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Abstract. In this paper, we study a proximal-like algorithm for minimizing a closed
proper function f(z) subject to z > 0, based on the iterative scheme: z* € argmin{ f(x)+
prd(z, 7871)}, where d(-,-) is an entropy-like distance function. The algorithm is well-
defined under the assumption that the problem has a nonempty and bounded solution
set. If, in addition, f is a differentiable quasi-convex function (or f is a differentiable
function which is homogeneous with respect to a solution), we show that the sequence
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the parameter pu; approaches to zero. Preliminary numerical results are also reported,
which further verify the theoretical results obtained.
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1 Introduction

The proximal point algorithm for minimizing a convex function f(z) on IR" generates a
sequence {z*}ren by the iterative scheme as below:

= argin {7(2) + pulle — |7}, ()
where py, is a sequence of positive numbers and || - || denotes the Euclidean norm in IR™.

This method, which was originally introduced by Martinet [13], is based on the Moreau
proximal approximation [14] of f, defined by

1
fata) =it {F@) + S ollo—ul?h, A >0 (2)
This proximal algorithm was then further developed and studied by Rockafellar [18, 19].
In 1992, Teboulle [16] introduced the so-called entropic prozimal map based on imitating
the proximal map of Moreau, which replaces the quadratic distance in (1)—(2) with the
following entropy-like distance, also called y-divergence:

n

dcp(907 y) = Zyz‘SD(a?z‘/yi)a (3)
i=1
where ¢ : R, — IR is a closed proper strictly convex function satisfying certain condi-
tions (see [2, 9, 10, 16, 17]). An important choice of ¢ is p(t) = tInt — ¢t + 1, for which
the corresponding d,, is the well known Kullback-Leibler entropy function [5, 6, 7, 16]
from statistics and that is the “entropy” terminology stems from.

The algorithm associated with the ¢-divergence for minimizing a convex function f
subject to nonnegative constraints z > 0 is given as follows

2 > 0
¥ = argmin {f(x) + ppdy(z, xk_l)} ) (4)
x>0

where (1, is same as in (1). The algorithm in (4) is a proximal-like one and has been
studied extensively for convex programming; see [9, 10, 16, 17] and references therein. In
fact, the algorithm (4) with ¢(t) = —Int 4t — 1 was first proposed by Eggermont in [6].
It is worthwhile to point out that the fundamental difference between (1) and (4) is that
the term d,, is used to force the iterates {2*}ren to stay in the interior of the nonnegative
orthant IR}, namely the algorithm in (4) will automatically generate a positive sequence
{2*}ren. Similar extensions and convergence results for the proximal-like methods using
a Bregman distance have also been studied (see, for example, [3, 11, 12]). However, the
analysis of the proximal-like method based on a Bregman distance does not carry over
to the algorithm defined as (4) except for the case ¢(t) = tlnt — t + 1 where the two
distances coincide. As explained in [17], this is due to the fact that one nice property
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(3, Lemma 3.1], which holds for Bregman distances, does not hold in general for d,.
In addition, we also observe that the algorithm in (4) was adopted by [4] to solve the
problem of minimizing a closed function f over IR" without assuming convexity of f.

In this paper, we wish to employ the ¢-divergence algorithm defined as in (4) with
o(t):=—Int+t—-1 (t>0) (5)
to solve the nonconvex optimization problem of the following form

min f(x)
st. x>0, (6)

where f : IR" — IR is a closed proper function with domf 2 IR ,. This particular choice
of p, used for convex minimization, was also discussed in [9, 17]. Since we do not require
the convexity of f, the algorithm to be studied in this paper is as follows:

2 > 0
¥ € argmin {f(m) + ppd(x, xk_l)} : (7)

x>0

where 1, is a sequence of positive numbers and d(z, y) is specified as follows:

n

=Y wip(wi/y) = 3 [y n(ys/a:) + (25— i) (8)
i=1 =1

The main purpose of this paper is to establish convergence results (see Propositions 3.3

and 3.4) of the algorithm (7)—(8) under some mild assumptions for the problem (6).

