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1 Introduction

Consider the following conic complementarity problem of finding 3 2 IR" such that
FC)2K; G(B)2K; H(3);GR)i=0; (1)

where h¢¢i represents the Fuclidean inner product, F;G : IR" I IR™ are the mapping
assumed to be continuously differentiable throughout this paper, and K is the Cartesian
product of second-order cones (SOCs), or called Lorentz cones. In other words,

K=K"EK™ECEEEKS, (2)

1,ni+¢¢4¢ ng=m and

5

a

©
KM= X=(X;;X2) 2 RE R" '] x;, k xok

with k ¢ kdenoting the Euclidean norm and K! denoting the set of nonnegative reals IR, .

We will refer to (1)—(2) as the second-order cone complementarity problem (SOCCP)

Corresponding to the Cartesian structure of K, in the rest of this paper, we always write
= (Fy;::5Fg) and G = (Gy;::1; Gg) with Fi; G : IR" I IR™.

An important special case of the SOCCP corresponds to n = m and G(3) =3 for all
3 2 IR". Then (1) and (2) reduce to

FG)2K; 22K; HF();3i =0; (3)

which is a natural extension of the nonlinear complementarity problem (NCP) over the
nonnegative orthant cone IR . Another special case corresponds to the Karush-Kuhn-
Tucker (KKT) conditions for the convex second-order cone program (CSOCP):

min g(X)
sit: AX =b; x2K; (4)

where A 2 IRPE™ has full row rank, b2 IRP and g : R™ ! 1R is a twice continuously
differentiable convex function. From [7], the KKT conditions of (4), which are sufficient
but not necessary for optimality, can be rewritten in the form of (1) with n = m and

FE):=x+(1j AT(AAT)ITA)B; G@):=r g(F(3))i AT(AAT) 1A3; (5)

where X 2 IR" is any vector satisfying AX = b. When g is a linear function, (4) reduces to
the standard second-order cone program which has extensive applications in engineering
design, finance, control, and robust optimization; see [1, 14] and references therein.

There have been many methods proposed for solving SOCPs and SOCCPs. They
include the interior-point methods [1, 2, 14, 16, 24, 26], the non-interior smoothing New-
ton methods [6, 11], the smoothing-regularization method [13], and the merit function
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approach [7]. Among others, the last three kinds of methods are all based on an SOC
complementarity function. Specifically, a mapping A: R' £ R' ! TR is called an SOC
complementarity functionassociated with the cone K' (I, 1) if

Ax;y)=0 (0 x2K'5 y2K' myi=0: (6)

A popular choice of Ais the vector-valued Fischer-Burmeister (FB) function, defined
by
Axy) == C+y)'"Zi (x+y) 8xy2 R (7)

where X? = X £X denotes the Jordan product of X and itself, X!*? denotes a vector such
that (x'*2)? = x, and X + Yy means the usual componentwise addition of vectors. From
the next section, we see that Ain (7) is well-defined for all (x;y) 2 IR'£ IR'. The function
was shown in [11] to satisfy the equivalence (6), and therefore its squared norm

Axy) = %kA(x; y)k? (8)

is a merit function for the SOCCP, i.e., A(x;y) = 0 if and only if x 2 K'; y 2 K! and
hx;yi = 0. The functions A and A were studied in the literature [7, 21], where A was
shown to be continuously differentiable everywhere by Chen and Tseng [7] and A was
proved to be strongly semismooth by D. Sun and J. Sun [21].

In view of the characterization in (6), clearly, the SOCCP can be reformulated as the
following nonsmooth system of equations:

0 . 1
AF1(3);G1(3))

A(Fq(®): Gg(3))

where A is defined as in (7) with a suitable dimension |. By Corollary 3.3 of [21], it is
not hard to show that the operator ® : R" ! IR™ in (9) is semismooth. Furthermore,
from Proposition 2 of [7], its squared norm induces a smooth merit function, given by

1 X
UE) = §k<1>(3)k2 = AF(C)Gi(®)): (10)

i=1

In this paper, we mainly characterize the B-subdifferential of A at a general point
and present an estimate for the B-subdifferential of ®. By this, a condition is given to
guarantee every element of the B-subdifferential of ® at a solution to be nonsingular,
which plays an important role in the local convergence analysis of nonsmooth Newton
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methods for the SOCCP. In addition, two important results are also presented for the
merit function ¥(3). One of them shows that each stationary point of U is a solution of
the SOCCP under a weaker condition than the one used by [7], and the other establishes
the coerciveness of ¥ for the SOCCP (3) under the uniform Cartesian P-property of F.
Based on these results, we finally propose a damped Gauss-Newton method by applying
the generalized Newton method [19, 20] for the system (9), and analyze its global and
superlinear (quadratic) convergence. Numerical results are reported for the SOCPs from
the DIMACS library [18], which verify the good theoretical properties of the method.

Throughout this paper, | represents an identity matrix of suitable dimension, IR"
denotes the space of n-dimensional real column vectors, and IR"* £¢ ¢ ¢ AR is identified
with R" 6% Thus, (X1;:::;Xq) 2 R™ £ ¢ ¢ ¢ £RM is viewed as a column vector in
IR +¢%¥Na For any differentiable mapping F : IR" ! IR™, the notation r F(x) 2 IR"EM
denotes the transpose of the Jacobian F9x). For a symmetric matrix A, we write A AO
(respectively, A °© O) if A is positive definite (respectively, positive semidefinite). Given
a finite number of square matrices Qq; ¢ ¢ 9Qq, we denote the block diagonal matrix with
these matrices as block diagonals by diag(Qq;:::;Qq) or by diag(Q;; i =1;:::;0). If J
and B are index sets such that J ;B uf 1;2;:::;0g, we denote by P;g the block matrix
consisting of the sub-matrices Py 2 RME™ of P with j 2J ;k 2 B, and denote by Xg a
vector consisting of sub-vectors Xj 2 IR™ with i 2 B.

2 Preliminaries

This section recalls some background materials and preliminary results that will be used
in the subsequent sections. We start with the interior and the boundary of K' (I > 1).

It is known that K' is a closed convex self-dual cone with nonempty interior given by
a

©
int(K') ;= x = (x1;%2) 2 RE R j x; > kxok

and the boundary given by

a

©
bd(K") := x = (X;;%2) 2 RE R'" ' j x; = kxok
For any X = (X1;X2);Y = (Y1;¥2) 2 RE R 1| we define their Jordan product [9] as
Xty = (yi;Xiys + YiXe):

The Jordan product “+”, unlike scalar or matrix multiplication, is not associative, which

is the main source on complication in the analysis of SOCCP. The identity element under

this product is € := (1;0;¢¢W)"T 2 R'. For each X = (X;;X3) 2 R £ IR'I !, define the

matrix Ly by .

Ly := Xio X} ;
Xo Xl
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which can be viewed as a linear mapping from IR' to IR' with the following properties.

Property 2.1 (a) Lyy=xtyandLy, =Ly +L, foranyy2 R
(b) x2K'() Ly° Oandx2int(K')() LxAO.

