
(A (2)-9) ifr< A (2)-0
.f(/\z(Z)+5) if 7> A, (2) + 0.

(26)

Clearly, f is Lipschitz continuous on R; that is, there exists

k > 0 such that lipf(r) <k, forall T € R. Since C := conv(C)
is compact, according to [6, Lemma 4.5] or [5, Lemma 3],
there exist continuously differentiable functions f* : R — R

for v = 1,2, ... converging uniformly to f on C such that

|(fv)’ (T)| <k VreC, Yv (27)
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Now, let := &/( ﬁ max{tan 6, ctan 0}). Then, from Lemma 3,
we know that C contains all spectral values of y € B(z,9).
Therefore, for any w € B(z, §), we have A, (w) € Cfori=1,2
and

)7 @) - 77w
= U (@) = £y )]y,

[ @) - FOuw)] i

[ (A @) = f (g @)l (28)

+ [f” (o @) = F (A @) |2

— | () -

2

(/\1 (w))|

1+ ctan29

# | O (w) - FO )]

where we have used the facts that ””110” = 1/V1 + ctan?0,
||ui)|| = 1/V1 + tan®6, and (ui),ulzu) = 0. Since {f"};2, con-
verges uniformly to f on C, the above equations show that
{(f”)ge}jz1 converges uniformly to fga onB(z,9).lfw, =0,

then it follows from Lemma 2 that V(fv)“% (w) = (fv)’(w1 ).
Hence it follows from (27) that
[V @) = |7 (w)] < k. (29)

since in this case 1;(w) = w; € C.If w, 0, then

V() w)
[ owy.
_ w2l
L 3 al + (£ -o(ctanf - tan6) — a) " 2u|)|2
w,
[ 3 owy
_ ]
&2 ok (- a) 222
L[| Jw,
0 0 (30)
10 [-o(ctan6 - tan 6)]
|Wﬁ
ow; 0 0
= ow, “:’12” +(a-¥) - ﬁu2u|1|€
0 w
w2l ’
0 0
— o (ctanf — tan 9) wyw ,

el
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where a, &, o are given as in (20) with A,(z) replaced by A;(w)
fori=1,2and f replaced by f”. For simplicity of notations,
let us denote

owy 0 0
A= ow ||w2|| +(a-¢) 3 wzsz ,
Tor & ™
Jlws | ’ (31)
0 0
B:=—p(ctan 0 - tan 0) wyw,
Juw,
Note that
- )= (A (w))
L I won s s e SR

where the inequality comes from the fact that f" is continu-
ously differentiable on C and (27). Besides, we also note that

() @) () (A )

1 + ctan?0 1 + tan®0

i

01 @)+ g 0 02 @)

= 1+ctan20| f)

1 1
< + k=k,
[ 1+ctan?0 1+ tanze]

(33)
ctan 6 tan @ N
ol = |20 () + 2O () (@)
- 'I_ ctan O tan 0 ]k
- 1 + ctan?0 1 + tan0
[ ctan® . tan 0 ]
" |l1+ctan?0 1 +tan26
2tan®
“ Trwante =<

(34)

(i) For ¢ = 0, then V(f")ge (w) takes the form of &I + (a—
&)M,, whose eigenvalues are § and a by [5, Lemma 1].
In other words, in this case, we get from (32) and (33)
that

“v( )7 (w)H = max {la|, |¢]} < k. (35)

(ii) For p#0, since B = —p(ctan 8 — tan 6)(0, w,/[w, )"
(0, w,/|lw,|l), the eigenvalues of B are —g(ctan6 —
tan 8) and 0 with multiplicity n — 1. Note that

|Q (ctan 6 — tan 9)|

— tan’6
1+ tan

1= ctan’6
1 + ctan26

(Y O ) + u>uww

5
1 - ctan’6 1 - tan’6
< k
1 +ctan?6| |1 + tan?0
B ctan®0 — 1 . 1 - tan6
" |1 +ctan?0 1+ tan20
1 - tan’0
=2|—— |k < 2k.
1 + tan?0
(36)
Note that
A= LLm'f' (a_g)sz
[lw,|
(37)
[L +(a —f)" 2" ]
" Jwl 2"
where @ = (§|w,|l/o, w,) and
—

In this case the matrix A has eigenvalues of £ + ¢ and a with
multiplicity n — 2. Hence,

7o)
< max{|¢+9|,[§ - o|,lal} +

+]o|,lal} + | (ctan 6 — tan 6)| < 4k,

where the last step is due to (32), (33), (34), and (36).
Putting (29), (35), and (39) together, we know that

|o(ctan 6 — tan 6)| (39)

< max {[¢]

|77 w| <4k vwerEo, W @0

Fixany x, y € B(z, §) with x # y. Since {(]”)54’}:21 converges

uniformly to 7 on B(z,d), then for any € > 0 there exists
v, such that

|7 w -5

Zeo (w)” <e, YweB(z,9), Vv,
(41)

Since f" is continuously differentiable, ( f "7 is continuously
differentiable by Lemma 2. Thus,

|F7e - 7 ()]
=7 - () @ (Y @ - ()7 ()
() -7
<7 -7 @+ | @ - )
|7 o) -7 )

< 2+

[0 0w e ) e )

< 2¢ + 4k ||x - y].
(42)



Because € > 0 is arbitrary, this ensures that

[77 @ =7 ) < 4kl -yl vxyeBE),
(43)

which says £ is strictly continuous at z.

“=” Suppose that f7° is strictly continuous at z, then
there exist k > 0 and § > 0 such that

[ - 7 )] sklx-y] VxyeB(z9).
(44)

Case 1.z, #0. Take O, 4 € [A,(z) —
min{§, A,(z) — A,(2)}. Let

81,4, (2) +8,] with 8, :=

X = Gui +1,(2) uﬁ, = yu; +1,(2) ui. (45)

Then, ||x — z|| < dand ||y — z| < & and it follows from (44)
that

|f©) ~f (W)= ] 1|| ”fye )= f7* (») ” Tl “x o

= — 9 — ! = k 9 - >
”u;” 10—l Juz]| = K10 -
(46)

which says f is strictly continuous at A,(z). The similar
argument shows the strict continuity of f at 1,(z).

Case 2.z, = 0.Forany0, y € [z,-0,z,+8], we have ||fe—z|| =

|0 — z;| < & and ||pe — z|| < & as well; that is, Oe, pe € B(z, ).
It then follows from (44) that

U@—ﬂszﬂw

< K[ - el

14))“ = £ @e) - £ (ue)|

=k|0-y|. )
47

This means f is strictly continuous at A;(z) = z; fori = 1,2.
O

Remark 5. As mentioned in Section 1, the strict continuity
between f? and f has been given in [1, Theorem 3.5]. Here
we provide an alternative proof, since our analysis technique
is different from that in [1, Theorem 3.5]. In particular, we

achieve an estimate regarding [|V(f V)‘% | via its eigenvalues,
which may have other applications.

According to Lemma 1 and Theorem 4, we obtain the fol-
lowing result immediately.

Theorem 6. Let f : R — R and f7° be defined as in (4).
Then, f° is B-differentiable at z if and only if f is B-differen-
tiable at A,(z), fori = 1,2.