Throughout this paper, IR™ denotes the space of n-dimensional real column vectors,
IR" represents the nonnegative orthant in IR™ with its interior being IR} |, (-,-) and || - ||
denote the Euclidean inner product and the Euclidean norm, respectively. For a given
function f defined on IR", if f is differentiable at z, the notation V f(x) denotes the
gradient of f at = while (V f(x)); means the ith partial derivative of f with respect to x.

2 Preliminaries

In this section, we recall some preliminary results that will be used in the next section.
We start with the definition of Fejér convergence to a nonempty set with respect to d(-, -).

Definition 2.1 A sequence {z"}reny C IR}, is Fejér convergent to a nonempty set U C
R' with respect to the divergence d(-,-) if d(z*,u) < d(z*7, u) for each k and anyu € U.



Given an extended real-valued function f : IR™ — IR U {400}, denote its domain by
domf = {xr € R" | f(z) < +o0}.

The function f is said to be proper if domf # () and f(z) > —oo for any = € domf, and
f is called closed, which is equivalent to f being lower semicontinuous, if its epigraph is a
closed set. Next we present some properties of quasi-convex and homogeneous functions,
and recall the definition of stationary point for a constrained optimization problem.

Definition 2.2 [1] Let f: R™ — IR U {+o0} be a proper function. If

flaz+ (1 = a)y) <max{f(z), f(y)}

for any z,y € domf and o € (0,1), then f is called quasi-convez.

It is easy to verify that any convex function is quasi-convex as well as strictly quasi-
convex, but the converse is not true. For quasi-convex functions, we have the following
results.

Lemma 2.3 [1] Let f : IR" — R U {400} be a proper function. Then,

(a) f is quasi-convez if and only if the level sets Ly(y) := {z € domf | f(z) <~} are
convex for all v € R.

(b) If f is differentiable on domf, then f is quasi-convex if and only if (V f(y),x—y) <0
whenever f(x) < f(y) for any x,y € domf.

Definition 2.4 [15] A proper function f : IR™ — IRU{+o00} is called homogeneous with
respect to * € domf with exponential k > 0 if for any x € domf and A > 0,

f@+ Mz —2)) = f(2) = N(f(z) - f(2)).

Lemma 2.5 [15] Assume that the proper function f : IR™ — RU {400} is differentiable
on domf. If f is homogeneous with respect to & € domf with exponential k > 0, then

f(z) = f(z) =k YV f(z),z —T) Va & domf.

Definition 2.6 For a constrained optimization problem mingcc f(x), where C C R™ is
a monempty convex set, * is called a stationary point if Vf(z*)T(x — x*) > 0 for all
xeC.



In what follows, we focus on the properties of ¢ given as (5) and the induced function
d(+,-), which will be used in the subsequent analysis. First, we summarize some special
properties of . Since their verifications are direct by computations, we omit the details.
Property 2.7 Let ¢ : IR, — IR be defined as in (5). Then, the following results hold.
(a) ¢(t) >0 and ¢(t) = 0 if and only if t = 1.

(b) ©(t) is decreasing in (0,1) with lim; o+ p(t) = 400, and increasing in (1,00) with
limy 1« @(t) = +00.

(c) ¢(1) =0, ¢'(1) =0, and ¢"(1) > 0.
(d) ¢'(t) is nondecreasing on (0, 4+00) and lim;_ 4 ¢'(t) = 1, lim; o+ ¢'(t) = —o0.

(e) ¢'(t) <lInt for allt >0 and ¢'(t) > 0 when t € [1,00).

From Property 2.7 (a) and the definition of d(z,y), it is not hard to see that
d(l“,y) Z 0 and d(.I?y) = 0 — = v, vx’y c IR,:L__’_

This means that d(-,-) can be viewed as a distance-like function, though d(-,-) itself can
not be a distance since the triangle inequality does not hold in general. In fact, d is
a divergence measure in IR" . x IR, (see [10]) that enjoys some favorable properties,
for example, the ones given by Lemmas 2.8 and 2.9. In addition, we notice that d :
IR}, IR}, — IR is a continuous function and can be continuously extended to IR"} | X IR}
by adopting the convention 0In0 = 0, i.e., d(+,-) admits points with 0 component in its
second argument. The following two lemmas characterize some crucial properties of the
divergence measure.

