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1 Introduction

We consider the second-order cone complementarity problem (SOCCP): to find ¢ € IR"
such that

F(C) €K, G(C) €L, <F(C)7 G(C)) =0, (1)

where (-, -) denotes the Euclidean inner product, F': R" — IR"” and G: IR"” — IR" are
assumed to be continuously differentiable throughout this paper, and K is the Cartesian
product of second-order cones (SOCs), also called Lorentz cones [9]. In other words,

K=K"x K" x.-x K", (2)
where ¢,n1,...,ny > 1,0y + 1o +--- +ny =n, and
K= {(331‘1,%’2) ERxR™ ' |z > H%z”},

with || - || denoting the Euclidean norm and X' denoting the set of nonnegative real num-
bers. In the rest of this paper, corresponding to the Cartesian structure of IC, we write
F=(F,...,F,)and G = (Gy,...,G,) with F; and G; being mappings from IR" to IR™.

An important special case of (1) corresponds to G(¢) = ¢, and then (1) reduce to

F) ek, Cek, (F().¢)=0. (3)
This is a natural extension of the nonlinear complementarity problem (NCP) [10, 11],
where K = IR"}, the nonnegative orthant in IR", corresponds to ny = --- = n, = 1 and

g = n. Another important special case of (1) corresponds to the Karush-Kuhn-Tucker
(KKT) conditions of the convex second-order cone program (SOCP):

minimize g(z)
subject to Ar =0, x €K,

(4)

where g: IR" — IR is a twice continuously differentiable convex function, A € IR™*"™ has
full row rank, and b € IR™. The KKT conditions of (4) can be rewritten as (1) with

F(Q) =2+ (I = AT(AAT)TTA)G,  G(Q) = Vg(F(¢)) — AT(AAT)TTAC (5)

where € R" satisfies Ax = b; see [4] for details. The convex SOCP arises in many
applications from engineering design, finance, and robust optimization; see [1, 21| and
references therein. Motivated by [18] where the three-dimensional quasi-static frictional
contact was directly reformulated as a linear SOC complementarity problem, we believe
that, besides these applications, the SOCCP (1) will be found to have some applications
in engineering which can not reduce to SOCPs.

There have been proposed various methods for solving convex SOCPs and SOCCPs.
They include the interior point methods [1, 2, 21, 23, 30, 32|, the smoothing Newton
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methods [6, 13, 16], the merit function method [4] and the semismooth Newton method
[17], where the last three kinds of methods are all based on an SOC complementarity
function or a merit function. Specifically, we call ¢ : IR™ x R™ — IR"™ (¢»: R™ x R™ —
IR,) an SOC complementarity function (a merit function) associated with ™ if

Clearly, when n; = 1, an SOC complementarity function reduces to an NCP function.

A popular choice of ¢ is the Fischer-Burmeister (FB) function ¢, : R™ x R™ — IR™,
defined by

Gpn (i, y1) = (] +y7)* = (2 + i), (7)

where 22 = x; o x; means the Jordan product of x; with itself, :L‘ll /% is a vector such that

(]
(:Eg/ 2)2 = x;, and x; + y; denotes the usual componentwise addition of vectors. This

function is well defined for all z;,y; € IR™, and was shown in [13] to satisfy (6). Hence,
the SOCCP (1) can be reformulated as the following system of nonsmooth equations

¢FB (Fl(C)v Gl(C))
®.5(¢) = : =0, (8)
Gen (F4(C), Go(C))

which induces a natural merit function ¥, : R" — IR, for (1), defined by

Vs (C) = %H‘PFB(C)H2 = Z?/JFB (Fi(¢), Gi(¢)) (9)
with '
wFB(mi’yi) = §|’¢FB(xi7yi)||2' (10)

The function v, was well-studied in [4] and used to develop a merit function approach.
Recently, we analyzed in [24] that, to guarantee the boundedness of the level sets of the
FB merit function ¥, it requires that the mapping F' at least has the uniform Cartesian
P-property. This means that ¢, has some limitations in handling monotone SOCCPs.

Motivated by the work [19] for the NCPs; in this paper we give a new reformulation
for (1) to overcome the disadvantage of ¢,,. Let ¢ : R™ x IR™ — IR be given by

Go(wi,y;) = max {OaxiTZ/i}> (11)
and define the operator ® : R™ — IR"*7 as
p1¢FB (Fl (C)a Gl (C))

TR GRAG)
O = bR (O.Gi) | (12)

pa6o(Fo(0), GolC)
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where py, po are arbitrary but fixed constants from (0,1) used as the weights between
the first type of terms and the second one. In other words, we define ® by appending ¢
components to the mapping ®,,. These additional components, as will be shown later,
play a crucial role in overcoming the disadvantage of ¥ . mentioned above. Noting that

(" solves ®(() =0 <= (" solves (1), (13)

we have the following nonlinear least-square reformulation for the SOCCP (1)

1 q
min W(C) = IO = > W(F(Q), Gi(0)), (14)
=1
where )
77b(xi7 yl) = pﬁwFB (‘Iia yz) + §p§¢0(xzu yi)Q‘ (15)

The reformulation has the following advantages: W belongs to the class of merit func-
tions f,, introduced in [4], which will be shown to have more desirable properties than
VU .; and ® inherits the semismoothness of @, even strong semismoothness under some
conditions. By this, we propose a semismooth Levenberg-Marquardt type method for
solving (14), and establish the superlinear (quadratic) rate of convergence under the

strict complementarity of the solution and a local error bound assumption, respectively.

Throughout this paper, I represents an identity matrix of suitable dimension, IR"
denotes the space of n-dimensional real column vectors, and IR™ x - - - x IR is identified
with IR™**7 Thus, (z1,...,2,) € R™ x --- x IR™ is viewed as a column vector in
IR™**"a_ For a differentiable mapping F' : IR" — IR™, VF(x) denotes the transpose of
the Jacobian F’(z). For a (not necessarily symmetric) square matrix A € IR™*", we write
A = O (respectively, A = O) to mean A is positive semidefinite (respectively, positive
definite). Given a finite number of matrices Q1,...,Q,, we denote the block diagonal
matrix with these matrices as block diagonals by diag(Q, ..., Q). If J and B are index
sets such that J,B C {1,2,...,q}, we denote P75 by the block matrix consisting of
the sub-matrices Pj, € IR™*™ of P with j € J and k € B. We denote int(K") and
bd(K™) by the interior and the boundary of K™, respectively, and denote bd™ (K") by the
boundary of K" excluding the origion.

2 Preliminaries

This section recalls some background materials that will be used in the sequel. We start
with the definition of Jordan product. For any z = (z1,22),y = (y1,%2) € R x R"™!, we
define their Jordan product [9] associated with K™ as

voy = ((z,y), T1y2 + y172). (16)
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The Jordan product “o”, unlike scalar or matrix multiplication, is not associative, which
is a main source on complication in the analysis of SOCCPs. The identity element under
this product is e := (1,0,...,0)T € R™. Given a vector z = (z1,72) € R x R"!, let

T
N B
L= 2] (17)

which can be viewed as a linear mapping from IR™ to IR". It is easy to verify L,y = x oy
and L., = L, + L, for any z,y € IR". Furthermore, x € K" if and only if L, = O and
x € int(K") if and only if L, = O. When z € int(K"), L, is invertible with

T

1 xl _I2

Lt=—— det 1 18
* det(x) | —x2 © (I)I + —mprd |’ (18)
T 1

where det(z) denotes the determinant of x defined by det(x) := 2?2 — ||x5]|?.

