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Abstract

We show that the gradient mapping of the squared norm of Fischer—-Burmeister function is globally Lipschitz continuous and semismooth,
which provides a theoretical basis for solving nonlinear second-order cone complementarity problems via the conjugate gradient method and the
semismooth Newton’s method.
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1. Introduction

A popular approach to solving the nonlinear complementarity problem (NCP) is to reformulate it as the global minimization via
a certain merit function over R”. For this approach to be effective, the choice of the merit function is crucial. A popular choice of
the merit function is the squared norm of the Fischer—Burmeister (FB) function ¥ : R” x R" — R, defined by

1 n
V(a,b) = 5> lblai bl (1)

i=1

foralla = (ay,..., a,,)T e R"and b = (by,..., b,,)T € R”". The aforementioned Fischer—Burmeister function is denoted by
¢ : R" x R" — R" whose ith component function is @;(a, b) = ¢(a;, b;) with ¢ : RZ > R given by

¢(ai, bi) = \Ja} + b} —a; — b;. ()

It is well known that the FB function satisfies
$ai,bj)) =0 <<= a; >0, b >0, ab =0. 3)

It has been shown that ¢ is smooth (continuously differentiable) even though ¢ is not differentiable. This merit function and
its analysis were subsequently extended by Tseng [11] to the semidefinite complementarity problem (SDCP) although only
differentiability, not continuous differentiability, was established. More recently, the squared norm of the FB function for SDCP
was reported in [9] to be a smooth function and its gradient is Lipschitz continuous.

* Corresponding author.
E-mail addresses: jschen@math.ntnu.edu.tw (J.-S. Chen), matsundf @nus.edu.sg (D. Sun), jsun@nus.edu.sg (J. Sun).

0167-6377/$ - see front matter (©) 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.0r1.2007.08.005


http://www.elsevier.com/locate/orl
mailto:jschen@math.ntnu.edu.tw
mailto:matsundf@nus.edu.sg
mailto:jsun@nus.edu.sg
http://dx.doi.org/10.1016/j.orl.2007.08.005

386 J.-S. Chen et al. / Operations Research Letters 36 (2008) 385-392

The second-order cone (SOC), also called the Lorentz cone, in R" is defined as
K" = {(x1,x2) € Rx R" | [laa]| < x1}, )

where ||-|| denotes the Euclidean norm. By definition, IC! is the set of nonnegative reals R ;. The second-order cone complementarity
problem (SOCCP) which is to find x, y € R” satisfying

x = F(2), y =G(), (x,y)=0, xek", yek", (5)

where (-, -) is the Euclidean inner product and F, G : R" — R" are continuous (possibly nonlinear) functions. The FB function for
the SOCCP is the vector-valued function ¢pp : R” x R” — R”" defined by

or(x,y) = (x> + yHY?2 — (x + y), (6)

and the squared norm of the FB function for the SOCCP is ¢pp : R” x R” — R given by

1
Yrs(x, y) = 2 lgrm(x, M. (7

Note that x? and y? in (6) mean xox and yoy, respectively (“o” is introduced in Section 2); and x+y means the usual componentwise
addition of vectors. It is known that xZ € K" for all x € R”. Moreover, if x € K" then there exists a unique vector in " denoted
by x!'/2 such that (x'/?)> = x!/? o x!/2 = x. Therefore, the FB function given as in (6) is well defined for all (x, y) € R" x R".
Besides, it was shown in [4] that property (3) of ¢ can be extended to ¢rp. Thus, Yp is a merit function for the SOCCP since the

SOCCEP can be expressed as an unconstrained minimization problem:
;Helﬁ}« F (&) = yr(F(£), G(£)). ®)

Like in the NCP and the SDCP cases, ¥gp is shown to be smooth, and when VF and —V G are column monotone, every stationary
point of (8) solves SOCCP; see [2].

