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Abstract. Let K™ be the Lorentz/second-order cone in IR™. For any function f from IR
to IR, one can define a corresponding vector-valued function f~ (x) on IR"™ by applying
f to the spectral values of the spectral decomposition of x € IR™ with respect to ™. It
was shown by J.-S. Chen, X. Chen and P. Tseng that this vector-valued function inher-
its from f the properties of continuity, Lipschitz continuity, directional differentiability,
Fréchet differentiability, continuous differentiability, as well as semismoothness. It was
also proved by D. Sun and J. Sun that the vector-valued Fischer-Burmeister function as-
sociated with second-order cone is strongly semismooth. All proofs for the above results
are based on a special relation between the vector-valued function and the matrix-valued
function over symmetric matrices. In this paper, we provide a straightforward and in-
tuitive way to prove all the above results by using the simple structure of second-order
cone and spectral decomposition.
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1 Introduction
The second-order cone (SOC) in IR™, also called the Lorentz cone, is defined to be

K* = {(z1,72) € Rx R" | [|laa| <},
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where || - || denotes the Euclidean norm. If n = 1, K is the set of nonnegative reals
IR, . Recently, there have been much study on second-order cone in optimization, partic-
ularly in the context of applications and solution methods for second-order cone program
(SOCP) [1, 2, 9, 12, 14, 18, 22]. For any x = (z1,22) € R x IR"!, we can decompose x
as

Tr = )\1'LL(1) + )\QU(Q), (1)

where A\, Ay and u), u® are the spectral values and the associated spectral vectors of
x, with respect to K™, given by

Ai = @+ (=1) |2, (2)

i T .
u® = %(1’(_1) H-772H)7 if o #0,
YL (~)w),  if w =0,
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(3)

for i = 1,2, with w being any vector in IR""! satisfying [|w|] = 1. If 29 # 0, the
decomposition (1) is unique. With this spectral decomposition, for any function f :
IR — IR, the following vector-valued function associated with K™ (n > 1) was considered
(see [9]):

(@) = fODu® + fO)u® Vo = (z1,25) € R x R"L (4)

If f is defined only on a subset of IR, then f is defined on the corresponding subset of
IR™. The definition (4) is unambiguous whether x5 # 0 or x5 = 0. The above definition
(4) is analogous to one associated with the semidefinite cone 8", see [20, 21].

The study of this function is motivated by second-order cone complementarity prob-
lem (SOCCP), see [3, 4] and references therein. In fact, in the paper [4], it studied the
continuity and differentiability properties of the vector-valued function f°. In partic-
ular, it showed that the properties of continuity, strict continuity, Lipschitz continuity,
directional differentiability, differentiability, continuous differentiability, and (p-order)
semismoothness are each inherited by f from f. These results parallel those obtained
recently in [5] for matrix-valued functions and are useful in the design and analysis of
smoothing and nonsmooth methods for solving SOCP and SOCCP. The proofs are based
on an elegant relation between the vector-valued function f° and its matrix-valued coun-
terpart (see Lemma 4.1 of [4]). This relation enables applying the results from [5] for
matrix-valued functions to the vector-valued function f . In this paper, we study an
intuitive way to prove all the aforementioned results without using the relation as will
be seen in Sec. 3.

A popular approach to solving SOCCP is to reformulate it as an unconstrained min-
imization problem. Specifically, it is to find a smooth (continuously differentiable) func-
tion ¥ : IR” x IR™ — IR, such that

Y(r,y) =0 <= (z,y)=0, ze€Kk", yek" (5)

2



which yields that the SOCCP can be expressed as an unconstrained smooth (continuously
differentiable) minimization problem: Cmﬁ%n f(Q) :==v(F(C),G(()), for some F and G. For
e n

detailed reformulation, please refer to [3]. Such a v is usually called a merit function. A
popular choice of 9 is

Wa.y) = o) oy e R ©)

where

¢(,y) == (2" + )" -z —y. (7)
Here (-)? and (-)'/? are well-defined via the Jordan product as will be explained in Sec.
2. The function ¢ is called Fischer-Burmeister function. It is the natural extension of
Fischer-Burmeister function over IR to ™. D. Sun and J. Sun proved that ¢ is strongly
semismooth in [19], while 1) was proved smooth (continuously differentiable) everywhere
by J.-S. Chen and P. Tseng in [3]. In this paper, we also provide an alternative proof for
property of strong semismoothness of ¢ in Sec. 4.

In what follows, for any differentiable (in the Fréchet sense) mapping F': R" — IR™,
we denote its Jacobian(not transposed) at x € R™ by VF(z) € R™*", ie., (F(z +u) —
F(z) = VF(z)u)/|lul| — 0 as u — 0. “ :=" means “define”. We write z = O(«)
(respectively, z = o(a)), with @ € IR and z € IR", to mean ||2|| /|| is uniformly bounded
(respectively, tends to zero) as a — 0.

2 Basic Concepts and Known Results

In this section, we review some basic materials regarding vector-valued functions. These
contain continuity, (local) Lipschitz continuity, directional differentiability, differentiabil-
ity, continuous differentiability, as well as (p-order) semismoothness. We also recall some
known results for vector-valued functions for which we will provide alternative proofs
later.

Let the mapping F' : IR" — IR™. Then F is continuous at x € R" if F(y) — F(x)
as y — x; and F' is continuous if F' is continuous at every z € IR". We say F' is strictly
continuous (also called ‘locally Lipschitz continuous’) at = € IR™ if there exist scalars
k>0 and 0 > 0 such that

1F(y) = FG) < wlly — 2] Vy,z € R" with [y —z|| <6, ||z — x| <6

and F' is strictly continuous if F' is strictly continuous at every x € IR". We say F is
directionally differentiable at x € IR™ if

F'(z;h) == lim Flz+th) - F(z)

t—0+ t

exists Vh € R";



and F' is directionally differentiable if F' is directionally differentiable at every x € IR".
F is differentiable (in the Fréchet sense) at = € IR™ if there exists a linear mapping
VF(z): R" — IR™ such that

F(z+h) — F(z) — VF(@)h = ol||h]).

If F' is differentiable at every x € IR™ and VF is continuous, then F' is continuously
differentiable. We notice that, in the above expression about strict continuity of F', if §
can be taken to be oo, then F'is called Lipschitz continuous with Lipschitz constant k.

It is well-known that if F' is strictly continuous, then F' is almost everywhere differ-
entiable by Rademacher’s Theorem-see [6] and [17, Sec. 9J]. In this case, the generalized
Jacobian OF (z) of F' at x (in the Clarke sense) can be defined as the convex hull of the
generalized Jacobian dpF'(x), where

OpF(x):= { lim VF(27)|F is differentiable at 2/ € IR”} :
The notation Jp is adopted from [15]. In [17, Chap. 9], the case of m = 1 is considered
and the notations “V” and “0” are used instead of, respectively, “O” and “0”. Assume
F : R* — IR™ is strictly continuous, then F' is said to be semismooth at z if F' is
directionally differentiable at x and, for any V' € 0F(z + h), we have

F(z +h) — F(z) — Vh = o(||h]]).

Moreover, F'is called p-order semismooth at = (0 < p < 00) if F' is semismooth at x and,
for any V € OF (x + h), we have

F(x +h) — F(z) — Vh = O(||h]|***).