(c) Ly is invertible wheneverx 2 int(K') with the inverseLi ' given by
3

N

Lo, " % s
det ; 11
dot(x)  xp 2Ty XX =
X1 X1

Li!=

wheredet(x) := x7 j k Xx,k? denotes the determinant ok.

In the following, we recall from [9, 11] that each X = (X;;X2) 2 R £ IR'I ! admits a
spectral factorization, associated with K', of the form

x =, 1(x) eu +, 5(x) eu?

where | 1(X);, 2(X) and ut”; u® are the spectral values and the associated spectral vectors
of X, respectively, defined by

Vi) =x14 (i Dkxgk;  uld) =

with X5 = Xy=kXK if X, & 0 and otherwise X, being any vector in R' ! satisfying
kX,k = 1. If X5 6 0, the factorization is unique. The spectral factorizations of X, X? and
x!=2 have various interesting properties, and some of them are summarized as follows.

Property 2.2 For any X = (X;;X2) 2 R£ R'' !, let , 1(x);, »(x) and ut”; u? be the
spectral values and the associated spectral vectors. Then, the following results hold.
(a) x2K'" 0 0 ,1(x)- ,2(x)andx2int(K") 0 0<, (X)) ,2(x).

(b) X* = [, 1(0)Pu” + [, 2x)2u? 2K for any x 2 IR,

(c) If x 2K, then x!=2 = P (X u§1)+p,2(x)ux2)2K'.

Now we recall the concepts of the B-subdifferential and (strong) semismoothness.
Given a mapping H : IR" ! IR™, if H is locally Lipschitz continuous, then the set

n 0}
@H(z):= V2RM"jofzgu Dy : Z¥! z;HYZ)! Vv

is nonempty and is called the B-subdifferential of H at z, where Dy M IR" denotes the
set of points at which H is differentiable. The convex hull @Hz) := conv@H (2) is the
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generalized Jacobian of Clarke [4]. Semismoothness was originally introduced by Mifflin
[15] for functionals. Smooth functions, convex functionals, and piecewise linear functions
are examples of semismooth functions. Later, Qi and Sun [19] extended the definition of
semismooth functions to a mapping H : IR" I IR™. H is called semismooth atx if H is
directionally differentiable at X and for all V. 2 @Hx +h) and h! 0,

Vhi H9x;h) = o(khk);

H is called strongly semismooth ak if H is semismooth at x and for all V 2 @HX + h)
and h! 0,

Vhi H9x;h) = O(khk?);

H is called (strongly) semismoothif it is (strongly) semismooth everywhere. Here, o(khk)
means a function ® : IR" I IR™ satisfying rl]lln(l) ®h)=khk = 0, while O(khk?) denotes a
function ®: IR" I IR™ satisfying k&h)k - Ckhk? for all khk - +and some C > 0;+ > 0.

Next, we present the definitions of Cartesian P-properties for a matrix M 2 IR™E™
which are special cases of those introduced by Chen and Qi [5] for a linear transformation.

Definition 2.1 A matrix M 2 R™™M is said to have
exists an index® 2 f 1;2;:::;qg such thathx.; (Mx ).i > 0;

exists an index® 2 f 1;2;:::; 09 such thatx. & 0 and hx.; (MX )ei, 0.

Some nonlinear generalizations of these concepts in the setting of K are defined as follows.

IR™, there is an index® 2 f 1;2;:::;09 and a positive constant2 >0 such that

hxo i Yo, Fo (X) i Fo (y)l s Lkx i yk2,

(b) have the CartesianP,-property if for any x = (X3;:::;Xq);yY = (Y1;::5;Yq) 2 R™
and x & vy, there exists an indeX 2f 1;2;:::;0g such that

Xo &Yo and Mo j Yo;Fo(X)j Fo(y)i, O:
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From the above definitions, if a continuously differentiable mapping F : R" ! IR" has
the uniform Cartesian P-property (Cartesian Po-property), then r F(x) at any x 2 IR"
enjoys the Cartesian P-property (Cartesian Py-property). In addition, we may see that,
when n; = ¢ ¢ & ny = 1, the above concepts reduce to the definitions of P-matrices and
P-functions, respectively, for the NCP.

Finally, we introduce some notations which will be used in the rest of this paper. For
any X = (X1;X2);¥ = (Yi;¥2) 2 RE R !, we definew;z: R'£ R'! R by

W= (Wi;Wa) = (Wi(Xy);Wa(Xpy)) = W(Xy) := X +y%
z=(21;22) = (Z(%Y); (%)) = Z(xy) := (X* +y*)'™ (12)

Clearly, w 2 K' with w; = kxk? 4 kyk? and Wy = 2(X;Xs + Y1Ya). Let Wy = Wo=kwyk
if W, & 0, and otherwise W, be any vector in IR' ! satisfying kWok = 1. Then, using
Property 2.2 (b) and (c), it is not hard to compute that
Ap p p p !
W W W) j W
L _ ,2(); . 1(W), ,2()12 21 )W2 2K

3 B-subdifferential of the FB Function

In this section, we characterize the B-subdifferential of the FB function A at a general
point (X;y) 2 IR' £ IR'. For this purpose, we need several important technical lemmas.
The first lemma characterizes the set of the points where z(Xx;y) is differentiable. Since
the proof is direct by [3, Propostion 4] and formula (11), we here omit it.

Lemma 3.1 The function z(x;y) in (12) is continuously di®erentiable at a poin{x;y)
if and only if x? +y? 2 int(K'). Moreover, r yz(x;y) = LyLi! andr ,z(x;y) = L L1,
whereLi ! = (1=" wj)l if wy, = 0, and otherwise

Lil:ll b o ﬂ (13)
z oW, al + (bj a)wow)
with
A ! A '
a n 2n . b n 1 ‘I’ n 1 C n 1 N 1
- ’ =5 ’ =5 |
D oW+ W) T W) w) 2 7 LW W)

The following two lemmas extends the results of Lemmas 2 and 3 of [7], respectively.
Since the proofs are direct by using the same technique as [7], we here omit them.



Lemma 3.2 For any X = (X;;X2);¥ = (Y1;¥2) 2 R£ R'i ! with w = x2 +y? 2 bd(K),
we have

X7 = kxok? Y7 = Kyok® Xiy1 = X3Ya; XiYa = YiXo:
If, in addition, w, & 0, then kwk? = 2w? = 2kw,k? = 4(x? +y?) & 0 and

_ T . _ o uT .
X1Wy = Xo; XoWy = Xq; YiWy =VYo; Yo Wo =Yj!

Lemma 3.3 For any X = (X1;X2);yY = (Y1;¥2) 2 IRE IR'i ! with wy = 2(X; Xy +Y1Y2) 6 0,
there holds that

T_¢2 o 02

|><1+(i DIy - Txo+ (1 Dixawy - L i(w) for i= 152

Based on Lemmas 3.1-3.3, we are now in a position to present the representation for
the elements of the B-subdifferential @A(X;y) at a general point (x;y) 2 R' £ R

Proposition 3.1 Given a general point(x;y) 2 IR' £ IR!, each element in@A(x;y) is
given by[Vx i | Vy i I] with V, andV, having the following representation:

(a) If x> +y? 2 int(K'), thenV, = L} 'Ly andV, = L} 'L,.