The last hurdle to cross in applying (8) to solve (5) is to show that the gradient of g is sufficiently smooth to warrant the
convergence of appropriate computational methods. In particular, we are concerned with the conjugate gradient methods and the
semismooth Newton’s methods [3]. The former methods generally require the Lipschitz continuity of the gradient (f € LC' for
short since f : R" — R is said to be an LC! function if it is continuously differentiable and its gradient is locally Lipschitz
continuous), while the latter requires that the gradient is semismooth (f € SC! for short since f is called an SC! function if it is
continuously differentiable and its gradient is semismooth), in addition to being Lipschitz continuous.

The main purpose of this paper is to show that the gradient function of yrp defined as in (7) is globally Lipschitz continuous and
semismooth, which is an important property for superlinear convergence of semismooth Newton methods [8]. It should be noted
that this result is not a direct implication from a similar result on function ¥ (X, Y) recently published in [9]. Different analysis is
necessary for the proof of Lipschitz continuity.

2. Preliminaries

For any x = (x1,x2),y = (1, y2) € R x R"~1 we define their Jordan product associated with " as

xoy = ({x,y), yix2 +x1y2). 9

The identity element under this product is e := (1,0, ..., 0)T € R". We write x2 to mean x o x and write x + y to mean the usual
componentwise addition of vectors.
For any x = (x1, x2) € R x R"~!, we define the linear mapping L, from R" to R" as

T

. .xl x2
L.y := .
xy |:x2 x11:| y

It can be easily verified that x o y = L,y,Vy € R”, and L, is positive definite (and hence invertible) if and only if x € int(X").
However, L'y # x~! o y, for some x € int(K") and y € R",ie., L7 # L, 1.
In addition, any x = (x1, x2) € R x R"~! can be decomposed as

x=ru® + u?®, (10)
where A1, A and uD, u@ are the spectral values and the associated spectral vectors of x, with respect to ", given by

A= x1 + (=D |xzll, (11)
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1 (1, (—1)fx—2)  if x #£0,

u® = % llx2l (12)
~ (1, =1y ) if x, =0,
> (1. =Diw x
fori = 1,2, with w being any vector in R"*~! satisfying ||w|| = 1.

The above spectral factorization of x, as well as x2 and x!/? and the matrix L,, have various interesting properties (cf. [4]). In

particular, we have the following property about the invertibility of L.

Property 2.1. If x € int(K"), then L, is invertible with
1 X1 —X2T
-l det(x) 1
I+ —xpx,
X1

T det(x) | —x2
X1

For any function f : R — R, the following vector-valued function associated with X" (n > 1) was considered in [5,6]

@) = fouD + Fou?®,  x=(x1,x) e Rx R (13)

For a recent treatment, see [1,4].

Since we aim to prove that the merit function Yrp defined as in (7) has a Lipschitz continuous gradient, we now write down
the gradient function of {pp as below. Let ¢rp, ¥rp be given by (6) and (7), respectively. Then, from [2, Prop. 1], we know that
Vi ¥EB(0, 0) = V,¥g (0, 0) = 0. If (x, y) # (0,0) and x> + y? € int(K"), then

Vs, 3) = (LeL b o = 1) $rm(x, »)

(14)

Vs y) = (LyLoh, e = 1) drm(x, v),
If (x, y) # (0, 0) and x2 + y? & int(KC"), then x12 + yl2 # 0 and

X
Vivrs(x, y) = | ———— — 1 | ¢ (x, »),
,/x12+y12
(15)
Vs (x,y) = | ——2— — 1 | ¢ (x, y).

NESR T

3. Main results

In this section, we will present the proof that the gradient function of ¥gp is Lipschitz continuous.

Lemma 3.1. Let w : R" x R" — R™ be defined by w(x,y) = u(x,y) ov(x, y), where u,v : R" x R* — R™ are differentiable
mappings. Then, w is differentiable and
Viw(x,y) = Viu(x, y)Lyx,y) + Viv(x, Y)Ly(x,y).

