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Abstract Recently Tseng (Math Program 83:159-185, 1998) extended a class
of merit functions, proposed by Luo and Tseng (A new class of merit functions
for the nonlinear complementarity problem, in Complementarity and Variational
Problems: State of the Art, pp. 204-225, 1997), for the nonlinear complementarity
problem (NCP) to the semidefinite complementarity problem (SDCP) and showed
several related properties. In this paper, we extend this class of merit functions to
the second-order cone complementarity problem (SOCCP) and show analogous
properties as in NCP and SDCP cases. In addition, we study another class of merit
functions which are based on a slight modification of the aforementioned class
of merit functions. Both classes of merit functions provide an error bound for the
SOCCP and have bounded level sets.
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1 Introduction

We consider the following conic complementarity problem of finding x, y € IR”
and ¢ € R” satistying

(x,y)=0, xek, yek, (1)

x=F(), y=G(), 2)
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where (-, -) is the Euclidean inner product, F' : R” — R"” and G : R" — R" are
smooth (i.e., continuously differentiable) mappings, and K is the Cartesian prod-
uct of second-order cones (SOC), also called Lorentz cones (Faraut and Kordnyi
1994). In other words,

K=K" x---x K"V, 3)
where N,ny,...,ny > 1,n1+---+ny =n, and
KM= {(x1,x2) € R x R | |xo]| < xy}, 4)

with || - || denoting the Euclidean norm and k! denoting the set of nonnegative
reals IR ;. A special case of (3) is K = R’} the nonnegative orthant in IR”, which
correspondsto N =nandn; = --- = ny = 1. We will refer to (1), (2), (3) as the
second-order cone complementarity problem (SOCCP).

An important special case of SOCCP corresponds to G(¢) = ¢ forall ¢ € R".
Then (1) and (2) reduce to

(F(£).2)=0, F()ek, ¢ek, &)

which is a natural extension of the nonlinear complementarity problem (NCP)
where K = IR’}. Another important special case of SOCCP corresponds to the
Karush—Kuhn-Tucker (KKT) optimality conditions for the second-order cone
program (SOCP) (see Chen and Tseng 2005 for details):

minimize ¢Tx

subjectto Ax = b, x € K, ©)
where A € R™*" has full row rank, » € R™ and ¢ € R".

For simplicity, we will focus on I = K" throughout the whole paper. All the
analysis can be carried over to the general case where K has the direct product
structure as (3). It is known that K" is a closed convex cone with interior given by

int(K") = {(x1, x2) € R x R"™ | [x2]l < x1}.

For any x, y in R", we write x >,, yif x —y € K"; and write x >, y if
x —y € int(K"). In other words, we have x >, 0 if and only if x € K" and
X >, 0if and only if x € int(K"). The relation >, is a partial ordering, i.e., it
is anti-symmetric, transitive, and reflexive. Nonetheless, it is not a total ordering
in K.

There have been various methods proposed for solving SOCP and SOCCP. They
include interior-point methods (Alizadeh and Schmieta 2000; Andersen et al. 2003;
Lobo et al. 1998; Mittelmann 2003; Monteiro and Tsuchiya 2000; Schmieta and
Alizadeh 2001; Tsuchiya 1999), non-interior smoothing Newton methods (Chen
etal. 2003; Fukushima et al. 2002; Hayashi et al. 2002), and smoothing—regulariza-
tion methods (Hayashi et al. 2005). Recently, the author and his co-author studied
an alternative approach based on reformulating SOCP and SOCCP as an uncon-
strained smooth minimization problem (Chen and Tseng 2005). In that approach,
it aimed to find a smooth function ¢ : R” x IR” — IR, such that

Yx,y) =0 < xek", yeKk", {(x,y)=0. @)



Two classes of merit functions 497

Then SOCCP can be expressed as an unconstrained smooth (global) minimization
problem:

min f(¢) := Y (F (&), G()). (3)
ceR?

We call such a f a merit function for the SOCCP.
A popular choice of  is the squared norm of Fischer—-Burmeister function,
ie, Y 1 R" x R" — R associated with second-order cone given by

1
Ve (6, 3) = 5l (x, "I, 9)

where ¢, : R" x R" — IR" is the well-known Fischer—-Burmeister function
(Fischer 1992, 1997) defined by

b (X, y) = 2+ D)2 —x —y. (10)

More specifically, for any x = (x1, x2), y = (y1, »2) € R x R" !, we define their
Jordan product associated with " as

xoy = ({x,y), yix2 +x1y2). (1)

The Jordan product o, unlike scalar or matrix multiplication, is not associative,
which is a main source on complication in the analysis of SOCCP. The identity
element under this productise := (1,0, ..., 0)T € R". We write x2 to mean x o x
and write x 4 y to mean the usual componentwise addition of vectors. It is known
that x2 € K" for all x € IR”. Moreover, if x € K", then there exists a unique vector
in K", denoted by x1/2 such that ()cl/z)2 =x20x1/2 = x. Thus, ¢ defined as
(10) is well-defined for all (x, y) € R” x IR"” and maps R" x R" to R". It was
shown by Fukushima et al. (2002) that ¢y, (x, y) = 0if and only if (x, y) satisfies
(1). Therefore, Y, defined as (9) induces a merit function for the SOCCP.

In this paper, we study two classes of merit functions for the SOCCP. The first
class is

Jir (@) = Yo ((F(£), G(O)) + ¥ (F(), G(£)), 12)
where ¥ : R — R, satisfies
Yo(r) =0 Vi < 0and y(r) > 0 Vi > 0, (13)
and ¥ : R" x R" — R satisfies
Y, y) =0, (x,y) =0 < (x,yek"xK", (x,y)=0. (14

The function f;, was proposed by Luo and Tseng (1997) for NCP case and was
extended to the SDCP case by Tseng (1998). We explore the extension to the SOC-
CP as will be seen in Sects. 3 and 4. In addition, we make a slight modification of
fir which forms another class of merit function as below.