Lemma 2.8 Let ¢ and d be defined as in (5) and (8), respectively. Then,

(a) d(z,2) Z ©'(yi/x;) for any z,y € R, and z € RY;

(b) for any fized y € RY, Ly(y,v) = {x e RY, |d(z,y) < 7} are bounded for all
v 2 0;
(c) forany fivtedw € R, Ly(x,7) = {y e R% | d(z,y) < 'y} are bounded for all v > 0.

Proof. (a) By the definition of the function d, we can compute that

d(z,2) —d(y,z) = zn: {zl In(z;/x;) + x; — } zn: [zz In(z/yi) +yi — zz}

=1
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Since ¢'(y;/x;) = 1 — x;/y;, we have y;¢'(yi/x;) = yi — 4, i.e.,
T — i = =y (yi/ i) (10)
In addition, using Property 2.7 (e) and noting that z; > 0 for all i, we readily have
ziln(z;/yi) > 20" (yi /i) (11)

From equations (9)—(11), we immediately obtain that

n

A, ) — d(y,2) > 3 [ n/00) — i (/)] = D5 — 93D (/).

=1 =1

(b) The boundedness of the level sets L,(y,~) for all v > 0 is direct by Property 2.7 (b).
(c) Let ¥(t) :=tlnt —t+ 1 (t > 0). By the definition of d(-,-), we can verify that

y) = lew(yl/xl) Ve e R}, and y e R].

Thus, for any fixed x € IR" ,, to show that L,(x,v) are bounded for all v > 0, it suffices
to prove that ¢(¢) has bounded level sets, which is clear since tli+m P(t) = +oc. O

Lemma 2.9 Given any two sequences {y*}ren C R, and {z¥}ren C RY,
(@) if {y"}then converges to y € R, then limy_. 4o d(y*, y) = 0;
(b) if {y*}ren is bounded and {x*}ren is such that limy,_. 4o d(y*, 2%) = 0, then we have

limy,_ 4 o0 [|Jy* — 2%]| = 0.

Proof. (a) From the definition of d(,-), it follows that

= Z [ﬂilnﬂi — ﬂilnyf + (yzk - ﬂz)}
i=1
For any i € {1,2,...,n},if 5, =0, clearly ging, — gilny? + (yF —4;) — 0 as k — +o0;
if j; > 0, then In(g;/y¥) — 0 and (y¥ — 3;) — 0 since {y¥} — #;, which means that
Ui In(i /y¥) + (y¥ — ;) — 0 as k — +oo. The two sides yield that limy_, o d(y*, %) = 0.

(b) First, by Lemma 2.8 (b) and the fact that limy_. o, d(y*, 2¥) = 0, we may verify that
{x*}1en is bounded. Now suppose klirll |/¥ —2¥|| # 0. Then, there exists a subsequence

{y?®} e such that [|y®) — 27®)|| > 3¢ for some € > 0 and for all sufficiently large k.
Since {y°"}en is bounded, we can extract a convergent subsequence. Without loss of



generality, we still use {y"(k)}ke ~N — y* to represent the convergent subsequence. From

the triangle inequality, it then follows that
ly™® =y + lly" = 27 = y"® = 27®]| = 3e.

Since {y"®™}ren — y*, there exists a positive integer K such that [|y7® — y*|| < e
for k > K. Thus, we have ||y* — 2°®|| > 3¢ — ||y°*) — ¢*|| > 2¢ for k > K. On the
other hand, the boundedness of {27}, ¢y implies that there is a convergent subsequence
{z°0®)} — 2* for k > K and k — 4o00. Then by the same arguments as above, we
obtain |y* — z*|| > €. However, kl_{rfoo d(y*, z%) = 0 yields kEI}rloo d(yeO®D o0y — 0,

Therefore, from the continuity of d and boundedness of the sequences, we have d(y*, *) =
0 which implies y* = z*. Thus, we obtain a contradiction. The proof is complete. O

3 Main results

In this section, we establish the convergence results of the proximal-like algorithm (7)—(8).
First, we show that the algorithm is well-defined under the following assumption:

(A1) The solution set of problem (6), denoted by X™*, is nonempty and bounded.