The following lemma, proven by D. Sun and J. Sun [20, Thm. 3.6 using the defini-
tion of generalized Jacobian, enables one to study the semismooth property of f by
examining only those points z € IR™ where f is differentiable and thus work only with
the Jacobian of f™°, rather than the generalized Jacobian. It is a very useful working
lemma for verifying semismoothness property.

Lemma 2.1 Suppose F' : IR" — IR" is strictly continuous and directionally differentiable
in a neighborhood of x € R™. Then, for any 0 < p < oo, the following two statements
are equivalent:

(a) For anyv € OF (x + h) and h — 0,

F(z+ h) — F(x) —vh = o(||h|]) (respectively, O(||h|)""*).



(b) For any h — 0 such that F' is differentiable at x + h,

F(z +h) — F(x) = VF(x 4+ h)h = o(||h|)) (respectively, O(||h]|)***).

We say F' is semismooth (respectively, p-order semismooth) if F' is semismooth (re-
spectively, p-order semismooth) at every = € IR". We say F' is strongly semismooth if it is
1-order semismooth. Convex functions and piecewise continuously differentiable functions
are examples of semismooth functions. The composition of two (respectively, p-order)
semismooth functions is also a (respectively, p-order) semismooth function. The prop-
erty of semismoothness, as introduced by Mifflin [13] for functionals and scalar-valued
functions and further extended by L. Qi and J. Sun [16] for vector-valued functions, is
of particular interest due to the key role it plays in the superlinear convergence analysis
of certain generalized Newton methods [10, 11, 15, 16, 23|. For extensive discussions of
semismooth functions, see [8, 13, 16].

For any x = (z1,72) € RxIR" ! and y = (y1,y2) € R xIR""!, we define their Jordan
product as

roy= (JUTZ% Y12 + 3513/2) . (8)

We write 22 to mean x o x and write x + y to mean the usual componentwise addition of
vectors. Then, o, +, together with e = (1,0,...,0) € IR™, give rise to a Jordan algebra
associated with K™ [7, Chap. II]. If z € K™, then there exists a unique vector in K", which
we denote by x'/2, such that (2'/2)? = 2'/202'/2 = x. For any = = (71, 25) € R x R,

we also define the symmetric matrix

T
Lx prm— 5
[l‘g Illl (9)

viewed as a linear mapping from R" to IR"*". The matrix L, has various interesting
properties that were studied in [9]. Especially, we have L, -y = z oy for any x,y € IR™.

Now, we summarize the results shown in [4] for which we will provide alternative
proofs that are straightforward and intuitive in the subsequent sections.

Proposition 2.2 For any f : IR — IR, the following results hold:

(a) £ is continuous at an x € R™ with eigenvalues A1, Ay if and only if f is continuous

at )\1, )\2.

(b) 7 is directionally differentiable at an x € R™ with eigenvalues i, Xy if and only if
f s directionally differentiable at \i, Ao

(c) £ is differentiable at an x € R™ with eigenvalues A\, Xy if and only if f is differ-
entiable at A1, A\s.



(d) ™ is continuously differentiable at an x € R™ with eigenvalues Xy, Ay if and only
if f s continuously differentiable at A1, As.

(e) £ is strictly continuous at an x € IR™ with eigenvalues A1, Xy if and only if f is
strictly continuous at Ai, As.

(f) £ is Lipschitz continuous (with respect to || - ||) with constant k if and only if f is
Lipschitz continuous with constant k.

(g) [~ is semismooth if and only if f is semismooth.

Proposition 2.3 The vector-valued Fischer-Burmeister function associated with second-
order cone defined as (7) is strongly semismooth.

3 Alternative Proofs of Continuity and Differentia-
bility

In this section, we present alternative proofs for Prop. 2.2 of Sec. 2 which is one of
the main purposes of this paper. Unlike the existed proofs which employed an elegant
lemma ([4, Lem. 4.1]), our arguments come from an intuitive way only using the simple
structure of second-order cone and basic definitions. We need some technical lemmas
before starting the alternative proofs.

Lemma 3.1 Let \y < Ay be the spectral values of x € R™ and my < mqy be the spectral
values of y € R™. Then we have

M=+ A —mal* <2 |z —y|* (10)
and hence, |N; —m;| < V2 ||z —yl|, Vi=1,2.

Proof. The proof follows from a direct computation. O

Lemma 3.2 Let v = (r1,75) € R x R"™ and y = (y1,72) € R x R"!.
(a) If zo # 0,y, # 0, then we have

[ut =0 < —flz —yll, Vi=1,2, (11)
[E21]

where v, v are the unique spectral vectors of x and y, respectively.
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(b) If either x5 =0 or yo = 0, then we can choose u® v such that the left hand side
of inequality (11) is zero.

Proof. (a) From the spectral factorization (1)-(3), we know that

u(z) = (1 ) (_1)Z 2 ) ) U(Z) = (]- ) <_1)l & ) )
2 |2 2 [

where u”, v are unique. Thus, we have v — v = ;(O , (=1)(22 — 2 )) Then

[zl lly2|l

w2 —y2 (w2l = llz2l)y2
2] [[z2] - [ly]]

)

< S(le = sl + e =) < e~
> Sl %2 — Y2 o2 = Y2Al ) = T Y
2\l o] o]

4 Y2

||u(i)_v(i)|| — —
w2l gl

1
2

2

‘_1

< s(mlles =l + el = )
> Sl iP2 — Y2 o Y2l — 22
2\l o]

where the first inequality follows from the triangle inequality.

(b) We can choose the same spectral vectors for = and y by the spectral factorization
(1)-(3) since either x5 = 0 or yo = 0. Then, it is obvious. O

1 T
Lemma 3.3 For any w # 0 € R", we have Vw< d ) = (]— wa).
Jwl /) wl] [Jw]

Proof. The verification is routine, so we omit it. |

Now, we are ready to present our alternative proofs for Prop. 2.2. As mentioned, all
of our proofs are from intuitive definitions as well as the structure of second-order cone.
Some portion of the proofs are similar to the original ones, we omit them when there is
the case.

Proof. (a) “<” Suppose f is continuous at A;, Ao. For any fixed x € IR" and y — =, let
the spectral factorizations of z,y be x = M\ju™ 4+ Xu® and y = mv™ + myv®. Then,
we discuss two cases.

Case (i): If x5 # 0, then we have

Fow) = (@) (12)
= ) (v = ) (fm) = £ Ju + floma) (02 = ) flama) = S O0) ).

Since f is continuous at A;, Ay, and from Lemma 3.1, |m; — \;| < v/2 ||y — ||, we obtain
f(m;) — f(\i) as y — x. Also by Lemma 3.2, we know that ||v® —u®| — 0 as y —
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x. Thus, equation (12) yields f“(y) — f~“(x) as y — x, since both f(m;) and ||u®||
are bounded. Hence, f™° is continuous at z € IR" .

Case (ii): If 29 = 0, no matter yo is zero or not, we can arrange that x, y have the same
spectral vectors. Thus, f~ (y) — f (z) = <f(m1) — f()\1)>u(l) + <f(m2) - f(/\2)>u(2)
Then, f is continuous at x € IR™ by similar arguments.