(16)
Vyw(x,y) = Vyu(x, y)Lyx,y) + Vyv(x, ¥) Ly(x,y)-

Proof. This is the product rule associated with Jordan product. Its proof is straightforward, so we omitit. O

Lemma 3.2. Foranyx,y € R", let z(x, y) = (x2+y»)1/2 F(x,y) = LxLZ_()lC &+, and G(x, y) = LyLZ_()lC y (& +y). Then,
we have
(a) z is differentiable at (x, y) # (0,0) € R” x R" with x> + y? € int(K"). Moreover

sz(x’ y) — LxLz_(ch,y)’ Vyz(x, y) = L}’Lz_(i,y)'

(b) F, G are differentiable at (x, y) # (0, 0) € R" x R" with x>+ y? € int(K"). Moreover, |V F (x, )|, VG (x, y)| are uniformly
bounded at such points.
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Proof. (a) That the function z is differentiable is an immediate consequence of [6]. See also [1, Prop. 4]. Since, zz(x, y) = x2+ y2,
applying Lemma 3.1 yields

2Vyz(x, y)Ly(x,y) = 2Ly, 2Vyz(x, y)Ly(x,y) = 2Ly.

Hence, the desired results follow.

(b) For symmetry, it is enough to show that F' is differentiable at (x, y) # (0, 0) with x4+ y2 € int(K") and that |V, F (x, y)|,
IVyF(x,y)| are uniformly bounded. It is clear that F is differentiable at such points. The key part is to show the uniform
boundedness of ||V F (x, )|, IVy F(x, y)||. Let A1, A, be the spectral values of x? + y2, then

A=l + 12 = 2lxx2 + yiyall,
A2 =[xl + Iy 12 4 2lxx2 + yiy2ll.

Thus, z(x, y) := (x2 + )/ has the spectral values /A1, o/A2 and

VAL AVA A — VA
2(x,y) = (21,22) = , w |, (17)
2 2
where wy = % if x1x2 + y1y2 # 0 and otherwise wy is any vector in R”~! satisfying |ws|| = 1.
Now, let u := LZ_()IC.),) (x 4+ y). By applying Property 2.1, we compute u as below.
—1
u= Lz(x’y)(x +)
B T
1 71 —p
- det(z(x,y)) . 1 o ||" T
det(z(x, y)) | —22 Z—I + Z—Zzzz X2+ 2
L 1 1
1 i (1 +yDzi — (2 +32) 22
- - det(z) (x2+ y2) 22
det(e(x, 1) | (a1 + 3z + =0 4 )+ S
L 1 1
|1
= |
We notice that F(x, y) = LXL;(L » (x +y) = Lyu = x o u. Then by applying Lemma 3.1, we obtain
ViF(x,y) =L, + Vyu(x,y)Ly and V,F(x,y)=Vyu(x,y)L,. (18)

To show that ||V, F(x, y)|| is uniformly bounded, we shall verify that both ||L, || and ||Viu(x, y)L| are uniformly bounded. We
prove them as follows.

(i) To see ||L, || is uniformly bounded, it is sufficient to argue that |u1|, ||u2| are both uniformly bounded. First, we argue that
|u1| is uniformly bounded. From the above expression of u#, we have

(x121 — x322) + (V121 — ¥122).

1
T etz (x, ) det(z(x, y))

Following the similar arguments as in [2, Lemma 4] yields

_ 1 T T
up = (x1z1 —xy22) + Onz1 — ¥, 22)

1
det(z(x, y)) det(z(x, y))

B (x1 — x] w2) (1 — yy wa)
_[0(1)+—2JA_1 }+[0(1)4——2\/}»—1 ;

where O(1) denotes terms that are uniformly bounded with bound independent of (x, y). Moreover, by [2, Lemma 3], if
x1x2 + y1y2 # O then |x1 — xJwa| < [lx2 — xjwall < /A1 If x1x2 + y1y2 = O then A1 = ||x||> + ||y||* so that by choosing w; to
further satisfy x2Tw2 = (0 we obtain |x —x2Tw2| < |lxa—xjwz|| < ||lx|| < +/A1. Similarly, it can be verified that |y — y2Tw2| <Al
Thus, |u1| is uniformly bounded.

