THE SCHATTEN p-NORM ON R”

CHIEN-HAO HUANG, JEIN-SHAN CHEN*, AND CHU-CHIN HU'

ABSTRACT. It is well known that the Schatten p-norm defined on the
space of matrices is useful and possesses nice properties. In this paper,
we explore the concept of Schatten p-norm on R" via the structure of
Euclidean Jordan algebra. Two types of Schatten p-norm on R™ are de-
fined and the relationship between these two norms is also investigated.

1. INTRODUCTION

In mathematical analysis, we usually employ various norms to measure
the distance of two elements in any arbitrary vector spaces. In particular,
the following three specific norms are frequently used:

n
lel = 3 Jail,
=1

n 1/2
lzlla = (> af)
i=1
[2llc = max [z,
1<i<n
where z = (z1,x2,...,2y) € R". It is known that ||z||2 and ||z|« are the

so-called Euclidian norm and supremum norm, respectively.

Let A be a bounded linear operator on R". Associated with each norm
|||l on R™, one can define an operator norm of A, denoted by || Al|, as below:

[A]l := sup [[Az].
Jlefl=1

We denote by |A| the positive operator (A*A)Y/2 and by s(A) the vector
whose coordinates are the singular values of A (i.e., the eigenvalues of |A]),
arranged as s1(A) > s9(A) > -+ > s,(A). Then, there holds

[All = [[A[] = s1(A).
In addition, for any unitary operators U,V on C", we know that
Al = lUAV].
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In this case, we say that || - || is wnitary invariant and is very useful in
various analysis. Moreover, there are two classes of norms, which posses
the aforementioned property. The first one is the so-called Schatten p-norm
defined by

n 1/p
Al = [D&(A))p , for 1<p<oo;
i=1
s1(A), for p= .
We point out that the Schatten p-norm is different from the operator norm
(matrix norm) induced by [,-norm, which is given by ||A||, :== sup |Az|p,
l=llp=1

although these two norms share the same notation. The readers can dis-
tinguish them from the contexts, so we do not denote them by different
symbols. It is also known that the Schatten p-norm satisfies

o ||A1As]1 < ||A1llp - [|A2]lq where %—l—% =1 and p € [1,00] (Holder
inequality).
o [[Allr = [[Allp, = [[Allp, = [[Allcc where 1 < p; < pa < oo (Mono-
tonicity).
For more details and applications of the Schatten p-norm, please refer to
[1, 2, 8, 14, 15] and references therein.

The second one is the so-called Ky Fan k-norm defined by
k
IAllw = Y (s:(4), 1<k<n.
i=1
In other words, ||A[|) is exactly the sum of the k largest singular values
of A. In addition, the Ky Fan 1-norm is the operator norm induced by the
Fuclidean norm; and hence it is also called the operator 2-norm. For more
details and applications of the Ky Fan k-norm, please refer to [1, 2, 6, 8, 15]
and references therein.

Now, we consider the space S, of n X n real symmetric matrices. Un-
der the Jordan product X oY = %(X Y + YX) and the bilinear form
(X,Y) = tr(XY), (Sp,o0,(-,-)) forms a Euclidean Jordan algebra whose
definition will be elaborated in Section 2. Based on Spectral Decomposition
Theorem [7, Theorem II1.1.2], we also note that the eigenvalues of A coincide
with the spectral values of A € S,,. It is also known that R™ can be viewed
as a Euclidean Jordan algebra under appropriate Jordan product and inner
product. This motivates us to study whether the Schatten p-norms can be
defined on R™ or not.

In this short paper, we shall define two types of Schatten p-norm on R"
and investigate some inequalities about these two norms. The paper is orga-
nized as below. In Section 2, we recall some basic definitions and properties
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about Fuclidean Jordan algebra. Under the standard inner product, two
types of Euclidean Jordan algebra over R™ are also established in Section 3.
Moreover, some relationship about these two norms are deduced as well.

2. PRELIMINARY

In this section, we review the basic concepts and properties concerning
Jordan algebras and symmetric cones from the book [7] which are needed in
the subsequent analysis.