“=" The proof for this direction is straightforward and similar to the arguments in [4,
Prop. 5.2]. O

Proof. (b) “<” Suppose f is directionally differentiable at A, A\o. Fix any z = (z1,22) €
IR x IR""!, then we discuss two cases as below.
Case (i): If 2o # 0, then we have £ (z) = f(A)uM+ f(Xo)u® where \; = z1+(—1)|| 22|
. 1 . T
and u' = <1 (—1) 2
o 2N | |
Fréchet-differentiable with respect to x, with

) for all i = 1,2. From Lemma 3.3, we know that u(® is

e |0 0
Vu' = [__xﬂg : Vi=1,2. (13)

ZHIQH Hx2||2

Also by the expression of \;, we know that A; is Fréchet-differentiable with respect to x,
with

Vi —(1 ) (—1)iHZH> =2u" Vi=1,2. (14)

Since f is directionally differentiable at A, Ay, then the chain rule and product rule for
directional differentiation give

(f7) (25 h)

= FA)VeuPh 4+ 1D (A h)(Vah)" + f(A2)VauPh 4+ u® f/(Ag; h) (Ve A)"
TR
_ f()\22)||1‘ ”( ) o 7 werd | 2 O i @)+ 2f g Ru® (@)
i ! [l 22|
[0 0
JOIZTOD N aa | bt 2 O ) @) 4 2 Ot )
27— A1 EERTONETD)
! 2> ]

where the second equality uses equations (13) and (14), and the last equality employs
the fact that Ay — \; = 2||x3||. Notice that we can obtain u®(u®)”" as follows by direct
computation :

(@) (, (NT _ L Il’zll -
u (ut)t = 2 xgx% : Vi=1,2.

||=T2|| ||5152||2



Now let

i )=S0, g TORRESORR) POk = f k)
Ao — A\ 2 2

Then, we can rewrite the previous expression of (f)(x; h) as

NT ~
00 el 5 ]
socy s k :~ T IQ — ~ x2
(f " )(zsh)=a 0 - 2t + éry  browd Ty T~y @]
Bk Tl | LTl 707 Ot
2]l (22| 2

(16)
This enables that f is directionally differentiable at x when w9 # 0 with (f)(x;h)
being in form of (16).
Case (ii): If 2, = 0, we compute the directional derivative (f* )/(x;h) at x for any

direction h by definition. Let h = (hy, hy) € IR x R™™'. We have two subcases. First,
consider the subcase of hy # 0. From the spectral factorization, we can choose u() =

;(1 , (—1)izzll> for all i = 1,2, such that

{ fsoc(x+th) = fOA+ A)\l)u(l) _|_f()\—|—A)\2)u(2)
fsoc (x) _ f()\)u(l) + f(A)u@)’

where A = 27 and A\; = t<h1 + (—1)i]\h2\\> for all i = 1,2. Thus, we obtain

soc

£ ) = £ (@) =(FO+ ) = FO) )+ (O + As) = ) Ju®.
The fact that

fA+AN) = f(N) SO+t — [[ha]])) — F(N)

lim . = lim ; = f'(A\hy = [[hal))
and
A+ AXg) — f(A A+tlh h — (A
lim f( + 2) f( ) — lim f( + ( 1+|| 2||)) f( ) :f/()\;hl—l—thH),
t—0+ t t—0+ t
yields
po S ) = @) O+ DM = FO) ) O AN) = f)
t—0+ t t—0+ t t—0t t
= f'(Ahy = [[h2lut™ + f/(X; by + [[ho|Ju®) (17)

1 h 1 h/ SOC

where ut) = (1, —2>, u? = (1, 2). Hence, (f7 ) (x; h) exists with form of
2 172 2\ [lhe|

(17).



Secondly, for the subcase of hy = 0, the same argument applies except hs /|| hz|| is replaced
by any w € R™ " with ||w|| = 1, i.e., choosing v = 5(1,(—1)%0), for all i = 1,2.
Analogously,
socC th _ soc
e th) @)

t—0+ t

= f/()\; h1)u(1) + f/()\; h1)u(2)- (18)

Hence, (f7°)(x;h) exists with form of (18). From the above, it shows that f~° is di-
rectionally differentiable at x when zo = 0 and its directional derivative (f)'(x;h) is
either in form of (17) or (18).

“=” Suppose f  is directionally differentiable at x € IR™ with spectral values A1, Xy, we
will prove that f is directionally differentiable at \;, As. For A\; € IR and any direction
dy € R, let h := dyu™ +0u® where 2 = \ju™ + Xou®. Then, z +th = (A +td;)u®) +
Mou® | and

[ @rth) = (@) fOu+tdy) - f()\l)uu)

t t

Since £ is directionally differentiable at , the above equation yields that

S +tdy) — f(A1)
t

/ . . . .
'\ dy) = tli%1+ exists.
This means f is directionally differentiable at \;. Similarly, f is also directionally differ-
entiable at As. O

Proof. (c) “«<” The proof of this direction is identical to the proof shown as in (b),
but with “directionally differentiable” replaced by “differentiable”. We omit the proof
and only present the formula of f™(x) as below. For z, # 0, we have

, cx?
orm-| =l L, (19)
IR P

where FOw) = FO) f'(A2) + /(M) f'(xa) = f'(\)

2) — 1 2 ! 2 :
S N T e B

If xo = 0, then

V(@) = f(V )

“=” Let f° be Fréchet-differentiable at € IR™ with spectral eigenvalues \i, Ay, we
will show that f is Fréchet-differentiable at A\;, A\o. Suppose not, then f is not Fréchet-
differentiable at A; for some i € {1,2}. Thus, either f is not directionally differentiable
at \; or, if it is, the right- and left-directional derivatives of f at \; are unequal. In
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either case, this implies that there exist two sequences of non-zero scalars t¥ and 7",

v=1,2,..., converging to zero, such that the limits
lim f<>\i+tt)_f<>‘i) . lim fu+77) = f(N)
V—00 v V—00 7—1/

exist (possible co or —o0) and either are unequal or both equal to co or are both equal
to —oo. Now for any z = Mu® + Xu®, let h = 1-u® +0-u® = u®. Then,
x4+ th = (A +)u® + Xu® and £ (z +th) = f(A + )u® + f(A)u®. Thus,

fr@t+th) — £ () fma4 ) = )

Jim v = Jim v
lim foatTh) - f () lim fou+m) = (M) o
V—00 TV V—00 TV

It follows that these two limits either are unequal or are both non-finite. This implies
that f~ is not Fréchet-differentiable at = where is a contradiction. O

Proof. (d) “«<” Suppose f is continuously differentiable. From equation (19), it can
been seen that V™ is continuous at every x with x5 # 0. It remains to show that Vf
is continuous at every = with x5 = 0. Fix any x = (21,0) € IR", so Ay = Ay = 1. Then,
from equation (20), we have

f(2) = f(M)

fmo = SN S

: 1

limb = Jim (/') + /() = f()
1, A
il_f}glcc = ,%I—I»I;lzi(f (A2) = f'(\)) =0.

Taking the limit in equation (19) as y — = yields im Vf ™ (y) = f'(z1)I = Vf (),

Yy—x

which says V" is continuous at every z € IR" .