Fir (@) = Y5(F(£) 0 G(O) + Y (F(©), GQ)), (15)
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where ¥/ : R" — Ry is given as

* 1 2
Vo (w) = §||(w)+|| . (16)

and ¥ : R" x R" — R satisfies (14). We notice that v/ possesses the following
property:

Yow) =0 = w =0, (17)

which is a similar feature to (13) in some sense. Examples of vy and ¢ will be
given in Sect. 3. The second class of merit functions for SDCP case was recently
studied (Goes and Oliveira 2002) and a variant of f;, was also studied by the author
(Chen 2006). -

We will show that both f;; and f,; provide global error bound (Propositions
4.1 and 4.2), which plays an important role in analyzing the convergence rate of
some iterative methods for solving the SOCCP, if F' and G are jointly strongly
monotone. We will also prove that if F and G are jointly monotone and a strictly
feasible solution exists then both f, and f;, have bounded level sets (Propositions
4.3 and 4.4) which will ensure that the sequence generated by a descent algorithm
has at least an accumulation point. All these properties will make it possible to con-
struct a descent algorithm for solving the equivalent unconstrained reformulation
of the SOCCP. In contrast, the merit function induced by v, lacks these properties.
In addition, we will show that both f,.. and j‘; are differentiable and their gradients
have computable formulas. All the aforementioned features are significant reasons
for choosing and studying these new merit functions.

Finally, we point out that SOCCP can be reduced to an SDCP by observing
that, for any x = (x1, x3) € R x R" !, we have x € K" if and only if

T
| X1 X
Li:= [xz x11i|

is positive semidefinite (also see Fukushima et al. 2002, p. 437 and Sim and Zhao
2005). However, this reduction increases the problem dimension from 7 to n(n +
1)/2 and it is not known whether this increase can be mitigated by exploiting the
special “arrow” structure of L.

Throughout this paper, IR” denotes the space of n-dimensional real column vec-
tors and T denotes transpose. For any differentiable function f : R* — R, V f(x)
denotes the gradient of f at x. For any differentiable mapping F = (F1, ..., F,) T :
R"” - R™, VF(x) =[VF|(x) --- VF,(x)]is an x m matrix which denotes the
transpose Jacobian of F at x. For any symmetric matrices A, B € R"*", we write
A > B (respectively, A > B)to mean A — B is positive semidefinite (respectively,
positive definite). For nonnegative scalars « and 8, we write « = O(f) to mean
a < CB, with C independent of « and 8. For any x € R", (x)4+ is used to denote
the orthogonal projection of x onto ", whereas (x)_ means the orthogonal pro-
jection of x onto —K". Also we denote C* := {y | (x,y) > 0 Vx € K} the dual
cone of C, given any closed convex cone C.
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2 Preliminaries

In this section, we review some background materials and preliminary results
obtained by the author and his co-author in (Chen and Tseng 2005) that will be
used later. We begin with the determinant and trace of x. For any x = (x1, x2) €
R x R""! its determinant and trace are defined by

det(x) := x% — ||x2||2, tr(x) := 2xy.

In general, det(x o y) # det(x)det(y) unless x» = y;. Besides, we observe that
tr(x o y) = 2{x, y). We next recall from Fukushima et al. (2002) that each x =
(x1,x2) € R x R"~! admits a spectral factorization, associated with ", of the
form

X = )qu(l) + kgu(z),

where A, Ay and u®, u® are the spectral values and the associated spectral vec-
tors of x given by

o= x4 (=D e,
. X2
%(1, (=i

u — [zl
%(1, (—1)iw2) if x, =0,

if xp # 0;

fori = 1,2, with wy being any vector in RrR"! satisfying |wz] = 1. If xp # O,
the factorization is unique.

The above spectral factorization of x, as well as x2 and x!/2 and the matrix
L, have various interesting properties; see Fukushima et al. (2002). We list four
properties that we will use in the subsequent sections.

Property 2.1 For any x = (x1, x2) € R x R"~!, with spectral values \1, A, and
spectral vectors uV | u'®, the following results hold.

(a) tr(x) = A1 + Ao and det(x) = A )y.
(b) Ifx € K", then) < X1 < Ap and x'? = Ja; u® + Vro u®.
(c) If x € int(K"), then O < A1 < A, and L, is invertible with

xT

)
det(x 1
( )I + —xzsz
X1 X1

X1
. 1

T det(x) | —x2

(d) xoy=Lyyforally € R", and Ly > 0 if and only if x € int(C").

In the following, we present some preliminary properties about ¢, and VY,
given as (10) and (9), respectively, which are crucial to proving the results in Sects. 3
and 4. We only indicate their sources and omit the proofs since they can be found
in Chen and Tseng (2005) and Fukushima et al. (2002).
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Lemma 2.1 ([Fukushimaetal. (2002), Proposition2.1]) Let ¢, : R" xIR" — R"
be given by (10). Then

¢FB(x,y)=0<:>x,yelC", xoy:(),
— x,ye K", (x,y)=0.

Lemma 2.2 ([Chen and Tseng (2005), Lemma 3.2]) For any x = (x1,x2),y =
(1, y2) € R x R* " with x> + y? & int(K"), we have

X =[xl
i = l»l?
X1y = x] y2,
X1Y2 = Y1X2.

Lemma 2.3 ([Chen and Tseng (2005), Proposition 3.1, 3.2]) Let ¢, Yy be given

as (10) and (9), respectively. Then, V., has the following properties.

(@) Yt R" x R" — Ry satisfies (7).

(b) Vg is continuously differentiable at every (x,y) € R" x IR". Moreover,
Vi (0,0) = Vi, (0,0) = 0. If (x, y) # (0,0) and x* + y* € int(K"),
then

-1
ViV (X, y) = (LxL(xz+yz)|/z - 1)¢FB (x,y),

(18)
VwaB (-xv y) = (LyL(xlz_,'_yz)l/z - I)¢FB ()C, Y)
If (x, y) # (0,0) and x* + y* ¢ int(K"), then x} + y? # 0 and

X1

Vxlﬁpg(xv)’)= | ¢pB(X,y), (19)

VAT

i

VY (x, y) = — 1| ¢ (x, ¥). (20)

VATt

Lemma 2.4 ([Chen and Tseng (2005), Lemma 5.1]) Let C be any closed convex
cone in R". For each x € R", let xéf and x; denote the nearest-point (in the
Euclidean norm) projection of x onto C and —C*, respectively. Then, the following
results hold.

(a) Forany x € R", we have x = xc+ + x; and x> = ||)cér||2 + ||xg||2.