(b) If x2+y%2 bd(K') and (x;y) & (0;0), then

KR w0 ro T
Vx 2 2' oW, W 4l 3wow. LX+§ i Way u

1/ 1 2 37

* 1 My oy oy
V, 2 o L — \Y; 14
Y 2 2w, Wy 4l 3W2W;- y + 2 i Wy ( )

for someu = (u;;uy);v = (vi;vp) 2 R £ Rl ! satisfying ju;j - k u,k - 1 and
jvij - k vok - 1, wherew, = wy=kw,Kk.

(c) If (x;y) = (0;0), thenV, 2f Lgg; W 2 f Lyg for somex;y with kxk? + kyk? = 1, or

1 Y,
L T 0 0 1
Vx 2 a . » + 5 © O\ u +2 N YRT v Y YRT YL
2 Wy 2 i Wy (I i WoW, )Sg (l i WoW, )Sl
V| H H %4
w2 + boerg b, 0 0 (15)
Y 2 W, 2 i W, (i wWowd)ly (1) Wowgd )y
for someu = (U;;Uy);v = (Vi;Va);» = (o;m);" = ("1;72) 2 RE R such
that julj -k ng . ].,JV1J -k ng . ]_,J))lj -k ))2k . 1,Jllj 4 ,gk -1, W, 2
IR'i ! satisfying kwok = 1, and s = (s;;s,);! = (! 1;!2) 2 R£ R ! satisfying

ksk? 4+ k! k2 - 1=2.



Proof. Let D4 denote the set of points where A is differentiable. Recall that this set is
characterized by Lemma 3.1 since A(X;y) = z(X;y) i (X +Y), and moreover,

Ry)=Li'Lei I Ady)=L,'Lyi | 8(xy)2 Da:

(a) In this case, Ais continuously differentiable at (x;y) by Lemma 3.1. Hence, @A(X;Y)
consists of a single element, i.e. AAX;y) = [Li'Lyj | Li'Lyi 1], and the result is clear.

(b) Assume that (x;y) & (0;0) satisfies X2 +y? 2 bd(K'). Then w 2 bd(K") and w; > 0,
which means kwok = wy; > 0 and , 5(w) >, (W) = 0. Observe that, when wy & 0, the
matrix Ly ! in (13) can be decomposed as the sum of

1 H 1wl I
Li(w) := m | Wo WoW] (16)
and 0 1
| p w3
L= b By W g K07

W)+ (W)

with Wy = Wo=kw,Kk. Consequently, A(() and A(/) can be rewritten as
Axy) = (Liw) + Low)) Ly i 15 AJOGY) = (Li(w) + Lo(w)) Ly i I: (18)

Let f (x¥;y*)g U D4 be an arbitrary sequence converging to (X;y). Let Wk = (wX; wk) =
W(xK;y*) and z¥ = z(x¥;y*) for each k, where w(x;y) and z(x;y) are given as in (12).
Since Wy & 0, we without loss of generality assume kwkk & 0 for each k. Let W§ =
wh=kwkk for each k. From (18), it follows that

AR5y = le(wk)+L2(wk>$kai I
Ry = ILl(w")JrLz(W") Lyci I (19)

Since limyy; , 1(WX) = 0;limgy  , o(WK) = 2w; > 0 and limy; WY = Wy, we have

lim Ly(W)Ly = C(W)Ly and lim Lo(WS)Lyk = C(W)L, (20)
where
cwop t 0w 1)
272w Wy 4l 3waw]
Next we focus on the limit of L1(W*)Lyx and Ly(W*)Lyx as k!1 . By computing,
H k K T
1 u u
LWl = = ! 2 :
WWObe =5 s ()T
‘ B vk f
LWLy = = ) 2 :
WO S )T



where

XK o () Tk XK i xkuk K (v Tk Koy

uk = 1’3 (2)k 2. uk = 1k2; V'f:yllg (YQ>k 2. V|2<:$ y1k2:
» 1(WX) » 1(W9) » 1(WX) , 1(W)

By Lemma 3.3, jukj - k ukk - 1 and jv¥j -k VvEk - 1. So, taking the limit (possibly on a

subsequence) on L;(WX)Lk and L;(W)Ly«, respectively, gives

M 1 M 1
1 1
LWl 1 = W Ll
2 i UiWs |W2U2 2 i Wy
1M \Y; V. 1“ 1 1
LWLy ! = ! 2 - = v 292
1(WHLyx 2 i ViWy | WeV] 2 Wy (22)

for some U = (Uj;Us);V = (Vi;Vp) 2 IR £ R'I ! satisfying juij - K Uk - 1 and jvyj -
kvok - 1. In fact, u and v are some accumulation point of the sequences fu*g and fvkg,
respectively. From equations (19)—(22), we immediately obtain

T |
Ad(x¥;yF) ! C(W>Lx+% \1N TUNTF
| 2
IIJ 1 T
O (xK:yKy 1 C(w)Ly + = VAR
A (X5 YY) (w)Ly 5 i W, i

This shows that AAxK;y*) I [V i | Vyi I]ask!1l with Vy;V, satisfying (14).

(c) Assume that (X;y) = (0;0). Let f (xX;y*)g 4 D4 be an arbitrary sequence converging
to (X;y). Let wk = (WK, wk) = w(x*;y*) and z* = z(x¥;y¥) for each k. Since w = 0, we
without any loss of generality assume that w§ = 0 for all k, or w& & 0 for all k.

, P —
Case (1): Wi = 0 for all k. From Lemma 3.1, it follows that L1," = (1= w¥)I. Therefore,
. 1 " 1
R (x;y) = Pﬁka i | and A)(Xy") = pﬁl—yk il
1 1

Since Wk = kx¥k? + ky¥k?, every element in A%(x¥; y¥) and ,5{3 (x¥; y¥) is bounded. Taking
limit (possibly on a subsequence) on A2(x;y¥) and ,5\(,) (x¥; yX), we obtain

RSy T Lei 1 oand AXSy) 1 Ly |
for some vectors X;y 2 IR! satisfying @?k2 +r{<)7k2 g 1, where X and y are some accu-
mulation point of the sequences pkL_k and pkL_k , respectively. Thus, we prove that
w W7

1

Ay T [V | Vi 1Jask!1l  with Vi 2fLggand Vy 2 fLyg.
Case (2): wk 6 0 for all k. Now A2 (x¥;y¥) and A?(Xk;yk) are given as in (19). Using the
same arguments as part (b) and noting the boundedness of f wkg, we have

L |l M l

Loy Li(W)Ly !

k [
L1<W )ka ! 5 LWy

2 W (23)
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for some U = (Uj;Uy);V = (Vi;Vp) 2 R £ R' ! satisfying juyj - K Uk - 1 and jvij -
kvok - 1, and Wy 2 R ! satisfying kwyk = 1. We next compute the limit of Lo(W)L
and Lo(W¥)Ly« as k1 . By the definition of Lo(W) in (17),