A FEuclidean Jordan algebra is a finite dimensional inner product space
(V,(-,)) (V for short) over the field of real numbers R equipped with a
bilinear map (z,y) — zoy : VxV — V, which satisfies the following
conditions:

(i) zoy=youx for all x,y € V;
(i) xo (22 0y) =220 (zoy) for all x,y € V;
(ili) (zoy,z) = (x,yoz) forall x,y,z €V,

where 22 := z o x, and x o y is called the Jordan product of x and y. If a

Jordan product only satisfies the conditions (i) and (ii) in the above defi-
nition, the algebra V is said to be a Jordan algebra. Moreover, if there is
an (unique) element e € V such that z oe = z for all x € V, the element
e is called the Jordan identity in V. Note that a Jordan algebra does not
necessarily have an identity element. Throughout this paper, we assume
that V is a Euclidean Jordan algebra with an identity element e.

In the Euclidean Jordan algebra V, the set of squares K := {2? : x € V}
is called a symmetric cone [7, Theorem II1.2.1], which means K is a self-dual
closed convex cone and, for any two elements x,y € int(K), there exists
an invertible linear transformation I' : V — V such that I'(x) = y and
['(K) = K. An element ¢ € V is called an idempotent if ¢ = ¢, and it is
a primitive idempotent if it is nonzero and cannot be written as a sum of
two nonzero idempotents. Two idempotents ¢, d are said to be orthogonal if
cod = 0. In addition, we say that a finite set {e(1), e(®) ... (M} of primitive
idempotents in V is a Jordan frame if

T
eMoeld) =0 for i # j, and Ze(i) =e.
i=1
Note that (e, e()) = (e() 0 eU), e) whenever i # j. With the above, there
has the spectral decomposition of an element z in V.

Theorem 2.1. (Spectral Decomposition Theorem) [7, Theorem II1.1.2] Let
V be a Fuclidean Jordan algebra. Then there is a number r such that, for
every x € V, there exists a Jordan frame {6(1), - ,e(r)} and real numbers
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A(x), - A () with

z=M(z)e + o A (x)el.
Here, the numbers \i(x) (i = 1,---,7) are called the spectral values of x,
the expression M (z)eM) + -+ \.(2)e") is called the spectral decomposition
of x. Moreover, tr(z) := >.i_; Xi(x) is called the trace of x, det(z) :=
A ()Xo () - - - A () is called the determinant of x, and r is called the rank
of V.

3. MAIN RESULTS

In this section, we introduce two types of Euclidean Jordan algebra over
R™ under the standard inner product
(T, y) == 191 + T2y2 + - + TnYn,
for any x = (z1,x2,...,2,) € R" and y = (y1,¥2,...,Yn) € R™.

(I). The first type of Jordan product is defined as

x oy = (T1Y1,T2Y2, -, Tnln)-

It is easy to check (R",e,(-,-)) forms a Euclidean Jordan algebra with the
identity element e = (1,1,...,1). Under this case, it is not a simple Eu-
clidean Jordan algebra. Indeed, it is a Cartesian product of simple Euclidean
Jordan algebras. In view of this, for all : = 1,2,...,n, we denote e; the vec-
tor with the i-th component is 1 and the others are all zeros. Then, each e;
is a primitive idempotent in R™ and the set {e1,e2,...,e,} forms a Jordan
frame. The induced symmetric cone is

R = {(z1,22,...,2,) €ER" | 2; 2 0,i=1,2,...,n}.
Moreover, it is clear that for any x € R,
T =x1€1 + Toe2 + ...+ Tpe,.

On the other hand, from the Spectral Decomposition Theorem, we know the
spectral values of x are x1, xo,...,x,. In light of all the above observations,
the first type of Schatten p-norm || - ||, is defined as

n 1/p
(3.1) [#]lp == [Z Iwilp] , 1<p<oo,
i=1

which coincides with the well-known [,-norm. Moreover, for p = oo, the
Schatten p-norm becomes

Z||oo = max |z;
Il = max i,
which coincides with the well-known supremum norm. From the coincidence,

the properties of the Schatten p-norm on R" space can be easily obtained.
As below, we only state two of them, and the proofs are omitted because in
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this case, they are the [,-norm exactly. In the literature, there are various
nice proofs for these two properties, see [11, 12].

Proposition 3.1. For any fized x € R", let ||z||, denote the first type of
Schatten p-norm on R™ given as in (3.1). Then, the function p — ||z, is a
decreasing function on [1,00).

