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1 Introduction

We consider the following conic complementarity problem of finding ¢ € IR™ such that

F(g) €K, G(C) e, <F(C)7 G(C» =0, (1)

where (-, -) denotes the Euclidean inner product, F' and G are the mappings from IR" to
IR™ which are assumed to be continuously differentiable, and K is the Cartesian product
of second-order cones (SOCs), also called Lorentz cones [8]. In other words,

K= K"xK"™x-.-x K", (2)
where m,nq,...,ny > 1,01 +n90+---+n, =n, and
’Cni = {((L’l,{L‘Q) € IR x Rni_l | T Z ||l'2||},

with || -|| denoting the Euclidean norm and K! denoting the set of nonnegative reals IR, .
We will refer to (1)—(2) as the second-order cone complementarity problem (SOCCP). In
addition, we write F' = (F},..., F,) and G = (G4, ...,G,,) with F;, G, : R" — R™.

An important special case of the SOCCP corresponds to G(¢) = ¢ for all { € IR".
Then (1) reduces to

P eK, (e, (F(C), ¢)=0, (3)
which is a natural extension of the nonlinear complementarity problem (NCP) where
K =K!x --- x K'. Another important special case corresponds to the Karush-Kuhn-

Tucker (KKT) conditions of the convex second-order cone program (SOCP):

min g(x)
st. Ar=b, zek, (4)

where A € IR"™*" has full row rank, b € R™ and g : IR" — R is a twice continuously
differentiable convex function. From [7], the KKT conditions for (4), which are sufficient
but not necessary for optimality, can be written in the form of (1) with

F(Q):=d+ (I — AT(AAT)TA)C,  G(¢) = Vg(F(Q)) — AT(AAT)T'AC,  (5)

where d € IR" is any vector satisfying Ax = b. For large problems with a sparse A,
(5) has an advantage that the main cost of evaluating the Jacobian VF and VG lies in
inverting AA”, which can be done efficiently via sparse Cholesky factorization.

There have been various methods proposed for solving SOCPs and SOCCPs. They
include interior-point methods [1, 2, 17, 18, 24|, non-interior smoothing Newton methods
[4, 9], the smoothing-regularization method [13], the merit function method [7] and the
semismooth Newton method [15]. Among others, the last four kinds of methods are all
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based on an SOC complementarity function or a smooth merit function induced by it.
Given a mapping ¢ : IR! x R! — R! (I > 1), we call ¢ an SOC complementarity function
associated with the cone K if for any (z,y) € R! x R/,

plz,y) =0 < zek, yek' (x,y)=0. (6)

Clearly, when [ = 1, an SOC complementarity function reduces to an NCP function,
which plays an important role in the solution of NCPs; see [22] and references therein.

A popular choice of ¢ is the Fischer-Burmeister (FB) function [10, 11], defined by

bep(2,y) = (2 + ") —(z+y), (7)

where 22 means x ox with “o” denoting the Jordan product, and = +v denotes the usual
componentwise addition of vectors. More specifically, for any = = (21, 22),y = (y1,y2) €
IR x IR, we define their Jordan product associated with ' as

zoy = ((z,y), 172+ 1Y2). (8)

The Jordan product, unlike scalar or matrix multiplication, is not associative, which
is the main source on complication in the analysis of SOCCPs. The identity element
under this product is e := (1,0,--- ,0)T € IR!. It is known that 22 € K! for all z € IR%.
Moreover, if 2 € IC!, then there exists a unique vector in X, denoted by z'/2, such that
(2Y/2)2 = 212 0 2Y/2 = 2. Thus, ¢, in (7) is well-defined for all (r,y) € R! x IR.. The
function ¢, was proved in [9] to satisfy the equivalence (6), and its squared norm

1
¢FB (:L’, y) = §||¢FB (1’, y)||27

has been shown to be continuously differentiable everywhere by Chen and Tseng [7].
Another popular choice of ¢ is the residual function ¢ng : IR! x IR! — IR! given by

¢NR(37,y) =T [l’ - y]+,

where | - ], means the minimum Euclidean distance projection onto K'. The function
was studied in [9, 13] which is involved in smoothing methods for the SOCCP, and
recently it was used to develop a semismooth Newton method for nonlinear SOCPs by
Kanzow and Fukushima [15]. The function ¢ng also induces a merit function

1
Unr(2,y) = §H¢NR(9€7Z/)H2>

but, compared to 1, it has a remarkable drawback, i.e. the non-differentiability.