Next, inspired by [8, 9], we further study the Holder
continuity relation between f and 7
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Theorem 7. Let f : R — R and f7° be defined as in (4).
Then, f7° is Holder continuous with exponent & € (0,1] if
and only if f is Holder continuous with exponent « € (0, 1].

Proof. “<” Suppose that f is Holder continuous with expo-
nent « € (0, 1]. To proceed the proof, we consider the follow-

ing two cases.

Casel.z, #0and y, # 0. We assume without loss of generality
that ||z, ]| > [l y,]l. Thus,

IF7e @ -7 ()|

=|f @) u+ F (A @)l - F (A (),
~f (L ()
= |F @) [uh -] + f (A2 (@) [ - 13 ]
+[f (L @) - fF A )] w, (48)

L @) - F ()]
<JF @) [l -u]+ £ (A @) [12 - 2]
@)= A O]y
+f 02 @)= £ (A O[]

Let us analyze each term in the above inequality. First, we look
into the first term:

[f @) [ =15] + £ (4 @) [1 - 5 ]|

_ tanf
T l+ta

A el

pen
Ilyzll

29 |f (A (Z)) f()t (2) | sz 2

tan 0
~ 1+tan%0

_ tanf
" 1+ tan%0

2

[f],(tan 6 + ctan 0)*||z, | * - "y [
)

tan 0

S o UC_ _
< Tt tan’0 [f]a(tan0+ ctan 0) ||zz|| "22" ||z2 y2||

tan 0
= 2—20[

1 +tan

1-a
2~ )2

oz
Zz“

[f],(tan @ + ctan §)*2*¢

"Zz - }V2||a

tan 0 o
= 1+ tan20 "22 - )’2"
tan 0

xXA2-a
< 1+tan29[f]“(tan0+Ctan0) 2

(49)

where the first inequality is due to the Holder continu-
ity of f, the second inequality comes from the fact that

[z, /112, 11) = 2/ Iy DI < 2711z D025 = 2l (cf. [8, Lemma
2.2]), and the third inequality follows from the fact that
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1z, = yaoll <z, + 1y, ]l < 2]z, |l (since ||y, |l < l|z,]l). Next, we
look into the second term:

If (4 @)= £ )] )

< [f1h @ - Ay ()

VI ctan’d
= [f]a(\/imax {tan 6, ctan (9})0‘“2 - y"“_

(50)

Similarly, the third term also satisfies
1f (A2 @) = £ Q2 )] 5]

< (11 @ = A, ()] ——

I+ tan20
< [f]a(\/zmax {tan 0, ctan 6})“||z - y”"{

Combining (49)-(51) proves that f “s is Holder continuous
with exponent « € (0, 1].

Case 2. Either z, = 0 or y, = 0. In this case, we take 1! = u;,

for i = 1,2 according to the spectral decomposition. There-
fore, we obtain

IF7o@- 7 )|
=|f (@) ul+ fF (A, @)l - £ (A (9)
-f (A ()
=|lF @)= F A ()]
+[f (@)= f (L ()]
<|fh@)-F ) [u) (52)

@)= fF A O [
< [N @ -1 0 ==
1 0) - b @ ==

< z[f]a(\/imax {tan 0, ctan 0})“||z - y”"‘,

which says f7¢ is Holder continuous.
“=” Recall that fy" (te) = (f(T),O)T. Hence, for any
7,{ € R,

|f @)= £ Q) =|£7 (&)= £7 o)

<[£70], e =Ge™ = [£77], - Ir = 2%
(53)

which says f is Holder continuous. O

3. p-Order Semismoothness
and B-Subdifferential Formula

The property of semismoothness plays an important role in
nonsmooth Newton methods [10, 11]. For more information
on semismooth functions, see [12-15]. The relationship of
semismooth between f“? and f has been given in [I,
Theorem 4.1]. But the exact formula of the B-subdifferential
op(f Z9) is not presented. Hence the main aim of this
section is twofold: one is establishing the exact formula of B-
subdifferential; another is studing the p-order semismooth-
ness for p > 0.

Lemma 8. Define y(z) = |z| and ®(z) = z/|z|| for z+0.
Then, v and ® are strongly semismooth at z # 0.

Proof. Since z #0, it is clear that y and @ are twice continu-
ously differentiable and hence the gradient is Lipschitz con-
tinuous near z. Therefore, y and @ are strongly semismooth
at z, see [16, Proposition 7.4.5].

The relationship of p-order semismoothness between
f7%and f is given below. Recall from [7] that in the definition
of p-order semismooth, we can restrict x + /1 in (11) belonging
to differentiable points.

Theorem 9. Let f : R — R and f7° be defined as in (4).
Given p > 0, then the following statements hold.

(a) If f is p-order semismooth at A,(z) fori = 1,2, then
7 is min{1, p}-order semismooth at z.

(b) If f7° is p-order semismooth at z, then f is p-semi-
smooth at A;(z) fori = 1,2.

(c) Forz, = 0, 7% is p-semismooth at z if and only if f is
p-order semismooth at A(z) = z, fori=1,2.

Proof. (a) Take h € R" satisfying z + h € D «,. We consider
the following two cases to complete the proof.

Case 1. For z, #0, z, + h, #0 as h is sufficiently close to 0.
Sincez+h € nyg,weknowthat)»,-(z+h) €Dy fori=1,2by

Lemma 2. Then, according to Lemma 1, the first component
of

-7 @) - (F7) +mh) (54

is expressed as

FhGeen) @) 1
1 + ctan20 1 +ctan?0 1+ ctan?0
(2 + hz)Thz )
xf' A (z+h);h) - ———ctan0
( ' ' |2, +

(55)
LS aEeh) fhG) 1

1 + tan?0 1+tan%0 1+ tan30

z+h,)'h
x f' (Az(z+h);hl+ﬁtan0>.




Because || - || is continuously differentiable over z, #0, it is
strongly semismooth at z, by Lemma 8. Therefore,

(2, + hz)Thz

"ZZ + h2" = ||Zz|| + “22 . h2|| O(||hz||2)
(56)
)" h,
~ oo + (Z“2 . 2}3 T o).

Combining this and the p-semismoothness of f at A,(z), we
have

f(/\l (z + h))

=fM @)+ f (A (z+h) (A, (z+h) -1, (2)
+0(]A, z+h) =1y (2)]F)
=fM @)+ f (A (z+m) (A (z+h) -1, (2)

+O (|Inl"?)