From [9, 13], we recall that each z = (z1,75) € IR x IR""! admits a spectral factor-
ization associated with K", of the form

r = \(x)- u§}> + Xo(z) - ug), (19)

where \;(z) and ul? for i = 1,2 are the spectral values and the associated spectral vectors
of z, respectively, defined by

. . 1 .
A(@) =21+ (~Dflzall, wf =5 (1 (~1)),

with Zy = @o/||z2|| if o # 0 and otherwise being any vector in IR"~! satisfying ||Zo]| = 1.
If 25 # 0, the factorization is unique. The spectral factorization of z, 22 as well as z'/2
have various interesting properties (see [13]). We here list some that will be used later.

Property 2.1 For any x = (x1,15) € IR x R with the spectral values \i(x), \o(z)

and spectral vectors ug),ug) given as above, we have the following results:

(a) €K <= 0< () < \a(x), and z € int(K") <= 0 < M\(x) < Xo(2).
() 22 = A (2)]2 - ul? + o(@))? - ul? € K.

(c) 242 = /A(@) - ul + /(@) - ul? e Kn if w € K.
We next present Cartesian P-properties for a matrix and a nonlinear transformation.

Definition 2.1 [5] A matriz M € IR™" is said to have



(a) the Cartesian P-property if for any nonzero ¢ = ((i,...,¢,) € R™ with ¢; € R™,
there exists an index v € {1,2,...,q} such that ((,,(M(),) > 0;

(b) the Cartesian Py-property if for any nonzero ¢ = ((i,...,¢,) € R™ with §; € R™,
there exists an index v € {1,2,...,q} such that {, # 0 and (¢, (M(),) > 0.

Definition 2.2 [5/ The mappings F = (Fy,..., F,),G = (Gy,...,G,) are said to have

(a) the joint uniform Cartesian P-property if there exists a constant p > 0 such that,
for any ¢, & € R™, there exists v € {1,2,...,q} such that

(b) the joint Cartesian P-property if for any (,§ € R™ with G(¢) # G(§), there exists
v € {1,2,....,q} such that (F,(C) — Fy(€). Gu() — Gu(€)) > 0.

(c) the joint Cartesian Py-property if for any (,§ € R™ with G(() # G(§), there exists
ve{l,2,...,q} such that G,(¢) # G,(§) and (F,(¢) — F,(£),G,(¢) — G,(&)) > 0.

When G(¢) = ¢, Definition 2.2 gives Cartesian P-properties of the mapping F'. Obvi-
ously, the uniform Cartesian P-property = the Cartesian P-property = the Cartesian
Py-property. Also, a continuously differentiable mapping has the Cartesian Py-property if
and only if its Jacobian at every point has the Cartesian Fy-property, and if the Jacobian
of a continuously differentiable mapping has the Cartesian P-property at every point,
then the mapping has the Cartesian P-property. From Definition 2.1, we also see that
the positive semidefinitness of a matrix implies its Cartesian Py-property.

Given a mapping H : IR® — IR™, if H is locally Lipschitz continuous, then the set
OpH(C) = {V e R™" | 3{¢*} S Dy : ¢ = (. H'(¢H) =V}

is nonempty and is called the B-subdifferential of H at ¢, where Dy C IR™ denotes the
set of points at which H is differentiable. The convex hull 0H () := convdpH (() is the
generalized Jacobian of H at ¢ in the sense of Clarke [7]. For the concepts of (strongly)
semismooth functions, please refer to [26, 27| for details.

3 Properties of the operator ¢

In this section, we study several important properties of the operator ®. We first present
two technical lemmas to summarize some properties of ¢, and ¢g, respectively. The
results of the first lemma can be found in [13, Proposition 4.2], [4, Proposition 2], [28,
Corollary 3.3] and [24, Proposition 3.1], and the results of the second lemma are direct.



Lemma 3.1 Let ¢, : IR" xIR™ — IR" be defined by (7). Then the following results hold.
() ¢pp(z,y) =0 <= 2€ K", ye€ K" and (z,y) =0.
(b) The squared norm of ¢, namely V.., is continuously differentiable everywhere.

(c) ¢py is strongly semismooth everywhere.

(d) For any given x = (x1,x3),y = (y1,42) € R x R"™, each element [U, — [ U, — I
of the B-subdifferential Opd,,(x,y) has the following representation:

(d.1) If 2% + 52 € int(K"), then U, = L(;12+y2)1 oLy and U, = L(—;W)l oLy

(d.2) If 2* +y? € bd(K™) and (z,y) # (0,0), then [Uy, U,| belongs to the set

1 1 @l YA
22w, \ Wy 4l — Wowg T2\ —wy 7
1 1 ol 1/ 1\
- L.+ —
2\/ 2w1 ( U_)Q 4] — ’LT)Q’U_)g ) Y + 2 ( —'11_}2 ) v

w= (1, uz),v0 = (01, 03) satisty Jur] < [lugl] < L, Jer] < JJugl] < 1},

where w = (wy,ws) 1= 2% + y?, Wy = wa/||wa].

(d.3) If (z,y) = (0,0), then [V,, V,] belongs to { [La, L] | [|a]]? + [|o]* = 1} or

1 1 1 1 0 0

(e )z () =2( o ) 2
1 1 1 1 0 0
§<w2)nT+§(—w2)vT+2(o (I—@g@%))ljw} ‘

U_]2 € ]Rn_l satisfies ||U_}2|| =1and u= (Ul,UQ),U = (Ul,Ug),§ = (517§2),
n= (7717772)75 = (81782)7(*) = (wlawZ) eR xR SatiSfy |€1‘ < HéZH <1,

ur] < Jluall < 1, || < llnell < 1, Joa] < Jloall <1, sl + flwlf* < 1/2}-

Lemma 3.2 Let ¢p: IR" x R™ — IR, be defined as in (11). Then,

(a) the square of ¢q is continuously differentiable everywhere;

(b) ¢ is strongly semismooth everywhere on R™ x IR";

(c) the B-subdifferential Oppo(x,y) of ¢o at any (x,y) € R™ x R™ is given by
Opdo(r,y) = [0p(x"y)+y" Op(a"y).a"],
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where
{1} if 2Ty >0,
dp(zTy)r = {1,0} if 2"y =0,
{0} if 2Ty <.

Using Lemma 3.1 (b) and Lemma 3.2 (b), we readily get the semismoothness of .

Proposition 3.1 The operator ® : IR™ — IR""? defined by (12) is semismooth. If, in
addition, F' and G’ are Lipschitz continuous, then ® is strongly semismooth.

Proof. Let ®; denote the i-th component function of ® for i = 1,2,...,2¢q, i.e., ®;(¢) =
bra(Fi(C), Gi(0)) for i = 1,2, g and @,(C) = do(F(C), Gi()) for i = g +1,...,2q.
Then, the mapping @ is (strongly) semismooth if every ®; is (strongly) semismooth. For
1=1,2,...,q, & : R" — IR™ is the composite of the strongly semismooth function ¢,
and the smooth function ¢ — (F;(¢),G;(C)), whereas ®,.; : R™ — IR is the composite
of the strongly semismooth function ¢y and the function ¢ — (F;(¢), G:(¢)). Moreover,
when F’ and G’ are Lipschitz continuous, ¢ +— (F;(¢),G;(()) is strongly semismooth.
By [12, Theorem 19], we have that every component function of ® is semismooth, and
strongly semismooth if F” and G’ are Lipschitz continuous. O

Next we give an estimation for the B-subdifferential of the operator ® at any ( € IR".