Lemma 3.1 Let d be defined as in (8). Then, under assumption (A1),
(a) the sequence {x*}ren generated by (7)—(8) is well-defined;

(b) {f(z*)}ren is a decreasing and convergent sequence.

Proof. (a) The proof proceeds by induction. Clearly, when k& = 0, the conclusion holds
since 2° > 0. Suppose that z*~! is well-defined. Let f* be the optimal value of (6).
Then, from the iterative scheme (7) and the nonnegativity of d, it follows that

f(@) 4+ ppd(z, 271 > f* + upd(z,2"") for allz € RY . (12)
Let fu(x) = f(x) + ped(z, 271) and denote its level sets by
Li(v):={xeR},: fi(x) <y} foranyyelR.

Using the inequality in (12), we have L;, (v) C L, (2", uz ' (v = f*)). This, together with
Lemma 2.8 (b), implies that Ly, () is bounded for any v > f*. Notice that Ly, (y) = X*
for any v < f* since pxpd(z, ') > 0, and consequently Ly, (v) is also bounded for this
case by assumption (A1). This shows that the level sets of fi(z) are bounded. Also, fi(x)
is lower semicontinuity on IR™. Therefore, the level sets of fi(x) are compact. Using the
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lower semicontinuity of fx(z) again, we have that fi(z) has a global minimum which may
not be unique due to the nonconvexity of f. In such case, ¥ can be arbitrarily chosen
among the set of minimizers of fi(x). The sequence {2*},cx is thus well-defined.

(b) From the iterative scheme in (7), it readily follows that

f(@®) 4 ped(2®, 2571 < f(2) + ped(z, 271, Vo e RY .. (13)

Setting x = xF~!

in the last inequality, we obtain that
F@®) + pud(a®, 271 < f@7) + pd (2t 2 = (25,
which, by the nonnegativity of d and pu;, implies that
0 < pugd(a®, 2"1) < f(a*1) = f(ah).
This show that {f(2*)}ren is a decreasing sequence, and furthermore, it is convergent

by assumption (A1l). The proof is thus completed. O

By Lemma 3.1 (b), let 3 := limj_., f(2¥) and define the following set
U:={zeR} | f(z) < B} (14)

Clearly, X* C U, and consequently U is nonempty by assumption (A1l). In what follows,
we show that the sequence {#*}ren generated by (7)—(8) is Fejér convergent to U with
respect to d under the following additional assumption for f:

(A2) f is a quasi-convex function which is differentiable on domf.

Lemma 3.2 Let {u} be an arbitrary sequence of positive numbers and {x*}ren be the
sequence generated by (7)-(8). Then, under assumptions (A1) and (A2),

(a) d(a*,z) < d(zF',z) for any x € R" such that f(z) < f(zF);

(b) {x*}ren is Fejér convergent to the set U with respect to d;

(c) for any x € U, the sequence {d(z*,x)}ren is convergent.

Proof. (a) For any z € R7. satisfying f(z) < f(z"), from Lemma 2.3 (b) it follows that
V(" (xz -2 <o.

k

In addition, since z* is a minimizer of the function f(x) + ppd(x,z*71), we have

VF(@") + up Ved(2*, 2571 = 0. (15)
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Combining the last two equations, we obtain that
i (Ved (2, 2¥ 1), 2 — 2F) > 0 Vo € R” such that f(z) < f(z").

Noting that
Vad(a®, o) = (' (ah /257, (g )T

k—1

and using Lemma 2.8 (a) with z = 2*7! y = 2% and 2z = =, it follows that

d(z" 1 2) — d(2", 2) > u(Ved(a®, 2571 0 — 2F) >0

for any z € R"? satisfying f(z) < f(2*). The desired result follows.

(b) By the definition of U, clearly, # € U means f(z) < f(z*) for all k since {f(2%)}ren
is decreasing. The proof is direct by part (a) and Definition 2.1.