Secondly, we argue that ||u>|| is also uniformly bounded. Again, using the expression of u and following the similar arguments
as in [2, Lemma 4], we obtain
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1 det(z(x, x{z
|:—X122+ & y))x2+ 2 222]

b det(z(x,y) ¥z
+det(z(x,y))|: yiza + a Y2 + o Z2:|
=lom-224 f(xzwﬂ v oy - 2y f(y2w2)
o) - A2 Via (1 — xjwn)
2+ ) 2+
+loq - — 212 Via(y1 = yy wa)
2(v/A1 + V/A2) 2(\/_+\/_)\/—

Using the same explanations as above for u yields that each term is uniformly bounded. Thus, ||u2|| is uniformly bounded. This
together with |u| being uniformly bounded implies that ||V, F(x, y)|| = || L.l =

[Z; “ ] HIS also umformly bounded.

(i1) Now, it comes to show that ||V u(x, y)L| is uniformly bounded. From the deﬁn1t10n ofu =L
z(x,y) ou = x + y. Applying Lemma 3.1 gives

Z(X » (& + ), we know that

Viz(x, Y)Lu + Vyu(x, y)Lz(x,y) =1,
which leads to
Vit (6, Y) Loy = I — Vez(x, y)Ly = I — (L L]}

z(x,y)
-1
L ) Lz(x »)

)Ly

= Vou(x, y) = ( R

= Vou(x, y)L, = (1 Ll Ly )LZ(}C Lx

-1 —1 -1
= Vu(x, y)Lx_L(xy)L —L L(xy)L L(xy)

T T
= Viu(x, y)L, = (Ly Lz(x y)) — (Ly Lz(x y))L (L Lz(x y)) .

L,

Therefore,

WLl - (L L7

T
IVau e WLl < Lk )T+ L L L)L

z(x, y)”

By [2, Lemma 4], || Ly L (1 y)|| is uniformly bounded, so is ||[(LyL_,
shown as above yields that || Viu(x,y)Ly|| is uniformly bounded.

From (i) and (ii), we conclude that ||V, F(x, )| is uniformly bounded. Similar arguments apply to ||V, F(x, y)||; and hence,
IV F(x, y)| is uniformly bounded. Thus, we complete the proof. [

2, y))T||. This together with || L,|| being uniformly bounded

Lemma 3.3. Let ypp be defined as (7). Then, Vyrgp is continuously differentiable everywhere except for (x, y) = (0, 0). Moreover,
V2R (x, )| is uniformly bounded for all (x, y) # (0, 0).

Proof. For any (x, y) € R" x R”, let z := (x> + y?)!/2. We prove this lemma by considering the following two cases.
(i) Consider all points (x, y) # (0, 0) with x> + y? € int(K"). Since

Virn(r,y) = (LL' = 1) frm(x, ) = x = Lngl(x +5) = dB(x, ¥),
Vs ) = (LyLs! = 1) ¢rnx.y) =y = LLT (4 9) — g v, ),
we can compute Vg (x, y) as follows:
V2, ) =1 = Vo (LL7 G+ ) = (Lol = 1), (19)
VE () = =Yy (L7 G+ ) = (LyLTt = 1)),
Vi y) = =i (LT 4+ 3) = (Ll = 1)),

V2 Yrn(x,y) = 1 =V, (Lngl(x + y)) . (LyLz_l - 1) .
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The continuity of V2ygg at (x,y) thus follows. It is easy to see that ||LXL;1||, ||LyLZ’1|| are uniformly bounded by [2,
Lemma 4] (|| - || and || - ||F are equivalent in R"*"). Let F(x,y) = LyLI7'(x +y) and G(x,y) = L,L7'(x + y).
By Lemma 3.2, we know that || Vi (LxLz’l(x—i-y)) || = ||VxF(x, y)|l is uniformly bounded. Likewise, we have that
|| vy (LXLZ_I(x + y)) , 1 Vy (LyLZ_l(x + y)) s 1Vy (LyLz_l(x + y))|| are all uniformly bounded. Thus, we can conclude that