FB’
In this paper, we consider a one-parametric class of vector-valued functions

1/2
¢r(z,y) = [(@ —y)* +7(@oy)] " — (z+y) (9)
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with 7 being an arbitrary fixed parameter from (0,4). The class of functions is a natural
extension of the family of NCP functions proposed by Kanzow and Kleinmichel [14], and
has been shown to satisfy the characterization (6) in [6]. It is not hard to see that as
T = 2, ¢, reduces to the FB function ¢, in (7) while it becomes a multiple of the natural
residual function ¢ng as 7 — 0. With the class of SOC complementarity functions, the
SOCCP can be reformulated as a nonsmooth system of equations

¢T<F1(C)7 Gl(g))

6r (Fu(0), Con(C)

which induces a natural merit function ¥, : IR®™ — IR, given by

V(O = 19O = 3 veF(0), G(©) (1)
with
Ure,) = 360 I (12)

In [6], we studied the continuous differentiability of ), and proved that each stationary
point of W is a solution of the SOCCP if VF and —VG are column monotone. This
paper focuses on other properties of ¢,, including the globally Lipschitz continuity, the
strong semismoothness, and the characterization of the B-subdifferential. Particularly,
we provide a weaker condition than [6] for each stationary point of W, to be a solution
of the SOCCP and establish the boundedness of the level sets of .., by using Cartesian
P-properties. We also propose a semismooth Newton method based on (10), and obtain
the corresponding global and the superlinear convergence results. Among others, the
superlinear convergence is established under strict complementarity.

Throughout this paper, I represents an identity matrix of suitable dimension, and
IR™ x- - -xIR"™™ is identified with IR™ ™ *"m For a differentiable mapping F' : IR" — IR™,
V F(x) denotes the transpose of the Jacobian F’(x). For a symmetric matrix A € R™*",
we write A »= O (respectively, A > O) to mean A is positive semidefinite (respectively,
positive definite). Given a finite number of square matrices Q1, ..., @, we denote the
block diagonal matrix with these matrices as block diagonals by diag(Q, ..., Q) or by
diag(Qy, i = 1,...,m). If J and B are index sets such that 7,8 C {1,2,...,m}, we
denote P7p by the block matrix consisting of the submatrices Pj, € IR™>*"* of P with
j € J,k € B, and by xp a vector consisting of subvectors x; € IR™ with ¢ € B.



2 Preliminaries

This section recalls some background materials and preliminary results that will be used
in the subsequent sections. We begin with the interior and the boundary of K (I > 1).
It is known that K! is a closed convex self-dual cone with nonempty interior given by

int(K') := {z = (z1,20) E Rx R | 21 > ||22]|}
and the boundary given by
bd(K') := {z = (z1,22) € R x R | 2y = [|zo } .
For each x = (z1,73) € R x IR'™!, the determinant and the trace of x are defined by
det(z) = 23 — ||lzo]|?, tr(z) := 221.

In general, det(x o y) # det(z) det(y) unless zo = ays for some a € IR. A vector x € IR/
is said to be invertible if det(x) # 0, and its inverse is denoted by z~!. Given a vector
r = (71,22) € IR x IR, we often use the following symmetry matrix

T
N B R
Lm0 5 (13)

which can be viewed as a linear mapping from IR! to IR'. It is easy to verify L,y = xoy
and L,y, = L, + L, for any z,y € R". Furthermore, x € K' if and only if L, = O, and
x € int(K') if and only if L, = O. If z € int(K?!), then L, is invertible with

1 l‘l —ZL‘;
det(x) 1 . (14)

I+ —x915
x T

L' =
* det(z) | —x9

We recall from [9] that each z = (71, 22) € IR x IR/ admits a spectral factorization,
associated with X!, of the form

z=Ai(2) ul?) + Xo(z) - ul?,

where \;(x) and ug;i) for ¢« = 1,2 are the spectral values and the associated spectral
vectors of x, respectively, given by

Ai(@) = 21+ (1) laafl, ul) = 5 (1L (=1)2) (15)
with Ty = xo/||22]| if 22 # 0, and otherwise Zy being any vector in IR'"! such that
|Zo]| = 1. If 29 # 0, then the factorization is unique. The spectral decomposition of
r,2? and z'/? has some basic properties as below, whose proofs can be found in [9].