“=" The proof for this direction is similar to the original proof of [4, Prop. 5.4], so we
omit it. O

Proof. (e) and (f) The original proofs in [4] use the working Lemma 2.1 directly which
is the same idea as the one used for the whole paper, so the proofs for part(e) and (f)
are identical to theirs. We therefore omit them. O

Proof. (g) “=" Suppose [ is semismooth, then f is strictly continuous and di-
rectionally differentiable. By part (b) and (e), f is strictly continuous and directionally
differentiable. Now, for any o € IR and any n € IR such that f is differentiable at o + 1,
part (c) yields that f™ is differentiable at x + h, where x := (a,0) € IR x IR""! and
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h:= (n,0) € R x R""!. Hence, we can choose the same spectral vectors for x + h and x

such that .

frat+h) = flatnul+ fla+npu®,

(@) = fla)u® + fla)u®.
Since f™° is semismooth, by Lemma 2.1, we have

o+ h) = (@) = V(@ + h)h = o(||h]). (22)

On the other hand, (21) says V.f~ (x+h)h = f'(a+n)Ih :(f’(a+n)n , O). Plugging this
into equation (22), it yields that f(a+n)— f(a) — f'(a+mn)n = o(|n|). Thus, by Lemma
2.1 again, it says that f is semismooth at «. Since « is arbitrary, f is semismooth.

“<” Suppose f is semismooth, then f is strictly continuous and directionally differen-
tiable. By part (b) and (c), f is strictly continuous and directionally differentiable.
For any z € IR™ and h € IR” such that f° is differentiable at = 4 h, we will verify that

soc soc

et h) = f (@) = VT (@ + Rk = of||R]).

Case (i): If 2o # 0, let )\; be the spectral eigenvalues of # and u(¥ be the associated
vectors. We denote x + h by z for convenience, i.e., z := x + h and let m; be the spectral
values of z with the associated vectors v¥. Hence, we have

7 () = f)u 4+ fF(rg)u®,
- (x+h) = f(ml)v(l) + f(m2)v(2)-

In addition, from (19), we know

_ [ 22]|
Vf (l' + h) - 622 - (B B CAL) ZZZ; )
|22l [
where
P f(mg) — f(my) i f'(ma) + f'(mq) o— f'(ma) — f'(ma)
mo — 1Ny ’ 2 ’ 2

With this, we can write out [~ (z+h)—f (z)=Vf  (x+h)h = (Z;,Z,) where Z; € R
and =, € IR"!. Since the expansion is very long, for simplicity, we denote =; be the
first component and =, be the second component of the expansion. We will show that
=1 and =y are both o(||h|]).

First, we compute the first component =;:

1

= - mi) — — (m _Z;Fh2 1 o) — _ fm, ZQThQ
== g {rm) = 700 = Pl = S L ) = 70 = P+ 52}
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£lma) = ) = ) (= (lzzll = o)) + o6l }
{#ma) = £0) = £Gm) (b + 1z = o)) + o8I}

— o = (lzall = lleal)) + o1l + o1 + (22l = llz2])) + o111
In the above expression of =, the third equality holds since the following:

[EANE

Th T
by H (=) = ||zo] — 2220 o5 g
[ 22]]

Izl el

=zl = llaall (1 + O6) = 1zl = ]l (1 + OClAI)
= llzall = ol (14 o121 ),

where 6 is the angle between x5 and z, and note that zo — x5 = hy gives O(6?) = O(||h]?).
Also the last equality in expression of =; holds since f is semismooth and

mi — A = ha + (=1)([|22]| = [l2l)-

On the other hand, due to hy+(—1)(||22]| = ||z2||) < hi+]||z2—x2]| = hi+]|h2| , we observe
that when ||h|| — 0 then hy + (=1)"(||z2|| — [|z=2]]) — 0 and hy + (=1)"(||z2|| — ||z=2]]) =

O(||h]]). Thus, 0<h1 + (=1)"(||z2|l — H:UQH)) = o(]|h||), which yields the first component

1 is o([|R])-
Now consider the second component =s:

S = gl O — O
5 (7ma) = ) )2ty Sl =)y,
{5 () - o) - L= ) e
= gy o0y s - 2

N 2f(my) )22z2 hg}

my —my/ |22

1 Ta 2ohy 2f(mo)
+= A — f'(m — h
2{<)nm O = ™ g =™
2 Ip
— (f'(ma) + f(mo) >ZQZ2 22}
my —my/ ||z
_ =,
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where Egl) denotes the first half part while Eg) denotes the second half part. We will

show that both = and = are o(||k|]). For symmetry, it is enough to show that = is

o(]|h]|). From the observations that

Z9 = ZL‘Q‘l’hQ,
my—my = 2|z,

mi— X = hi 4 (=1)"(lz2]l = llz2ll) = O(|[]),

we have the following:

= - ‘;{f““ﬂé;r‘f°hﬂé;\‘f“m”ﬁzm";f@2;h2
(o + 1)
=y e s = e )
5 (rm - 100) (5 + o)
(i e )

Following the same arguments as in the first component =, it can be seen that

502 o).

12l

f(m1> - f(>\1) - f’(m1)<h1 -

Since my — Ay = hy — (||22|| — [|z2]|) = O(||R||) and f is strictly continuous, then f(m;) —
f(A1) = O(J|h|)). In addition, —hs/||2a]| + 2223 ha/||22||* = O(||h|]). Hence,
—hg 22z2Th2

lzll 2l

(#Gm0) = £ ) = OUIAIR) = oAl

Therefore, it remains to show that the last part of =% is o(||R]|). Now, note that

29 i) hg 2222Th2 < 1 1 Zghg ) 2
- - = T - + O(|[R7) -
22l Mzl Nzl l22ll? [22]] 2l [[22]?
—1 Z9 z9 .. .
Let 0(z2) := —1/||22]|, then VO(zy) = — ENENEN] = Tl This implies that
1 1 2L hy )
- = 0(x2) — 0(22) — VO(22)(22 — 22) = O([|1]|"),
22 Nzl (2

where the last equality is from first Taylor approximation. Thus, we obtain

) = ol

Z9 i) hg Z9 Zg hg

||Z2|| ||1’2|| ||Z2|| ||Z2||3

sou)(
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From all the above, we therefore verified that (22) is satisfied which says f is semis-
mooth under the case (i).

Case (ii): If 25 = 0, we need to discuss two subcases. First subcase, consider hy # 0.

Then z = (1,0) and 2+h = (z1+hi, ha). We can choose u(?) = ;(1, (—1)° ”Z§”> such that

= MM+ u® and 24+h = mu® +mou® where A = 1 and m; = 1 +hy +(—1)"||ha|,
1 =1,2. Hence,

[ () = f(r)u® + f(z1)u®,
S @ +h) = flm)u® + flmy)u®.

Also from part (c), we know

fomg) = fomy) | VY
V7 (z+h) = hahd |42 (ma)u™ (u™) 42 (ma)u® (u®)"
mo — My 0 I-— 5
| ha|
where i
o 1 1 (—1)" 2
@), (NT _ = ha|| -
ut (u') =12 [(—li ny thél ] , Vi=1,2.
A [lh2]]2

Therefore, by direct computations, we have

VI b = (G ) =l (= )+ 5 O sl (e )

Combining all of these, we obtain that

f8°“<m+h>—f8°“<> Vi (e bk
= {smut + fim 2>u<2>}—{f<x1>u<>+f<x1>u<2>}

hl 1 / hl
{ el (= e )+ (5 ma) el (1 h2||>h2)}
_ (; (Fm) = F) = F/ma) = i)} + 5 (F(ma) = F@) = Fma)ha-+ 1)}
1 : h
! h2
+2{f(m2) flan) - f(ma)(h1+IIhzll)}(||h2||))

= o(h1 = [lh2l)u® + oy + [|h2)u®

The third equality holds since f is semismooth and Lemma 2.1. When h goes to zero,
both hy — ||he|| and hy + ||hs|| go to zero, so the above expression yields that (22) is
satisfied. Hence, f° is semismooth under this subcase.

