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PROJECTION FORMULA AND ONE TYPE OF SPECTRAL
FACTORIZATION ASSOCIATED WITH p-ORDER CONE

XINHE MIAO*, NUO QI, AND JEIN-SHAN CHEN'

ABSTRACT. In this short paper, we establish the projection formula associated
with p-order cone and further discover one type of spectral factorization associ-
ated with p-order cone. These expressions will be key bricks for further analysis
and study about p-order cone optimization.

1. INTRODUCTION

Recently, there has been much attention on symmetric cone optimization, see
[5,12,13,15,16] and references therein, but not much on non-symmetric cone op-
timization. In general, non-symmetric cones include p-order cone [1,17], circular
cone [3,7,18], LP cone [10], and copositive cone [8], etc. Unlike symmetric cone
case in which the Euclidean Jordan algebra can unify the whole analysis, there has
not been found a special unified Jordan algebra for non-symmetric cones until now.
Nonetheless, analogous to tackling symmetric cone optimization, in which the spec-
tral decomposition [9] plays a key role, we believe that in order to find out a way to
deal with non-symmetric cone optimization problems, the first key step is to figure
out their corresponding projection formulae and spectral factorization.

A good spectral factorization, like the eigenvalue decomposition in linear algebra,
provides an efficient way for computer software to compute some special function,
for instance, projection function. Moreover, the efficiency of computing projection
formulae can help on designing some algorithms for solving non-symmetric cone
optimization problems, for example, the so-called projection gradient method and
merit function method, and so on. For circular cone case, its corresponding pro-
jection formula and spectral factorization are studied in [18]. However, there are
no further investigations for other non-symmetric cone cases yet. In this paper, we
characterize the projection formula of element z onto p-order cone, and establish
one type of spectral factorization associated with p-order cone. We believe that
these expressions are key bricks for further analysis and study about p-order cone
optimization.
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The p-order cone in IR™, which is a generalization of the second-order cone [4,6],
is defined as

(1.1) Kp:=¢xelR"

T1 2 (Z |5Ez’|p) : (p>1).
=2

If we write x := (21,x2) € IR x R~ the p-order cone K, can be equivalently
expressed as

K, = {x — (z1,%x2) € R x R®D ) > ||xz|yp} , (p>1).

The pictures of three different cones ), in IR3 are depicted in Figure 1.

°c > =

(a) 2-order cone (b) 3-order cone (c) 10-order cone

FIGURE 1. Three different p-order cones in IR3.

From (1.1) and Figure 1, it is clear to see that when p = 2, Ky is exactly the
second-order cone K" = {x = (z1,x2) € R x R Y |z; > |x2|}, which confirms
that the second-order cone is a special case of p-order cone.

It is well known that K, is a convex cone and its dual cone is given by

n ¢
Y > (Z !yi!q>

=2

K,=1{y€R"

or equivalently
K = {y = (.y2) e RX RO |y > lyall, | = Ko,

where ¢ > 1 and satisfies % + % = 1. In addition, the dual cone K7 is also a convex
cone.

For an application of p-order cone programming, we refer the readers to [17],
in which a primal-dual potential reduction algorithm for p-order cone constrained
optimization problems is studied. Besides, in [17], a special optimization problem
called sum of p-norms is transformed into an p-order cone constrained optimization
problems.

To end this section, we say a few words about the notations used in this paper.
We consider the Euclidean space IR™ equipped with the standard inner product
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(-,+). The Euclidean norm is defined as ||z|| := \/(z,z). Let K be any closed convex
cone. We denote its dual cone by

K*={yl{y.x) 20 vx €K},
and denote its polar cone by
Ke={y|({y,x) <0 Vx €K}

Moreover, OK means the boundary of K and Ilx(z) is the projection of z onto K.

2. PROJECTION FORMULA AND SPECTRAL FACTORIZATION

In [18], we see that the spectral factorization associated with circular cone is
figured out first and then the projection onto circular cone is characterized. For the
p-order cone case, the procedure is totally opposite. More specifically, we need to
characterize the projection onto such cone, and then figure out its corresponding
spectral factorization. In particular, one type of spectral factorization associated
with p-order cone are provided.

First, we start with the general Orthogonal Projection Theorem associated with
any closed convex cone in Hilbert space (see [14, Theorem II.3]). The Orthogonal
Projection Theorem is also known in the optimization community as the Moreau
Decomposition(see [11]), which says for any z € IR", z can be decomposed as

(2.1) z = Il (z) + ke (z) = Lk (z) + Ik (2)

where K is any closed convex cone with polar cone K° and dual cone K*. When K
represents the special structure of the p-order cone K, the explicit expression (2.1)
is characterized in following theorem.

Theorem 2.1. Let z = (z1,2z2) € IR X IRV, Then, the projection of z onto Ky
s given by

z, z€K,
(2.2) i, (z) =4 0, z€-K,=-K,
u, otherwise (i.e.,—|z2|lq < z1 < ||z2]|p)
where u = (uy, @) with @ = (ug, uz, - ,un)’ € RO satisfying
1
up = [|allp = (ual” + [us|? + - - 4 [un[?) 7
and
up — 2 ,
u; — z; + 1p_11|ui]p_2u1-:0, Vi=2,---,n.
u

1

Proof. From Projection Theorem [2, Prop. 2.2.1], we know that, for every z € IR",
a vector u € K, is equal to the projection point I, (z) if and only if

ueky,, z—uek, and (z—u,u)=0.