=fM@)+f (A (z+h)
x (hy = (|2, + ha|| = ||z2])) ctan 8) + O (II1]**)

' h Th
=f(AM @)+ f (A (z+h) (hl - %ctan@)
O (Ik1*) + O (Inl"**)
' h)'h
=f(A @)+ f (A (z+h) (hl - %ctan@)
O(”h”1+min{1,p}),
(57)

where the second equation is due to Lemma 3 and the last
equality comes from the boundedness of f', since f is strictly
continuous at A, (z). Similar argument holds for f(A,(z +h)).
Hence the first component of (54) is O(||la|) +mintlphy,

Next, let us look into the second component of (54),
which involved A, (z). By Lemma 1 again, it can be expressed
as

ctan@ z, +h,
T etante! MM
ctanf (2, z)Th
_— h);h, —
T+ ctan®0” <A1 (2 h)shy = = ctan®
. 2t h,
|22 + B
ctan 6
T cams! 1)
ctan@ f (A, (z+h)) L
1+ctan?0 |z, + b, (zth) ™

(58)

Abstract and Applied Analysis

Note that @ is continuous differentiable (and hence is semi-
smooth) with V&(z,) = (1/llz,I)I ~ (2,21 /lz,]*)) and
M, iyl = llz; + W, |IV®(z, + hy)h,. Thus, expression (58)
can be rewritten as

ctan 0

- mf()\l (z+h)®(z, + hy)

ctan @
1 + ctan20

(2 +hy)'hy
tan O
||2 o

f'</\1(z+h);h1
X ®(z, +h,)

ctan 0
1 + ctan20

f( (@) ()

ctan 0
1 + ctan20

f (A (z+h) VO (z, + hy) hy

_ ctan6
" 1+ ctan?0

X[—f(AI(Z+h))+f(MZ))

) h
+f (/\1 (z+h)sh - %ctan@)]
2 2
X ®(z, +h,)

f (A, (2)) ctan 6
1 + ctan?6

X [-®(zy + hy) + @ (z,) + VO (2, + hy) hy]

ctan 0
qu) (Z2 + hz) I"lz
x [f (A (z+ ) = £ (A (2))]

= O (Il ) + O (1A01%) + O (I1hI)

=0 ("h”1+min{l,p}) )
(59)

The second equation comes from (57), strongly semismooth-
ness of ® at z,, and
=o(Inl?),

(60)

"Vq) (2 + ) by [ f (A (2 + ) = f (A, (Z))]"

since f is Lipschitz at A,(z) (which is ensured by the p-order
semismoothness of f). Analogous arguments apply for the
second component of (54) involving A,(z). From all the
above, we may conclude that

@)~ f7 @) - (f70) (@ + h)
=0 ("h"1+min{1,p}) ,

(61)

which says f7¢ is min{1, p}-order semismooth at z under this
case.
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Case 2. For z, = 0, if h, = 0, then the proof is trivial. If i, # 0,
then the first component of (54) satisfies

_r
1 + ctan?@
<[fA+h)-f(z),
~ f (A1 (z + h)shy ~ ||y ctan6)]

1
+ —_—
1 + tan%9

<[f(Ay(z+h) - f(z)
—f" (A, (z + h); hy + |y tan 6)]
=0 (|h1 — ||, ctan 9|1+P) +0 (|h1 +||h, | tan 6|1+p)

=0(In***),
(62)

because f is p-order semismooth at z,. The second compo-
nent of (54), by letting z, = h, and M), h = 0, takes the form

e )2
ST (A e+ )3y ~ ] ctan 6)
S e+
lia;ief (A, (z + h);hy + |y tan 0) T,
1

= [ e+ W)~ f (2))

tan @ + ctan 6

~f (A, (z + 1) shy ~ ||| ctan 6)] B,
[f )= £ (=)

~f' (A, (z + h)shy + ||| tan )| T,

+ —_—
tan 0 + ctan@

=O(IIh"*),
(63)

where the last step is due to the p-order semismoothness of

I

(b) Suppose that 7% is p-order semismooth at z. Let t €
R such that f is differentiable at A,(z) + t. We discuss the
following two cases.

Case 1. For z, #0, from f being Lipschitz at 1,(z) (and hence
the differentiable points are dense near A,(z)), there exists
B(t) € R such that (t) = O(|t|**?) and f is differentiable at
A, (2)+fB(t) and A, (2)+(t) > A (2)+t ast is sufficiently small
(since A,(z) > A,(z) by z, #0). Denote h := tui + ﬁ(t)ui.
Then, z + h = [A,(2) + t]ui + [A,(2) + ﬁ(t)]uﬁ which implies

Az +h) = A(2) + tand A,(z + h) = A,(z) + B(t). Since
f is differentiable at A,(z) + t and A,(2z) + B(t), fyf’ is also
differentiable at z + h by Lemma 2. Notice that

_[m
w=[i]
[ L. B(0) (64)
1 +ctan?0 1+ tan20
B <_ ctan6 tan 0 ,B()) ’
[\ Trctan?0’ " 1+ tan6 || o
ctan 6 tan @
hy = (|2, -
A ("22" 1 + ctan20 1+tan29ﬁ( )> || ol
(65)
Hence,
(z, + hz)Thz ctan 0 tan6
=- t), 66
iz, + B, 1+can®0 @ 1+ tanzeﬁ( ) (66)

which follows from the fact that ||z,| # 0 and ¢ can be arbi-
trarily small (hence |z, | — (ctan8/(1 + ctan®0))t + (tan 0/(1 +
tan29))ﬁ(t) > 0). Thus, it is clear that

(z, + hz)Thz

- ——=% _“ctan®
' 2, + ha|

1
- <1+ ctanZGt 1 +tan29ﬁ( )>
_( ctan @

1+ ctan26

. tan 0
1 + tan%0

B (t)) ctanf =t,

(2, + hz)Thz

2R
' 2, + k|

tan 6

:(1+c1an29 ﬁ”)

( ctan 0 tan @
+( - +
1+ ctan20 1+ tan

1+ tan29

26ﬁ(t)>tar19 =S(1).
(67)

In addition, it can be verified that

Il = |

B

t+
1+ctan?0 1+ tan26
(68)

1
< t+ t| = |t],
1+ctan26|| 1+tan29|| i

since 3(t) = O(|t|"*?) < |t| ast is sufficiently small. Similarly,

ctan 6 tan 0
Il = ” “Ttcan6 1 +tan29ﬁ( )] || 2|
ctan 6 tan 0
| (69)
I T+ctan?0 1+ tanzﬂﬁ( )‘
ctan 0 tan 6

It + 55 1t < 1l

~ 1+ ctan?0 1 + tan?0
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Therefore, we obtain [|h]| = O(t) which further implies
O(I1I"**) = O([t|**?). Then, by the hypothesis fZ¢ being p-
order semismooth at z, that is,

7@y - 7@ - (F70) e + sk = O (IhI***),
(70)

we have
<f39 (z+h) - fgﬂ (z) - (fge)' (z + h;h),e>
=O(InI"") = o (1t™**).
In fact, the left-hand side of (71) takes the form of
f (A (z+h)) + fA,(z+h) B fA @) f(M)

1 + ctan?0 1 + tan%9 1+ctan20 1+ tan20

) f’ (A, (z+h)) <h1 - (25 + hZ)Thz Ctan9>

1 + ctan?6 Iz, + A,

(71)

1 + tan®0

IRACHCELD) (m L)' 9>

2, + ha|

_ A (2) +1) N fA, @ +p®)

1 + ctan?0 1 + tan%9

B f (A (2) B f (1 (2)

1 +ctan?0 1 + tan?0

SE ), AR+ BO)

1 + ctan20 1 + tan%0

1
1 + ctan20

<[fA@+1t) - F(A (@) - f (A (@) +1)t]
b [ L@+ BO) - (s (2)
- (0@ + @) BO)]

B ()

1
1 + ctan20

<[fL@+8)-f(A@)-f (A () +1)t]

+0(It'),
(72)

where the last step is due to the fact that f is bounded and

f@+B®) - f(h@)=0(t'""),  (73)

since f is Lipschitz at A,(z). Hence (71) means

fL@+0)-f(A@)-f (A () +t)t=0(1H""),
(74)

which says f is p-order semismooth at A, (z). Applying sim-
ilar arguments show that f is p-order semismooth at 1, (z).