(c) The proof follows directly from part (b) and the nonnegativity of d. O

Now we are in a position to establish the convergence results of the algorithm.

Proposition 3.3 Let {y }ren be an arbitrary sequence of positive numbers and {x*}ren
be generated by (7)-(8). If assumptions (A1) and (A2) hold, then {x*}ren converges,
and

(a) if there exist ji and i such that 0 < i < ux < fi for each k, then

klirf (Vf(x*)); >0, klirf (Vf(@")i(w;—af) > 0 for anyz € RY, i=1,2,...,n;

(b) if limy .y oo i, = 0, then {z*}ren converges to a solution of (6).

Proof. We first prove that the sequence {x*},cn is convergent. By Lemma 3.2 (b),
{2*}en is Fejér convergent to the set U with respect to d, which in turn implies that

{a"}hen C {y eR}, | d(y,z) < d(xo,a:)} Vo e U.

From Lemma 2.8 (b), the set on the right hand side of the last equation is bounded, and
consequently, {2*}cn is bounded. Let T be an accumulation point of {z¥},cn and {x%i}
be a subsequence converging to z. From the continuity of f, it then follows that

lim f (@) = f(2),

j=Foo
which, by the definition of U, implies that z € U. Using Lemma 3.2 (c), we have that the
sequence {d(z*, T)}ren is convergent. Notice that lim;_ . d(z% Z) = 0 by Lemma 2.9
(a), and therefore, we conclude that limy_., . d(z*,7) = 0. Using Lemma 2.9 (b) with
y* = 2% and 2% = Z, we prove that {z¥}rcn converges to 7.
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(a) By the iterative formula in (7), z* is the minimizer of f(z)+ pxd(z, 2*71), and hence
V(") = = Vod(a, "),
which means that
(V")) = = (2F /21, i=1,2,... n. (16)
Let Z be the limit of the sequence {2*},cn. Define the index sets
I(z)={ie{1,2,....,n} | >0} and J(z):={i€{1,2,...,n} | & = 0}.

Clearly, the two disjoint sets form a division of {1,2,...,n}. We proceed the arguments
by the cases where i € I(z) or i € J(z) for any i € {1,2,...,n}.

Case (1): If i € I(Z), then limy_ ;o /21 = 1 by the convergence of {2*},cn. Notice
that ¢ is continuous on (0, +00) and ¢'(1) = 0, and hence,

. 1( k k—1\ __
kETOOSO(xz/xz ) =0.

This, together with (16) and the boundedness of {1 }ren, immediately yields

lim (Vf(z*)); = 0.

k—-4o00

Consequently, by the convergence of {z*}4cn, we have lim (V f(z"))i(z; —2F) = 0.

k—+4o00

Case (2): If i € J(¥), we will show that limy_ 1o (Vf(2%)); > 0. Suppose that it does
not hold. Then, (Vf(x*)); < 0 for large enough k. From (16) and the assumption for
{ i }ren, it then follows that ¢ (z¥/2F™1) > 0 for sufficiently large k € N. Thus, by
Property 2.7 (c)—(d), #¥ > 2~! for large enough k € N, which contradicts the fact that

{t"} ey — T and z;, =0 Vie J(z).

Consequently, limy_ 4 (V f(z¥)); > 0. Noting that limy_, o (z; —

) > 0 since z; > 0
and lim_,, o 7¥ = 7; = 0, we readily have limy_, ;oo (V f(2*));(z; — 2F) > 0.

;
)
(b) Since z* is the minimizer of f(z) + urd(x, z*71), we have
fa®) + ppd(a, 2" < f(a) + ppd(w, 2 Vo € RY,
which, by the nonnegativity of d, implies that
f(@®) < f(2) + wd(z, 2" Vo e R, (17)
Taking the limit & — 400 on the inequality and using the continuity of f yields that

f(@) < f(z), VexelRY,
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since limy_ ;o ¥ = 7, limy,_ ;o0 px = 0 and the sequence {d(x, 7%71)}.en is bounded by
Lemma 2.8 (c). This, together with the continuity of f, means that f(z) < f(x) for any
x € IRY, and consequently, Z € X*. We thus complete the proof. O

From Proposition 3.3 (a), we see that the sequence {z*},cny converges to a stationary
point of (6) without requiring p — 0 if f is continuously differentiable quasi-convex.
When f is not quasi-convex, the following proposition states that the sequence {*}ren
generated by (7)—(8) is bounded and every limit point is a solution of problem (6) under
(A1) and the following additional assumption:

(A3) f is differentiable on domf and homogeneous with respect to a solution of the
problem (6) with exponential x > 0.