(b) Foranyx € R" and y € C, we have (x, y) < (xér, y).

(¢) IfC is self-dual, then for any x € R" andy € C, we have “ (x + y)ér || > ||)cc+ “

Proof In fact, part (a) and (b) are classical results of Koranyi (1984). O

Lemma 2.5 ([Chen and Tseng 2005, Lemma 5.2]) Let ¢, Yy be given by (10)
and (9), respectively. For any (x,y) € R" x IR", we have

2
=

2

2
A (1, y) = 2‘ +H =)+

¢FB ()C, y)+ (_x)+
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To close this section, we recall some definitions that will be used for analysis
in subsequent sections. We say that F and G are jointly monotone if

(F() = F(£),G()—G) =0 Vi, § e R".

Similarly, F and G are jointly strongly monotone if there exists p > 0 such that

(F() = F(§),G() - G&) = pllt —€I° V¢, £ e R".

In the case where G(¢) = ¢ for all ¢ € IR", the above notions are equivalent to
the well-known notions of F being, respectively, monotone and strongly monotone
(Facchinei and Pang 2003, Sect. 2.3).

3 Two classes of merit functions

In this section, we study two classes of merit functions for the SOCCP. We are
motivated by a class of merit functions proposed by Luo and Tseng (1997) for the
NCP case originally and was already extended to the SDCP by Tseng (1998). We
introduce them as below. Let f.. be given as (12), i.e.,

Jir (@) == Yo ((F(£), G(O)) + ¥ (F(£), G(£)),

where Vg satisfies (13) and ¢ satisfies (14). We notice that v is differentiable
and strictly increasing on [0, 0o). An example of Vg is Yo (t) = %(max{O, hHe.
Let W (we adopt the notation used as in Tseng 1998) denote the collection of
¥ R" x R" — Ry satisfying (14) that are differentiable and satisfy the follow-
ing conditions:

(Vi (x, y), Vyr(x, y)) = 0, Y(x,y) € R" x R". o
(x, Vi (x, ) + (v, Vy¥r(x, y)) 20 V(x,y) € R" x R".

We will give an example of i belonging to W in Proposition 3.1. Before that,
we need couple technical lemmas which will be used for proving Propositions 3.1
and 3.2.

Lemma 3.1 (a) Foranyx € R", (x, (x)_) = [[(x)_|[Zand (x, (x)1) = [[(x)4 %
(b) Forany x € R" and y € R", we have

xeK' < (x,y)>0 VyeK" (22)
Proof (a) By definition of trace, we know that tr(x o y) = 2(x, y). Thus,

1
(x,(x)=) = Etr(x o (x)_)

1
= Etr([(X)Jr + (x)-Jo (X))

= %tr((xf_)
= [l(x)— 1%,

where the last inequality is from definition of trace again. Similar arguments
applied for (x, (x)4) = [|(x) |
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(b) Since K" is self-dual, that is " = (K)*. Hence, the desired result follows.
O

Lemma 3.2 [Fukushima et al. 2002, Proposition 3.4] For any x,y € R" and

w € K", we have
w? = x? +y? = L} = L2+ L3,

w? > x% = w > x.

Proposition 3.1 Ler ¢ : R” x R"” — IR, be given by

1 2 2
Yix, y) = 5(||(—X)+|I F 1=+l ) (23)

Then, the following results hold.

(a) VY satisfies (14).
(b) 1 is convex and differentiable at every (x, y) € R" x R" with V| (x, y) =

(x)— and Vyyri(x, y) = (y)-.
(c) Forevery (x,y) € R" x R", we have

(Vi (x, y), Vyri(x, y)) = 0.
(d) Forevery (x,y) € R" x R", we have

(o, Vel (x, ) 4 (v, Vot (e, ) = 10— 17 + 1) - 11>
(e) Y1 belongs to W, .

Proof (a) Suppose ¥1(x,y) = 0 and (x,y) < 0. Then by definition of i as
(23), we have (—x)+ = 0, (=y)+ = 0 which implies x € K",y € K"
Since K" is self-dual, x, y € K" leads to (x, y) > 0 by (22). This together
with (x, y) < 0yields (x, y) = 0. The other direction is clear from the above
arguments. Hence, we proved that 1| satisfies (14).

(b) Forany x € R"”, we have the decompositionx = (x)++(x)— = (x)4+—(—x) 4.
Hence,

1||( )+ 112 1||( ) |12 i 1|| I
—|1(—x = —-||(x)+ —x||" = mmn —|w—x|~,
2 + o M wekn 2

which is convex and differentiable in x (see Rockafellar 1970; page 255).
Moreover, the chain rule gives

1 2
Vx[§|l(—)€)+|| } =—(=x)+ = )-.

Similar formula holds for y. Thus, ¥| is convex and differentiable at every
(x,y) € R" x R" with Vi1 (x, y) = —(=x)+ = (x)— and Vy ¢ (x, y) =
—(=)+ =)

(c) From part(b), we have

(Va1 (x, ), Vi (x, y)) = ((x)—, ()-) = ((=x)+, (=y)4) = 0,
where the inequality is true by (22).
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(d) By applying Lemma 3.1(a), we obtain

(x, Vi (x, y)) = {x, (0)=) = | (x)—|I%.

Similarly, (y, Vi1 (x, y)) = ||(y)—||* and hence the desired result holds.
(e) This is an immediate consequence of (a) through (d). m|

Next, we consider a further restriction on ¥. Let W,y denote the collection of
Y € Wy satisfying the following conditions:

Y(x,y) =0 VY(x,y) € R" x R" whenever (V¥ (x, y), V¥ (x, y)) = 0.
(24)

We notice that the ¥y defined as (23) in Proposition 3.1 does not belong to W ;.
An example of such i belonging to W 4 is given in Proposition 3.2.

Proposition 3.2 Ler ¢, : R" x R" — IR, be given by

1
Ya(x, ) 1= 2l (x, M+, (25)

where ¢, is defined as (10). Then, the following results hold.