Abstract and Applied Analysis

Case 2. For z, = 0, letting h = te. Since f is differentiable at
AMz)+t=z +tand A\ (z+h) = z, +t,fori = 1,2, f7%is
differentiable at z + h by Lemma 2; that is, z + h € D 0.

Lo ; .
Because f~? is p-order semismooth at z, we have

2zl - 7@ - (F70) e+ shy = O (II*P),
(75)

which, together with the fact ||A]| = [¢|, is equivalent to

flz+t)=f(z) - f (@ +t)t=0(1t"").  (76)

This clearly proves that f is p-order semismooth at A;(z) =
zy, fori=1,2.

(c) The necessity comes from part (b), and the sufficiency
follows from (62) and (63). O

Corollary 10. Let f : R — R and f° be defined as in (4).
For p € (0,1], f7° is p-order semismooth at z if and only if f
is p-order semismooth at A,(z), fori = 1,2.

Remark 11. In the framework of second-order cone and posi-
tive semidefinite cone, the corresponding result to part (a) has
been established; see [5, Proposition 7] and [6, Proposition
4.10]. In [17], the author study the p-order semismoothness of
the spectral operator for p € (0, 1]. Here we further show that
if f7¢ is p-semismooth, then f is p-semismooth for all p > 0.
In addition, if z, = 0, then the p-order semismoothness of
f7% and f coincide with each other for all p > 0.

Inspired by [5, Lemma 4], we also obtain the following
result.

Theorem 12. Let f: R — R be strictly continuous. Then, for

any z € R", the B-differential BB(fSZB)(z) is well defined and
nonempty. Moreover,

(i) ifz, #0, then

T
9 (f7) (2) E ”QZZ_;”
o) (2) =
’ 0z - (n-a)zz
=l 2.’

. f(A(2) - f (A (2)
L@-A(2)

E—poctanB € dzf (1, (2),
E+otan6 € 051 (A, (2)),

n=E&—-p(ctan6 —tan0) ¢ ;
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(ii) ifz, = 0, then

2 (%) (2) {[ ; o' T

ow al +(n-a)ww
acof (4, (@), lwl =1,
E—poctanB e dzf (1, (2), (78)

E+otanf € 051 (A4 (2)),
n=f—g(ctan9—tan0)}.

Proof. Denote by Q) the set in the right side of (77).

Casel.z,#0.F (21 — zwithzZXeD
ase 1. z, # 0. For any sequence {z"},_;, — z with z (F%o)-
Then, we compute

Vf‘% (zk)

n (zk) = £(zk) -0 (zk) (ctan 6 — tan 0)

(79)

Since f is strictly continuous, we know that & (zF) and Q(zk)
are bounded and hence have cluster points. We assume,

without loss of generality, that E(zk) - gand Q(zk) - 0.
Note that f is differentiable at A,(z*) for i = 1,2 by Lemma 2.
Besides, from

f(zk) -0 (zk) ctanf = f’ (/\1 (zk)) ,
£(2") + () tan0 = f' (2, (<)),

and the fact that any cluster point of {f '(/\i(zk))}zzl is in
0p f (A,(z)) by definition, we have

(80)

E-gctanf e dpf (A, (2)),  E+@tanb € dpf (1, (2)).

(81)

This means that any cluster points of {V( fgf’)(zk)}z(i1 are
element of Q; that is, BB(fgf’)(z) c Q.
Conversely, for any & and ¢ satisfying & — pctanf €

05 f (M (2)) and &+ o tan O € 0g f(A,(2)), there exist {/\’i}zl —
A,(z) and (A5} — A, (2) with f being differentiable at A%

1

and A% and {f'(A))0, — E-gctan@and (' A5)}o, — &+
otan@. Since A,(z) = z; + ||z, ]| tan 0 > z; > z; — ||z, ]ctan 6 =
A, (z), it implies that )Lé > /\’I is k large enough. Now, let

tan’0 . ctan’0
1+tan?0" ' 1+ ctan20 2

K
k._ |21
Z = =
LIZ‘] ( tan@ ctan @ k) zZ,

1+tan20"% 1+ ctan29’ ! H

(82)

For points z*, it is easy to see that A;(z¥) = /\If for all k by

using the following facts:

tan @ Kk _ 1 k 1 k
1+tan?0 %2 ctanO+tan® 2~ ctanO +tanf (83)
_ctanf g
" 1+ctan?9!

Hence, 28 — zand f7* are differentiable at z* by Lemma 2
(since f is differentiable at Ai(zk ) = A]i‘ fori = 1,2). Then, we
compute

vf7 (&)
e(z") (ﬁ)

k .
)% ()1 (n() () 25

(e [EA&
n (zk) = E(zk) -0 (zk) (ctan@ —tan0) ,
(84)
where
o() = Fha (") -r(n (&)
Ay (2F) = A, (29)
L@ -F0E)
A2 (2) - A1 (2) ’
oo ) )
E(Z ) " 1+ctan?0 1 +tan26
&—opctan0 €+Qtan9_E (85)
" 1+ ctanZ0 " 1+tan20
tan O ' tan @ '
() =~ e’ )+ T3 g (1)
ctan 0
"1+ ctan20 (£ -¢ctan)
tan 0
ﬁ (& +otanf) = o.

Since the limit of{Vf“% (zk)}ii1 is an element ofangf’ (z), we
obtain Q € 93 f7°(z).
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Case 2. z, = 0. Consider any sequence {z" };21 =
{(z’lc , zlg )}zz1 — z with f Zo being differentiable at ZF for all k.
By passing to a subsequence, we can assume that either 212‘ =
0 for all k or z12< +0 for all k. If lec = 0, then by Lemma 2
we know that f is differentiable at Ai(zk) = z]f fori =
1,2 and Vf79(z") = f'(z")I. Hence, the cluster point of
{Vf“% (zk)},fz1 is an element of (78) with o = 0 and & = a €
0pf(z;) C Of(zy). If z’; #0, by passing to a subsequence we

can assume without loss of generality that {zlz‘ / ||z’2‘||} - w
for some w with ||w|| = 1. Note that

Vf‘% (zk)
£(:)
= kY T |
U2 ()1 (1(a1) () 25

11 =l

n (zk) = E(zk) - (zk) (ctan 6 — tan 0)

(86)

Moreover, from E(zk) and g(zk) being bounded (due to the
strictly continuous of f), we can assume that E(zk) —
€ and o(z) — 3. Using (80) and any cluster point of
{f'(/\i(zk))},il in 0g f(A,(2)), we have