H ’ Il
1 » »k)T
L k L _ . 1 ¢ 2 ¢ .
MO0 sl ws)T S WEGE)T a1 W) s
o 1M o, DT
L Lk == ., i , ;
LT el TS WECET a1 T
where
oM OOTWE ey 0BT vt
, 2(WK) , 2(WK) , 2(WK) , 2(WK)
and
K len K n Xlﬁn
1= Ky 4 Q2T Ky L K
L 2(WK) + 7, (wk) , 2(WK) + 1(wk)
1k_p y'fp Sk _p ygp : (25)
_— — —_— . 2 —_— .
L 2(WK) + 0 (wk) L 2(WK) + 7, (wk)

By Lemma 3.3, j»%j -k »k - 1 andj %j-k "Xk - 1. In addition,
kx ¥ k2 +Kykk2
2(kxkK2 4 kykk2) + 2 | ((WK) | 5(WK)

ks*k? + k! Kk? = %:
Hence, taking limit (possibly on a subsequence) on La(WX)Lyx and Lo(W*)Ly« yields

Lo(W )l | 2 i > »
? X0 oW 4§ WoWD)s, Wl +4(1 | Wow])s
T | 1
O N P 0 0
2 Wo (l i WQW-ZI—)SQ (l i Wgwg)sl '
M ’ g f
k | - 1 2
LQ(W )Lyk 2 ’ 1Wo + 4(' i WQW;—)' 2 WQ,-QF + 4(' i WQW;—>|
TR BT f
_ L 0 0 (26)
2 Wy (l i WQW;—)' 2 (l i WQW;—)I 1
for some vectors » = (»;%);" = ("1;72) 2 R £ R ! satisfying jmj - kK »k - 1 and

J1 -k ok 1, W, 2 R satisfying kwok = 1, and s = (81;8);! = (1 1;!5) 2 RER! !
satisfying ksk? +k! k? - 1=2. Among others, » and * are some accumulation point of the
sequences f»*g and f” kg, respectively; and s and ! are some accumulation point of the
sequences fskg and f! kg, respectively. From (19), (23) and (26), we obtain

TR | u T H l
i 1 1 1 1 0 0
O(ykeyky | = T, T Lo
Ay ! 20" ’ +2u W +2u (i wanl)s, (i wwd)s; T
. 1 1 1 1 0 0
0 Xk; k [ ’T+_ VT+2 il
A\/( y') 2 W,y 2 i Wy (i wowl )y (1§ Wowy)!y !
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This implies that as k 1'1 , AAX<;y<) 1 [V | Vyi |] with Vi and Vy satisfying (15).
Combining with Case (1) then yields the desired result. 2

Remark 3.1 Whenx?+y? 2 bd(K') with (x;y) 6 (0;0), using Lemma 3.2, we can also
characterizeVy and V, in Proposition 3.1 (b) by

1 0 1 9

< X1 X7 1 1 =
V2 p—@ Woxl] A 4+-@ jw, Ayl
2w Xgo 2%ql 2 kW k ;

8 0 B N O T

S 1 N Y2 1o 1 =
Vy2_ p:@ . WQy;— A+—@ |W2 AVT.
. 2w, Yo 2yil i W, kw,k :

for someu = (uy; Us); v = (vq; Vo) satisfyingjuyj - k uk - 1 andjvij -k vk - 1.

4 Properties of the operator ©

In this section, we study some properties of ® related to the generalized Newton method.

In particular, we shall present an estimate for the B-subdifferential of ® and a sufficient

condition for all elements of the B-subdifferential of & at a solution being nonsingular.

For convenience, throughout this section, for any i 2f 1;2;:::;q9 and 3 2 IR", we let
Fi(%) = (FuC)iFal®))i Gi(®) = (Gn(*);Guf*)) 2 RE R

Wi () = (Wir(®)iwia(®)) = W(Fi(®);Gi(®)); z(®) = (z1(%): 22 (%)) = 2(Fi(®); Gi(®))

where W(X;y) and z(X;y) are the functions defined as in (12).

First, since ® is (strongly) semismooth if and only if all component functions are
(strongly) semismooth, and since the composite of (strongly) semismooth functions is
(strongly) semismooth by [8, Theorem 19], we have the following proposition as an im-
mediate consequence of Corollary 3.3 of [21].

Proposition 4.1 The operator® : R" ! R™ de ned by (9) is semismooth. Further-
more, it is strongly semismooth ifF ® and G° are locally Lipschitz continuous.

Let ®; denote the i-th component of the function ®. Notice that, for any 3 2 IR",
@PC)" U @PI()TE @P2(3) £CCCEQDL(?)T (27)

where the latter denotes the set of all matrices whose (nj; 1 + 1) to nj-th columns belong
to @®i(3)" fori =1;2;:::;qand ng = 0. From Proposition 3.1 and Remark 3.1, we
immediately obtain the following estimate for @®(3)T.
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Proposition 4.2 Let  : IR"! IR™ be de ned by (9). Then, for any® 2 IR",
@PC)" ur FE)(AC)i 1)+r GE)(BE)i 1); (28)

whereA(3) and B (3) are possibly multivaluedn £ m block diagonal matrices whosih
blocksA;(3) and B;(3) for i = 1;2;:::;q have the following representation:

(a) If Fi (3)2 + Gj (3)2 2 int(K”i), then Ai(3) = LFi(:")Lizi}a) and Bi(s) = LGi(s)Lizi%f‘)'

(b) If Fi(®3)2+Gi(3)?2 bd(K") and (Fi(3);Gi(3)) & (0;0), then

< ° ) O :
AC) 2 pt i Rl Wa)T A+ Lu i wae)T),
. 2W|1<3) F|2(3) 2Fi1(3>|| W—(3) 2 ,

2 % 66 G ' 2
Bi(%)2 . p— T GuEWLC)T A+ w1 w@)T),
2wi1(3)  Gi2(®) 2Gin()l i W@ 2 ;

for someu; = (Ui1; Ui2); Vi = (Vi1;Viz) 2 IRE IR ! satisfyingjuisj - k ujk - 1 and
jVitj - K vigk - 1, wherew;s(3) = wiz (3 )=kwiz (3 k.

(c) If Fi(®) =Gi(®) =0, then

" u 13
n o : i L
1 i ¢ 1 ¢ 70 2sh(1i oW
(3 Z W —ui 13 W ST
AI( ) 2 LUi [ 2)) 1,W|2 -+ 2u| 111 W|2 + 0 2Si1(| i WiQWiTZ>
n o 1/21 _ ¢ 1 H 0 9 T(l o T 134
i I . i W;oW.
(3 1wk —vi 1:i wWo V2 e
Bi(®)2 Ly [ 5 LW, + 2V| Li wi, + 0 20i1(1i WioW)

for someQ;; v; 2 R" satisfyingka;k? +kvik? = 1, Ui = (Ui1; Ui2); Vi = (Vi) Vig);» =
Grism2); i = (G Ti2) 2 RE RMIT satisfying juiyj - kK Uik - 1;jvigj - k vigk -
Ljmij -k »ok - 1T andj iij -k "2k - 1, Wi, 2 RMi ! satisfying kwisk = 1, and
S = (Si;Sio);!i = (Yin;lie) 2 RE R"i ! such thatksik? + k! jk? - 1=2.