Proposition 3.2 Let ®: IR" — IR™ be defined by (12). Then, for any given ¢ € R™,
dp®(¢)" S VF(C) [ (A(Q) = 1) pC(Q)] + VG(Q) [pr(B(C) = I) paD(Q)]
where C(C) = diag(C1(C), ..., C,(C)) and D(C) = diag(D1(C), . .., D,(C)) with
Ci(¢) € Gi(Q)IB(F(Q)TG:(Q))+ and Di(¢) € Fi(¢)Is(Fi(¢)TGi(Q))+,

and A(C) = diag(A1(¢),...,A4(Q)) and B(¢) = diag(B1((),...,B,(C)) with the block
diagonals A;(C), B;(¢) € IR™*™ having the following representation:

(a) If Fi(Q)? + Gi(¢)? € int(K™), then Ai(C) = L)L and Bi(C) = Layo Lz )
where z(C) = (Fi(¢)? + Gi(()*)"*.

(b) If Fi(¢)* + G4(¢)?* € bd™ (K™), then [A;(C), Gi(C)] belongs to the set

{ {mLmO < wz'21(C) Al — if((g));z(g)T) * %ul (1, —wia(0))
m%m ( %-21(6) 4l — ZZZ%);Q(QT) + %“i (1, —ww(C)T)} ‘

wp = (Uir, Win), v; = (i, Vi2) satisty |us| < ||uil] <1, |val < vl < 1}7

where w;(¢) = (wi (¢), wia(C)) = Fi(¢)* + Gi(¢)* and win(C) = win(C)/lwia(C) |-
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(c) If (Fi(¢), Gi(C)) = (0,0), then [Ai(C), Bi(Q)] € {[La, Ls] | llail|* +[16:]|* = 1} or

1 oy 1 . 0 0

1 o 1 0 0
5771(177111'2)_5 ( 1, w; )+2L““<0 (I — wipw}) >} ’

Wi € R satisfies ||wp| =1 and & = (&1, &), wi = (wir, win), M = (Nin, Mia)
v; = (%‘1;%’2)751‘ = (Si173i2)7wi = (%‘17%‘2) Satisfy ’fﬂ < ||§2|| <1,

ui] < Jlua|l < 1, ] < izl < 1, Jvar| < foill < 1, 6] + [Jwi]* < 1/2}-

Proof. Let ®; denote the i-th component function of ®, i.e., ®;(() = ¢, (Fi((), Gi(C))
and ®,.;(¢) = ¢o(Fi(¢), Gi(C)) fori = 1,...,q. By the definition of the B-subdifferential,

IpP(Q)" C 05P1(¢)" x OpP2(¢)" x -+ x OpPay(()7, (20)

where the latter means the set of all matrices whose (n;_; 4+ 1)-th to n;-th columns belong
to 0p®;(¢)T with ng = 0, and (n+ i)-th column belongs to dp®,;(¢)”. Notice that

052:(0)" S mIVE(Q) VGi(Q)] Op¢en(Fi(C), Gi(Q)),
O5%q1i(Q)" S p2AVE(C) VGi(Q)] Opdo(Fi(C), Gi(€))" (21)

Moreover, using Lemma 3.1 (d) and Lemma 3.2 (c), each element in dp¢,., (F;(¢), Gi(¢))"
) —

2 (c
and Opdo(F;(¢),G;(¢))T has the form of ( g’g 0 — ) and ( ZO)Z((?) ), respectively,

with A;(¢), B;(¢) and C;(¢), D;(¢) for i = 1,2,...,q characterized as in the proposition.
Therefore, combining with equations (20)—(21) yields the desired result. O

To prove the fast local convergence of nonsmooth Levenberg-Marquardt methods, we
need to know that under what assumptions every element H € dg®((*) has full rank n,
where (* is an optimal solution of the SOCCP (1). To the end, define the index sets

1= {Z €{1,2,...,q} | F5(¢") =0, Gi(¢7) € int(lC"%’)})
B = {i€{l2....q} | F(¢) € bd*(K™), Gi(C") € bd* (K™},

J = {i€{1,2,...,q} | Fy(¢*) € int(K™), GZ-(C*):O}. (22)

If ¢* satisfies strict complementarity, i.e., F;(¢*) + G;(¢*) € int(K™) for all ¢, then
{1,2,...,q} can be partitioned as Z U B U J. Thus, suppose that VG({*) is invert-
ible, then by rearrangement the matrix P((*) = VG(¢*) "'V F(¢*) can be rewritten as

P((")zz P(CY)zs P(CY)zg

P((") = P()sr P((")ss P(C*)ss
P(¢*) gz P((")gs P((M)ga



Now we have the following results for the full rank of every element H € dp®((*).

Theorem 3.1 Let (* be a strictly complementary solution of (1). Suppose that VG((*)
is invertible and let P(C*) = VG(C)IVE(C). If P(C*)zr is nonsingular and its Schur-
complement P(C*)z1 := P(C*)ss — P(CY)sr P(C*) 71 P(C*)z8, in the matriz

( P(¢")zz P(¢)1B )
P(¢C*)sr P(C")s8

has the Cartesian P-property, then every element H € Og®(C*) has full column rank n.

Proof. Let H € dp®(¢*). By Proposition 3.2, H = < prH: ) with H{ from the set

p2Hs
Ip®1(C*)T x -+ xdp®,(¢*)T. From Theorem 4.1 of [24], it follows that H{ is nonsingular
under the given assumptions. This implies the desired result rank(H) =n. O

The proof of Theorem 3.1 is based on the important property of the first block Hj.
However, we see that when the first block H; is singular, the second block Hy may con-
tribute something to guarantee that H has full column rank n.

To close this section, we present a technical lemma that will be used in Section 5.

Lemma 3.3 Let (* be a solution of (1) such that all elements in Op®(C*) have full
column rank. Then, there exist constants € > 0 and ¢ > 0 such that |[(H'H)™|| < ¢ for
all ||¢ = ¢*|| < € and all H € 05®(C). Furthermore, for any given v > 0, H' H + vI are
uniformly positive definite for all v € [0,] and H € 0p®(() with || — *|| < e.