(a) Y satisfies (14).
(b) ¥ is differentiable at every (x,y) € R" x R" Moreover, Vyy2(0,0) =
Vy¥2(0,0) = 0. If (x, y) # (0, 0) and x2 + y? € int(K"), then

-1
Vio(x,y) = (LxL(xz+yz)|/2 - I)‘Ppg (X, ¥)+»

(26)
Vyl//z(x, y) = (LyL(x12+y2)1/2 - I)¢FB(xa V)4
If (x, y) # (0,0) and x* + y* ¢ int(K"), then x} + y} # 0 and
X1
Vi (x, ) = | ———=— 1| ¢ (x, V)+,
Ve
Y1
Vyva(x,y) = — 1] g (x, ¥)+- (27)

(c) Forevery (x,y) € R" x R", we have
(Veva(x, y), Vyyn(x, y)) = 0,

and the equality holds whenever yra(x, y) = 0.
(d) Forevery (x,y) € R" x R", we have

(X, Ve (x, ) + (v, Vot (x, 1)) = [l (6, 3) 411

(e) Yo belongs to W, .
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Proof (a) Suppose ¥p(x,y) = 0 and (x,y) < 0. Let z := —¢;(x,y). Then
(—2)+ = ¢ (x, y)+ = O whichsays z € K". Sincex +y = x2+yH12 4,
squaring both sides and simplifying yield

20xoy) = 2<(x2 +yH12 o z) + 22
Now, taking trace of both sides and using the facttr(x o y) = 2(x, y), we obtain

40x, y) = 4+ yH2 2 + 212012 (28)

Since (x2 + y*)!/2 € K" and z € K", then we know ((x% 4+ y2)1/2,2) > 0
by Lemma 3.1(b). Thus, the right hand-side of (28) is nonnegative, which tog-
ethers with (x, y) < 0 implies {x, y) = 0. Therefore, with this, the equation
(28) says z = 0 which is equivalent to ¢, (x, y) = 0. Then by Lemma 2.1, we
have x, y € K". Conversely, if x, y € K" and (x, y) = 0, then again Lemma
2.1 yields ¢y (x, y) = 0. Thus, Y2(x, y) =0and (x, y) <O0.

(b) For the proof of part(b), we need to discuss three cases.

Case I: If (x,y) = (0, 0), then for any &, k € R", let u; < po be the spectral

values and let v, v® be the corresponding spectral vectors of h? + k*. Hence,

by Property 2.1(b),

I(h* + kY2 —h — k| = Vv + iv® — b — k||
< VoW + mlv® | + al + 1k
= (V1 + 1) /N2 + |k + k]

Also

1 < = Bl + IkI? + 20h1hy + kiks||
< IRl 4 11k + 2|A1 | 1h2 || + 21k [|lka |
< 2||A|* + 2| k||>.

Combining the above two inequalities yields

V2(h, k) —42(0,0)

1 2
S (h )|

|y (B, ) |12
= [l(B* + k)2 —h — k)2

2
= (AT + VD) /V2 + b+ K1)
2
(2V20A17 + 2012 /2 + 1] + 1K1 )

ORI+ IIk]1%),

IA

IA

where the first inequality is from Lemma 2.5. This shows that v, is differentiable
at (0, 0) with

Va2(0,0) = Vy12(0,0) = 0.
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Case 2: If (x,y) # (0,0) and x> + y> € int(K"), let z be factored as z =
ru® 4+ 2u® for any z € IR”. Now, let g : IR” — R” be defined as

1
g(2) == §(<z)+)2 =s0uV + g()u®,

where ¢ : R — IR is given by g(A) := %(maX(O, 1))2. From the continuous
differentiability of ¢ and Proposition 5.2 of Chen et al. (2004), the vector-valued
function g is also continuously differentiable. Hence, the first component g1 (z) =
%H (2)+ % of g(z) is continuously differentiable as well. By an easy computation,
we have Vg1(z) = (z)+. Since ¥2(x, y) = g1(Pg (x, y)) and ¢, is differentiable
at (x, y) # (0,0) with xz 4+ y2 € int(K") (see Fukushima et al. 2002, Corrollary
5.2). Hence, the chain rule yields

VX¢2(X, y) = VX¢FB (x’ y)Vgl (¢FB ()C, y)) :(LXL(_)C12+y2)1/2 - I)(»bFB ()C, y)-‘ra
Voo (x, y) = Vydps (x, YIVE1 (P (x, ¥)) :(LyL(xlz_H,z)l/z - I)d)FB (s ¥)+-

Case 3:If (x, y) # (0,0) and x2 + y? & int(K"), by direct computation, we know
IlxI? 4+ Iyl = 2|lx1x2 + y1y2|| under this case. Since (x, y) # (0, 0), this also
implies x1x2 + y1y2 # 0. We notice that we can not apply the chain rule as in
case 2 since ¢, is no longer differentiable at such (x, y) of case 3. By the spectral
factorization, we observe that

¢FB(X, )’)+ = ¢FB(X, )’) — ¢FB()C, y) e K"
G (X, )4+ = 0 &= P (x, y) € = K" (29)
Pen (0. )4 = dou? = g (v, y) € KU K",
where A, is the bigger spectral value of ¢g; (x, y) and u® is the corresponding

spectral vector. Indeed, by applying Lemma 2.2, under this case, we have (as in
Chen and Tseng 2005, Eq. (26))

b (X, y) = (\/x%+y% (e ), 22 (X2+y2))- (30)

NESR

Therefore, A> and u® are given as below:

ha =/xf 4+ yf = 1+ y) + wall, 31)
1
u@ = _(1, w2 ) (32)
2 lwal]
where wy = % — (x2 + y2). To prove the differentiability of ¥, under this

X
case, we shall discuss the following three subcases according to the above obser-
vation (29).
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() If ¢ (x, y) & K"U—K" then ¢, (x, y)Jr = xou® where A, and u® are given
as in (31). From the fact that ||u® || = T’ we obtain

1//'2()&', )’) ”¢FB('x y)+|| = —)\.2
1 2
- Z[(m-mm)
+2(¢ﬁ+v%—cn+yw)wwﬁ+Wwﬁﬂ.