Property 2.1 For any x = (v1,22) € R x R'™! with the spectral values \i(x), \o(x)
1 2

and spectral vectors uz ', uy  given as above, the following results hold:

(a) = € K if and only if \;(z) >0, and x € int(K') if and only if \i(x) > 0.
(b) 22 = A2(z)ul” + X (2)ul € K!;

(¢) 22 = /M(x) ul + V/o(z) o) e K if 2 € K.

(d) det(z) = M(2)A2(x), tr(z) = M(z) + Xa(z) and ||z||* = [N (z) + N3(2)]/2.

For the sake of notation, throughout the rest of this paper, we always write

w = (w,w) = wz,y):=(x—y)’+7(xoy),
1/2
2= (mm) = 2ay) =@ —y)?+r(oy)]” (16)
for any z = (21, 22), ¥y = (y1,52) € R x R7L and let wy = wsy/||ws|| if wy # 0, and
otherwise s, be any vector in IR'"! satisfying ||ws|| = 1. We have

wy = ||zl + [Jy]* + (7 — 202"y, we = 2(z122 + 1132) + (7 — 2) (2192 + y122).
Moreover, w € K! and z € K! hold by noting that

9 5 r—2\?2 T(4—17) ,
w=z"+y +(r-2)(roy) = (z+ 5 Y| Y

_ (y+7g2w>2+MfL‘2. (17)

4
In addition, using Property 2.1 (b) and (c), it is not hard to compute that

(m b V/A] VAalo) - ] ) K
2 ’ 2 2 |

z =

(18)

The following lemma characterizes the set of points where z(x,y) is (continuously)
differentiable. Since the proof is direct by the arguments in Case (2) of [6, Proposition
3.2] and formulas (18) and (14), we here omit it.

Lemma 2.1 The function z(z,y) defined by (16) is (continuously) differentiable at a
point (x,y) if and only if (x — y)? + 7(z o y) € int(K'), and furthermore,
VQUZ(x?y) = Lx+TT_2yL;17 vyz(x7y> = Ly+TT_2wL;17

where .
b cwWy . )
Lol = ( cwy al + (b — a)wywd > i wp 7 0; (19)
(1/\/_101) I if wy = 0,

tha= ——2 _ p=1(_1 ! de=1(_1___1
W= /) 2(¢Az(w)+\/xl(w) MEC=3\ Vo  Vamw)
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Lemma 2.2 [6, Lemma 8.1] For any x = (x1,72), y = (y1,92) € R x RI7L, let
w = (wy,wy) be given as in (16). If (x —y)? + 7(z oy) & int(K!), then

27 = |2l i = llwell?, iy = iy, 1iys = yiwe; (20)
By + (7= 2z = ||mae + niys + (7 — 2)z192])
= lw2l® + lw2ll® + (7 — 2)23 ya. (21)

If, in addition, (x,y) # (0,0), then wy # 0, and moreover,

T _ T -
TyWy = Ty, T1We = To, YWy =11, Y1l = Yo. (22)

Lemma 2.3 [6, Lemma 3.2] For any v = (x1,72),y = (y1,72) € R x R7Y, let w =
(w1, wq) be defined as in (16). If we # 0, then fori=1,2,

T 2
T—2 i T—2 B
r1 + 5 y1 | +(—1)" | x2 + 5 Y2 | wo

T—2 i T—2 B
< ||| x2 + 5 Yo | +(=1)" {21 + 5 Y1 | We

Furthermore, these relations also hold when interchanging x and y.

To close this section, we recall some concepts that will be used in the sequel. Given
a mapping H : IR" — IR™, if H is locally Lipschitz continuous, the following set

OpH(z) :={V e R™"| 3"} C Dy : 2F — 2, H'(2") - V}

is nonempty and is called the B-subdifferential of H at z, where Dy C IR™ denotes the
set of points at which H is differentiable. The convex hull 0H(z) := convdgH (z) is the
generalized Jacobian of H at z in the sense of Clarke [5]. For the concepts of (strongly)
semismooth functions, please refer to [20, 21] for details. We next present definitions of
Cartesian P-properties for a matrix M € IR™*", which are in fact special cases of those
introduced by Chen and Qi [3] for a linear transformation.