Proof. The proof is similar to [26, Lemma 2.6]. For completeness, we here include it.
Suppose that the claim of the lemma is not true. Then there exists a sequence {¢C*}
converging to (* and a corresponding sequence of matrices { Hy} with Hj, € 9p®(¢*) for
all k € IN such that either H Hy, is singular or ||(H{ Hy)™!|| — +o0o on a subsequence.
Noting that H} Hj is symmetric positive semidefinite, for the nonsingular case we have

1

HTH -1 —_
I 1) = S

which implies that the condition ||(H] Hy)™!|| — 400 is equivalent to Ay (H{ Hy) — 0.
Since (¥ — ¢* and the mapping ¢ — Op®(¢) is upper semicontinuous, it follows that
the sequence {Hy} is bounded, and hence it has a convergent subsequence. Let H, be
a limit of such a sequence. Then )\mm(Hf H,) = 0 by the continuity of the minimum
eigenvalue. This means that H! H, is singular. However, from the fact that the mapping
¢ — 0p®(Q) is closed, we have H, € dp®(¢*), which by the given condition implies that
HTH, is nonsingular. Thus, we obtain a contradiction.
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By the definition of matrix norm and the result of the first part, there exist constants
e > 0and ¢ > 0 such that A (HTH +vI)]7' = |[(HTH + vI)7Y| < ¢ for all v € [0, 7]
and H € 0p®(() with ¢ with ||¢ — (*|| < e. This implies that

1
u'(HTH +vDu > Apin(HTH + v ||ul)®* > =|jul|* ¥V u e R™
c

Therefore, the matrices HY H + vI are uniformly positive definite. O

4 Properties of the merit function ¥

This section is devoted to the favorable properties of ¥ defined by (14)—(15). For this
purpose, we need the following technical lemma which summarizes the properties of .
Lemma 4.1 Let ¢: R" x IR" — IR, be defined as in (15). Then, for any z,y € IR",
(@) ¥(z,9) =0 &= Ppp(r,y) =0 <= 2 K" ye K", (z,y) =0;

(b) ¥(z,y) is continuously differentiable;

(¢) (z,Varh(x,9)) + (v, Vyo(z,y)) = 20(z, y);

(d) (Va(z,y), Vy(x,y)) >0, and the equality holds if and only if ¥ (z,y) = 0;

(e) U(z,y) =0 = Vi(z,y) =0 <= V,9(z,y) = 0 <= V,(z,y) = 0.

Proof. Part (a) is direct by the definition of ¢, and part (b) is from Lemma 3.1 (b) and
Lemma 3.2 (a). We next consider part (c). By the definition of ¢, for any z,y € R™,

Vob(z,y) = piVathes(T,y) + p3do(z,y)y,
Vb(z,y) = piVythe(z,y) + psdo(z, y)z. (23)

From [4, Lemma 6(a)] and the definition of ¢o(x,y), it then follows that
(@, Varh(a,y)) +(y, Vyi(z,9))

= 07 (2, Vatbey (2, 9)) + (4, Vit (2, )] + 20300(2, y)z"y
= 0ill¢es (@, 9) 1> 4+ 20500(2, y)*

1
= 2 (o) + gAon(o ) + dhonte )
(. y).

vV
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(d) Using the formulas in (23) and [4, Lemma 6 (a)], it follows that

(Vatb(2,9), Vy(z,9)) = pi{Vatley (2,9), Vybps (2, 9)) + p3z" ydo(z, y)?
+010500(2, ) [(2, Vather (2,9)) + (U, Vythes (2, 1))
= PUVathen (2, 9), Vit (2, ) + paco(x, y)?
+20103¢0(2, Y) Vs (2, ). (24)

Note that for the second equality, we use the fact

. . r w2 @Ty)? if 2Ty >0,
v ydo(r,y)” =2 y(max{O,x y}) _{ 0 otherwise,

which says xTygo(z,y) = ¢o(x,y)3. The first term on the right hand side of (24) is
nonnegative by [4, Lemma 6 (b)], and the last two terms are also nonnegative. Therefore,
(Voh(z,y), Vyo(z,y)) > 0, and moreover, (V¢ (z,y), V,0(z,y)) = 0 if and only if

<v:c7/)FB (ZE, y)? vwaB (:L‘7 y)) =0 and Qbo(ﬂT, y) - 07
which, together with [4, Lemma 6(b)], implies the desired result.

(e) If Y(z,y) = 0, then from the definition of ¢, we have ¢, (x,y) = 0 and ¢o(x,y) = 0.
From Proposition 1 of [4], we immediately obtain V¢, (z,y) = V¢, (z,y) = 0, and
consequently V1 (x,y) = 0 and V¢ (x,y) = 0 by (23). If Vi)(z,y) = 0, then by part (c)
and the nonnegativity of v we get ¥ (z,y) = 0. Thus we prove the first equivalence. For
the second equivalence, it suffices to prove the sufficiency. Suppose that V, ¢ (z,y) = 0.
From part (d), we readily obtain ¢ (z,y) = 0, which together with part (a) and (23)
implies V¢ (z,y) = 0. Consequently, Vi)(z,y) = 0 <= V,¥(z,y) = 0. Similarly,
Vip(z,y) = 0 <= V,(z,y) = 0. This implies the last equivalence. O

From Lemma 4.1 (b), the function W is continuously differentiable. Also, by Lemma
4.1 (d), we can prove every stationary point of ¥ is a solution of (1) under mild conditions.

Proposition 4.1 Let V: R™ — IR, be defined by (14)-(15). Then every stationary
point of U is a solution of the SOCCP (1) under one of the following assumptions:

(a) VF(¢) and —VG(C) are column monotone ® for any ¢ € R™.
(b) For any ¢ € R"™, VG(() is invertible and VG(¢) "'V F({) has Cartesian Py-property.

Proof. When the assumption (a) is satisfied, using the same arguments as those of [4,
Proposition 3] yields the desired result. Now suppose that the assumption (b) holds. Let
¢ be an arbitrary stationary point of ¥ and write

wa(F<C)7 G(C)) = (V:mw(Fl(C)? Gl(())? ] V:vqw<FQ(<)7 G(I(C))) )
Va(F(Q),G(Q) = (Vyd(Fi(Q), Gi(Q)), -, Vit (Fy(C), G4(())) -

3My, My € R™™ are column monotone if, for any u,v € R®, Myu + Myv =0 = u’v = 0.

12



Then,
VE(() = VF(Q)V.¥(F(C), G(C)) + VGOV, (F((). G(C) =0,
which, by the invertibility of VG, can be rewritten as
VG(O)TVE(QVU(F(C),G(Q)) + Vi (F(C), G(() = 0. (25)

Suppose that ( is not the solution of (1). By Lemma 4.1 (e), we necessarily have

Va(F(Q), G(C)) #0.

From the Cartesian Py-property of VG({)"'VF((), there exists an index v € {1,2, ..., ¢}
such that V,, ¥ (F,(¢),G,(¢)) # 0 and

(Va, 0(F,(C), Gu(Q)), [VG(Q) T VF (VA (F(C), G(Q))],) = 0. (26)

In addition, notice that (25) is equivalent to

(VGO VEOVA(F (), GO, + Vit (Fi(€). Gi(Q)) =0, i=1,2,....q.
Making the inner product with V,,(F (), G({)) for the vth equality, we obtain

(Vo ¥(F,(C),Gu(Q)), [VG(O) ' VF() V.Y (F(C),G(()],)
+(Va, ¥(F,(C), G, (), Vy, (F(C), Gu(C))) = 0.

The first term on the left hand side is nonnegative by (26), whereas the second term is
positive by Lemma 4.1 (d) since ¢ is not a solution of (1). This leads to a contradiction,
and consequently ¢ must be a solution of (1). O

When VG(() is invertible for any ¢ € IR™, the assumption in (a) is equivalent to the
positive semidefiniteness of VG({) 'V F({) at any ¢ € IR", which implies the Cartesian
Py-property of VG(¢)"*VF(¢). Thus, for the SOCCP (3), the assumption (a) is stronger
than the assumption (b) which is now equivalent to the Cartesian Py-property of F.

Next we provide a condition to guarantee the boundedness of the level sets of W

Lo(y) = {CeR" [ () <7}

for all ¥ > 0. This property is important since it guarantees that the descent sequence
of U must have a limit point, and furthermore, the solution set of (1) is bounded if it is
nonempty. It turns out that the following condition for F' and G is sufficient.