E-gctanf e 05f (A, (2)),  E+gtanB e dzf (A, (2)).
(87)

In addition,
a(zk) _ f(AZ (zk)) B f(Al (Zk))
S L () -2 (F)

where AF ¢ [/ll(zk), /\Z(zk)] and hence converges to A,(z),
since Ai(zk) — A(2) fori = 1,2, due to z, = 0.
Using the outer semicontinuity of f we get that the cluster
point of {a(z")} belongs to df(A,(z)). Hence any cluster of
{Vf Zo (zk)},fz1 belongs to an element of the set of the right
side in (78). ]

eof (XF), (89

We point out one thing for Theorem 12(ii). In the set of
the right side in (78), a € df (A, (z)) cannot be replaced by a €
0 f(A(z)) because 9; f (A,(2)) is usually a smaller subset of
0f (A, (2)). For example, letting f(t) = |t|and @ = 2, f = -1,
we have

fl-f(B) 1

Tasp 3 fuf0 VieR (89
while

f(“o)‘%f(ﬁ) - % €of (0 =[-L1], (90

which is the main reason causing what we just pointed out.
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At present, we roughly describe d,(f°) for z, = 0.
In other words, how to get the exact formula on dg(f7?).
Toward this end, we need to introduce the following defini-
tion. Given z € R", define

I'(z)
= lim sup

te— Ay (Z)vtllc — A, (2)
tiote €Dy, ti <ty

f(te) - f ) )

t) =ty

<f' (), f (1)

(o1

where “lim sup” is the outer limits in the sense of set-valued
mapping; see [18, 19] for more details.

First, for z, #0, according to Lemma 2 let us write the
gradient of Vf* as

V7 (2)

1
tan 0 + ctan 6

tan —(“i—z“)

X T f, ()‘1 (Z))
=zl ctan@zZ(ZZ)
[=I =
T
ctan 6 <”z—2”)
1 5 ,
tan 6 + ctan O z Zz(zz)T (A (2)
2 tan@ >
=] =
0 0
n f()‘z (Z)) _f(/\l (Z)) i (Z )T
Ay (2) = A (2) 01- ﬁ ﬁz
3

The exact formula of B-subdifferential d5( f7*) is given
below.

Theorem 13. Given z € R", the following statements hold.

(a) If z, #0, then

% () (2

1 tanf -z,
| tan6+ ctan @ -z, ctan0z,z) b
1 [ ctan z ] (93)
Y

-
tanf+ ctan6 |z tan@ EZEZ

0 0
+[ ——T:|C|(/3)%C)€r(z)]’-

0 I-2,z,
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(b) Ifz, = 0, then
% () (@)

B { 1 tan 0 —w’

" | tan6 + ctan @ r|P
1 ctan 0 w’

" tan@ + ctan 0 T

+[° 0 ]M (M,C)GF(z)}

0 I-ww’ wl =1

-w ctan 0 ww

(94)
w tan6 ww

U{rl | T €0gf (2;)}-

Proof. (a) Denote by E the set in the right side of (93).
Take V' € 0g( fg*’ )(2). By definition, there exists a sequence
{zk}ii1 — z with 2~ € D47,y satistying VfZe(zh — V.
Since z, #0, then z;‘ #0 for k sufficiently large. Note that
/\i(zk) €Dy fori = 1,2 by Lemma 2 and from (92)

V7 () = ——

tan 0 + ctan 6

k
tan 0 —( %2 )
1251

% 2 k( k)T f' (’\1 (zk))

Z3\%2
||Z2 | ° B

1
+ —_—
tan 0 + ctan 6
T

k

ctanf ( ) (95)
|25

k z'z‘(z';)T

an0—= 22
ETRET

0 0

Note also that 25/ — z,/llz,]l = Z,, 1:(2F) — A,(2), for
i=1,2,and

(5. (). L 2 E DT )

PCORRINCY

—TI'(2).
(96)

Hence V =lim;_,, VfZ() € &. This establishes d(f<?)(z) C

=
.
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Conversely, take V' € E; that is, there exists (3, y,¢) € I'(z)
such that

1 [tan 0 -2z, ]

~ tan6 +ctanf | -z, ctan6Zz,z,

+ —_—
tan 6 + ctan 0

0 0
+ __r|6
01- zzzg

By definition of I'(z), there exists t, t,’< € Dy such thatt, —
A (2), t,’< — A,(2), t‘,’C > t;, and

(f' (t). f (tL),%ti(% — (Bp). o9

1 ctan 0 zr

z, tan0z,z,

k
Let
. tan’0 N ctan’0
f Z 1+tan20 1 +ctan2 *
Z = k =
z, < tanf ctan @ ) z,
1+tan20 © 1+ ctan?0 *) |z,

(99)

Note that t, > t;, it is easy to see the A, (Z5) =t My (z) =
— zand f7°
are differentiable at z* by Lemma 2 (since f is differentiable
at /\,-(zk) for i = 1,2). Hence according to the formula of
gradients Vfg" (25, (95), (97), and (98), together with the fact
25 /1251 = z,/lz, ]I, we have V' = lim,_, . Vf7?(2"), which in
turn implies V € aB(fys)(z).

(b) Take V' € dg( f‘Y ?)(2z); then by definition there exists
¢ > zwith ZF € Dz, such that Vfg"(zk) — V. By
passing to a subsequence, we can assume that either zg =0
for all k or z5#0 for all k. If z5 = 0, then by Lemma 2
Vfgﬂ () = f'(z’f)I. Hence the cluster point of {f’(z’f)l} is
an element of {7 | 7 € 0zf(z;)}. If 212‘ #0, by passing to a
subsequence we can assume that {zlz‘ / ||z’2c I} — w for some w
with |w| = 1. Note that /\,-(zk) € Dy (since e Dz, by
Lemma 2), A,(z¥) — A,(2), fori = 1,2,and A, (") < A,(z5);
it follows from (95) that V belongs to an element of (94) with

(B y>5)

! i i .
t and u), = u, for i = 1,2. Hence, ZF

€ lim sup (f' (A (29). (1 (2Y).

k— 00

(100)

f(Aa(2) - f
A, (29) - A

@)
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Conversely, take V belonging to the left side of (94); that is,
there exists 7 € 0z f(z,) such that V' = 7] or exist (3, y,¢) €
[(z) and w € R" ! with |Jw| = 1 such that

1 [tan@ —w’ T] B

" tanf +ctanf | —~w ctanQww

1 [ctan 0 w’ ] (101)

+ e —
tan@ + ctanf | w tanfww’

N 0 0
0 I-ww’ ¢

IfV = 7l for some 7 € 95 f(z,), then there exists t* — z, with
t* e Dy such that f(t%) — 7. Let 25 = tke, then 1,(zF) =
5 fori = 1,2, 2 € Dyz, by Lemma?2.
Thus, Vf(z¥) = f'(t*)I, which further implies V = 7I =
lim, o, f' ()1 = lim, _,  VfZ?(z"); thatis, V € 05(f7?)(z).
The remaining case can be proved by using the same
argument following (97) by replacing z, by w. The proof is
complete. O

— z, and Z¥

Due to the important role played by I'(z), we present the
estimate of I' as below.