Particularly, for the block matrices A(3) and B (3), we have the following properties.

Lemma 4.1 For any ® 2 IR", let A(®) and B (3) be given as in Proposition 4.2. Then,
(a) foralli 2f1;2;:::;0q9 such thatF;(3)? + G;(3)? 2 int(K""), there holds that

NAI(G)i 1vi;(Bi(®)j )i, 0 for any v; 2 R™;

(b) foralli 2f1;2;:::;09, we havehAi(®)i 1®i(3);(Bi(®)i I)®i(3)i, 0, and the
inequality holds with equality if and only if;(3) = 0.

13



Proof. (a) The proof is similar to that of [7, Lemma 6]. For completeness; we here
include it. From Proposition 4.2 (a), it follows that for any A 2 RR™,

hAi i 1)vi; Bii vii = hLgLL i D)vi; (L Ly i v
= hlg i Ly)LL'Vi; (Le i Ly)LL i
= hlg i La)(Lri Lg)Ly'vii L wii (29)

where, for convenience, we will omit the notation 3 in functions. Let § be the symmetric
part of (Lg, i Lz)(Lg i Lz). Then, by computing, we have
Si = [(LGi i in)(LFi i in) + (LFi i in)(LGi i in)]
1

= 5bzi Lri LGi)2+§(ini LE i L&)

[l Sl

Notice that z; = (F2 +G2)'™? 2 int(K" ) and z?j F?i G? =02 K" and hence we have
L7 i LE i L& © O by [11, Proposition 3.4]. From (29), it then follows that

zi
hA i DA; (Bii 1)Ai = hSLL'A;LLAl
L BNLyi Lei Lo)’LL'A; LL'AI
= K(Lai Lri Lo )LL'AK, 0
for any Ay 2 R™, where the first inequality is due to the fact that LZ j L% j L © O.
(b) From Theorem 2.6.6 of [4] and the smoothness of A(X;y) (see [7]), we have
rAy) = @AXy)TAxy) 8xy2 IR
which, together with Propositions 3.1 and 4.2, implies that for i = 1;2;:::;0,
CAFC):GE) = (AC) T DEE): ryAFRC):GI(E) =Bi)i Do) (30)

Using Lemma 6 (b) of [7], we immediately obtain the desired result. 2

In what follows, we study under what conditions all elements of the B-subdifferential
@®(%) at a solution are nonsingular. Given a solution 3° of the SOCCP, we call it
non-degeneracyf Fi(3%) + G;(37) 2 int(K") for all i 2 1;2;:::;00.

Remark 4.1 Let 3" be a solution of the SOCCP. From [1], we know that precisely one
of the following six cases holds for each block pé; (3); Gi(3)):
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Fi(3®) Gi(®") SC
Fi(®") 2 int(K™)  Gi(3")=0 yes
Fi(%) = 0 G/(%) 2 int(K™) | yes
Fi(**) 2 bd"(K™) Gi(*®) 2 bd"(K") | yes
Fi(%%) 2 bd"(K") G,(%) =0 o
F(3°) =0 Gi(®) 2 bd"(K™) | no
Fi(®®) = Gi(**) = no

wherebd™ (K") = bd(K")nf0g, and the last column indicates whether the strict comple-
mentarity, i.e. Fi(3%)+G;(3") 2 int(K"), holds or not. Particularly, when thei-th block
pair satis es the strict complementarity, A;(3®) and B;(3%) have an explicit expression
as shown by Lemma 4.2 below.

Lemma 4.2 Let 3° be a solution to the SOCCP. For any 2 f 1;2;:::; 09, we have
(a) AiG")=0andB;(®") =1 if Fi(®") =0and Gi(®") 2 int(K™);
(b) Ai(®%) =1 andB;(3") =0if Fi(3%) 2 int(K") and G; (") = 0;
(€) Ai(*") = Le eo)LL (se) @A Bi(3%) = Lo, o)L ooy I Fi(37); Gi(37) 2 A (K™).
Proof. (a) Since Fi(3%)? + G;(37)? = G;(3")? 2 int(K"), by Proposition 4.2 (a),

Ai(*%) = Le el sy =0 and Bi(**) = Lo eo)l}se) = Loieo)bgyps) = I
Similarly, we can prove that part (b) holds. Next we consider part (c). We claim that
Fi(®3%)% + Gi(37)? 2 int(K™). Suppose not, then F;(37)? + G;(37)? 2 bd™(K"), which
by Lemma 3.3 implies that Fi;(3%)Gi;(3%) = Fi2(3%)"Gi2(3"). On the other hand, since
Fi(3") 2 bd"(K") and G;j(37) 2 bd*(K"), we have that

Fi1(3 u) = kFig(su)k; Gi1(3 u) = kGi2(3u)k: (31)

Combining the two sides then yields that kFiz(37)k ¢ IGi2(3")k = Fi2(37)TGj2(3"). This
implies that Fi2(3") = ®G(3") for some ® > 0. Combining with (31) then yields
Fii(3%) = ®G(3"). Therefore, Fi(3°) = ®G (3°). Noting that F;(3°)TG;(3") = 0 since
3% is a solution of the SOCCP, we have F;(3%) = G;(3") = 0. This clearly contradicts the
given assumption. Using Proposition 4.2 (a), we then obtain the desired result. 2

By Remark 4.1, if 3% is a nondegenerate solution of the SOCCP, then the index sets
n (0]

| = i2fL;2::5,00 R =0; Gi(3%) 2 int(K™) ;
© a
B = 12fL2::ag JFi(%) 2 bd(K™); Gi(®%) 2 bd™(K™)
J = i2f1;2;::500) Fi(CY) 2 int(K™); Gi(3%) =0 (32)
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form a partition of f 1;2;:::;09. Thus, if n = m, by supposing that r G(3”) is invertible
and rearranging the matrices appropriately, P (3%) =r G(3°)i 'r F(3®) can be rewritten

h ° PE i PCEe P :
PE") =@P3%)g P(*%)ss P(*®)ss A:

PE% o P(E%ss P(Ea

Now we are able to prove the following nonsingularity result under the assumption that
the given solution is nondegenerate.

Theorem 4.1 Let 3° be a nondegenerate solution of the SOCCP. Suppose that m
andr G(3°) is invertible. Let P(3°) =r G(3®)i 'r F(3®). If P(3"), is nonsingular and
its Schur-complement, denoted biP(3%),, , in the matrix

g PE ) P(%)s !