Definition 2.1 A matrizx M € IR™ " is said to have

(a) the Cartesian P-property if for any 0 # x = (z1,...,xy) € R™ with x; € R™, there
exists an index v € {1,2,...,m} such that (z,,(Mzx),) > 0;

(b) the Cartesian Py-property if for any 0 # x = (x1,...,2,) € R" with x; € R™,
there exists an index v € {1,2,...,m} such that x, # 0 and (x,, (Mz),) > 0.

Some nonlinear generalizations of these concepts in the setting of K are defined as follows.



Definition 2.2 Given a mapping F = (F, ..., Fy,) with F; : R — R™, F is said to

(a) have the uniform Cartesian P-property if for anyx = (x1, ..., Zm),y = (Y1, -, Ym) €
IR", there is an index v € {1,2,...,m} and a constant p > 0 such that

<1:1/ — Yu, F,,(ﬂ?) - Fu(y)> > p”x - y”Q;

(b) have the Cartesian Py-property if for any x = (x1,...,Zm),y = (Y1, -, Ym) € R"
and x # y, there exists an index v € {1,2,... ,m} such that

z, #vy, and (z, —y,, F,(x) — F,(y)) > 0.

3 Properties of the functions ¢, and ¢,

First, we study the favorable properties of ¢,, including the globally Lipschitz continuity,
the strong semismoothness and the characterization of the B-subdifferential at any point.

Proposition 3.1 The function ¢, defined as in (9) has the following properties.

(a) ¢, is (continuously) differentiable at (x,y) if and only if w(z,y) € int(K!). Also,
Vit (w,y) = Lyypr2 L7 =1, Vybo(w,y) = Ly r2 L7 = 1.

(b) &, is globally Lipschitz continuous with the Lipschitz constant independent of T.

(c) &, is strongly semismooth at any (z,y) € R! x R

(d) The squared norm of ¢, i.e. V., is continuously differentiable everywhere.

Proof. (a) The proof directly follows from Lemma 2.1 and the following fact that
Or(z,y) = 2(z,y) — (x +y). (23)
(b) It suffices to prove that z(z,y) is globally Lipschitz continuous by (23). Let
2 = i(xz,y,e) = [(x—y)+71(roy)+ece 2 (24)

for any € > 0 and x = (21, 22), ¥y = (y1,%2) € IR x IR¥"1. Then, applying Lemma A.1 in
the appendix and the Mean-Value Theorem, we have

Hz(:v,y) — 2(a, b)H =

< llH}r ||2($,y,€) o 2(@73/, 6) + ’%<auy7€) o 2((17 b7 G)H
e—0

eli%i Z(z,y,€) — Clirél+ Z(a,b,¢)

1
< lirél+ / V.z2(a+t(x —a),y,€)(x — a)dtH
e 0
1
+ lirgl+ / Vy2(a,b+t(y —b),e)(y — b)dtH
€E— 0
< \/50”(1‘,3/) - (aab>H
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for any (z,y), (a,b) € R! x R!, where C' > 0 is a constant independent of 7.
(c) From the definition of ¢, and ¢, it is not hard to check that

Gr(,Y) = P <x+ 7523/, T(Z;_T)y> + % (T—4+ VT(4—T)> y.

Notice that ¢, is strongly semismooth by [23, Corollary 3.3], and the functions z+ =52y,
VT4 — 1)y and i (7 — 4+ /7(4 — 7))y are also strongly semismooth. Therefore, ¢, is
a strongly semismooth function since by [11, Theorem 19] the composition of strongly
semismooth functions is strongly semismooth.

(d) The proof can be found in Proposition 3.3 of [6]. O

Proposition 3.1 (c) indicates that, when a smoothing or nonsmooth Newton method is
used to solve system (10), a fast convergence rate (at least superlinear) may be expected.
To develop a semismooth Newton method for the SOCCP, we need to characterize the
B-subdifferential 0, (z,y) at a general point (x,y). The discussion of B-subdifferential
for ¢,, was given in [19], and we here generalize it to ¢, for any 7 € (0,4). The detailed
derivation process is included in the appendix for completeness.