Lemma 14. Given z € R”, the following statements hold.

(a) If z, #0, then

I'(z)
L@)-f(A
) (an (0 @205 (). 24 Azz(zg - i((zl>(2)) ) |
(102)
(b) Ifzz = 0, then
L(2) € @pf (21),05f (21),0f (1) (103)

Proof. The case of z, # 0 is clear, while the case of z, = 0 can
be proved by using the similar argument following (88). [J

The exact estimate of I'(z) at z, = 0 can be obtained
provided that additional assumption is imposed on f.

Lemma 15. Suppose that f : R — R is strictly continuous
and directionally differentiable function satisfying

lim f(ti SO _ hmf t) = f. (1),
sl ‘<D, (104)
VTt eR, oe€{-+}.
Then, for z = (z;,0) € R", we have
I (z) ={(r.7,7) | T € 05 f (2,)}
(105)

U{(fL () £ (20) 0 (20))]
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Proof. It follows from the definition of I'(z) via (91) that

I'(z) = limsup
oty — 2

tit €05, b <ty

<f’ (8, 1" (1) M)

= limsup
tity — 2,
teot €Dy, <ty <z

+ limsup
oty — 2,
titi €Df, 2, <ty <ty

(f’ (1) f (tz))%ti(tk))

+ limsup
tk»tllc -2z
tiot €D, <z <ty

(f’ (t). f (rL),M>

t, =ty
(106)

According to (104), it is easy to see that

opf () = {fl (Zl)’fi (zl)}’
of (z,) = [f (z1)> f+(Zl)]
f(t:c)—f(tk))

lim sup ;
tity — 23 by

tiotk €Dy, <<z,

= (fl (z1),

<f’ ). (L),

(107)

fl (Zl)’f—, (Zl))’

lim sup
tity — 2,
tetr €Dy, 2 <t <ty

N CACHNACHNACH)E

(f’ (t). f' (tz),ft"k;

These are the elements of (7,7,7) with 7 € 03f(z;), since
I f(z1) = {f(2)), f1(z1)}. Now we claim that

(f' .1/ (g), LB (t"))

lim su
P ty—t;

tk,t,'( — 2z
tioth €Dy, t <z, <ty

= (/=) £1(20),9f ().

(108)

It only needs to show

f(t) - f(t)

lim sup ;
/ th—t,
tiste = 21 k

tiotk €Dy, <z <ty

=0f (zl) . (109)
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First, we observe that

f(t) - f (&)

t — te
Gz f) @) 2 - f@) - f (1)
t, =ty t, -z =t ozt

— (1- r)fi (z1) + rf’ (2,) € Of (2,),

(110)

for some r € [0, 1]. Conversely, taking T € 0f(z,) and using

of(z)) = [f_'(zl),fl(zl)] yield 7 = (1 r)fi(zl) + rf_’(zl) for
some r € [0,1]. Due to Dy being dense in R, for any k > 1,
we define

1 1 1
Tl = Dfﬂ [Zl —T’E - ﬁ)zl —T'E] :#0

1 1 1
TZ::Dfﬂ[zl+(1—r)E,zl+(1—r)—+

2 ﬁ] +0.

(111)

Take t, € T; and t, € T); then for t, > z; > t;, we have

(1-n)7 <th-zsU-n3
112)
1 ’ 1 2
EStk—tkS%+P,
which imply
Q=N _th-z _0-DK+(UR)
(1/k) + (2/Kk?) ~ t,’(—tk - 1/k ’
(113)
Thus,
t—
A (114)
th—t,
Similarly, we have
z; —t
- —7r. 115
t — ty (115)

In summary,

=(1-1) fi(z) +7f (z))

2~ f(21) = f (8)

=ty oz —ty

o t,—z f(t) - f(2) .

k—ooty =t b -2z

f (tzlc) (tk)

= lim :
k— oo t - tk
(116)
This completes the proof. O
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Corollary 16. Suppose f: R — R is strictly continuous and
directionally differentiable function satisfying

f(t) f()

st Jim, £ 8 = £ (@),
t#v teDf (117)
Vi eR, oe€{-+}.

Then, for any z = (z,,0) € R",

T

‘313(](39)(2):{|:f ow ||

ow al +(n-a)ww

either a=& € dzf(z,),0=0,

or a€df (z;),

E-gctan6 = [ (z,), (118)

E+otand = fl (),
n==&E-og(ctanf —tan0),

llwll = 1}-

Proof. This result follows by combining Theorem 13 and
Lemma 15. O

We point out that if 6 = 45°, then Corollary 16 reduces to
[5, Lemma 5].

4. Directional Differentiability in
Hadamard Sense, Positive Homogeneity,
and Boundedness

In this section, we study some other important properties
between f7¢ and £, such as directional differentiability in the
Hadamard sense, positive homogeneity, and boundedness.
These are new discoveries and are not studied in [1, 5, 6] or
other settings. First, we note that if a function is directionally
differentiable in the Hadamard senses, then it must be direc-
tionally differentiable. The converse statement holds true if
this function is from R to R, since in this case the direction
just has +1. More precisely, for a real-valued function g :
R — R, g is directionally differentiable if and only if g is
directionally differentiable in the Hadamard sense. Indeed,
in the proof of [5, Proposition 3], the authors already employ
the property of directionally differentiable in the Hadamard
sense and even the assumption is directionally differentiable.
However, for general mappings g : R"toRorg: R" — R™,
these two concepts are not equivalent. In other words, if g
is directionally differentiable in the Hadamard sense, then g
is directionally differentiable. But, the converse is invalid in
general, unless some additional assumption is imposed; for
example, local Lipschitz continuity [20]. Nonetheless, we will
show for the special function f7¢ : R" — R", these two
concepts are still equivalent.
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Theorem 17. Let f : R — R and f7° be defined as in (4).

Then, {7 is directionally differentiable at z if and only if f7°
is directionally differentiable at z in the Hadamard sense.

Proof. “&” This direction is clear.

“=” Suppose that fZ¢ is directionally differentiable at
z. Then, from Lemma 1, f is directionally differentiable, and

7 (z+th') - f7(2)

Abstract and Applied Analysis

hence f is directionally differentiable in the Hadamard sense,
since f is a function from R to R. To proceed the proof, we
consider the following three cases.

Casel.z, =0and h, = 0. Leth' = (W}, h,) — h = (h;, hy). If
H, = 0, then the proof is trivial. If i, # 0, then

f(z +th —t|hy] ctan6) £ (z, +th +1t || tan6)

1 + ctan20

+
1 + tan20

( f (z1 +th) —t "h;” ctan@) ctanf f (zl +th +t "h;“ tan 6) tan0> K,
- +

1 + ctan20

f(z)

1 + tan%8

f(z)

1 + ctan20

(_f(Zl)ctanG N f(Zl)tanG)w

1 + ctan?0 1 + tan%8

where w is taken to be h;/ ||h;||. Since f is directionally
differentiable in the Hadamard sense, then

i f (2:1 +th) —t “h;" ctan 0) - f(z)

B —h t
t10

:f, (zshy),

f(z1 +th} —t|h}] tan6) - £ (z,)
W —h t

:f’ (zi3hy).