Since (x, y) # (0, 0) in this case, ¥, is differentiable clearly. Moreover, using the
product rule and chain rule for differentiation, the derivative of v, with respect to
x1 works out to be

X1

2 (/x4 yi- (X1+y1)) -1

(
( . +y1 — 1] w2l
(V0

+2(/xF + 57— (X1+y1))

1 X1
o | = (¢gf+y%—(m-%ﬂ)+ﬂwﬂ0
S+t

The last equality of the above expression is true because of

X2 JxXf ¥ — (2 + yiy2) - —

xl M

% pax.y) =
0x1 2y 4

Tvx1w2

] + ZwEVxl w2j|

Vi, wy =
‘ (7 +yd)

Xy

: 5 [X2(Xf +y3) — (x¥xy + X1y1y2)]

&7+ D)
230 4 y2xy — x2x9 —
XX T YiX2 — XX — X1Y1)2

(o)
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where the last equality holds by Lemma 2.2. Similarly, the gradient of ¥, with
respect to xo works out to be

1 Ve, wo - wo
Vi ¥a(x,y) = 1 [2(\/16% +y7 — (a1 + yl))xznw—zn +2V,,w, - wz}
1 X1 w2
2., .2
= | (V*?+ 9P — G+ — ] =
2 ( ARG yl)) [x2 142 llwal
17N

X1

+|—-1) w2
NESRaGT
1 X1 wy
=3 ﬁ_l ( xf—i—yf—(xl-i-yl)—i—llwzll)m
VAT T 2
Then, we can rewrite VY (x, y) as
]
—wz(x,y):|
Ve (x, = | 9n
V) [vxzwz(x,w
| &1
: 2,
- <—x‘ — 1| au®
2 2
xp+ i
X1
= - 1 ¢FB (x7 y)-‘ra (33)
xf 47

where

X1 2 2
S (m— (1 + 1) + IIwzll) €R
Jxiy?

~ 1 X1 wy -
8y =5 —— 1 (\/xlz—i-ylz—(m+y1)+||wzll)mEIR" L
,/x12+y12 2

(ii) If ¢pp(x,y) € K" then ¢z (x,y)+ = ¢ (x,y) and hence Yo (x,y) =
%Hq&FB (x, y)+ 1> = %Hq&FB (x, y)||2. Thus, by Chen and Tseng (2005, Prop. 3.1(b)),
we know that the gradient of vy under this subcase is as below:

N =
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X1 X1

Ve, ) = [ — 1] ey (2 ) = [ e — 1] (1)
NerR NETRE A
Voo, y) = |2 — 1) ¢y (v, ) = [ =2 — 1)y (x. 1) 4. (34)

VT VAT ot

If there is (x/, y') such that ¢ (X', y') & K"U—K" and ¢y (X', y') = ¢ (x,y) €
K™ (the neighborhood of point belonging to this subcase). From (33) and (34), it
can be seen that

Vit (X', y) = Vi (x,y), Vit (X', y) — Vya(x, y).

Thus, v, is differentiable under this subcase.

(i) If gy (. ) € —K then gy, (x, ¥)4 = 0. Thus, ¥2(x, ) = 3 1oy (x, ¥)4 |12 =
0 and it is clear that its gradient under this subcase is

Ve, y) = 0= | ——— — 1} oy (x. 1) 4.

e
Y1

NS

Again, if there is (x’, y’) such that ¢z (x', y") & K" U —K" and ¢, (x', y") —
¢ (x, y) € —K" (the neighborhood of point belonging to this subcase). From (33)
and (35), it can be seen that

Vyya(x,y) =0= — 1) fpp(x, ¥ (35)

Vi (x', y) = 0= Vi (x, »), Vg (x', y) — 0= Vyiha(x, y).

Thus, v, is differentiable under this subcase.

From the above, we complete the proof of this case and therefore the proof for
part(b) is done.

(c) We wish to show that (V,y2(x, ), Vy¥2(x, y)) > 0 and the equality holds if
and only if ¥ (x, y) = 0. We follow the three cases as above.

Case I:If (x, y) = (0, 0), by part (b), we know V¥ (x, y) = Vy¥n(x, y) = 0.
Therefore, the desired equality holds.

Case 2:If (x, y) # (0, 0) and x> 4+ y? € int(K"), by part (b), we have

(Ve (x, y), Voo (x, »)) = (L L' = D)+, (LyL7' — D))
= (Ly—L)L ()4, (Ly—L)L () +)

= ((Ly — L)(Lxy — L)L ()4, L7 (dp)+)-
(36)
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Let § be the symmetric part of (Ly — L;)(Lx — L;). Then
1
S = 5((Ly - Lz)(Lx - Lz) + (Lx - Lz)(Ly - Lz))
1
= E(LxLy + LyLy —Lo(Ly +Ly) — (Ly + Ly)L + 2L§)
—l(L —L,—L )2+1(L2—L2—L2)
= ) z X y 5z X y/-

Since z € K" and z2 = x2 + yz, Lemma 3.2 implies L% — L% — L§ > 0. Then
(36) yields

(Vi (x, ), Vyyn(x,y))

= (SL; (pp)+ LT () +)

1 27 —1 -1
A (Lz _Lx _Ly) LZ (¢FB)+’LZ (¢FB)+>

>

1
+ LT = L3 = LDLT D), L () )
1
(Lo =Ly = Ly)* L7 (¢g)++ LT (dgg)+)
1 —1 2
Mgy LT @) 12,

v

where the lastequality uses L; =Ly —Ly = L.—x—y = Lgy__ . If the equality holds,
then the above relation yields ||L¢,FB LZ’1 (bps)+ |> = 0 and, by Property 2.1(d),

Lo L7 @)+ = b o (L7 (@) 1) = LT ()4 © by = 0.

Since z = (x2 + y*)!/? € int(K") so that L;l > O (see Property 2.1(d)), multi-
plying Lz_l both sides gives ¢y 0 (Ppz)+ = 0. From definition of Jordan product
(11) and Lemma 3.1(a), it implies (¢;)+ = 0; and hence y» = 0. Conversely, if
(¢rs)+ = 0, then it is clear that (VY2 (x, y), Vyyna(x, y)) = 0.