Proposition 3.2 Given a general point (z,y) € R x R!™L, each element in Op¢,(x,y)
is of the form V = [V, — I V,, — I| with V,, and V,, having the following representation:

(a) If (x —y)? + 7(xoy) € int(K), then V, = Lz_leJrrT—z and V, = L;lLy+TT_zz.

Y

(b) If (x —y)?> + 7(x oy) € bd(K') and (x,y) # (0,0), then

1 1 wl T —2 1 1
V, _ 2 L, L - T
6{2\/2w1<wz 41—3w2w§)( 2 y)+2(—wz)“}

1 1 wl T—2 1 1 T
—_— L,+——L = 2
%E{Qw/2w1<w2 4]—3w2w2T)(y+ 2 I)+2(—w2>v (25)

or some u = (ug,us), v = (v1,vq) € X — satisfying |ur| < |lus||l < 1 an
R x R satisfyi < <1 and

1] < Jval| < 1, where wy = 327

(c) If (z,y) = (0,0), then V, € {Ls},V, € {Ls} for some @ = (Uy,Uz), 0 = (01, 02) €
IR x IR satisfying 4], ||9]] < 1 and G0, + 010y = 0, or

() ()7 2o -]
IS R A E PR

g =



for some u = (w1, 1), v = (v1,02), € = (€1,&),1 = (1, 12) € R x R satisfying
wl < sl < 1, Jol < Jooll < 1, Jeal < el < 1 and ] < Il < 1.
wy € RIY satisfying ||ws|| = 1, and s = (s1,52), w = (w1, ws) € R x R such
that ||s||* + |lw|* < 1.

In what follows, we investigate the properties of the operator ¢, : IR® — IR"™ given
by (10). We start with the semismoothness of ®.. Since ®, is (strongly) semismooth if
and only if all component functions are (strongly) semismooth, and since the composite
of (strongly) semismooth functions is (strongly) semismooth by [11, Theorem 19], we
obtain the following conclusion as an immediate consequence of Proposition 3.1 (c).

Proposition 3.3 The operator ®, : IR" — IR" given by (10) is semismooth. Moreover,
it 1is strongly semismooth if F' and G’ are locally Lipschitz continuous.

To characterize the B-subdifferential of ®,, we write F;({) = (Fi1((), Fi2(¢)) and
Gi(C) = (Gi1(€), Gi2(()), and denote w; and z; for i = 1,2,...,m by

w; = (wir(¢), wi(¢)) = w(Fi(C), Gi(C)), 2 = (2i1(C), 2:2(C)) = 2(Fi(¢), Gi(C)).  (27)

For convenience, we sometimes suppress in F;(¢) and G;(¢) the dependence on (.

Proposition 3.4 Let ¢, : R" — R"™ be defined as in (10). Then, for any ¢ € R,

90,(Q)" € VF(Q) (AQ) — 1)+ VG(C) (BQ) - 1), (28)

where A(C) and B(() are possibly multivalued n x n block diagonal matrices whose ith
blocks A;(C) and B;(C) fori=1,2,...,m have the following representation.

(a) If (F(Q) = Gi(¢))" + 7 (Ei(¢) 0 Gi(Q)) € int(K™), then

Ai(Q) = Ly 26, L5 and By(¢) = Lg,y r2p L7

Zi

(b) If (Fi(¢). Gi(€)) # (0,0) and (F;(¢) — Gi(())” + 7 (Ei(¢) 0 Gi(¢)) € bA(K™), then

1 T2 1 @l 1 o
A € {m (LFi T LGi) ( Wiy 41 — 3y}, ) " §ui(1’ ~ i)

1 T—2 1 wh 1 o
Bloe {2\/m <LGi i LFi) ( Wiy 4l — 3WipWy ) " §Ui<l’ ~ i)

for some u; = (Ui, us), v; = (vi1,vi2) € R x R satisfying |un| < lupl <1

and |va| < ||vio]| < 1, where Wy = ngn.
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(c) If (Fi(¢), Gi(C)) = (0,0), then