(120)

Therefore,

f (z1 +th) —t ”h;" ctan 9) f (z1 +th) +1t “h;" tan@)
+

1
t 1 + ctan26

1 + tan®0

f(z) f(z)

" 1+ctan20 1+ tan26

— f, (zl;hl) f’ (Zl;hl) _f, (21;h1),

1+ctan20 1+ tan20

1 + tan%8 (7] (119)

f (z1 +th) —t "h;” ctan 0) ctan 6

1 + ctan20

A

. f (z1 +th) +t “h;" tan@) tan 6
1 + tan26

f(z;)ctan@ . f(z;)tan0 H,
1 + ctan26 1 + tan%0 (L4
(121)

because the term in big brace approaches to zero and h; / IIh; I
is bounded. These two limits imply

7o (z+th') - 7 (2)

- [f' (zé;hl)] = ' (zishy) e

= (1) (@h),
(122)

which says f7¢ is directionally differentiable at z in the

Hadamard sense.



Abstract and Applied Analysis

Case 2. z, = 0 and h, # 0. Note that

7 (z+th') - f7(2)

1 + ctan20

[z +thy -t "h;“ ctan6)  f(z, +th +t "h;" tan0)
+

1 + ctan20

< [z +thy -t "h;“ ctanf)ctan®  f (z, +thy +1 "h;“ tan0) tan@) K,
- +

f (zl +th) —t "h;” ctan 9) f (zl +th) +t "h; “ tan 9)

+
1 + ctan20

1 + ctan20

For the first component, we compute that

[f (z, +th} -t ”h;" ctan6) f(z, +thy +t “h;" tan6)
+

1
t 1 + tan®0

1 + ctan26

~f(z1) ]

1
Tt 1 + ctan20

[f(zl +t (H, - ||n}] ctan6)) - £ (2,)

. f(z +t(hy + M| tan6)) - £ ()

1 + tan%9

. f' (zy3hy = |hy| ctan @) f' (213 hy + ||y tan 6)
+
1 + ctan?0 1 + tan%0

ast |0, W — h,

< f (zl +thy —t "h;“ ctan 9) ctanf f (zl +th) +t "h;“ tan 9) tan@) K,
- +

17
2
1 + tan®60 _[f(zl)]
0
1 +tan’f 2]l (123)
1 + tan20 /(=)
1 + tan20 [A3]] .
For the second component, we have
1| f (zl +th) —t "h; ” ctan 9) ctan 0
t] 1 + ctan?6
f(z +th} +t|h))tan6)tan6] 1!
" 1 + tan26 m
— [P (i, ~ [y ctan)
1+ ctan2? UM >
tan , i
1+ tanZOf (zl’hl + “hZ" tan@)] "h2||
(125)
The above two limits show that
7o (z+th') - 7% (2) 1
W —h t 1 + ctan?6
t10
st~ Palaane)| ] 1h
X shy —
flash, 2l 0 ctan@-1]| -2
2|
(124) 1 | 1
! .
i 1 +tan20f (213 + [ tan 6) [0 tanG-I] i
2]
= (£7) @zh).

where the last step is due to the fact that f is directionally
differentiable in the Hadamard sense.

(126)
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Case 3. z, #0. Then

7 (z+th') - f7(2)

f(z, +thy - “zz + th;" ctan6) N f(z) +thy + "z2 + th ” tan0)
1 + ctan?6 1 + tan%6

B f (z1 + th - "z2 +th) ” ctan@ ctan 6 f (z1 + th + ||z2 +th! || tan@ tan0\ z, + th;
< 1+ ctan®6 1+ tan’ > |z, + th]| (127)

f (21 = ||z, ctan 6) . f (21 + ||z, tan 6)

1 + ctan?0 1 + tan?0
f (z; = ||| ctan 6) ctan 0 f (2 + ;| tanB) tan 6\ 2,
1 + ctan?6 1 + tan’6 Iz

Then, the first component of ( fZ°(z+th')— fZ?(z))/t behaves f' (21 = ||z ctan 65 1, - (z;rhz/ Iz, ||) ctan 0)
as follows (whent | 0Oand ' — h): -

1 + ctan?6
1 [ f (2 +thy - "zz - th;" ctan ) N f' (21 + 2] tan 6; 1, + (25 1/ |12, ) tan 6)
t 1 + ctan?6 1 + tan26 ’ 9)
128
i (21 +th] + |z, + th} | tan 6)
1 + tan0 where in the last step we have used the fact that f is
F(z - || ctan®) £ (2, + 2] tan6) directionally differentiable in the Hadamard sense. Recall that
B 1 2 ; B 1 2 2 ] D(z,) = z,/l1z,l is continuously differentiable at z, # 0. Then,
1+ ctan®0 1+ tan®0 the second component of (f;% (z+th') - f“%(z))/t behaves
foll hent | Oand h h):
1 [f (2, +th - “22 + th;” ctan6) — f (2, — |z,] ctan 6) asfollows (whent | Oand i' ~ &)
=7 2
‘ 1+ ctan’d 1 _f (z1 +th) - “zz + th;" ctan 6) ctan 6
f(z) +th) + "z2 + th;" tan 9) - f (2, + |z,| tan6) t 1 + ctan?6
i 1 + tan?0
| zTh +f (z1 + th; + "22 + th;“ tan 9) tan6 | z, + th;
= [(f <z1 +th) — |z, ctan 6 - ||222|| ctan 6 + o(t)> 1 + tan®6 |z, + th||
f (z, - |z;| ctan 6) ctan 6
EALE 6)) - [_ 1 1 -i ctan?6

X (1 + ctanzt9)_1

T !

+ (f (z1 +thy + ||z, | tan @ + ¢ “ h“

+f (21 +||2] tan6) tan 6] z,
1 + tan26 (B
tan@ + o (t))
2h
"I z, = ||z,| ctan 8; 1, — 2ctan@)
—f(z + | tan@)) / < =l B E

X (1 + tanze)l] +ﬂf' ( +||z,| tan 6 by + 22— 2h tan@)]

1 + tan20 || o

ctan 0
N
1 + ctan20
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|z, ctan 0) ctan @

X 2 4
1 + ctan20

|2

2 [_f(zl—

+f (21 + ||z,| tan 6) tan 6
1 + tan?0

T
A

The above two limits show that

7 (z+th') - f(2)

W —h t

(129)

. 1 ! .
= e’ ctanzef (/\1 (z);hy - " 2 ctane)

Bl
0 ctanO-1 _H
2
__ctan® f (A (2)
1+ctan?0 ||z,

M. h (130)

22

1
+ —_—
1 + tan%8

1
o w1 [uZu]

. tan@ f (A, (2))
1+tan’0 ||z,

f' (A (2);hy + 2tan9)
||

M, h= (%) (zh).

The proof is complete. O

Theorem 18. Let f : R — R and f7¢ be defined as in (4).
Then, the following statements are equivalent.

(@) f Zo s directionally differentiable at z;

(b) 7 is directionally differentiable at z in the Hadamard
sense;
(c) f is directionally differentiable at A,(z), fori = 1,2;

(d) f is directionally differentiable at A;(z), fori = 1,2 in
the Hadamard sense.