PE%)er P(%)ees
has the CartesianP -property, then allW 2 @ ®(3") are nonsingular.
Proof. Using (28) and noting that r G(3°) is invertible, it suffices to show that any

matrix C belonging to r G(3®)i 'r F(3®)(A(®®) i 1)+ (B(%) i ) is invertible. By
Lemma 4.2 and Proposition 4.2 (a), C can be written in the following partitioned form

0 1
i Pu Pe (Agi Ig) 013
C=@; pg Pes(Agi Ig)+ (Bei lg) Ogs A,
i P PJB(ABi |B) il

where | g = diag(l;; i 2 B) with |; being an n; £ n; identity matrix, Ag = diag(A;; i1 2 B)
and Bg = diag(Bj; i 2 B). For simplicity, we here omit the notation 3 in the functions.
It is not hard to see that these C are nonsingular if and only if

1
H i Pu Pe (Agi lg)

C. —
' i Pei Pes(Agi lg)+ (Bgi Is)

is nonsingular. Showing that the matrix C, is nonsingular is equivalent to showing that
the only solution of the following system
TR
icy=iC ) =0
YB

is the zero vector. This system can be rewritten as

73
Piyi +Pie(lgi Ag)ys =0;

Peiyi +Pss(lsi Ag)ys =i (Isi Bg)ys:
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Recalling that Py, is nonsingular, we obtain from the last system that
Yo :
yi =i Pj 1|:’l_B (Isi As)Ys;
(Pegi PaiPi'Pie)(Isi As)Ys =i (Isi Bg)ys:
Thus, showing the nonsingularity of C; is equivalent to showing the unique solution of

the second equation is a zero vector. We proceed by contradiction. Suppose that yg 6 0,
and consider the following two cases.

Case (1): (Igj Ag)ys = 0. Define Jg :=fi 2B : (yg)i 6 0g. Then Jg & ;. Moreover,

(33)

(i AiCG®)(ye)i =0 and (1§ Bi(®*"))(ys)i =0 for alli 2 Jg;
where the second equality is from the second equation of (33). This means that
[(Hi AGT)+ (7 Bi(®7)] (Ye)i = 0; 8i 2 Jg:
Note that (yg); & 0 for all i 2 Jg, and hence the last equation implies that the matrix
200 AiC") i Bi(®%)] 8i2Js (34)
is singular. On the other hand, from Lemma 4.2 (c), it follows that
200 AT Bi®Y) = %' i Lr (N)Lizi%su) i Lei(sﬂ)é-izi%sn)
= Haeni Leeoi Logn Ly
= Logeeyi LReoyices) Lpe) 8 2B: (35)
Notice that w;(3%);z(3%) 2 int(K™) for each i 2 B, and furthermore,
(%1 %)+ GE) = 2w + R | GO 2 imt(K™):

Using Proposition 3.4 of [11] then yields that [2z(3"%)j (Fi(®®) + Gi(®3%))] 2 int(K"),
which implies that Loy ey i L eo)4cieo) A O. Combining with (35), we obtain that
21 i Ai(®%) i Bj(3") for each i 2 J g is nonsingular. This leads to a contradiction.

Case (2): (Isi Ag)ys & 0. Notice that Fi(3™)? + G;j(3")? 2 int(K") for each i 2 B by
Lemma 4.2 (c¢), and hence applying Lemma 4.1 (a) yields that

h[(|B| AB)yB]laKBBI |B>yB]ii - 0 for 8i2B:

This together with the second equation in (33) means that
N(lei As)Ysli;[(Pesi Pai P} "Pg)(lgi Ag)yslii- 0; 8i 2B:

Since Pgg i Pgi P} P is exactly Ibu , using the Cartesian P-property of Ibu , this is
only possible if (Ig | Ag)ys = 0, and again we obtain a contradiction. 2

From Theorem 4.1 and [20, Lemma 2.6], we readily obtain the following result.
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Corollary 4.1 Suppose thag” is a nondegenerate solution of the SOCCP witlhh = n
and the mappingd= and G at 3° satisfy the conditions of Theorem 4.1. Then, there exist
a neighborhood\ (37) of 3% and a constantC,; > 0 such that for any® 2 N (3%) and any
W2 @®(3), W is nonsingular and satis eskWi 'k - C;.

5 Properties of the merit function 2

This section is mainly concerned with the stationary point property and the coerciveness
of the function W. Specifically, we shall provide a weaker condition than the one used
by [7, Proposition 3| to guarantee that every stationary point of W is a solution of the
SOCCP, and show that the function ¥ for the SOCCP (3) is coercive under the uniform
Cartesian P-property of F. For the first result, we need the following technical lemma.

Lemma 5.1 Let A:R'£ IR'! IR, be given by (8). Then, for any;y 2 IR',
AX;y) 60 (0 r  YAXY)&0; r JA(Xy) 6 0:

Proof. The equivalence is direct by Proposition 1 and Lemma 6 (b) of [7]. 2

Proposition 5.1 Let ¥ : R" ! IR, be given by (10). Suppose that = m andr G is
invertible. If r G(3)i 'r F(3) at any ® 2 IR" has the CartesianP,-property, then every
stationary point of ¥ is a solution to the SOCCP.

Proof. Since U is continuously differentiable by Proposition 2 of [7] and & is locally
Lipschitz continuous, we have by Clarke [4] that for any 3 2 IR" and any V 2 @P(3)"

rvE)=VvVaoeEe): (36)

Let 3 be an arbitrary stationary point of ¥ and V be an element of @®(3)" (U @(3)T").
From equation (27), it follows that there exist matrices V;, 2 @ ®;(3)" such that

V=V EVWVECCCL:

In addition, for each V; 2 IR" " by Proposition 3.1 there exist matrices A;(3) 2 IRMEN
and B;(3) 2 IRMEM | as characterized by Proposition 4.2, such that

last three equations, it then follows that
FFE)AG)I 1)+r GE)BE)i H]2E)=0;
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which, by the invertibility of r G, is equivalent to
a

£
rGE)r FC)AC)E 1)+ (BE)i 1) () =0: (37)

We next prove that ®(3) = 0. Suppose not, then there is an index © 2 f 1;2;:::; qg such
that ®o (3) = A(F+(3); Go (3)) & 0. From Propositions 3.1 and 4.2, we notice that

M ARG T M Ay D) T

FyAF(3);Ge(®))  (Be(®)i 1)Pe(?)
Therefore, applying Lemma 5.1 yields that
(Ac(®)j 1)P(®)&0 and (Bo(3)j 1)P.(3) & O: (38)

In addition, from (37) it follows that
a

£
FGE) It FE)AR) T 1)BE) , + (Ba(3) i 1)e(®) = 0;

Making the inner product with (Ao (3)j 1)®.(3) on both sides, we obtain
D £ [o] E
(g’ ()i D) v GE) F(3)(A(é)i DOE) .
+ (Ac(®)i NPo(3); (Bo(®)j 1)Po(3) = 0:

Notice that the first term on the left hand side is nonnegative by (38) and the Cartesian
Po-property of r G(3)i Ir F(3), and the second term is positive by Lemma 4.1 (b) since
®o (3) 6 0. This leads to a contradiction. Consequently, the proof is completed. 2

When r G is invertible, we know from [7] that the column monotonicity of r F (3) and
ir G(3) isequivalent tor G(3)i 'r F(3)° O, which clearly implies that r G(3)i 'r F(3)
has the Cartesian Py-property. Thus, the stationary point condition in Proposition 5.1
is weaker than the one used by [7, Proposition 3|. In addition, for the SOCCP (3), the
condition is equivalent to saying that F has the Cartesian Py-property, which, for the
NCP, will reduce to the common stationary point condition that F is a Py-function.