Case 3:1f (x, y) # (0,0) and x> + y? & int(KC"), by part (b), we have

(Vata(x, y), Vyia(x,y))

X
1| [ = 1) 1l = 0
VTN VXt
: ; _ X _ o
If the equality holds, then either ¢, (x, )+ = 0 or m 1 or \/ﬁ 1.
In the second case, we have y; = 0 and x; > 0, so that Lemma 2.2 yields
y2 = 0 and x; = ||x2]. In the third case, we have x; = 0 and y; > 0, so that
Lemma 2.2 yields x; = 0 and y; = |/y2||. Thus, in these two cases, we have

xoy=0, x e K" y e K" Then, by (14), Yy2(x,y) =0.
(d) Again, we need to discuss the three cases as below.
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Case I: If (x, y) = (0, 0), by part (b), we know V¥ (x, y) = Vyyna(x, y) = 0.
Therefore, the desired equality holds.
Case 2:If (x,y) # (0,0) and x%+ y2 € int(K"), by part (b), we have

Vi (x,y) = (LXLZ1 ~ 1)¢F3(x, Y+
VyW2(xa )’) = (LyLz_l - I)¢F3(x’ y)+,

where we let z := (x> + y?)!/2. For simplicity, we will write ¢(x, y)+ as ¢..
Thus,

(x, Veya (x, ) + (v, Vo (x, )

= (0, (L7 = D()4) + (0. (LyLT" = D) +)
= ((L:"Ly = Dx, (¢)+) + (LZ'Ly — Dy, (p5)+)
= (L ;lex+-L "Lyy —x =y, (¢rp)+)
<LZ (x +38) —x =y, )+

=(L7'2% —x =y, (b)) +)

—@—x Y. (@es)+)

= | (r)+ 1%

where the next-to-last equality follows from L.z = z2, so that Lz_lz2 = z and the
last equality is from Lemma 3.1(a).
Case 3:1f (x, y) # (0,0) and x* + y> & int(K"), by part(b), we have

Ve, y) = [ e — 1| (. )4

VAL T
Y1

e

(x, Vaya (x, y)) + (., Vyva(x, y))

X1 V1

—— 1| X, (Pp)+) + | —
JxT+y? Jx 3

=< L_l x + L_l y’(¢FB)+>

VAT NESR

=<ﬂiiﬂl— —y<¢>+>

NETE S

V)7w2(xv )’) = -1 ¢FB(X, )’)+

Thus,

= 1) (v, @)+
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= (¢FB s (¢FB)+)
= () +1I%,

where the next-to-last equality uses (30) and the last equality is from Lemma 3.1(a)

again.

(e) This is an immediate consequence of (a) through (d). O
We notice that (26) can be rewritten as

Veya(x,y) = L [[Z —x— y]+} o(x —12),
Vyva(x, y) = Lzl[[z —x = y]+} o(y —2),

where 7 = (x% + y2)1/2_ This is a similar form as in Tseng (1998, Lemma 7.2).
Nonetheless, (27) can not be rewritten as the above form since LZ_1 does not exist

whenever x> + y? is on the boundary of K. The next proposition is a result which
is an extension of (Tseng 1998, Proposition 7.1) for SDCP to the case of SOCCP.
Though the ideas for arguments are similar, we present the proof for completion.

Proposition 3.3 Let f,. : R" — IR be given as (12) with v satisfying (13) and
Y satisfying (14). Then, the following results hold.

(a) Forall¢ € R", we have f,..(¢) = 0 and f,,(¢) = 0ifand only if { solves the
SOCCP.
(b) If Yo, ¥ and F, G are differentiable, then so is f,; and

V fir (©) = Yo ({F (©), G(C)))[VF(C)G(C) + VG(C)F(C)}

+VF@)Vep (F(£), G(£))

+VG )V (F(£), G(§)).
(c) Assume F, G are differentiable on R" and  belongs to W, (respectively,
W, ). Then, for every ¢ € R" where VG(¢)“'VF(¢) is positive definite

(respectively, positive semi-definite), either (i) fi:(¢) =0o0r (i) V fi,(£) #0
with (d(¢), V fi1:(£)) < 0, where

d(g) = —(VG(C)_I)T[%((F((), GONGE@) + Vi (F(Q), G(())]-

Proof (a) This consequence follows from (12) and (13), (14).
(b) By direct computation and chain rule, the result follows.
(c) First, we consider the case of y € W, ; and fix ¢ € R” where VG(&)'VF(7)

is positive semi-definite. Let o := ¢6(<F (¢), G(¢))) and drop the argument
“(¢)” for simplicity. Then

d,V fir)
= (—(VG H(aG + V¥ (F, G)), VF(aG + VY (F, G))
+VG(aF + Vy¥ (F, G)))
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= —(aG 4 VyyY/(F, G), VG 'VF(aG + V¥ (F, G)))

—(aG + V¥ (F, G),aF + Vy i (F, G))

—(aG + VU (F,G),aF + Vytp(F, G))

=—a*(F,G) —« ((F, V¥ (F, G)) + (G, Vy ¥ (F, G)))
— (Vi (F, G), Vy ¥ (F, G))

= —a*(F, G) — (Vi ¥ (F, G), Vy ¥ (F, G)),

IA

where the first inequality holds since VG~V F is positive semi-definite and the
inequality follows from & > 0 and equation (21). Now, we observe that tw(/) () >0
ifand only if# > O since ¥ is strictly increasing on [0, co). Therefore, the first term
on the right-hand side is non-positive and equals zero if (F, G) < 0. In addition,
by equations (21) and (24), the second term on the right-hand side is non-positive
and equals zero only if ¥/ (F, G) = 0. Thus, we have (d(¢), V f,1(¢)) < 0 and the
equality holds only when (F(¢), G(¢)) < 0 and ¥ (F(¢), G(¢)) = 0, in which
equation (14) implies ¢ satisfies (1)—(2), i.e., f;+(¢) = 0.

Similar arguments can be applied for the case of v € W, and VG (¢) "'V F(¢)
being positive definite. O

Next, we further consider another class of merit functions by modifying f;. abit
where v is replaced by ¥/ : R" — IR, given as (16),i.e., ¥/ (w) = %||(w)+||2.
It is known that the function ¥ given in (16) is continuously differentiable (see
Rockafellar 1970, p. 255) with Vi/§(w) = [w] (by the chain rule). In other
words, we will study f\LT :IR" — IR, defined as (15), (16):

Fir (@) = Y5 (F(£) 0 G(O)) + ¥ (F(£), G(L)),

where v is given as (16) and  satisfies (14). By imitating the steps for proving
Proposition 3.3 and using Lemma 3.3 as below, we obtain Proposition 3.4 which
is a result analogous to Proposition 3.3. We omit its proof.