IV e (e, W IVE ¥Es (x, W V5 WEs (x, )1, 11V5, ¥rs (x, ) | are all uniformly bounded which implies that || Vygg (x, y)||
is also uniformly bounded.
(ii) Consider all points (x, y) # (0, 0) with x> + y? & int(C"). Since

X1 X1

Ve, y) = | —— — 1| dpp(x, y) = x — ———(x + y) — PrB(x. y).
Jxi+ o} JxP+ o}

Yoy, y) = | —2— — 1 X (x4 ) — drpx ).

I ¢FB(X,)’)=}’——
NESR T N

we can compute VZWFB (x, y) as follows:

2., .3
X +
VI yrs(x,y) =1— AL i 2y31/2 [(1) g] -l == . 0
Jan @D m
X1 yl +x1y
V,%yl/fFB(x,)’) =- > 21 (1 n 2)3/12 0 0 ) e
Jiesd it Vit ot
Y1 2y + x1y?
V)Z;xl/fFB(x:Y) =- > 21 (1 n 2)3/12 0 0 ) e
Jdeyr @ity Jai+ it
3,02
x{+xiyt {1 O
Vi Vs y) =1 — =+ 21y3/2 [O 0] _] .
m (7 +y7) x? +Y1

where 0 denotes the (n — 1) x (n — 1) zero matrix.
Now we provide a sketch proof to verify that V,,¢¥gp is continuous. Let (a, b) # (0, 0) and a? + b ¢ int(K"). We want to
prove that

Vax¥FB(X, ) = Vaxyrs(a,b), as (x,y) — (a,b). 2L

Due to the neighborhood of such (a, b), we have to consider two subcases: (1) (x, y) # (0, 0) with X2+ y2 € int(K") and (2)
(x, y) # (0, 0) with x2+ y2 ¢ int(KC"). It is clear that (21) holds in subcase (2) because the formula given in (20) is continuous. In
subcase (1), we have

Vetrs () = 1= Vi (L7 G+ ) = (LeL7! = 1)

N’ 1 T 1
=1- [Lu + (L) = (Ler) @ (L") ] — (L7t =1). 22)
In view of (19), (20) and (22), it suffices to show the following three statements for (21) to be held in this subcase (1):
(@ LiL;' > —4— 1, as (x,y) — (a,b).
' ‘/a|2+b%
(b) L, — % 1, as (x,y) — (a,b).
b

aj+bi

aj 2(a1+b1)
Tz)m
First, we know from [2, Prop. 2] that there holds

aj
,/a%+b%

aj

(©) Ly — (LyL7HY(LW) (L L7HT — I, as (x,y) — (a,b).

xLz_l(x—l-y)—) (a+b) as(x,y)— (a,b),

which implies that L,CLZ_1 —

5 1, as (x,y) — (a, b) since both (x 4+ y) and LXLZ_l are continuous and (x + y) — (a + b)
ayTby
when (x, y) — (a, b). Secondly, if we look into the entries of L, and compare them with the entries of LXLZ_1 (see [2, eq. 27)]),
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then it is clear that L, — “1—2 I, as (x,y) — (a,b). Finally, part(c) follows immediately from part (a) and (b). Thus, we
aj+by

complete the verifications of (21). The other cases can be argued similarly for V,,v¥g, Vy,¥Fg, and Vyy¥g. In addition, it is also

clear that each term in the above expressions (20) is uniformly bounded. Thus, we obtain that VszB is continuously differentiable

near (x, y) and || V2ygg(x, y)| is uniformly bounded. [

+b;
2

Theorem 3.1. Let yrp be defined as (7). Then, Vg is globally Lipschitz continuous, i.e., there exists a constant C such that for
all (x,y), (a,b) e R" x R,
Vi (x, y) — Vxyrs(a, b)|| < Cli(x, y) — (a, D), (23)
IVyyrs(x, y) — Vyyrs(a, b)l| < Cli(x, y) — (a, D)l

and is semismooth everywhere.