Condition 4.1 For any sequence {C*} satisfying ||C*|| — +o0, whenever
timsup [~ F(CH]. | < +oo and Tmsup|[-G(CHL] < +oo,  (27)

there ezists an index v € {1,2,...,q} such that limsup (F,(¢*),G,(¢*)) = +oc.

13



Proposition 4.2 If the mappings F' and G satisfy Condition 4.1, then the level sets
Ly () are bounded for all v > 0.

Proof. Assume that there is a unbounded sequence {¢*} C Ly () for some v > 0. Since
U (¢F) < for all k, the sequence {¥_.(¢*)} is bounded. By Lemma 8 of [4],

limsup [[[~Fy(«")]1 || < +o0 and limsup [[[-Gi(2")]4 ] < +oo

hold for all i € {1,2,...,q}. This shows that F and G satisfy Condition 4.1, and hence
there exists an index v such that limsup (F,(¢*), G, (¢*)) = +o00. From the definition of
U it follows that the sequence {¥(¢*)} is unbounded, which clearly contradicts the fact
that {¢*} C Ly (7). The proof is completed. O

Condition 4.1 is rather weak to guarantee that W has bounded level sets since, as
will be shown below, the condition is implied by the jointly monotone functions with a
strictly feasible point used in [4] for f,., the jointly uniform Cartesian P-functions with

a feasible point, or the joint Ry;-functions in the following sense.

Definition 4.1 The mappings F,G : R"™ — R™ are said to have the joint Ry -property
if for any sequence {C*} with

N /(<) N o (o
I = oo = =0 g 2%)
there holds that i i
g LGN )

Proposition 4.3 Condition 4.1 is satisfied if one of the following assumptions holds:
(a) F and G are jointly monotone mappings satisfying ”C”hm |F(O) +1G(Q)]| = 400,
— 00
and there exists ¢ € R™ such that F(C),G(¢) € int(K).

(b) F and G have jointly uniform Cartesian P-property, and there exists a point f e R"

~ ~

such that F(¢),G(¢) € K.

(c) F and G have the joint R, -property.

Proof. In the proof, let {¢*} be a sequence such that ||¢¥|| — 400 and (27) holds.
(a) First, {\[F(¢®)]} and {\[G(¢*)]} must be bounded from below. If not, using

I[=a]+]1* = (max{0, =Ai(2)})” + (max{0, =X ()})*,
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we obtain limsup ||[—F(¢*)]4 || = o0 or limsup ||[[-G(¢*)]4 || = +o0, which contradicts
the assumption that {¢*} satisfies (27). Noting that ||F(¢*)| + ||G(¢®)|| — +o0 and

XIF(EH] + AP (EH)] \/A%[G(cm + MG ()

2 2 ’

I+ IG(EHI = \/
the lower boundness of {\;[F(¢¥)]} and {\[G(¢¥)]} for i = 1,2 implies that
lim sup Ao [F(¢¥)] = 400 or limsup A[G(¢F)] = +oo0.

From the proof of [4, Lemma 9 (b)] it then follows that

limsup { (F(C"), G(O)) + (F(O), G(¢)) } = +oc. (30)
Now suppose that Condition 4.1 is not satisfied. Then, we necessarily have
lim sup(F;(¢*), Gi(¢F)) < o0 forall i=1,2,...,q

In addition, from the joint monotonicity of F' and G, we have

(F(¢"), G(O) + (F(0).G(¢Y)) < (F(CH),G(¢M) +(F(S), G(0)

q

= Y (ECH), G + (FO), G

i=1
The last two equations imply lim sup{(F(¢*), G()) + (F({), G(C*))} < 4o0. This clearly
contradicts (30), and consequently the desired result follows.

(b) By Definition 2.2 (a), there exists a constant p > 0 such that

plict = < max {(A(¢H) = F(0.Gi(¢Y) ~ Gi(O) }

1e{1,...,

= (B¢, Gul) + (RO, ~Gulc)
HERE GO + (RO, GulO)
< (R Guleh) + (A, [=Gu(¢L)

H=F ()] Gu(Q) + (F(E), Gu (),

where v is one of the indices for which the max is attained which we have, without loss
of generality, assumed to be independent of k, and the second inequality is since

F,(0) €K™, G,(¢) e K™, [-F,(CM)-€-K™, [-G,(C")]-e-K™.
Dividing the last inequality by |[¢*||* and taking the limit, it follows from (27) that

LA RENS)

e T

p >0,
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which immediately implies the result.
(c) Clearly, {¢*} satisfies (28), and the result then follows from the following implications:
F k k J(F. k (rk
k=00 [1C¥]] k=00 1C¥1]
— max{{F(¢"), Gi(cH)} — +ox.

>0

So far, we complete the proof of this proposition. O

When G(¢) = ¢, if we replace (29) with lim Inf (F(CP), G(CN/NICEII> > 0, then Defi-

nition 4.1 is saying that F'is a Ry, function. Thus, Proposition 4.2 and Proposition 4.3
(a) show that U has bounded level sets under a weaker condition than the one given by
[3, Prop. 4.1 (a)] for the class of merit functions f,,.

To close this section, we show that the function ¥ provides a global error bound for
the solution of SOCCP (1) under the jointly uniform Cartesian P-property of F' and G.
Since the jointly strong monotonicity implies the jointly uniform Cartesian P-property,
the global error bound condition is weaker than that of [4, Proposition 5.

Proposition 4.4 Let (* be a solution of the SOCCP. Suppose that F' and G have the
jointly uniform Cartesian P-property. Then, there exists a scalar k > 0 such that

I¢ = CIP < UV V¢ e R™

Proof. Since F' and GG have the jointly uniform Cartesian P-property, there exists a
scalar p > 0 such that, for any ( € IR™, there is an index v € {1,2,...,q} such that

AIC=CIP < (RO = FAC), GulQ) — Gul¢))
= {FQ). GulQ)) + (=R, GulC)) + (FulC), ~GulO))
< {FAQ), Gl Q) + (= FulQL Gl ) + (BN [=GulO)
< BP0, GulO) + = FAOLNIGHC) + IEACNI=Go() |
< ¢(60(Fo(0), Gl Q) + I=FolQL I+ N=GulOL )

INIA
(S T e
VRS

A@
S = =
N
MR
+
B
< =
>

~
S

—~

I

SN—

_

~
\.l\.')

where ¢ := max{1, ||G,(C*)]], ||F,(¢*)||}, the second inequality is using the fact that
G,(C*) € K™ and F,(C*) € K™, and the next to last inequality is due to [4, Lemma §].
Letting & := (¢/p)(v/2/pa +4/p1), we obtain the desired result. O
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5 Algorithm and convergence

It is known that the Levenberg-Marquardt method using equation (12) has the advantage
that it reduces the complementarity gap (x, F'(z)) for NCP faster than the traditional
nonsmooth method using equation (8) does (see [19]). This motivates our employing a
Levenberg-Marquardt type method with line search for solving the nonlinear least-square
problem (14). We state its iterative scheme as below.

Algorithm 5.1 (Semismooth Levenberg-Marquardt Method)

(S.0) Choose a starting point ¢ € IR", the parameters py, po € (0,1), 7,3 € (0,1), and
o € (0,1/2). Given a tolerance ¢ > 0, and set k := 0.