Proposition 3.4 Let {u}ren be any sequence of positive numbers and {x*}ren be gen-
erated by (7)-(8). If assumptions (A1) and (A3) hold, then {x*}ren is bounded, and

(a) if there exist j1 and i such that 0 < i < ux < [ for each k, then

klirf (V£(2")); >0, klirf (Vf(@")i(@wi—af) >0 for anyz € RY, i=1,2,...,n;

(b) if limy_. oo pty, = 0, every limit point of {x*}ren is an optimal solution of (6).

Proof. Let z* € A" be such that f is homogeneous with respect to z* with exponential
t > 0. Then, using Lemma 2.5 it follows that

0< fah) = f(a*) = 5 UV F@N), 2t — %) VE.
This, together with (15), means that
(ukvxd(:ﬂk,xk_l),x* — 2" >0 Vk
Using Lemma 2.8 (a) with # = 2871y = 2% and 2 = 2* then yields that
d(o* 1 2*) — d(aF, 2) > e (Ved(2¥, 2", 2" —2*) >0 Yk,
This shows that the sequence {d(z*, 2*)}ren is monotonically decreasing, and hence,
{2*}en C {y eRY, | d(y,z") < d(xo,x*)}.

Using Lemma 2.8 (b), we have that {2*},cn is bounded. Let Z be an arbitrary limit
point of {#*}eny and {z"} be a subsequence such that lim; . 2% = Z. Then, it is
easy to prove part (a) by following the same arguments as Proposition 3.3 (a). Notice
that the inequality (17) still holds, and consequently, we have

f(@*) < f(@) + md(z, 27 Vo e RZ,.
Taking the limit j — +o00 and using the same arguments as Proposition 3.3 (b), we have
f(z) < f(x), VrelR}.
This shows that z is a solution of the problem (6). The proof is thus completed. |
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4 Numerical experiments

In this section, we verify the theoretical results obtained by applying the algorithm (7)-
(8) for some differentiable quasi-convex optimization problems of the form (6). Since f
is quasi-convex if and only if the level sets of f are convex, we generate the quasi-convex
function f(z) by compounding a quadratic convex function g(z) := (1/2)z? Mz with a
monotone increasing but nonconvex function h : IR — IR, ie., f(z) = h(g(x)), where
M € R™ ™ is a given symmetric positive semidefinite matrix.

In our experiments, the matrix M was obtained by setting M = NN”, where N was
a square matrix whose nonzero elements were chosen randomly from a normal distribu-
tion with mean —1, variance one and standard deviation one. In this procedure, the
number of nonzero elements of NV is determined so that the nonzero density of M can be
approximately estimated. The function A is given as below.

1
Experiment A. We took h(t) = 143 (t # —1), and generated 10 matrices M of

dimension n = 100 with approximate nonzero density 0.1% and 10%, respectively. Then,

we solved the quasi-convex programming problem (6) with f(z) = 1T M)
"Mz

Experiment B. Set h(t) = vVt + 1 (t > 0). We adopted this h and the matrix M in
Experiment A to yield the quasi-convex function f(z) = \/(zTMz)/2 + 1.

Experiment C. Set h(t) =In(1+1¢) (¢t > —1). We employed h and the matrix M in
Experiment A to generate the quasi-convex function f(x) = In[1 + (2" Mz)/2].

Experiment D. We took h(t) = arctan(t) + ¢ + 2 and used such h and the matrix M
in Experiment A to generate the function f(x) = arctan[(z? Mz)/2] + (zT Mz)/2 + 2.