The following lemma generalizes the result of [7, Lemma 9 (a)], which plays a crucial
role in establishing the coerciveness of the merit function W.

Lemma 5.2 Let A be dened as in (8). For any sequencé(x;y*)g p R' £ R, let
Jk.  kandik. 1k denote the spectral values of and y¥, respectively.

(a) If K1j1  ortklil  ask!l ,thenA(xky<)! +1.

(b) If f,¥g andf1Xg are bounded below, byt§ ! +1 ,1k1 +1 , and
ask!1l ,thenA(x*;y<)! +1.

XK vk
+
kxkk — kykk 90

19



Proof. Part (a) is direct by [7, Lemma 9 (a)]. We next prove part (b). Suppose that
f A(x¥;y¥)g is bounded. Let z* = [(x¥)2 + (y*)?]'*2 for each k. From the definition of A,

XK pyk =21 AX5y9); 8k
Squaring two sides of the last equality then yields that
axk xyk =i 22 £ AxN; y9) + AxK;y9)% 8 k: (39)

Since kx"k ! +1 and ky*k! 41 by the given conditions, we have that

7K ' k)2 ky2 172
m ———— = lim ) + ") =0;
ki kxkKkkykk ki1 kxKk2kykk2 © kxkkZkykk?2
which, together with the boundedness of f A(x¥;y*)g, implies that
- 97k 4 A(xK: vk A (v K- k)2
i 122 EAGYS) H AXS YD)
kil kxkkkykk
Using the equality (39), we obtain limy kxkk + I ky = 0, which clearly contradicts the
given assumption. Consequently, the conclusion follo 2
It should be pointed out that in Lemma 5.2 (b), the condition k;tk + kykk 9 0 as

k!1l is necessary, which can be illustrated by the following counterexample.

Example 5.1 Consider the sequences fxXg and fy¥g given as follows:

0 K 1 0 K 1
xXk=@ ;i (k+1)A and y*=@k;i 1 A for each k:
0 0

It is easy to verify that , X =i 1; 1k =1 for each k, and ,§! +1; k! +1  but
0 p_ 1 0 p-1

1= 2

Xk p y p_ Xk
=1 @;1= 2A; = @1=" 39 A-

oKk 1 2 A vk 1= 2 A and

0 y 0

R
kxkk = kykk

0:

. Kk Kk . . k yk
That is, the sequences fx“g and fy“g do not satisfy the assumption e + R 9 0. For
such sequences, by a simple computation, we have

1
p4k2+2+4k+p4k2+21 4k | 4k
A(xk,y)z—@4. (42 +2+4k|  AKZ+2; 4k) A
0
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Since

kllilmp4k2+2—|—4k+p4k2+2i 4k j 4k = 0;

kllilm4i (p4k2+2+4ki p4k2+2i 4k) = 2;

we have limgy  KA(XK; y¥)k = 1, i.e. the conclusion of Lemma 5.2 (b) does not hold.

We are now in a position to establish the coerciveness of ¥ for the SOCCP (3) under
the uniform Cartesian P-property of F and the following condition.

Condition A. For any sequence f3Xg p IR" satisfying k3kk | 41 , if there exists
an index i 2 f1;2;:::;0g such that f, ;(3%)g and f, (F;(3¥))g are bounded below, and
2395, 2(RiG) L 41, then
; A
I © ok REY
im su ;
e D KeRK KF PRk

> (0

Proposition 5.2 For the SOCCP (3), suppose that the mapping has the uniform
Cartesian P -property and satis es Condition A. Then, the merit function¥ is coercive.

Proof. We shall prove that limex 11 P(¥) = +1 . Let f3%g p IR" be a sequence

a

©
J:= 12f1;2;:::;09 ] f3Fg is unbounded :

Since f3Xg is unbounded, J & ;. Let f»*g be a bounded sequence with » = (»%;::: ,»5)

and » 2 IR™ for each k, where »* is defined as follows:
1

)
0 ifi2J; .

k ) T T .

A= 3ik otherwise; P=Lh2na

By the uniform Cartesian P-property of F, there is a constant ¥2 >0 such that

Y3k i »k? . “max -3ik i »Ik; F;i (3k) i Fi (»k)
:k i k k ®
— 30;F0(3 )i Fo(»)

k 3&KKFo (3%) i Fo(»)k for each k; (40)

where © is an index from f 1; 2;:::; qg for which the maximum is attained which we have,
without loss of generality, assumed to be independent of k. Clearly, © 2 J, which means
that f3£g is unbounded. Consequently, there exists a subsequence, assumed to be f3¥g
without loss of generality, such that k3¥k! 41 . Notice that

k3K »K2, k3&; »K%=k3¥K?;, for each k:
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Dividing the both sides of (40) by k3XKk then yields that
UK -k Fo(3%) | Fo(™)k - k Fo (3¥)k 4 kFo (»)k;
which implies kFo (3%)k ! +1 since k3&k! +1 and fF.(»*)g is bounded. Thus,
K3¥k! +1 and kFe(3%)k! +1: (41)

If either , ;(3%) 1 i1 or , 1(Fe(3%)) il | then using Lemma 5.2 (a) readily yields
that A(3¥; Fo (3%)) ! 41 , and consequently, U(3%) ! +1 . Otherwise, (41) implies that
f,1(38)gand f, (Fo(3¥))gare bounded below, but , ;(38) ! +1 and, o(Fo(3¥))! +1 .
Using Condition A, it then follows that

¢ sk R (3¥) A
lim sup ; > 0;
ki1 3Kk kF. (3K)k
which in turn implies that
3k Fo(3K) *
li + > 0:
o P2 ek T KR (30K

Fo

From this, we have kz—;k + ﬁzt;k 9 0. This shows that the sequences f3&g and fF. (3%)g

satisfy the conditions of Lemma 5.2 (b), and therefore ¥(3%)1 +1 . 2

When n; = ¢ ¢ & ng = 1, Condition A automatically holds and the uniform Cartesian
P-property of F is equivalent to F being a uniform P-function. Thus, Proposition 5.2
recovers the result of the FB merit function for the NCP; see [12, Theorem 4.2].

6 A damped Gauss-Newton method

Based on the previous discussions, we in this section describe a damped Gauss-Newton
method for the SOCCP by applying the generalized Newton method for the semismooth
system (9). The algorithm is similar to the one proposed by Sun and Womersley [22] for
box constrained variational inequality problem.

Algorithm 6.1
Step 0. Choose 3° 2 R", %22 (0;1), %2 (0;1=2) and p;;p2 > 0. Set k := 0.
Step 1. If kr U(3%)k = 0, then stop.

Step 2. Select an element Wy 2 @ ®(3¥). Let d be the solution of the linear system
3 .