(S.1) If [V¥(¢M)|| < e, then stop.
(S.2) Choose Hj, € 9p®(¢*) and v, > 0. Find a solution d* € IR™ of linear system
(HIHy, + v D)d = —V¥(¢h), (31)
where v, > 0 is the Levenberg-Marquardt parameter.

(S.3) If d* satisfies

[D(¢" + d")|| < nlle(¢h), (32)
then (¥ := (¥ 4 d*. Otherwise, compute ¢, = max{3' | [ =0,1,2,---} such that
B(¢h +td®) < W(CH) + ot VI(CH) T, (33)

and let ¢! = ¢k + t.d".
(S.4) Set k:=k+1, and go to (S.1).
Notice that the above method is different from the classical Levenberg-Marquardt

method for nonlinear least-square problems in that ® is not continuously differentiable.
If v, = 0, the solution of (31) is exactly the solution of the linear least-square problem

1 k\ (12
min S| Hed + 2(¢7)|%, (34)

since VU(¢*) = HI®(¢*). In this paper, we choose the parameter v, by

v :=min {p1, pa||@(¢*) (|}, (35)

where py,p2 > 0 are given constants and g is a real number from [1,2]. Such choice
is consistent with the requirements for local superlinear (quadratic) convergence stated
in Theorem 5.2 and Theorem 5.3 below, as well as adopted by our numerical experiments.

In what follows, we will study the convergence properties of the algorithm. For this
purpose, assume that € equals to 0. We first state a global convergence result.
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Theorem 5.1 Let {C*} be the sequence generated by Algorithm 5.1 with vy, updated by
(35). Then every accumulation point of {C*} is a stationary point of V.

Proof. From the steps of Algorithm 5.1, {¢*} is well defined since v, > 0, and d*
determined by (31) is always a descent direction of ¥ at ¢*. Let ¢* be any accumulation
point of {¢¥} and {¢*}x be a subsequence converging to ¢*. Suppose that V¥(¢*) # 0.
Since {¥(¢*)} is monotonically decreasing and bounded below, and {W¥(¢*)}x converges
to W(¢*), the entire sequence {¥(¢*)} converges to W(¢*) > 0. This implies that (32)
holds for only finitely many k € K, and the inequality (33) is satisfied for all sufficiently
large k. Since U(¢*) — U(¢F) < o, VI(CF)Td* < 0 for all sufficiently large k, using
U(¢H) — W(¢*) — 0 yields that

{t,vu(H)"d*} . — 0. (36)
We next prove {VU(¢*)Td*}x has a nonzero limit as k — +o0. By the definition of dF,
V(T d" = -V (CHT(HI Hy + v D) 7'V (CF)  VE. (37)

Since the B-subdifferential 0p®(() is a nonempty compact set for any ¢ € R"™, {Hy}x is
bounded. Without loss of generality, assume that {H}x — H,. Considering that the
set-valued mapping ¢ +— 9p®(() is closed and {¢*} — (*, we have H, € 9p®((*). In
addition, since ®(¢*) # 0, we have v, — v, with v, = min{p, p2||®(¢*)||¢} > 0. Thus,
{H'Hy, + vi I e — HIH, + v = O. This, together with (37) and the continuity of
VU, implies that {V¥(¢*)Td*}x has a nonzero limit as k — +oo. From (36), it then
follows that {tx}x — 0. Now, for all sufficiently large k, let I, € {0,1,...} be the unique
exponent such that ¢, = B%. Since {t;}x — 0, we have {l} }rex — oco. From the Armijo
line search in (S.3), for all £ € K sufficiently large,

Wk + g tdr) = w(¢*)
/6[]671
Taking the limit k — oo with & € K and using {l;}x — oo and {¢*}x — ¢*, we have

VU (¢)Td* > oVP(¢*)Td*. This means V¥(¢*)Td* > 0. On the other hand, we learn
from (31) that {d*}x — d* with d* being the solution of

> oV (¢F)Tdr. (38)

(H'H, 4+ v, I)d = —=V¥(¢), (39)

which implies that VW (¢*)Td* < 0 since (HI H,+v,I) = O. Thus, we get a contradiction.
O

Observe that the sequence {¢*} generated by Algorithm 5.1 always belongs to the
level set Ly (¥(¢Y)). By Propositions 4.2 and 4.3, the existence of accumulation points of
{¢*} is guaranteed by one of the assumptions of Proposition 4.3. Since, when F' and G
have the jointly uniform Cartesian P-property, the SOCCP (1) has at most one solution,
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{¢*} must have a unique accumulation point which is the unique solution of (1) if F' and
G satisfies the assumption (c¢) of Proposition 4.3. For the SOCCP (3), the sequence {¢*}
has accumulation points and each of them is a solution under the assumption that F' is
monotone and (3) is strictly feasible.

Next we establish the superlinear (or quadratic) rate of convergence of Algorithm 5.1
under the strict complementarity of the solution. This condition seems to be a little
rigorous, and later we will replace it with a local error bound assumption.

Theorem 5.2 Let {C*} be generated by Algorithm 5.1 with vy, given by (35). Suppose
that C* is an accumulation point of {C*} with ¢* being a strictly complementary solution
of (1), and F and G at C* satisfy the condition of Theorem 3.1. Then,

(a) the entire sequence {C*} converges to C*.

(b) The full stepsize tp = 1 is always accepted for sufficiently large k and the rate of
convergence is QQ-superlinear.

(c) The rate of convergence is Q-quadratic if, in addition, F' and G are locally Lipschitz
continuous around ¢* and vy = O(||®(¢H)|)).

Proof. The proof is similar to the one given by [19]. For completeness, we include it.
(a) By the proof technique of Theorem 3.1 (b) of [22], it suffices to prove that (* is an
isolated solution. From Theorem 3.1 and Lemma 3.3, there exist 1, k1 > 0 such that

(¢ = ¢ = (¢ = ¢VHTH(C = ¢) > kall¢ = ¢*I*

for all ¢ satisfying || — (*|| < &1 and all H € dgP(¢). In addition, the semismoothness
of ® implies that there exists €5 > 0 such that

19(¢) — @(¢7) — H(C = Il = (Vr/2)[I¢ = ¢
for all H € 0p®(() with  satisfying || — (*|| < 2. Set € = min{ey,e5}. Then, we have
12O [H(¢ = )+ (2(¢) — @(¢7) = H(¢ = ¢))l

= [ H(C =) = [19(¢) = (¢7) = H(C = ¢
> (Vrm/2l¢ =

for all ¢ with ||¢ — (*|| < e. This means that * is an isolated solution of the SOCCP.
(b) We first prove that for all sufficiently large k,
IS + @ — ¢l = o(lIc" = ¢ (40)

By part (a), the sequence {¢¥} converges to a solution (* satisfying the assumptions of
Theorem 3.1. From Lemma 3.3, there exists ¢ > 0 such that ||( H} Hy+v D)™ < c for all
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k. Noting that the sequence {H}} is bounded, there exists ¢; > 0 such that ||H} || < ¢;
for all k. Using Theorem 5.1 and the fact that ®(¢*) = 0, we obtain that

ICF+d* = ¢ = |I¢* = (Hf Hy + v d) 7'V (R = ¢
< |(HIHi + )7 IVO(CT) = (H Hi + v d)(CF = ¢l
< | HF () — HEH(CF - ¢) — v(¢F = ¢

ol [ i (D(¢F) = (¢7) — Hi(¢* =€) = m(F = ¢
c(er[|P(C") = (¢) = Hu(C" = ¢ + wllc® = ¢

Notice that ®(¢*) — ®(¢*) — Hi(¢* — ¢*) = o(]|¢* — ¢*||) by the semismoothness of @,
whereas v, — 0 by part (a) and the continuity of ®. Thus, the inequality implies (40).