Lemma 3.3 The function y5(x o y) = %H(x o y)+||2 is differentiable for all
(x,y) € R" x R". Moreover,

Vxlﬁ()k(x oy)=Ly-(xoy)4

Vyyg(xoy) = Ly - (x 0 y)+
Proof This is result of Chen (2006, Lemma 3.1). O

Proposition 3.4 Let f; : R" — Ry be given as (15), (16). Then, the following
results hold.

(a) Forall x € R", we have ]/‘L\T(C) > 0and fL\T({) = 0 ifand only if ¢ solves the
SOCCP. e
() If Y. ¥ and F, G are differentiable, then so is f,. and

V(@) = [VF(C)LG(;) + VG(()LF(;)](F(C) 0 G(E)+

+VEQ@Viy (F(£), G(&))
+VG@OVy Y (F(£), G(©))-
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We originally thought there should have parallel results to Proposition 3.3(c)

for f. and whose proofs are also similar. In other words, we wish to have the
following:
Assume F, G are differentiable on IR” and v belongs to W (respectively, W4 ;).
Then, for every { € IR" where VG(;);1 VF(¢) is positive definite (respec-
tively, po/si\tive semi-definite), either (1) f,;(¢) = 0 or (ii) Vf.(¢) # 0 with
(d(), Vfi:()) <0, where

d¢) = —(vc@)—l)T[LG@) (F(£) 0 G4 + Ve (F(Q), G(;))}.

However, we are not able to complete the arguments even though 1/ is in relation
to Yo in certain sense. We thank a referee for pointing this out. We suspect that
there needs more subtle properties of 1/ to finish it.

4 Error bound and bounded level sets

The error bound is an important concept that indicates how close an arbitrary point
is to the solution set of SOCCP. Thus, an error bound may be used to provide stop-
ping criterion for an iterative method. As below, we establish propositions about the
error bound properties of f,, f. given as (12) and (15). We need some technical
lemmas as below to prove the error bound properties.

Lemma 4.1 Letx = (x1,x2) € R x R" ' and y = (y1, y2) € R x R"~!. Then,
we have

(x, ) < V2l oyl
Proof See Chen (2006, Lemma 4.1). O

Lemma 4.2 Let 1, Yy be given as (23) and (25), respectively. Then, | and
satisfy the following inequality.

Yi(x, y) > oe(||(—x>+||2 + ||(—y>+||2) V(x,y) e R" xR",  (37)

for some positive constant o and i = 1, 2.

Proof For 1, it is clear by definition (23) where « = % For v, the inequality is
still true, where o = ‘—1‘, due to Lemma 2.5. O

Lemma 4.3 Let y/j be given as (16). Then, Y satisfies
Yow) = Bl Yw e R”, (38)
for some positive constant f3.

Proof 1tis clear by definition of y; given as (16) where g = % O
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Proposition 4.1 Let f, . be given by (12)—(14) with v satisfying (37). Suppose that
F and G are jointly strongly monotone mapping from R" to R" and SOCCP has
a solution £*. Then, there exists a scalar T > 0 such that

7l = ¢*1? < max{0, (F(£), GO + [(=F@O) 4l + (=G @)+] V¢ e R".

(39)
Moreover,
2
tle — ¢ IF < v N (fir () + V2 fir OV Ve e R, (40)
Ja

where « is a positive constant .

Proof Since F and G are jointly strongly monotone, there exists a scalar p > 0
such that, for any ¢ € R”,

plig —¢*I1?
<(F@)—F(&"), G&)—GEM)
=(F(¢),G(0) +(=F(),G() +(F("), —G(©))
< max{0, (F(§), G} + (=F )+, GEM) + (F(&™), (=G (£))+)
< max{0, (F(£), G + I=FEN+ I NIGEN +INFEHN (=G @)+
<max {1, |[FEH)I, IGEHI}
x (max{0, (F(£), G} + [(=F )+l + (=G )+,
where the second inequality uses Lemma 2.4(b). Setting 7 =

0 .
1ds (39).
max( L, [FGOTL [0 Vo &Y

Notice that v, !'is well-defined by (13), and by using that vy is strictly increas-
ing on [0, 00), we thus have

max{0, (F(2), G} < ¥ (fi2(0)).

In addition, it is clear that

U(F(£), G(©)) = fi(0).

Now using Lemma 4.2 and the above inequality, we obtain

I=F@)ell + 1(=GE@)+ 1 < V2 (I=F @)+ I + II(—G(4°))+||2)1/2

\/z 1/2
=< ﬁ Y(F (), G())
2
< Y2, o
o
Thus,
max {0, (F(¢), GEN}+ 1(=FEC)+ 1l + (=G &)+l
2
<05 (@) + Y2

This together with (39) yields (40). O
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Proposition 4.2 Let f\LT be given by (15), (16) with r satisfying (37). Suppose that
F and G are jointly strongly monotone mapping from R" to R" and the SOCCP
has a solution ¢*. Then, there exists a scalar T > 0 such that

T = P < NF Q@) 0 GOl + I=FE)+ I + (=G @)+l V¢ e R".
(41)

Moreover,

1
tle —¢*I* < (f f—)fm(é)l/z V¢ € R, (42)

where o and B are positive constants.