With this, the first two cases of (2.2) are obvious. Hence, we only need to consider
the third case. Based on the expression of the element u, it is easy to verify that
u € 9K,. Moreover, we have

o Z1 — Ul L 21:U1
S PR R
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where h = (hg, h3, - -, hy)? with

hi:ul ifl\ui\p72ui, Vi=2,---,n.
uy
Noting that
" 1
= up — 21 _ !
B, = | (Z ] ® ”q)
Uy i=2
uy — 21 _ 1
(2.3) = || (Ilal})"
Uy
= ’ul - Zl|7

where the second equality holds due to %—i—% =1, and the last
of |||, = u;. Noting that

(z—uw,u) = (23 —up)ug + (h,a)

equality holds because

n
Uy — 21
= (21 —w)ug + 1 < E |uz]p>
=2

P
uy
Uy — =1

p—1
uy

(21 —ur)ur + (u1 — 21)uy
— 0,

= (21 —u)ur + @l

On the other hand,
21— u1)21 + <}_1,1_1>

(z —u,u) (
= (21 —w)ur — ||hflgall,
(

21 —up)ur — |21 — upl|[Allp

= ((z1 —u1) — |21 — wi])[[T]ly,

where the second equality holds due to the equal case of Holder inequality, This
implies that (21 — u1) — |21 — u1| = 0. Hence, we have z; — u; < 0. Together with
(2.3) again, this leads to ||h|l, = u1 — 21, which implies z — u € Kp. Hence, the
desired result is obtained. Furthermore, the projection of z onto K, is expressed as

in (2.2).

In the sequel, for the sake of simplicity, we denote z™
because Kp) = —KJ = —K4y, we know

II_xx(z) = H_g,(2z) = —lk,(-2).
This together with (2.2) and the proof of Theorem 2.1 gives

z, —zcky
(2.4) z” = —Ilg,(—2z)=¢ 0, —z¢€-K;=-K,
v, otherwise (i.e.,—|zz2|p

g

:= Ilx,(z). Moreover,

< =2z < ||z2[l)
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where v = (v1,¥) with ¥ = (v, v3, - ,v,)7 € R satisfying

1
—v1 = [[Vlg = (Jv2]? + |os]? + -+ + |on|?) @
and
QU1 = 21, g .
v; — 2z — (—1)7 17(1_1 o720 =0, Vi=2,---,n.
U1
By the definition of z* and z~, it follows that (z*,z~) = 0. Together the expression

of u in (2.2) with the expression of v in (2.4) again, we obtain

V1 =21 —u1

uy — 21
(25) Vi = 2 — Uy = uq—l

1
Remark 2.2. Unfortunately, from the formula (2.2) in Theorem 2.1 and the for-
mula (2.4), we can not obtain the spectral factorization for z = (z1,z2) € R X
R™V . This is different from the case of second-order cone. In order to get the
goal, we develop one type of factorization for z as below. Such factorization is called
the spectral factorization.

lwiP" 2wy, Vi=2,3,-- n.

Theorem 2.3 (Spectral factorization). Let z = (21,22) € R x RV, Then, =
can be decomposed as

z=a(z) - v (z) + as(z) - v (2),

where
ot - 2l
ax(z) = a= ek _2Z2”p
and
vl(z) = 1
W2
1
2 =
oo < [ 1]
with wo = IIZZTZIIP when zo # 0; while wo being an arbitrary element satisfying

|lwall, =1 when zg = 0.

Proof. For zo # 0, we define u(z) := [ TL|_ZZ2”” ] € 0K, such that u(z) — z € 9K,,
2

where 7 is an undetermined coefficient. From u(z) —z € IC,, we have

Tllzallp — 21 = [[(7 = 1)z2llp
which yields
_ a1+ lzsl,
2[|z2]lp
This further implies
(21 + HZ2||LD) |22
u(z) = 2||z2|[p ?

(21 + szﬂp) 2
2HZ2HP
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Therefore, we can rewrite z as

z = u(z)+(z—u(z)

z1 + HZ2H Z] — HZZH
( Aaal, )%l Aol ) 1210
= p + p
<Z1 + HZzIIp) , <HZzIIp — 21>
T 2 —n ) Z2
2||z2|, 2|z2|lp
B <21+ IIZz\p> [ 1 ] (21 - HZzIIp) [ 1 ]
- - - zZ2 + - _ zZ2
2 Tz=lp 2 Tz=lp

= o1(z) - v(2) + ay(z) - vI? (z)

which gives the desired spectral factorization.
For zo = 0, it is easy to verify that z = a1 (z) - vV (z) 4 as(z) - v(?)(z) with

Mgy = | 1 @z = | |

v (Z)_[w2} and v (Z)_[—wz]’

where wg is an arbitrary element satisfying ||wal|, = 1. Then, the desired factor-
ization holds. U

Remark 2.4. Theorem 2.3 can be proved by verifying the equality directly. Nonethe-
less, we provide the constructive way to show how to obtain v(z), v2(z) and a1(z),
as(z). Moreover, from Theorem 2.3, we also know that aq(z) > aa(z).

As a consequence of Theorem 2.3 and Remark 2.4, we have the following corollary.

Corollary 2.5. Let z = ay(z) - v (z) + aa(z) - v?) (z) be the spectral factorization
of type II for z given as in Theorem 2.8. Then, v(?) (z) € K, fori=1,2. Moreover,
the following hold

z€ K, < ay(z) > 0.

3. CONCLUDING REMARKS

In this short paper, we have characterized the projection formula of any element z
onto p-order cone, and have established one type of spectral factorization associated
with p-order cone. As mentioned, this expression will be key bricks for further
analysis and study about p-order cone optimization.

One may ask what the advantages and disadvantages of the spectral factorization
are? To answer this question, we say a few words for this point. The advantage
of the spectral factorization is that the vectors v(?)(z) (i = 1,2) both lie in K,
which implies that any z in IR™ can be expressed by two vectors in p-order cone KC,.
However, to the contrast, this factorization for z is not an orthogonal decomposition,
which is different from the case in the second-order cone setting.
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