1 1 0 2s5(I — wpw)h)
A’L {Lﬁ} NY) 1 _T —U; 1 —_ _T 12 71 712
)€ i {25 (@) + 2" (1, =) + 0 281 (1 — Wpwh)

0 2wh

1 B 1 _ (I —w; 7z'T

for some i; = (U1, ), 0 = (0i1,02) € R x RM™L satisfying |G|, [|0:] < 1
and UV + Uptp = 0, some u; = (Uu,um),vz‘ = (%1,%2)7&‘ = (fil,fiz),ni =
(N1, mi2) € R x R™H with |ug| < |lupll < 1, val < |lvill < 1,16 < [|&ell <1
and [na| < ||ni2ll < 1, Wi € MM satisfying || Wi = 1, and s; = (Si1, Si2), w; =
(wit, win) € R x R~ such that ||s;||* + ||wil]* < 1.

Proof. Let ®.;(¢) denote the ith subvector of ®,, i.e. ,,;(() = &-(F;(¢),G;(C)) for all
i=1,2,...,m. From Proposition 2.6.2 of [5], it follows that

0, (C)" € 9pP1(¢)" x OpPra(¢)" X -+ X Ip®rm(C)T, (29)

where the latter denotes the set of all matrices whose (n;_; + 1) to n;th columns with
no = 0 belong to 9P, ;(¢)”. Using the definition of B-subdifferential and the continuous
differentiability of ' and G, it is not difficult to verify that

9p0.:(Q)" = [VF(C) VGi(Olose-(Fi(C),Gi(¢)", i=1,...,m. (30)

Using Proposition 3.2 and the last two equations, we readily get the desired result. O

Lemma 3.1 For any ¢ € IR", let A(¢) and B(() be the multivalued block diagonal
matrices given as in Proposition 3.4. Then, for any i € {1,2,...,m},

((Ai(Q) = 1)P,:(¢), (Bi(€) = I)P,4(C)) =0,

and the equality holds if and only if ®,,;({) = 0. Particularly, for the index i such that
(Fi(¢) = Gi(Q))* + 7(Fi(C) 0 Gi(C) € int(K™), we have

((Ai(¢) = Dvi, (Bi(¢) = Ivi) 2 0,  for any v; € R™.
Proof. From Theorem 2.6.6 of [5] and Proposition 3.1 (d), we have

V@DT(IL}?J) = aB¢T(x7y)T¢T(x7y)'

Consequently, for any ¢ = 1,2,...,m, it follows that
V-(Fi(€), Gi(C)) = 9p6-(Fi(C), Gi(()) ¢+ (Fi(C), Gi(C))-
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In addition, from Propositions 3.2 and 3.4, it is not hard to see that

[Ai(Q)" =1 Bi(Q)" — 1] € 00+ (Fi(¢), Gi(C)).

Combining with the last two equations yields that for any ¢ = 1,2,...,m,

V- (Fi(Q), Gi(C)) = (Bi(¢) = 1)®7i(C). (31)

Consequently, the first part of the conclusions is direct by Proposition 4.1 of [6]. Notice
that for any i such that (F;(¢) — Gi(€))* + 7(F;(¢) o G;(¢) € int(K™) and any v; € IR™,

((Ai(C) = Dvi, (Bi(C) = Dwy)
= ((Lrampze, — Lo ) Latoi (Lauymgzr, — La ) L5'0r)

_ <<LGi+TT,2Fi - L) (LF#%QGI_ - in>L;1Ui, L;lvi> . (32)

Therefore, using the same argument as Case (2) of [6, Proposition 4.1], we can obtain
the second part of the conclusions. O

4 Nonsingularity conditions

In this section, we show that all elements of the B-subdifferential dg®,(() at a solution
(* of the SOCCP are nonsingular if (* satisfies strict complementarity, i.e.,

Fi(¢") + Gi(¢") e int(K™) foralli=1,2,...,m. (33)

First, we give a technical lemma which states that the multivalued matrix (A;(¢*) —1)+
(B;(¢*) — I) are nonsingular if the ith block component satisfies strict complementarity.