Proof. The equivalence (a) & (b) comes from Theorem 17;
() © (d)is due to the fact that f : R — R; (a) & (c)
follows from Lemma 1. O

Below we study the relationship of positive homogeneity
and boundedness between £ and f.

Theorem 19. Let f : R — R and f7¢ be defined as in (4).
Then, f Zo js positively homogeneous at z with exponent o > 0
if and only if f is positively homogeneous at A;(z) fori = 1,2
with exponent o > 0.
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Proof. “<” Suppose that f is positively homogeneous at A;(z)
for i = 1,2 with exponent « > 0. For any z = (z,,2,) €
RxR" ' withz = /Xl(z)ui+/lz(z)u§,we observe thatuy, = u_,
i =1,2for k > 0, whenever z, # 0 and A,(kz) = kA,(z), for
i = 1,2. Hence, when z, # 0, we have

f70(k2) = £ (A (k2) wy, + f (A, (k2)) ug,
= f (kA (@) ul + f (k), (2)) ul
=K [f (L @)+ f (A, (2) ]
=k*f (z).

When z, = 0, we know that A,(z) = z, fori = 1, 2. Thus,

f$9 (kz) = [f (1(;21)] _ [k“fo(zl)] - k“fi’ﬂ (z). (132)

(131)

All the above shows that f7° is positively homogeneous at z
with exponent « > 0.

=” Suppose that f7¢ is positively homogeneous at z
with exponent o > 0; that is, f“?" (kz) = k“fy" (z). Then,
we have

FUM@ ] = (70 (ko)) =k (570 (), ul)

:k(x

(133)
which in turn implies f(kA;(z)) = k* f(A,(z)), since ||u;|| #0.

Hence, f is positively homogenous at A;(z) for i = 1,2 with
exponent « > 0. O

Theorem 20. Let f : R — R and f7° be defined as in (4).
Then, f7¢ is bounded if and only if f is bounded.

Proof. “<” Suppose that f is bounded by M. The proof for
this direction follows from the following inequality:

IF7 @) = f 0 @)l + £ (A, (2)) 2
<|F @) ] + 1F Q@ - |2] - 34

1 1
< < + )M
V1 +ctan20 V1 + tan%6

“=” Suppose that 7% is bounded by M. This direction is
trivial because for any 7 € R, one has f‘% (te) = (f(1), 0)7,
and hence

r@l=|(F ) =157 wo] <

(135)

5. Final Remarks

So far, we have shown that many properties holding for f**

can be extended to the setting for f7?. One may wonder
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whether f°°° and ¢ always share the same properties. The
answer is no! Here, we present a simple property that holds for
£°° but fails for £¥¢. Some more different properties between
f7 and f*°° are discovered in [21].

To see the counterexample, we recall that a function F :
R" — R" is said to be an odd (even, resp.) function if
F(-x) = —=F(x) (F(-x) = F(x), resp.) for all x € R".

Proposition 21. Let f: R — R and f*° be given as in (6).
Then f°°° is an odd (even, resp.) function on R" if and only if
[ is an odd (even, resp.) function on R.

Proof. “<” In the setting of second-order cone, we observe
that

(136)
A (=2) = =1, (2),

which implies
1 (=2)
= fL )l + f (A, (-2) e,
= f(-2, @)+ f (A, (@) u]
. {—f (L @)u - f (N @)
fA@)ul+f (A (2)u,

~ _fSOC (Z)
fSOC (z)
“=”For T € R, we have

f1)=(f" (-1e)e)

_ {<—f% (te),e) =—f (r) if f7% is odd,

<f$9 (te) ,€> = f (1) if fye is even.
(138)
O

Ay (=2) = -4, (2),

if fis odd, (137)

if f is even,

if f is odd,

if f is even.

The below example illustrates that the above relationship
fails to hold for f7* and f.

Example 22. Let fy % be given as in (4) with tan6 = 2 (0 =
tan"!2). Then,
(@) f(t) = #* is an odd function, but f“‘C[ ¢ is not an odd
function at z = (1, 1);

(b) f(t) = #? is an even function, but f"% is not an even
function at z = (1, 1).

For f(t) = £3, it is clear that f@) = £ is an odd function.
Nonetheless, we verify that

7 (2) = % (110,215), 7% (-z) = % (=50, -35),

(139)

which says —f7¢(z) # f7¢(~z). Thus, f7* is not an odd
function at z = (1, 1).
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Similarly, for f(t) = t* which is an even function, we
compute
70 (2) = L (20,35), [ (-z) = L (20,5). (140)
10 10
Hence, f7¢(-z)+# f7°(z) which says f“° is not an even
function at z = (1, 1).

Finally, let us discuss the relationship between circular
cone and the (nonsymmetric) matrix cone introduced in
[17, 22], where the authors study the epigraph of six different
matrix norms, such as the Frobenius norm, the I norm, [
norm, the spectral or the operator norm, the nuclear norm,
and the Ky Fan k-norm. If we regard a matrix as a high-
dimensional vector, then the circular cone is equivalent to the
matrix cone with Frobenius norm. More precisely, denote

K, = {6X) e RxR™ [ 7t > | X5}, (141)

where || X||z denotes the Frobenius norm of X; thatis, | X| :=

1/2
o Z;‘zl IXijIZ) /? Notice that the circular cone Zy can be
equivalently written as

Lo ={(x1.%,) € RXR™ | xtan6 = |, [} . (142)

Lett = xy, € = ctan 0 and X = diag(x,) where diag denotes
the diagonal matrix; then K} 9 reduces to Z,. Conversely,
the matrix cone Kj, , can be also regarded as a circular cone
with

1

tanf =¢ , x; =1,
%= (XipXip oo X e oos Xipo oo Xjpo oo s Xppps (143)
o X)) €R™

Therefore, K, is a (mn + 1)-dimensional circular cone.
In addition, we know for a vector y € R" (regarding as a
matrix in R™") the singular value decomposition is

y=UzV’, (144)
where V.= 1 ¢ R, = = ([y,0,...,0)" € R™, and
U-=I[U,...,U,] e R""withU, = y/lyl and U,,...,U,, are

arbitrary orthonormal vectors orthogonal to y. It indicates
that the singular value of y is ||y| and 0 with multiplicity
n — 1. Hence the spectral/operator norm (largest singular
value), the Ky Fan k-norm (the sum of k-largest singular
value), or the nuclear norm (the sum of the singular values)
are all [ y|. This means that &, is a special case of the
matrix cone studied in [17, 22], where the properties of
spectral operator are studied, such as well-definiteness, the
directional differentiability, the Fréchet differentiability, the
locally Lipschitz continuity, the p-order B-differentiability
(0 < p < 1), the p-order G-semismooth (0 < p < 1),
and the characterization of Clarke’s generalized Jacobian. In
this paper, by using the special structure of circular cone,
we mainly establish the B-subdifferential (the approach we
considered here is more directly and depended on the special
structure of circular cone), the directional differentiability in
the Hadamard sense, and the p-order semismooth for p > 1.
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