IA

To prove that the full step is eventually accepted, by (32) it suffices to show that

lim —lp(gk + dk)

lim =5 =0 (41)

Since all element V' € 0p®,,(¢*) are nonsingular by [24, Theorem 4.1], from Lemma 3.3
and the proof of part (a), there exists a constant o > 0 such that

1D = pul| @y (CF)] > i CF = 7.
Using the locally Lipschitz continuity of ® and (40) then yields that
(¢ + )| _ [10(c* +a*) — @) _ LIC +d ¢
[eEHI — al|¢ck = ¢ - ol =g

where L > 0 denotes the locally Lipschitz constant of ®. Thus, the stepsize t;, = 1 is
eventually accepted in the line search criterion, i.e., (¥ = (¥ +d* for all k large enough.
Consequently, Q-suplinear convergence of {¢*} to ¢* follows from (40).

0,

(c) The proof is essentially same as for the superlinear convergence. We only note that
v in (35) satisfies v, = O(||®(¢*)]|) = O(||¢* — ¢*||) for k large enough, and

®(¢*) = (¢") = Hi(¢" = ¢) = O(lI¢* = ¢*II*)

due to the strong semismoothness of ® by Proposition 3.1. O

We next establish the superlinear (quadratic) rate of convergence of Algorithm 5.1
under a local error bound assumption, which is stated as follows:

Assumption A. There exist constants ko > 0 and 0 < § < 1 such that
radist(C, S7) < [|R(Q)]] V¢ € N(¢F,0), (42)

where S* denotes the solution set of the SOCCP (1) and is assumed to be nonempty.
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Lemma 5.1 Let C¥ be generated by Algorithm 5.1 with vy, given by (35). Suppose that F’
and G’ are Lipschitz continuous on N'(C*, ) and Assumption A holds. If vy = po||®(C*)|2
and ¢* € N'(C*,0/2), then there exists a constant ¢; > 0 such that ||d*| < c;dist(¢*, S*).
If, in addition, C* + d* € N'(C*,0/2), then there exists a constant c3 > 0 such that

dist(¢* + d*, 5*) < cqdist(¢*, 57)(e+?/2,
Proof. Let (¥ € S* be such that ||¢¥ — ¢¥| = dist(¢*, S*). Then, (¥ € N(¢*, ) since
ICF = ¢ < IIKE = ¢Hll+ sk = ¢TI < 2)I¢ = ¢l < o
Noting that ® is Lipschitz continuous on N(¢*, ), there is a constant L; > 0 such that
12(¢H) | = [1@(¢*) — 2(CH)IF < Lafic™ — Il
Combining with the inequality (42), we have
parg||Ct = ¢Fl1# < v = pal|R(CH) 12 < p2LICF — CF1e. (43)

On the other hand, since ® is strongly semismooth on A/ (¢*, ) by Proposition 3.1, there
exists a constant ¢ > 0 such that

1D(¢F) + Hi(¢" = ¢M)| = 1@(¢*) — @(¢*) — Hi(¢" = M) < éll¢h — ¢F1%. (44)
Define

pr(d) = [|9(¢*) + Hid||* + vil|d]]*. (45)
Then, d* is a minimizer of o (d). This together with (44) and (43) yields that
HdkHZ < Spk(dk) < ka(ék - gk) _ ||(I)(gk) + Hk(gk - Ck)H2 + Vk‘HEk - Ck“2
e Vk Vk

< EpyteyfIC = Ko+ ¢ = P
= (¢*py Ry ¢+ 1) CF = ¢FI

which implies the first part with ¢; = y/¢é2p; 'k, ¢ + 1. Noting that

o(d") < pr(C* = ) < [1R(CF) + Hi(CF = NI+ I = I
< ¢ =GP+ pe LI 67 = O
< (@4 paLf) lICH = CHPe,

we have

I2(¢* +d)]

[B(¢F + d*) — @(¢*) — Hid" + ®(¢") + Hid”||

|B(CF + d*) — d(C*) — Hypd®|| + /ipr(dF)

éHdkHQ + (62 _|_p2L§)1/2||Ck: . §k||(g+2)/2

&(epy iyt + DICT = CFIIP + (& + pa L) 2I¢F — ¢F) et/
- EkH(g+2)/2

VAN VAN VAN VAN

21



with ¢y = ¢(epy ko 2 4+ 1) + (62 + po L§)Y/2. Consequently,

1 _
dist(CH + ", §%) < —[[(C* + | < ¢t — {2 = exdist(cF, 5707

Thus, we complete the proof of the second part. O

By Lemma 5.1, using the similar arguments to [8, Theorem 2.1] and [31, Theorem
3.1], we get the quadratic rate of convergence of Algorithm 5.1 under Assumption A.

Theorem 5.3 Let {C*} be generated by Algorithm 5.1 with vy, given by (35), and ¢* be
an accumulation point of {C*}. If C* is a solution of (1), then the sequence {C*} converges
to ¢* superlinearly, and moreover, quadratically when o = 2, provided that F' and G’ are
locally Lipschitz continuous and Assumption A holds.

Now we do not know whether Assumption A is weaker than the strict complementar-
ity of the solution, although the assumptions of Theorem 5.3 are weaker than those of
Theorem 5.2, since the latter implies that each element in dp®((*) is nonsingular, and so
|®(¢)|| provides a local error bound on some neighborhood of the solution ¢*, but from
[31] the former does not imply the nonsigularity of each element in dg®((*). From the
proof of Lemma 5.1, we find that the condition (42) cannot be weakened to

radist(C, ) < [|R(Q)IV* V¢ € N(¢*,0),

in order to guarantee the superlinear (or quadratic) convergence of Algorithm 5.1, and
therefore the global error bound result of Proposition 4.4 may not be applied for it. If let
U(¢) = ||®(C)]|*/4 instead of ¥(¢) = [|®(¢)|*/2, then Assumption A holds automatically
under the jointly uniform Cartesian P-property of F' and G, but this will bring difficulty
to numerical implementation due to the bad scaling of W. Thus, it is worthwhile to study
what conditions of F' and G are sufficient for Assumption A to hold.

6 Numerical results

In this section, we report numerical results with the least-square semismooth method (LS
semismooth method for short) solving the SOCCP (1), derived from the KKT conditions
of convex SOCPs. As one referee pointed out, for the solution of convex SOCPs, the
reformulation seems to be circuitous since the KKT conditions can be directly written
as a mixed SOCCP. However, since the purpose of this paper is to develop an efficient
method for the general SOCCP (1), instead of convex SOCPs, we here adopt such refor-
mulation so as to obtain the corresponding test instances for (1).
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All experiments were done with a PC of Intel Pentium Dual CPU E2200 and 2047MB
memory, and the computer codes were written in Matlab 7.0. Since the nonmonotone
line search [14] is usually superior to the classical monotone line search, we replaced the
Armijo line search of Algorithm 4.1 by the nonmonotone version in [14], i.e., we computed
t; such that

U(CF + 1,d") < Wy + o, VI (CM) T d,

where

W= max (),

Jj=k—myg,...k

and where, for a given nonnegative integer m and s, my = 0 if £ < s, and otherwise
my = min {mg_; + 1,m}. In our tests, the parameters in Algorithm 5.1 were chosen as

p1 =09, p,=01 n=10e—6, c=10e—4, =05 m=5and s=>.