Proposition 3.2. For any fized x € R", let ||z||, denote the first type of

Schatten p-norm on R™ given as in (3.1). Then, for 1 < p < q < oo, there
holds

1_1
(3.2) lzllg < llzllp < nea -zl

(IT). Now, we consider the second type of Jordan product which the
induced symmetric cone is the so-called second-order cone (or Lorentz cone).
For the simplicity of notation, we denote x = (z1,%) € R x R"~! the vector
in R", i.e., X := (x2,73,...,2,) is a vector in R*~1. For any r = (z1,X), y =
(y1,¥) € R x R*"1 the second type of Jordan product is defined as

roy= (<937y>,y1>_<+1’1§_’)

We note that e = (1,0) € R x R"! acts as the Jordan identity. Besides,
this Jordan product is not associative and K" is not closed under this Jordan
product. The induced symmetric cone is an important example of symmetric
cones, which is defined as follows:

K" ={z = (21,%) € R x R |2y > 1%[l2} -
For any vector = (71,%X) € R x R"1 it can be decomposed as
=M (z)uld + Ao(z)ul?),

where A1 (z), A2(x) and u;(yl),u:(f) are the spectral values and the associated
spectral vectors of x, respectively, given by

Ni(z) = 21+ (=1)"|¥] 2,

o { L1 uEg) i =40

5 (L(-Diw) if x=0.
for i = 1,2 with W being any vector in R"~! satisfying ||W|s = 1. If X # 0,
the decomposition is unique. Here, we remark that for n = 1, the second-
order cone K' reduces to the nonnegative real number R, and the Jordan
product is the basic multiplication on R.

We say a few words about the discrepancy between (R™, o, (-,-)) and
(R™ o,(-,-)). Note that (R™ o,(,-)) is a simple Euclidean Jordan alge-
bra, whereas the Euclidean Jordan algebra (R™,e,(-,-)) is not simple. As
mentioned earlier, (R™, e, (-, -)) can be written as the direct sum of (R, ). In
fact, there are only five types of simple Euclidean Jordan algebra [7]. For
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more details for second-order cones, please refers to [3, 4, 5].

According to the structure of (R™, o, (-,-)) , the second type of Schatten
p-norm on R” space ought to be defined as

2 1/p
53) mmwzbjmwﬂ .
=1

In a recent paper, Huang et. al [9, Theorem 3.6-3.7] (also see [10, 13] for
Euclidean Jordan algebra) established a trace version inequality via the trace
version of Young inequality:

[tr(a + y|P)]MP < [er(lz[P)] P + [t (jyl?)] 7,

where x,y € R™ and p > 1. By the definition of the second type of Schatten
p-norm on R™ given as in (3.3), it is not hard to verify that this inequality
is equivalent to

(3-4) [z +ylllp < Illllp + ylllp-

Hence, the functional = — |||z]||, can actually define a norm on R" space
for p > 1. In particular, we note

5 1/2
(3-5) ]2 = [Z |A,-(:n)]2] = V2 ||z
i=1

Moreover, this norm ||| - |||, can be viewed as a norm by applying the first
type of Schatten p-norm to the vector (z; — ||X||,z1 + ||X||) € R? which
consists of the spectral values of x. Accordingly we immediately have the
following inequality by applying (3.2).

Proposition 3.3. For any x € R", let |||z|||, denote the second type of
Schatten p-norm on R™ given as in (3.3). Then, for 1 < p < q < oo, there
holds

1_1

lzlllg < ll2lllp < 277 - [[[]]]g-

It is natural to ask if there is any relationship between these two types of
Schatten p-norm on R™. We observe that each spectral value of x includes
the term ||X||. This leads us to separate the discussion into two cases: 1 <
p<2and?2<p.

Theorem 3.4. For any x € R", let ||z||, denote the first type of Schatten p-
norm on R™ given as in (3.1) and |||z|||, denote the second type of Schatten
p-norm on R™ given as in (3.3). Then, for 1 < p < oo, the following hold.

(a) For1<p <2, there holds
V2n

[NIE

1 1
vl < ll2llly <27 -l
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(b) Forp > 2, there holds
1 11
20 - lzllp < llzlll, < V2r27r - ],
Proof. (a) For 1 <p < 2 and z € R", we have
1.1
el 2 llzlllz = v2- 2]z = V20277 - 2],

and
1 1

1 1
Hzlllp < 2272 - [l|zll]l2 = 27 - [|z(]2 < 27 - |||,
where the inequalities hold by Proposition 3.3 and inequalities (3.2) and
(3.5).