It is not difficult to verify that each h in Experiments A-D is pseudo-convex, and hence
the corresponding f is also pseudo-convex by [1, Excercie 3.43]. Thus, every stationary
point of (6) is a globally optimal solution by [1, Section 3.5]. Moreover, we notice that
all test problems have a globally optimal solution * = 0. In view of this, throughout the
experiments, we employed an approximate version of the algorithm (7)—(8), described as
follows, to solve the test problems generated randomly.

Approximate entropy-like proximal algorithm
Given € > 0 and 7 > 0. Select a starting point z € R’ ,, and set k := 0.

For k= 1,2,--- until |V f(2*)T2*| < ¢ do

12



1. Use an unconstrained minimization method to solve approximately the problem

wmin {f(2) + pd(ar, )} (18)

zelR™

and obtain an z* such that ||V f(2*) + u, Ved(z*, ¥ 1| < 7.
2. Let k:= k + 1, and then go back to Step 1.

End

We implemented the approximate entropy-like proximal algorithm with our code in
MATLAB 6.5. All numerical experiments were done at a PC with 2.8GHz CPU and
512MB memory. We chose a BFGS algorithm with Armijo line search to solve (18).
To improve numerical behavior, we replaced the standard Armijo line search by the
nonmonotone line search technique described as in [8] to seek a suitable steplength, i.e.,
we computed the smallest nonnegative integer [ such that

fru(@® + BdY) < Wy + 0BV fro(aF) T dF
where fi(7) = f(z) + prd(x, 2*71) and W), is given by
W = max{fk(xj) | j= k—mk,...,k},

and, for a given nonnegative integer m and s, we set

{ 0 if k<s
my =

min {my_1 + 1,m} otherwise -
Throughout the experiments, the following parameters were used for the line search:
=05 o0c=10"% m=>5 and s=25.

The parameters € and 7 in the algorithm were chosen as € = 107° and 7 = 10~°, respec-
tively. In addition, we updated the proximal parameter u by the following formula:

Me+1 = Oluk with Mo = 1,

and used 2° = w as the starting point, where w was chosen randomly from [1, 2].

Numerical results for Experiments A-D are summarized in Tables 1-4 of the appendix.
In these tables, Obj. represents the value of f(z) at the final iteration, Nf denotes the
total number of function evaluations for the objective function of subproblem (18) for
solving each quasi-convex programming problem, Den denotes the approximate nonzero
density of M, and Time represents the CPU time in second for solving each test problem.
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From Tables 1-4, we see that the approximate entropy-like proximal algorithm can
find the stationary point successfully for all test problems in Experiments A-D from the
given starting point 2° = w except those test problems with nonzero density 10% in
Experiment A, for which we used the starting point 2° = 0.5w instead. This verifies the
theoretical results obtained in last section. In addition, from these tables, it seems that
the proximal-like algorithm needs more function evaluations for those problems involved
in a matrix M with a higher nonzero density.

5 Conclusions

We have considered the proximal-like method defined by (7)—(8) for a class of nonconvex
problems of the form (6) and established the convergence results of the algorithm under
some suitable assumptions. Specifically, we have shown that, under assumptions (A1)
and (A2), the sequence {7*},cn generated by the algorithm is convergent, and further-
more, converges to a solution of (6) when g — 0; while under assumptions (A1) and
(A3), the sequence {z*},cn is only bounded but every accumulation point is a solution
if pur — 0. Preliminary numerical experiments are also reported to verify the theoretical
results. In our future research work, we will consider applying the proximal-like algo-
rithm for more extensive classes of nonconvex optimization problems.