Secondly, for the subcase of hy = 0, then x = (21,0) and z + h = (21 + hy,0). We
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can choose u(¥ = é(l, (—1)%0) with |lw|| = 1 such that = Au® + \u® and z + h =

mu® + mu®, where A = z; and m = z; + hy. Hence,

() = fle)u™ + flz)ul®
fsoc (iC + h) = f(ml + hl)u(l) + f(l'l + hl)u@) .

Also (21) says Vf " (z+h) = f'(x1+h1)I. Therefore, V™ (x+h)h = (f'(x1+h1)h,0).
Combining all of these, we obtain that

soc soc

f(@4+n)— 7 (x)=Vf (x+h)h
= {F@n a4 fla o+ hu® | = {Fau® + fe)u® b= (£ bk o)

= (@t h) = £~ Fan b 0)

— (oimh) . 0).

where the third equality holds since f is semismooth and Lemma 2.1. When h goes to
zero, it implies hy goes to zero, so the above expression implies that (22) is satisfied which
says f is semismooth in this subcase.

From all the above, we proved that if f is semismooth then f° is semismooth. O

4 Semismoothness property of ¢

It was shown by L. Qi and J. Sun in [16] that for NCP case a key to superlinear conver-
gence is a certain semismoothness property of ¢. Indeed, the property of semismoothness
of ¢ is of some interest since it leads to investigation of nonsmooth methods. In this sec-
tion, we will also give an alternative proof for this property. The idea is straightforward
though it involves more algebraic computations. This kind of nonlinear analysis would
help understanding and analyzing other merit functions. Let p : IR" x IR® — IR" be
defined by

pla,y) = (2 + )2 (23)
To prove ¢ is strongly semismooth, it is enough to show that p is strongly semismooth.
In other words, we will show that p is strictly continuous, directionally differentiable
and satisfies conditions of Lemma 2.1, hence it is strongly semismooth. Before the long
proof, we need some technical lemmas that will be used very often for the analysis of
semismoothness of vector-valued Fischer-Burmeister function associated with second-
order cone.

Lemma 4.1 [3, Lem. 3.2] For any x = (x1,22),y = (y1,%2) € R x R"™ ' with 2? + y*
on the boundary of K", we have x5 = ||x2||?, v} = |lyal]?, T1y1 = 2l y2, 2192 = 1179,
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Lemma 4.2 [3, Lem. 3.3] For any x = (v1,72) and y = (y1,y2) € R x R with
r1T9 + y1y2 # 0, we have

2
T1T2 + 1Yo
@@ + it ‘ < o2 + 2 = 2llz1s + gl
|l z122 + y1ya|

T 2
(x _ (z122 + y1yp) l‘z) <

Ty — T
2122 + Y192 ’ '

Lemma 4.3 Ifx = (v1,22) € R x R"! and y = (y1,y2) € R x R™ with 2* + y* on
the boundary of K", then for any h = (hy, hy) € R X R" and k = (ky, k2) € IR x R"™!

we have

(a) (z122 + Y192, T1he + hizo + yriks + k1ya) = (23 + y?) (<$a h) + (y, k>>;
(b) (woh-+yok.a®+y?) = at+18) (@) + (y.0)).

Proof. (a) By direct computation and applying Lemma 4.1 in the first equality, we
obtain

<LE1$2 + Y1Y2, l’lhz + hlxz + ylkg + k’ly2>
= 23 (x9, ho) + Y2 (T, ho) + 25hy + yia1hy + 2Ty Ky + yiky + 27 (Yo, ko) + v (Yo, ka)

= @+ D) (@) + ().
(b) This is a consequence of part (a), since

(roh+yok,z*+y?)

Q(ﬁ + Z/%) ((957 h) + (y, k)) + 2(z129 + Y1y, 1he + haxo + y1ka + k1yo)
= 4t + o)) (@) + k),

where the first equality holds because x? + y? = (223 + 2y?, 22125 + 2y112). O

Lemma 4.4 For x = (x1,23) € R x R"! and y = (y1,v2) € R x R™ with ||z||* +
lyl? = 2||z1z2 + yigell > 0, let uw := 2> + y* and z :== (x + h)* + (y + k)* where
h = (hi,he) € Rx R and k = (k1,ks) € R x R If we denote my, my as the

spectral values of z while \1, Ay the spectral values of u, then we have
mi— A = O(|[(h, B)[[?),  ma — Ao = O([|(h, K)]).
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Proof. Since mq, my are the spectral values of z, we know that

mi = |z 4+ h|*+ |ly + kl|* = 2[|(z1 + hi) (@2 + ho) + (Y1 + k1) (y2 + k2) |,
my = |z +h|*+ |ly + k|* + 2[|(z1 + ha) (@2 + ho) + (Y1 + k1) (yo + ka)||.

Also A\, Ay are spectral values of u, we have

Moo= 2+ Yl = 2llzize + yagell,
A= Izl Yl + 2lleazs + el

We denote z = (21, 2) € R x R" ! and u = (u1,us) € R x R"™!, then we obtain
W
— (Ul Bl + K1 = ol = l®) = (a2l = ) )

= 2(Gh) + (k) + (102 1) = (lz2l = el

4 h h k k)12 — 4 2
= ot + . ky) - A lra o) 3 (e k)P~ A+ el

12| + [uzll
+O([I(h, K)|I*)
8

- 2<<x,h> + (v, k>) el + fuell

O((h, B)I)) + Ol (s K)I)
i Al
— 2<<x, hy + (y, /f>) [22]] + [[us
= AR LR ) ) + 00 R, B

[aall + Tl
Yol = sl + (R, B

((951352 + Y1Y2, T1ho + hixe + y1ks + k1y2)

(4.} + (k0 ) + OCIA, W)

2((z, h) + (y, k)
(2l + lluall)®
({z k)

MR R g L 2
- (22l = [[u2]) (8< 1T + Y1y, T1he + hiza + y1ks + k1ye) + O(||(h, k)| ))
+O(|[(h, k)|1%)
16]|uz ||

= (2l + Jual))? <<"”’h> + (v, ’f>>2 +O(l(h, k) |1*)

= O(l(h, B)[I*).

where the fifth and ninth equalities hold due to the following (by applying Lemma 4.3):

<[E1£L"2 + Y1yo, 1ho + hixo + y1ks + k1y2> H 2” << h) + (y, k>> (24)
Using the same ideas as above, we also obtain

My — Ao
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A1 + hy) (@2 + he) + (y1 + ko) (2 + k) [|? — 4l|z122 + y192|)°
|zl =+ [Jua|

- 2<<x,h>+<y, k;>) +
O(ll(h, E)|I*)

_ 2<<x,h> +(y, k:>) + szH+8Hu2H
O(|[ (A, k‘)||2)> +O([[(h, B)[1*)

= 2({m k) + () + m

= O([|I(h, K)]])-

(<$1I2 + Y1Y2, T1ho + hixe + yrks + k1yo)

(¢ ) + (k0 ) + OCIA, )

Thus, we complete the proof. O

It can be verified that the vector-valued function p given as (23) is strictly continuous
and directionally differentiable by following the similar arguments as in the original proof
in [19] by D. Sun and J. Sun. Therefore, to prove p is strongly semismooth, it is enough to
verify that p satisfies the condition in Lemma 2.1(b). We show the detailed verifications
in the following proposition which is another main work of this paper.