Proof Since F and G are jointly strongly monotone, there exists a scalar p > 0
such that, for any { € R”,

pllc — ¢*|1?
<(F@) = F(&", G©) —G(E)
= (F(£), G(©)) + (=F(©), G&M) + (F(*), =G ()
< (F(©), G©)) + ((=F(@)4, GE") + (FEH), (=G())4)
<(F©), G+ I(=F@)+I IGEHI + IFEHI (=G4
< V2I(F©) 0 G4l + I=F )N IGEHI+ IFECHI (=G @)+
< max{~/2, [F&HII. 1G]}
X (I(F(©) 0 G+l + I(=F @)l + (=G @)+,

where the second inequality uses Lemma 2.4(b) while the fourth inequality is from
o

Lemma 4.1. Then, setting 7 := yields (41).
max{v/2, |F(¢H, 1G&*)}
Moreover, by Lemma 4.3, we have
(F(©) o GO+l < —= Vg (F (@) o GEN'? < —= fir(©'2,
I(F (g O+l = [ Yo (F (¢ ) =75 fir €

and (as in Proposition 4.1)

I=F@)+ll + 1=G@)+Il < V2 (I=F @)+ 1% + I(=G@)+1) "
ﬁ 1/2
< Ja V(F (), G())
<2 m o,
o
where the second inequality is true by Lemma 4.2. Thus,
f) 1
F()oG + (—=F + (-G (O
ICF (&) o G+l + I(=FE)+Il + 1(=GEN+Il = (f Ja Jir(©)

This together with (41) yields (42). O

Now, we give conditions under which f,, fLT has bounded level sets in Prop-
ositions 4.3 and 4.4, respectively. We need the next lemma which is key to proving
the properties of bounded level sets.
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Lemma 4.4 Let 1, Vs be given by (23) and (25), respectively. For any {(x*,

yk)},c(’i1 C R" x R", let )J]‘ < )»]5 and /L’l‘ < ,ué denote the spectral values oka

and y*, respectively. Then, the following results hold.

(a) If)»]{ — —0 orpff — —09, then 1//,~(xk, yk) — oo, fori =1,2.

(b) Suppose that {)Jl‘} and {M]l‘} are bounded below. If)»’z‘ — o0 or ,ulﬁ — 00, then
(x, x5y 4+ (y, y*) = oo for any x, y € int(KK").

Proof (a) For 1, the proof follows by the fact that

2
(=)l = D (maxo. —15))°

i=1

and similarly for || (—yk )+ 2; see Fukushima et al. (2002), Property 2.2 and Prop-

osition 3.3.

For 1/rp, using the same fact plus Lemma 2.5 leads to the desired result.
(b)Fixany x = (x1, x2), y = (y1, y2) € RxR"'with [lxa]| < x1, [|ly2]l < y1.

Using the spectral decomposition

Ak Ak
xk=(‘ 202 Tk ) with b =1,

2 2
we have
AWK Ak Ak

k 1 2 2 1 T, k

X, x )= —— |x Xy, W

)‘llc T, k )‘]2c T. k
- ?(xl —xwy) + ?(xl +xyw3). 43)
Since |wh]l = 1, we have x; — xJwk > x; — [x2 > 0 and x; + xTwh >

x1 — ||lx2]] > 0. Since {)J]‘} is bounded below, the first term on the right-hand side
of (43) is bounded below. If {A’;} — 00, then the second term on the right-hand

side of (43) tends to infinity. Hence, (x, x¥) = oo0. A similar argument shows
that (y, y¥) is bounded below. Thus, (x, xX) + (y, y*) — oo. If {,ug} — 00, the
argument is symmetric to the one above. O

Proposition 4.3 Let f,; be given as (12)—(14) with  satisfying the condition of
Lemma 4.4(a). Suppose that F, G are differentiable, jointly monotone mappings
from R" to R" satisfying

lim (IIF(C)II + IIG(é)II) = 0. (44)

gll—o0

Suppose also that SOCCP is strictly feasible, i.e., there exists ¢ € R” such that
F(¢), G(¢) € int(K"). Then, the level set

ﬁ()/) = {é— € R" | fLT(é—) < J/}
is bounded for all y > 0.
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Proof Suppose there exists an unbounded sequence ¢k} € L(y) for some y > 0.
It can be seen that the sequence of the smaller spectral values of {F (¢*)} and
{G (%)} are bounded below. In fact, if not, it follows from Lemma 4.4(a) that
W (F (%), G(¢%)) — oo. Thus, we have Sir (¢%) — oo, which contradicts {¢¥} C
L(y). Therefore, the unboundedness of { g“k} and (44) yield that the sequence of
the bigger spectral values of {F (%)} or {G(¢¥)} tends to infinity. Since F, G are
jointly monotone, we have

(F(cM - F@©), GE"H-G©@) =0,

which is equivalent to

(F(c), G + (F(©), G(&h) < (F(&h), G +(F(©), G(©)).  (45)

Then, by Lemma 4.4(b) and F(¢), G(¢) € int(K"), we obtain (F(¢%), G(2)) +
(F(Z), G(Z") — oo, which together with (45) lead to (F(¢%), G(¢5)) — oo.
Thus, fLT(Ck) — 00. But, this contradicts {¢¥} € L(y). Hence, we proved that
L(y) is bounded. O

Proposition 4.4 Let ]/‘L\T be given as (15)-(16) with  satisfying the condition of
Lemma 4.4(a). Suppose that F, G are differentiable, jointly monotone mappings
from R" to R" satisfying

lim (IIF(C)II + IIG(C)II) = 00.

1gll—o00

Suppose also that the SOCCP is strictly feasible, i.e., there exists E € R” such that
F(¢), G(¢) € int(K"). Then, the level set

L) =t eR"| () <y}
is bounded for all y > 0.

Proof The arguments are similar to those in Proposition 4.3, so we omit the proof.
O

5 Final remarks

In this paper, we have studied two classes of merit functions for the second-order
cone complementarity problem. The first class is motivated by a class of merit
functions for NCP Luo and Tseng (1997) and SDCP Tseng (1998), while the sec-
ond class is based on a slight modification of the first one. We have also presented
examples of merit functions which belong to the two classes we studied. More-
over, we have shown conditions under which the merit functions have properties of
error bounds and bounded level sets. The related topics for future study are about
the descent methods including numerical examples for solving the unconstrained
minimization via these merit functions. On the other hand, recently there have
been definitions of P-properties for nonlinear transformations on Euclidean Jor-
dan Algebras (see Tao and Gowda 2004 for details), which are related to SOCCP
due to the Jordan Algebra. In particular, there have been some special implications
as below:
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strongly monotone =—> uniform Jordan P-property —
uniform P-property =—> P-property.

In a recent paper (Liu et al. 2005) where a symmetric cone complementarity prob-
lem (SCCP) is considered, it indicates that the uniform Jordan P-property is suffi-
cient to guarantee the boundedness of the level sets of some merit functions which is
a weaker assumption than that used in this paper. We suspect that similar conditions
will hold for the merit functions studied in this paper.

Acknowledgment. The author thanks for the referees for their careful reading of the paper and
helpful suggestions.
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