W Wi + pik®(GR)kP2l d=jr T35 (42)
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Step 3. Let Ik be the smallest nonnegative integer | such that
TERpAd) - wER) + 3l wiEk)Tde (43)

Step 4. Set 3k+1:=3K L ¥hd k:=k + 1 and go to Step 1.

Note that WJ Wy + pk®(3K)kP2l is positive definite if 3K is not a solution of the
SOCCP, and hence r U(3%)Td* < 0. This means that Algorithm 6.1 is well defined at
the kth iteration. In addition, if n = m and Wy is nonsingular, then W Wy A O and
the solution of (42) with p; = 0 yields a generalized Newton direction d* = j W, '®(3¥).

For the above damped Gauss-Newton method, along the lines of the proof of [10,
Theorem 15], we can obtain the following global convergence result.

Theorem 6.1 Suppose thaf3*g is a sequence generated by Algorithm 6.1. Then, each
accumulation point3® of f3Kg is a stationary point of .

Using Proposition 4.1 and Corollary 4.1 and the proof of [22, Theorem 7.2], we can
prove the following superlinear (quadratic) convergence result.

Theorem 6.2 Suppose thatf3¥g is a sequence generated by Algorithm 6.1 aAd is
an accumulation point off3kg. If 3® is nondegenerate andc and G at 3° satisfy the
conditions of Theorem 4.1, then the sequenéékg converges tc*® Q-superlinearly. Fur-
thermore, if F® and G° are Lipschitz continuous at®® and p, , 1, then the convergence
is Q-quadratic.

Corollary 6.1 For the SOCCP (3), if F has the uniform CartesianP -property and
satis'es Condition A, then the sequencé3Xg given by Algorithm 6.1 converges to the
unique solution3”. If, in addition, 3° is nondegenerater F(37), is nonsingular and

o FCH rFCEe !
rEC%e r F(%)es

has the CartesiarP -property, thenf3kg converges t¢* superlinearly. If F%is also locally
Lipschitz continuous around®® and p, , 1, then the convergence is Q-quadratic.

(44)

Proof. We first show that the SOCCP (3) has the unique solution 3°. If not, let »* 6 3°
be another solution of the SOCCP (3). From the uniform Cartesian P-property of F,
there is a positive constant ¥2such that

HE(%) 0 FO»™);3% ) »i, Y37 »'k2 > 0:
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On the other hand, since F (3°)73% =0, F (»*)T»° = 0 and 3°,»" 2K, it follows that
HEGE%) FOM);3°% 0 »i=i FE")™ | F)™8. 0

This gives a contradiction. Consequently, the SOCCP (3) has the unique solution 3°.
Since 3k pf 32 R"j ¥(3) - ¥(3%g, by Proposition 5.2, the sequence f3¥g is bounded.
Using Theorem 6.1, we can prove that the sequence f3¥g converges to 3°,

By Section 2 of [17], if r F has the Cartesian P-property, then its principal block
matrix in (44) also has the Cartesian P-property. If, in addition, r F(3%);, is nonsin-
gular, then its Schur-complement in the matrix of (44) has the Cartesian P-property by
Proposition 2.1 of [17]. Thus, the conditions of Theorem 4.1 are satisfied, and the second
part of the conclusion is direct by Theorem 6.2. 2

7 Numerical results

In this section, we report the numerical results with Algorithm 6.1 solving the linear
SOCP; i.e. the SOCP (4) with g(x) = c¢'x for ¢ 2 R™. We used Algorithm 6.1 to solve
the KKT system of (4), which is equivalent to the SOCCP with F and G given by (5).
The vector X in F was computed as a solution of min, KAX j bk by Matlab’s least square
solver, and F and G were evaluated via the Cholesky factorization of AAT.

All experiments were done with a PC of 2:8GHz CPU and 512MB memory. The
computer codes were all written in Matlab 6.5. We replaced the monotone line search of
Algorithm 6.1 with a nonmonotone version as described by Zhang and Hager [25], i.e.,
we computed the smallest nonnegative integer | such that

UER ) W+ 3l TER)T

where
Wi = ("k; 1Q; 1Wi 1+ (39))=Qx

with Q= "k; 1Qx; 1+1. During the tests, we used Wy = U(3%); Qp = 1land "y~ 0:85 for
the line search, and %= 0:5 and %= 1:0ej 4 for Algorithm 6.1. In addition, we adopted
a pure Gauss-Newton direction d* = j W] '®(3K), which is in fact a generalized Newton
direction. We started the algorithm with 3% = 0 and solved the linear system involved in
the algorithm by Matlab’s linear equation solver. The algorithm was stopped whenever
one of the following conditions was satisfied: (1) maxf ¥(3K);jF (3%)TG(3K)jg - 101 5; (2)
the steplength is less than 10! !°; (3) the number of iteration is over than 150.

We have solved several SOCPs from the DIMACS library [18] and compared the
numerical performance of Algorithm 6.1 with SeDuMi [23], a successful interior point
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method software for the SOCP and the semidefinite programming. Numerical results are
listed in Table 1, where Iter records the number of iterations, NF represents the number
of function evaluations required by the algorithm for solving each problem, ¥ (3¥) and
c"x* denote the value of ¥U(3) and c'X at the final iteration, respectively.

Table 1: Numerical results with Algorithm 6.1 and SeDuMi for the SOCPs

dimension Gauss Newton method SeDuMi
Problem p m W(EK)  Tter NF cxk Iter cxk
nb 123 2383 || 8.42¢-7 34 71 -5.070410e-2 | 21 -5.070310e-2

nb_L1 915 3176 || 5.70e-7 109 122 -1.301227e+1| 18 —-1.301227e+1

nb_L2 bessel | 123 2641 || 2.04e-10 9 14 -1.025697e-1 | 16 —1.025695e-1

From Table 1, we see that Algorithm 6.1 yielded a solution with favorable accuracy
for all test problems within 110 iterations, and needed less iterations for the problem
“nb_L2 bessel”. For the more difficult problems “nb” and “nb_L.17, Algorithm 6.1 is now
not comparable with the sophisticated software SeDuMi in terms of the number of iter-
ations. We observe that the two problems do not satisfy the nondegenerate condition at
the optimal solution. It should be pointed out that our algorithm is crude and does not
exploit any preprocessing strategy on the problems.

8 Conclusions

The FB function A(x;y) is an important SOC complementarity function, by which the
SOCCP can be reformulated as a semismooth system involving the operator ®. In this
paper, we have characterized the B-subdifferential of A at a general point and presented
an estimate for the B-subdifferential of ® at any point. A condition was also given to
guarantee every element of the B-subdifferential of ® at a solution to be nonsingular.
Although the condition is a little stringent, this is the first article, to our best knowledge,
to discover the B-subdifferential of FB function associated with SOCs. In addition, we
have established the coerciveness of the merit function ¥ and provided a weaker condi-
tion than [7] for each stationary point of ¥ to be a solution of the SOCCP. With these
results, a damped Gauss-Newton method was proposed and the global and local conver-
gence results were obtained under some suitable conditions.
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