Acknowledgement. The authors are grateful to Prof. Fukushima and Prof. Tseng for
inspiring them to generate test examples. They also thank two referees for valuable
suggestions.
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Table 1: Numerical results for Experiment A

Den=0.1% Den=10%

NO. Obj. Nf Time(s) Obj. Nf Time(s)
1 ][ -0.9999958e-0 628 0.31 -0.99999530e-0 52984 21.71
2 | -0.9999974e-0 582 0.31 -0.99999504e-0 32168 16.65
3 | -0.9999950e-0 997 0.39 -0.99999500e-0 45363 27.04
4 ] -0.9999955e-0 728 0.37 -0.99999521e-0 45944 18.11
5 [ -0.9999964e-0 571 0.30 -0.99999519e-0 49001  26.40
6 | -0.9999960e-0 869 0.52 -0.99999501e-0 61891 29.70
7 | -0.9999995e-0 631 0.33 -0.99999513e-0 40297 20.50
8 ][ -0.9999958e-0 1048 0.44 -0.99999511e-0 64684 37.60
9 | -0.9999953e-0 461 0.31 -0.99999503e-0 33232 15.03
10 [ -0.9999988e-0 808 0.37 -0.99999510e-0 31660  21.09

Note: the starting point z° = 0.5w was used for all test problems with density 10%.
[19] R.T. ROCKAFELLAR, Monotone operators and the prozimal point algorithm, STAM

Journal on Control and Optimization, vol. 14 (1976), pp. 877-898.

Appendix
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Table 2: Numerical results for Experiment B

Den=0.1% Den=10%

NO. Obj. Nf Time(s) Obj. Nf Time(s)
1 | 2.0000005e-0 619 0.36 2.0000099e-0 11412 7.67
2 || 2.0000099e-0 1599 0.48 2.0000095e-0 11705 7.40
3 || 2.0000094e-0 652 0.33 2.0000096e-0 9636 7.32
4 | 2.0000093e-0 563 0.28 2.0000098e-0 11041 7.65
5 || 2.0000072e-0 791 0.41 2.0000095e-0 10211 7.00
6 | 2.0000082¢-0 996 0.58 2.0000095e-0 12963 7.51
7 || 2.0000054e-0 514 0.22 2.0000100e-0 11631 8.68
8 || 2.0000045e-0 622 0.31 2.0000097e-0 10702 6.09
9 | 2.0000052e-0 573 0.31 2.0000099e-0 10927 8.43
10 || 2.0000028e-0 540 0.26 2.0000096e-0 11354 8.18

Table 3: Numerical results for Experiment C
Den=0.1% Den=10%

NO. Obj. Nf Time(s) Obj. Nf Time(s)
1 | 4.0504722e-6 434 0.25 4.2542862e-6 4473 3.51
2 || 1.5335386e-6 506 0.31 4.8823994e-6 7448 5.47
3 || 4.7463833e-6 731 0.45 4.9623792e-6 5539 3.51
4 || 4.5687416e-6 525 0.31 4.6959189%¢-6 5664 3.72
5 | 3.0131432e-6 529 0.30 4.9137922e-6 5199 3.40
6 | 4.8877190e-6 910 0.44 4.9240652e-6 4991 3.90
7 || 4.8123156e-6 693 0.44 3.6413794e-6 5228 3.51
8 || 4.4356008e-6 843 0.44 4.9984977e-6 5178 4.55
9 || 4.3297744e-6 423 0.23 4.4443700e-6 5277 4.47
10 || 4.0444890e-7 605 0.26 4.9962998e-6 5650 4.31
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Table 4: Numerical results for Experiment D

Den=0.1% Den=10%

NO. Obj. Nf Time(s) Obj. Nf Time(s)
1 || 2.0000050e-0 506 0.30 2.0000048e-0 10384 8.20
2 || 2.0000033e-0 538 0.31 2.0000048e-0 11434 7.86
3 || 2.0000048e-0 831 0.44 2.0000043e-0 11252 8.84
4 || 2.0000042e-0 432 0.25 2.0000049e-0 12107 8.65
5 || 2.0000035e-0 396 0.25 2.0000049e-0 10428 7.75
6 | 2.0000048e-0 853 0.50 2.0000046e-0 10424 8.05
7 || 2.0000050e-0 546 0.33 2.0000045e-0 11610 7.92
8 || 2.0000032e-0 693 0.39 2.0000042e-0 12283 8.91
9 | 2.0000037c-0 488  0.28 | 2.0000047¢-0 11758  8.06
10 || 2.0000048e-0 556 0.36 2.0000049e-0 12344 8.55
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