Proposition 4.5 The vector-valued function p given as (23) is strongly semismooth.
Hence, the vector-valued function ¢ defined as (7) is strongly semismooth.

Proof. We will have to discuss three cases to complete the proof.
Case (1): If (x,y) = (0,0), to show p is strongly semismooth at (0,0), we need to verify
the condition of Lemma 2.1, that is,

Pl = p(0.0) = o)+ ) = Ol ) (25)

for any (h,k) — (0,0) such that p is differentiable at (h, k). Since p is differentiable

at (h7k> and vp(h7 k) = [vxp(hvk) vyp(hv k)] {L(_ +k2)1/2Lh L&l2+k2)1/2Lk} (See [37
Prop. 3.1(b)] or [9, Cor. 5.2]), we have

o0, ) = (0.0 = ot )

= (h*+ /{:2)1/2 L(_h2+k2)1/2 h—L h12+k2)1/2L"7 ke
= L(h12+k2)1/2L(h2+k2 /2 * <h2 + k2)1/2 L(h12+k;2)1/2 h? — L(h12+k2)1/2 k2

= L h12+k2 1/2 ((h2 + k%)% o (W + k2)1/2> L h12+k2 e - (R + k)
= L h12+k2 1/2 -0

= O(l(h. B)I[").
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Hence (25) is satisfied, which means p is semismooth at (0, 0)

Case (2): If (z,y) # (0,0) with 22 + y? lying in the interior of K", it was already known
(see [9]) that p is differentiable at such (x,y). Hence, it is strongly semismooth at such
(z,y).

Case (3): If (x,y) # (0,0) with 22 + y? on the boundary of K", that is, ||z|* + ||ly||*> =
2||x122 + y192]| > 0 (Note that 22 +y2 = (||z]|> + |y|%, 22129 + 2y192) ). Let u := 2% + 3>
with spectral values Aq, Ay, then we have

u? = pla,y) = (a®+y°)"?

- QMMP+MWMK/QM+mm )

(lll*+lyl?)/2

_ < /x2+y2 $1$2+y1y2)
- 1 1> )
Vi +

where the third and fourth equalities is true due to Lemma 4.1. Now, by Lemma 2.1
again, we need to verify, for any (h, k) — (0, 0) such that p is differentiable at (x+h, y+k),
that

h
oot b+ 1) = ol = Bt + b+ 0= () = 000BID). (20
Since p is differentiable at (z + h,y + k), we know
Vo +hy+k) = [Vep(e+hy+k) Vyple+hy+ k)
—1 —1
= [EmeswimeneLon LgamempaLon]

Let z := (x + h)? + (y + k)? with spectral values my, my, we have

2= plathy+k)

Vmity/ma Vma—y/m1 (z1+h1)(ze+ho)+(y1+k1) (y2+k2)
2 ! 2 [(z14+h1)(w2+h2)+(y1+k1) (y2+k2)|

= (Vmivm ol + ha) (w2 + ha) + (g + K (92 + km)’
my = o+ A2+ ly + EP = 2[(21 + ha) (@2 + ha) + (g1 + k1) (g + ko),
my =[x+ A+ ly + K2+ 2[ (21 + ha) (@2 + ha) + (Y1 + k1) (g + Ka) |-

2
is a result in the proof of [9, Cor. 5.2]). It together with part (c) of Prop. 2.2 gives

Now let f : IRy — IR, denote the function f(-) = \/6, we have V™ (z) = $L_}» (This

o 2czt
Lok = 2V (2) = leall
z 2 )
F2 oal + 2(b—a) 22222
|2 I z2]]
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where

g fme) = flmy) o filme) + ') fi(me) — f(ma)
mo — My ’ 2 ’ 2
In summary, up to here, we have
S1/2 — [ fma)+flm1)  f(m2)—f(m1) 2o
2 ’ 2 l[z2ll )
ul/2 — [ fOD+F) fQ)=f(A1) w
2 ’ 2 [uz]l )2

Volx+hy+k) = [LaLeon LihaLy].

Thus, we obtain

plx +h,y+k)—p(z,y) — Vplx + h,y + k) - < Z )
= 22yl L sLown-h— L sLyyy -k
_ 21/2_u1/2_L;11/2<xoh—|—yok+h2+k2>
_ <f(m2) + f(m1)  flma) — f(m1) 2 > B (f()\z) /() f(A2) — f(M) ue >

2 ’ 2 22| 2 ’ 2 [zl
o 2czd
B 2] . (z, h) + (y. k) + [[B]* + [[E®
ﬁczﬁ 2al + 2(b B (l) |TQZ|T2 J}lhg + hlxg + yle + k‘lyg + 2h1h2 + 2]€1]€2
29 22

= <:17:2>7

where Z; € IR denotes the first component while =5 € IR"! represents the second
component. We will show that Z; and =5 are both O(]|(h, k)||?). First of all, we compute
the first component =;:

== S lma) + 5 fm) — 5 F0) — 5 FOW)
—(#/ma) + £/m) ) (G, h) + Gy )+ )2+ 1))
~(Fma) = 1'(m0)) Hzle<22’ Tihy + iy + yiks + kyys + 2hihs + 2kks)
= S[r0m) = £O) = £ ) (240 ) + 20, K) + 207 + 24
+ f’(ml)”;n<22, 2aihy + 2huzs + 29k + iy + Ahahs + Ahaky)|

[ £ma) = £0) = 1/0ma) (240, 1) + 249, ) + 20l + 2411
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1
—f/(m2)7<22, 2$1h2 -+ 2h13§‘2 —+ 2y1k2 -+ leyg -+ 4h1h2 -+ 4]€1]€2>
122l

1

= [ = ) = Fm) A+ 5 Fom) = 10w) - pm),

where

Ay = 2(x,h) + 2y, k) + 2||h]]* + 2||k|]?

_HZ12H<Z2’ 221y + 20129 + 2y1ko + 2Ky + 4hihy 4 4Ky ko),
Ny = 2(x,h) + 2y, k) + 2||h]]* + 2||k|]?

+H212||<22’ 2x1hg + 2hyxe + 2y1ko + 2k1ya + 4hihg + 4k ko).

We further observe that

1
AQ = 2<ZE, h) + 2<y, k?> + 2l|h||2 + 2”]€||2 + m<22, 29 — U9 + 2h1h2 + 2k1k2>
2
1
= 20, h) 20y, k) + 207+ 201+ o (el (o) + (o, 20+ 2k
2

|22l |z cos 0

|22l

= 2(a, ) + 209, K) + 2817 + 20812 + (122l = uall (1 + OE)) + Ok, B

= 2w, h) + 2y, k) + 2[R ] + 2[I5]1* + |22l - +O0(ll(h, )[1?)