(b) For p > 2 and z € R", we have
1

1_1
][l < llzlllz = V2 llzllz < V20275 - [l2]l.

and
1 1

1 1
zlllp = 2272 - [||z]l]l2 = 27 - [|z(l2 > 27 - [|]|p.
where the inequalities hold by Proposition 3.3 and inequalities (3.2) and
(3.5) as well. O

Now, we recall that a function ® : R™ — R is called a symmetric gauge
function if

(i) @ is a norm on the real space R";
(ii) ®(op(z)) = @(x) for all x € R™, where 0, (x) is a permutation of the
coordinate of z;

(ili) ®(0121,0222,...,00xy) = (21, 22,...,2y) for §; = £1;

(iv) ®(1,0,...,0) = 1.
We note from Problem I1.5.12(iv) of [2, page 53] that for any =,y € R", we
have

®(z) < ®(y) whenever z¥ < y,

where 2zt = (.%‘Jl',.l‘%, .. ,:U%), yt = (y%,yé, .. ,y,ﬁ) denotes the vectors ob-

tained by the rearranging the coordinates of x,y in the decreasing orders,
respectively, and z+ < y+ means Z?zl xj < Z?:l yji. for all 1 < k <n.

It is easy to check that the functional (A1(x), A2(x)) — |||x|||p is a symmet-
ric gauge function on R?. For any z,y € R", we say z is weakly majorized
by y, denoted by x <., y if A(z)* < A(y)}, that is,

2 2
Ao(z) < Xoy) and D Ni(x) <D Nily).
i=1 i=1

In light of these concepts, we achieve the following norm inequality.

Theorem 3.5. Let |||-|||, denote the second type of Schatten p-norm on R™
given as in (3.3). For any x,y € K", there holds

z=wy = |llzlllp < llylllp-
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Proof. For any =,y € K™ with z <,, y, we note that both (A1 (z), A2(z)) and
(M (y), A2(y)) lie in R%, and A(z)* < A(y)*. Then, using Problem IL.5.12(iv)
[2, page 53] we obtain the desired inequality since (A1 (z), A2(z)) — |||=]||p
is a symmetric gauge function. U

In linear algebra, functional analysis and some other related areas of math-
ematics, a quasinorm is often used in the analysis, which is similar to a norm
except that the triangle inequality is replaced by

=+ yll < K=l + llyl)
for some K > 0. It is already known that for 0 < p < 1, the functional

n P
x> (Z |m¢|p> defines a quasinorm || - ||, on R™ and satisfies
i=1
1
[z +yllp < 27 (2], + [lyllp)-

Meanwhile, a question arises from the above discussion. Is the second type
of Schatten p-norm ||| - |||, a quasinorm for 0 < p < 1 ? To answer this
question, we need the following technical lemma.

Lemma 3.6. Let a1, ao,...,a, be nonnegative real numbers and 0 < p < 1.
Then, we have
n p n
(Z ai> < Z al.
i=1 i=1
Proof. This is a fundamental result, please refer to [11] for a proof. O

Theorem 3.7. Let |||-|||, denote the second type of Schatten p-norm on R™
given as in (3.3). For any x,y € R™ and 0 < p < 1, there holds

lz + yllly < 277 llllly + yll1) -
Proof. We note that
lz+ylll, = (Mal@+y)P+ Pl +y)P)»
< 27 (e + )] + Pz + )
< 257 (@) + Pel@)] + )] + Pe))
< 27 ((M@P + Pe@ )7 + (@I + Pa@)P)?)

13
2v ([lp + [Hylllp)

where the three inequalities hold by the convexity of the function t — t1/7,
the inequality (3.4) for p = 1, and Lemma 3.6, respectively. O
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4. CONCLUDING REMARK

In this paper, we have successfully extended the concept of Schatten p-
norm on matrices space to the setting of R™ space via Fuclidean Jordan
algebra. Two types of Schatten p-norm on R" space are defined and their
connection is discussed. As a matter of fact, Tao et al. [13, Theorem 4.1]
establish that for p > 1, the functional

1/p

x| i)l
i=1

forms a trace p-norm in any Euclidean Jordan algebra with rank r. In view
of Theorem 3.7, we suspect that there is possibility to improve it although
we cannot get the proof done yet. Hence, we make a conjecture as below,
which is for our future study.

Conjecture 1. Let (V,o,(-,-)) be a Euclidean Jordan algebra of rank r.
Then for 0 < p < 1, the functional

1/p

x| (@)l
i=1

is a quasinorm on V.
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