The parameter v, was chosen as in (35) with p; = 1.0, pp =1075/n, and o = 1. We
started Algorithm 5.1 with the initial point (° = 0 and terminated it whenever

max {|F(¢M)TG(CM)], v(¢F)} <107% or k> 150, or t, <107". (46)

We compared the numerical performance of Algorithm 5.1 with that of the least-square
semismooth Newton method based on (8), called the F'B semismooth method, which cor-
responds to the special case of p; = 1, p; = 0 of Algorithm 5.1. For the linear SOCPs, we
compared the numerical results of the two semismooth methods with those of SeDuMi
[29], a successful interior point method software for the linear SOCPs and the semidefi-
nite programming. The parameters of the SeduMi were set as default values.

The first group of test instances is the linear SOCP from the DIMACS Implementa-
tion Challenge library [25]. During the tests, we computed & € IR" in F' as a solution
of min, || Az — b|| by Matlab’s least square solver “LSQLIN” | and evaluated F' and G in
(5) via the Cholesky factorization of AA”. The results were reported in Table 1, where
Optval denotes the objective value of the SOCPs at the final iteration, Iter records the
number of iteration, and NF means the number of function evaluations for each problem.

From Table 1, we see that the two least-square semismooth Newton methods are able
to yield a solution with favorable accuracy for all test problems, and requires less iter-
ations for “nb_L2 _bessel” than the SeduMi. However, for “nb” and “nb_L17, they are
incomparable with the SeduMi in terms of the number of iterations. We also checked that
the solutions of the two problems do not satisfy the strict complementarity. In addition,
for the two difficult test problems, the LS semismooth method requires less iterations
and function evaluations than the FB semismooth method. Moreover, for “nb_L1”, the
advantage of the LS semismooth method is more remarkable.
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Table 1: Numerical results for the DIAMCS linear SOCPs

LS semismooth Method | FB semismooth method SeDuMi
Problem Optval Iter NF Optval Iter NF Optval Iter
nb —5.070456e—2 38 87 |-5.070467¢—2 39 108 | -5.070310e—2 21
nb-L1 ~1.301223e+1 90 126 |-1.301223e+1 106 187 |-1.301227e+1 18
nb-L2-bessel | -1.025697¢-1 10 16 | -1.025697¢-1 10 16 | —-1.025695e-1 16

The second group of test instances is the nonlinear convex SOCP (4) with sparse A.
To generate such test problems, we consider the problem of minimizing a sum of the k
largest Euclidean norms with a convex regularization term: min,so S5, [sall + h(u),
where |[spjl|,- -, ||sp| are the norms ||s{||,---,|/s,|| sorted in nonincreasing order with
r>kands;, =b — Az fori=1,...,r with A4; € R™*! and b, € R™, and h: R' = R

is a twice continuously differentiable convex function. The problem can be converted to

min (1 —&/r) > vi+ (k/r) > wi + h(u)
st. Aju+s;,=b;, i=1,2,...,r,
(wy — 1) — (wg — v2) =0,

(wy —v1) — (W, —v,) =0,
u>0, v; >0, (UJZ‘,SZ‘)GXICmi+1, 1=1,2,...,m.

1
In our tests, we set h(u) := = |ul|3 with ||- |5 denoting the 3-norm, and generated each m;

randomly from {2,3,...,10}. All A; were chosen as sparse matrices with approximately
10% - m; - d uniformly distributed nonzero entries, and all entries of b; were chosen from
the uniform distribution in [—1,0]. For each (I,7, k), we generated ten test instances,
and then solved the SOCCP (1) derived from the KKT conditions of each problem with
the LS semismooth method and the FB semismooth method. The mappings F' and G in
(5) were evaluated in the same way as above. The first inequality in (46) was replaced
by max {|F(¢¥)TG(¢")], ¥(¢*)} < 1078, The numerical results were listed in Table 2,
in which the second column gives the average dimension (m,n) of A for ten problems,
Gap denotes the average value of | F(¢*)TG(¢*)| at final iteration, NF means the average
function evaluations for solving each instance, and Iter denotes the average number of
iteration for each instance to satisfy the termination conditions, and Time records the
average CPU time in second for solving each test problem.

From Table 2, we see that for the second group of test problems which is much easier
than “nb” and “nb_L1”7, the LS semismooth method does not have remarkable superi-
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Table 2: Numerical results for the nonlinear convex SOCPs

Dim. LS semismooth Method | FB semismooth method

(I,r.k) (m,n) Gap NF TIter Time| Gap NF Iter Time
(500,10,5) | (77,588) |3.20e-9 45.3 22.4 9.01 |3.16e-9 52.3 22.5 6.29
(500,20,5) | (132,653) |2.68e-9 39.8 22.9 12.4 |1.99e-9 42.7 21.4 8.00
(500,50,5) | (355,906) |2.15e-9 50.9 28.9 36.1 |2.44e-9 41.8 25 223
(500,100,2) | (688,1289) | 4.08¢-9 33.9 26.4 83.1 [4.71le-9 33.5 27.5 65.3
(1000,10,5) | (71,1082) |2.74e-9 58.9 24.8 53.4 [2.79¢-9 65.6 25.5 35.6
(1000,20,5) | (136,1157) | 2.44e-9 55.9 224 62.4 [2.30e-9 57 24.3 41.1
(1000,50,5) | (347,1398) [ 1.99¢-9 49.6 27.9 117.9|2.92¢-9 487 278 81.2
(2000,10,5) | (70,2081) [2.10e-9 92.3 32.5 445.6|1.82e-9 88 31.2 276.8

ority to the FB semismooth method. Among eight groups of test instances, the average
number of iteration and the average number of function evaluations required by the LS
semismooth method are basically same as that of the FB semismooth method, but the
FB semismooth method requires less CPU time due to less computation work at each
iteration. Combining with the results in Table 1, we conclude that the LS semismooth
method is superior to the FB semismooth method only for those difficult problems.

7 Conclusion

We have presented a nonlinear least-square reformulation for the SOCCP (1) by use of
the FB function and the plus function, which was shown to have some advantages over
the nonsmooth system reformulation (8). Based on the reformulation, a semismooth
Levenberg-Marquardt method was developed, and the superlinear (quadratic) rate of
convergence was established under the strict complementarity of the solution and a local
error bound assumption, respectively. Although the local error bound assumption makes
no requirements for the solution, we do not know what conditions of F' and G can guar-
antee it to hold. We will leave it as a future research topic.

It should be pointed out that other least-square formulations can be constructed by a
similar way; for example, appending (), o (y)4 or (x oy); to the mapping ®,,. But, it
seems that the formulation based on ¢ is the best, since the merit function corresponding
to (x)4 o (y)4 is not smooth, whereas the one corresponding to (zoy), does not have all
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the properties of Lemma 4.1. This is completely different from the NCP case. Since the
strong semismoothness of the FB function over general symmetric cones is still an open
problem, now the method of this paper can not be extended to general symmetric cone
complementarity problems.

Acknowledgements. The authors would like to thank two anonymous referees for their
valuable comments and suggestions for this paper.
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