= 2(z,h) +2(y, k) + 2[|h[* + 2|1 k]* + (IIZzII - IIUQII) +O(ll(h, K)[1*)
= (m2—X2) + O([[(h, K)]*),

where 6 is the angle between 2z, and uy and O(6%) = O(||(h, k)||?) due to ||zo — us|| =
O(]|(h,k)|]). In addition, the last equality holds by the following equation in proof of
Lemma 4.4:

ma — Ay = 2(z, h) + 2{y, k) + [A]* + [[K]* + |22l — [Jua. (27)

Hence, we have

[f(mz) —f(X2) - f/(m2)A2}

F(m2) = FO) = £'(ma) ((mz = Xa) + O (b, B)IP) )
(

(

[m2 = Aaf*) + O([| (B, K)|1?)
= O(l(h, B)II*),

where the second equality is true since f is strongly semismooth at Ao and f'(Ag) is
bounded, while the last equality holds due to Lemma 4.4. Therefore, it remains to show
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that the other term about )\; in the expression of Z; is O(]|(h, k)||?). However, we can
not use the same idea as above to prove it since f is not strongly semismooth at A\; = 0.
Our approach way is as below. We rewrite /A\; as

1
Al = 2<3§', h>—|—2<y, k) +2”h”2+2uk”2—W<22,22—U2+2h1h2+2k1k2>
— 2w B+ 2y, k) + 2[R + 2||k])? — T (HzQHQ—<zg,u2)+<22,2h1h2+2k1k2>)

= 2(z,h) + 20y, k) + 2||R[* + 2] K]I* — [lz2]l + (22,2h1hy + 2k1ks)

o2 -

| z2][[ua| cos ¢

12l

[EAl 2||
= 2(z,h) + 2y, k) + 2/|Rl* + 2]1K]* — [lz2]l +
1

||Z2||

— 2, k) + 20y k) + 2+ 201 — (o] =zl (1 - 62/2 4 O(6Y) )

<ZQ7 2h1h2 + 2]€1]€2>

||Z T (z9,2h1hy + 2k1ks)
2

- %h+(WM—WMD—2OLM+%%@>+WMN%W®
(29, 2h1hg + 2k1ks) + O(6%)

lall 2H
= 2my + A+ O(6Y),

where 0 is the angle between z; and up and the last equality holds due to Lemma 4.4.
We will show that A; is actually O(]|(h, k)||?) in the following.

By = (ool = lluall) = 2( ) + Gy ) ) + llal(~62/2) = o (22, haa + 2hak)

1
122l

1
m(ZQ, 2h1h2 + 2k’1k}2>
2

221 — |luz|®

_ = 2((w )+ Gy k) + el (~62/2) -

|| 22| 4 [|uz]|
4
= (||$1h2 + haze + y1ka + kly2||2 + (ug, hihg + kiks)
|| 22| + [|uz]|
(o k) + (k) + O (b )Y ) = 2( ) + (0. k) )
1
+||U,2||(—02/2) — 7(22, 2h1h2 + 2]{31]62)
||22||
A (
- (@) + k) = 2( (B + (0. )
[l + [lua]
4l|z1he + hize + yiks + k1yal? 2
+ luall(~62/2)
Tl + Jlua] :
4 2
+( - )u,hh+kk + O(||(h, K)|?
Teall + Tl ~ g} V2o afte + Fakad 0Ll B)IF)
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= KBB4l + sl

[[22]| + [[uz]]
A|xrhg 4+ hiza + yiks + kiys|? 2 3
+ [Juzl|(=0°/2) + O(||(h, K)[|°)
[[22]] + [luz|| ’
2({z, h) + (y, k) < 2 2
= Juzl - 2]
(lz2ll + lluzl])?
A||lz1hg + hizo + yrks + kg
[[22]| + [[uz]]
—8({z, h) + (v, k‘>)<
- luall (G b} + . ) )
(lz2ll + [[uzl])? ’
Allzrhg 4+ by + y1ka + krysl?
[[22]| + [[uz]l
—8[uz]| ( 2
- (o, ) + (5. k))
(lz2ll + [lul)?
8lluzll - |z1he + hizy + yrka + ki l?
(22l + [[uzl])?
8|[uz]| ( 2 2
_ ho + has + yiks + kyys|? — ,h+,k>
[zl + [[us])? |z1ho 1T2 T Y1R2 19| ((z, h) + (y, k))
+lual[(=6%/2) + O(|(h, K)|I°),

+ [luall(=6%/2) + Ol (R, )[1*)

+ [luall(=6%/2) + Ol (B, )[1*)

+ [luall(=67/2) + Ol (R, ) [1*)

where the fifth equality is true since the following equation:

( - - ><U27h1h2+k‘1k2> = O(||(h, k)||?).

lz2l + fluall |22l

On the other hand, the first two terms in the last equality of expression of A, could be
cancelled as shown below:

8w
s (et e b+ bl = (Gl + (1)) + el (6272
o (e
o (2lluel))? |z1he + hiza + Y1k + k1ys|| (2, h) + (. k)
22, u2) — [ug| - [[2]
() ”ZILHQH 2=l oh, 1))
2
= ||UH<||ZL”1h2 + by + yiks + kg ||* — ((z, B) + (y, k>)2>
2
d _ . d :
{ua o oy wa) = fluall - fJua = dall 4,112
|22
2
= HUH<H$1h2 + hixo + y1ko + k1y2H2 = (2.7 +{y, k>)2>
2

((u2, da))* — ([luzl - lId2[)*

TR + O, D))

+
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2
= oy (e s ke + Rl = (G, B) + G, 1))?)
Uz
1 2
—|—2||u||3<[4<$1l'2 + y1y2, T1ho + hizo + yiks + k1ye) + 4(x122 + Y1y, hiho + k1ks)
2

—HuQH2 ' [4H1’1h2 +hawa +yike + kel + O([[ (R, k +O([I(h, K)]*)

N—

)]
= 2 (b 4 s+ s Rl — (B + (K7

[zl

4 2
T U (CCRR AR BT

ol lh + bz + yiks + gl ) + Ol (A 1))

= (ot s b+ Rl = (o) + (0.8
U2

2
s <<<% h) + (y. k)* = llwaha + hiza + yiks + k1y2H2> +O(|I(h, B)|*)
2

= O(l(h, B)IIP),

where we denote dy := 29 — us and equation (24) is applied in the sixth equality. Thus,
we proved A is O(||(h, k)||?), which implies that Ay = 2my 4+ A is 2my + O(||(h, k)|[?).
Then, we obtain

+

5[ 7m) = 100 = o)
= S [pm) = 100 = £ (20 + O(I R
= £m) - O(I(h ) P)
— Ol B)IP).

where the second equality holds since f'(m;) = %, f(A1) = 0 and the third equality

is true because f'(my) = O<||(hk ) (by applying Lemma 4.2 and 4.4). Therefore, we
completed proving that the first component =; is O(||(h, k)||?).