Proof. Owing to symmetry, we only need to show that the first part of (23) holds. For any (x, y) € R x R”, let z := (x% + y*)!/2.
(1) First, we prove that V,ypp is Lipschitz continuous at (0, 0). We have to discuss three subcases for completing the proof of
this part.
If (x, y) = (0, 0), it is obvious that (23) is satisfied.
If (x, y) # (0, 0) with x2 4+ y? € int(C"), then

Vs (x, ) = Vayrs (0, 0)| = | Vayms (x, )| = Ilx — Lo L' (x + ) — ¢ra (x, y)].

It is already known that x and ¢rp (x, y) are Lipschitz continuous (see [10, Cor. 3.3]). In addition, Theorem 3.2.4 of [7, pp. 70] says
that the uniform boundedness of V (L )CLZ_l x+ y)) (by Lemma 3.2) yields the Lipschitz continuity. Thus, (23) is satisfied for this
subcase. If (x, y) # (0, 0) with x> + y? ¢ int(K"), then

X1

et

< 1 and both (x + y), ¢rB(x, y) are known Lipschitz continuous, the desired result follows.

Vi (x, ¥) — Viyyps (0, O)|| = I VxyrB (X, W) = || x — (x +y) — ¢rB(x, y)

X1

2 2
VAT

(ii) Secondly, we prove that Vg is Lipschitz continuous at (a, b) # (0, 0). Let (x, y) € R" x R", we wish to show that (23)
is satisfied. In fact, if the line segment [(a, b), (x, y)] does not contain the origin, then we can write

Since

1
IVx¥EB(x, y) — Vayps(a, b)|| < /o V3yrsl(a, b) +1((x, y) — (@, b)1dt || < Cli(x, y) = (a, b)),

where the first inequality is from the Mean Value Theorem (see [7, Theorem 3.2.3]), and the second inequality is by Lemma 3.3. On
the other hand, if the line segment [(a, b), (x, y)] contains the origin, we can construct a sequence {(x*, y5) converging to (x, y)
but for each k, the line segment [(a, b), (x¥, y¥)] does not contain the origin and apply the above inequalities to get

IV, ) = Vi (@, D) < CIlGH, Y = (@, DI,
which, by the continuity, implies
Vi (x, y) — Vxyrs(a, b)|| < Cli(x, y) — (a, D).

Thus, (23) is satisfied.

To complete the proof of this theorem, we only need to show that Vg is semismooth at the origin as, by Lemma 3.3, Vi/rp
is continuously differentiable near any (0,0) # (x,y) € R" x R". From (14) and (15), we know that for any r € R and
(x,y) € R" x R" we have

VB (tx,ty) = tVyr(x, y).

Thus, Vg is directionally differentiable at the origin and for any (0, 0) # (x, y) € R" x R”
V2yrs (x, )@, y) = (V¥EB) (1, )i (1, 3) = Vrs(x, ).

This means that for any (0, 0) # (x, y) € R" x R” converging to (0, 0),
VB (x, y) — VYEB(0, 0) — VYRR (x, Y)(x, y) = V¥EB(X, ¥) — 0 — ViEp(x, y) =0,

which, together with the Lipschitz continuity of Vi/gp and the directional differentiability of V/gp at the origin (Vygp is, however,
not differentiable at the origin), shows that Virpg (x, y) is (strongly) semismooth at the origin. The proof is completed. O

From Theorem 3.1, we immediately obtain that the function ¥rp defined as in (7) is an SC ! function as well as an LC! function.
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