Now, we move onto the second component =,. Recall that we have zo = uy 4+ do and
ms — my = 2||z2||. Thus, we can simplify =, as below:

= 5 =m0 27 = 5 (70 = 1000 iy
(% (o, )+ (g )+ B+ ) 2

f ) (
(s
(1 )

/m2)+f (my e

| 22|
Zrhs + has + yiks + krys + 2hih + 2klkzg)

=2 <22, xlhg + h1$2 + ylkg + k1y2 + thhg + 2]{31]{52>
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+2<f(m2) - f(m1>> | Z2 <227x1h2 + hle + yle —+ k1y2 + 2h1h2 + 2k1k2>

mz — |22
1 2 U2 y 2
= -5 1 —f(M - 1 h ; h k
3 | m) i = SOt = 1) (20, 1) + 24y, K + 2B + 20 )2

1 Z
_f(ml)m (ZQ — Uy + 2h1h2 + 2k1]€2> + f (ml) ” 2||2 <22, 2o — U + 2h1h2 + 2/€1k2>
2

+f(m1)”;2”3<22, 29 — Ug + 2h1hy + 21€1k2>}
2

1 29 U
+[f(m2)
2 [EA [[uz|| e
1

, zZ
_f(mg)m <2’2 — U9 + 2h1h2 + 2k1k2> — f (mg)ﬁ(z% Z9 — U2 + 2h1h2 + 2]{}1/{52>
2 2

+fma) H3<z2,z2—u2+2h1h2+2k1k2>}

— )T = £ (ma) (2, ) + 20y, k) + 208l + 20412 ) 2

—(2
= =P,

where Egl) denotes the first half part of the above expression while :g) denotes the second

part. We will show that both =5 and 2 are O(||(h, k)||?). We look at = =2 first:

=0 = S p) = PO T = 1 ma) (26, B + 20, k) + 2P + 2 )) 2

2]l s 2]l
zZ

1
—f(m2)m (2’2 — U9 + 2h1h2 —+ 2]€1k2> — f/(mg)W(ZQ, Zo — U + 2h1h2 + 2k1k2>
2 2

z
+f(m2)ﬁ<22, 29 — Uz + 2h1hy + 2k1k2>}
2
11 = ,
= Sl Fme) = £0w) = 7o) (26 )+ 20 ) + 208 + 202

1

+—— (22,22 — Uz + 2h1hy + 2]€1k2>>} + f(/\2)< 2 >
[ 22l I
— uy + 2h1ho + 2tk
—{—f(m2)<— (22 Uy + 1ha + 2k 2) + 22 3<22,22—U2+2h1h2+2]€1/{52>>}
[ 22| [ 22|
11 = ,
= Sl [F0m) = 100 = (ma) (2 = 2o+ O R B))) |
+f()\2)< Z2 Uy (29 — ug + 2h1hy + 2k ko)
22l [|uell [ 2]

+”52||3<Z27 29 — Ug + 2h1ho + 2/€1k2>>

2

Uy + 2y by + 2k k
(fme - o) - 2 22k
|22

+H»:2||3<Z2’ 25 — 1ty + 2hyhy + 2k:1k2)> }

2
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where we add and subtract f (AQ)”i—zn in the second equality; we also add and subtract

(29 — ug + 2hyhg + 2k ko) L2

1
—f(X)| — — 2hyho + 2k 1k
2f( 2)( 2] ||22||3<Z2,Z2 U + 21N + 2K 2>)

in the third equality. In addition, the equation (27) is also used in the last equality.
Since f is strongly semismooth at Ay, by the same arguments as in the first component
=1, we have

Flms) = ) = f'(m2) (mz = Xz + O (b, R))) = O (h R)?).

Note that f(ms) — f(X2) = O(]|(h, k)||) because mgy — Ay = O(]|(h, k)||) as well as f is
strictly continuous at As. On the other hand, it is not hard to verify that

( B (29 — ug + 2hohg + 2k1 ko) %)

[l (2% 2+ k) ) = O B,
Hence, we obtain that the third term of 552’ is O(||(h, K)|]), i.e.,

(2’2 — Ug + 2h2h2 + 2k1]€2) Z9

|2l [t

(#ma) = 0 ) ( -
= ol DI

<2’2, Z9 — U9 + 2h1h2 + 2k1k2>>

Thus, it remains to show that the second term of =% is O(||(h, k)||?). Note that

Z9 U9 (2'2 — U + 2h1h2 + 2]{?1/{52) Z9

(29,29 — ug + 2h1hy + 2k ko)

2ol ol |22 [ z2?
+d dy + 2h1hy + 2k k +d
_ U9 2 U - ( 2 1712 1 2) +U2 32<z2,d2—|—2h1h2—|—2k1/€2>
[zl ua |22 12|
ug + do Ug dsy ug + do 9
= - - + (22, d2) + O([|(h, K)[I7)
2ol lluoll  Tlzall 2 7
1 1 <22,d2>> 2
= u - — 4+ + O(||(h, k)||%).
If we let 0(z3) :== —1/]|22]|, then a previous technique leads to
1 1 Zo,d
D) ) h(za) — VO() (2 — ) = O((R, D),

[zl fluzll 2]
where the last equality is from Taylor approximation. Thus, we obtain

f()\ >< Z9 U9 (ZQ — Uy + 2h1h2 + 2k’1]€2) 29
9 _ _

22l [luzll || z2]] [ 22
= O(||(h. K)II*).

<Z2, Z9 — U2 + 2h1h2 -+ 2]€1]€2>>
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So far, we therefore proved that 25 is O(||(h, k)||?).

Finally, we will go back to show =4 is O(||(h,k)||?). Again, the idea used for =2 can not

be applied to Egl) since f is not semismooth at \; = 0. However, Eél) can be rewritten

as below.

_ 1 z U z
= = o { pom) T = PO ) (2w, h) + 20y k) + 208l + 2k 2
2 [ 22| [[uz | [ 22|
1
—f(ml) HZ ” <Zg — Ug + 2h1h2 + 2]{31]{32> + f/(ml)HZZQH2<ZQ, 2o — U + 2h1h2 + 2/{31/{32>
2 2
z
+f(m1) H22H3 <22, 29 — Uy + 2h1h2 + 2]{51]{72>}
2
11 2 p
= gy [7em) = FOw) = ) (26, )+ 20y )+ 2 + 20
1
(29,2 — s + 2hyh +2k1k2>>} +f(/\1)( 2 )
|22l [zl luell
(22 — Uo + 2h1h2 + 2]{31]{32) Z9 )}
— — 2 2
S By ool (2022~ v 2ha 2k
1( = ,
= ol [Fom) = 70w = £ ) (845 (. R
(20 — ug + 2hyhg + 2k ko) Zo )}
+f(m1)< ”ZQH ||ZQ||3<ZQ,22 U9 —|—2h1h2 +2k1k}2> .

Then follow the same arguments as in the first component =;, we can obtain

Flma) = ) = /(&1 + Ol (b K)I) ) = O, )P

On the other hand, it is not hard to show that

<_ (2’2 —U2+2h1h2+2/{31k2) 4 Z9

2]l 2]

<22, Z9 — U9 + 2h1h2 + 2k‘1k32>) == O(”(h, ]{?)H),

and f(my) = O(||(h, k)||) by Lemma 4.4. Thus, we obtain that the second term of expres-
sion of 24 is O(||(h, k)||*). With this, we therefore complete that =5 is O(||(h, k)[]?).
From all the above, we proved that (21,Z,) is O(||(h, k)||*) which implies p is strongly
semismooth in Case (3). O

5 Conclusion

We have provided alternative proofs for some results of vector-valued functions associ-
ated with second-order cone, which are useful for designing and analyzing smoothing and
nonsmooth methods for solving SOCP and SOCCP. Our proofs involve more algebraic
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computations than existed proofs do, in general. Nonetheless, our proofs come from the
straightforward, intuitive thinking and basic definitions as well as the simple structure of
second-order cone. We believe that the intuitive way we presented here would be helpful
for analysis of other merit functions used for solving SOCP and SOCCP that is one of
our future research interests.

Acknowledgement. The author thanks for the referees for their careful reading of the
paper and helpful suggestions.
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