Lemma 4.1 Let (* be a solution of the SOCCP, and A(C*) and B((*) be the multivalued
block diagonal matrices characterized by Proposition 3.4. Then, for anyi € {1,2,...,m}
such that F;(C*) + Gi(C*) € int(K™), we have that @, ;(() is continuously differentiable
at ¢* and (A;(C*) — I) + (B;(¢*) — I) is nonsingular.

Proof. Since (* is a solution of the SOCCP, we have for all i =1,2,...,m
Fi(¢") e K™, Gi(¢7) € K™, (Fi(¢7),Gi(¢7)) = 0.

It is not hard to verify that F;(¢*) + G;(¢*) € int(K™) if and only if one of the three
cases shown as below holds.
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Case (1). F;(¢*) € int(K™) and G;(¢*) = 0. Under this case,

wi(¢) = (F(C7) = GilC))* + 1(F(C) 0 Gi(¢M)) = Fi(¢)? € imt(K™).

By Proposition 3.1 (a), ®,;(¢) is continuously differentiable at (*. Since z(¢*) =
w; ()2 = Fy(¢*), from Proposition 3.4 (a) it follows that

A(¢C) =T and By(C*) = 7521,

which implies that (A;((*) — I) + (B;(¢*) — I) is nonsingular since 0 < 7 < 4.
Case (2). F;(¢*) = 0 and G;(¢*) € int(K™). Now, w;(¢*) = G;(¢*)* € int(K™). So,
®, () is continuously differentiable at ¢* by Proposition 3.1 (a). Since
2(C7) = wil ()2 = Gil(¢),

using Proposition 3.4 (a) yields that A;(¢*) = 5521 and B;(¢*) = I, which immediately
implies that (A;(¢*) — I) + (Bi(¢*) — I) is nonsingular.
Case (3). F;(¢*) € bd*(K™) and G,(¢*) € bd*(K™). We claim that w;(¢*) € int(K™)
for this case. If not, then w;(¢*) € bd(K™). From (20) in Lemma 2.2, it follows that

Fn(C)Ga(¢") = Fa(C7) GialC). (34)
Since Fiy (¢*) = [[Fia(C*)[| # 0 and Gir(¢7) = [|Gia(C7)[| # O, we have

[F(C) - I Gaa(C)I = Fia(¢) Gz (C),

which implies that Fj3((*) = aGy(¢*) for some constant o > 0. Substituting it into
(34) yields that F;;1((*) = aGi1(¢*), and consequently, F;((*) = aG;(¢*). Noting that
(F3(C*),Gi(¢*)) = 0, we then obtain F;(¢*) = G;(¢*) = 0. This clearly contradicts the
assumption that F;(¢*) # 0 and G;(¢*) # 0. Hence, w;(¢*) € int(K™).

From the expression of A;(¢) and B;(() given by Proposition 3.4 (a),
(A(C) =D+ (Bi(¢") = 1) = —Lowcr)-z(ricr+aien Lz o)

Therefore, to establish the nonsingularity of (A;(¢*) — I) + (B;(¢*) — I), it suffices to
prove that the matrix LQZi(C*),%(Fi(C*HGi(g*)) is nonsingular. Since

TG

T_2Fi<C*)>2+T(4_T)

(2ac0)" = 2|(mic)+

42 {(Gi(g*) +

13



it follows that

(22)) - T (R +aien) = "D eier + Ry
(4 —7)2 2

(R -GiUe) . 3)

Notice that w;(¢*) € int(K™) implies that (F;(¢*) — G;(¢*))? € int(K™) since F;(¢*) o
G;(¢*) =0, and hence from the equality (35) we immediately obtain that

+

2 72

(22(¢)) = T (R) +Gue)) € ().

Since z;(¢*) = wi(C*)1/2 € int(K™), using Proposition 3.4 of [9] yields that
7— . N,
22(C") — §(E(<*) + G;(¢%)) € int(K™).

This means that Lo, c—z(F(c)+6i¢r) = O, and consequently it is nonsingular. O

Given a solution ¢* of the SOCCP, we know from [1] that, if (* is a strict comple-
mentarity one, i.e. satisfies the conditions in (33), the following index sets

7 = {2 e {1,2,...,m} | F(CY) € int(K™), Gi(C*) = o},
B = {z‘e{l,Q,...,m}|E(g*)ebd*(IC”i),Gi(C*)ebd+(IC”i)}, (36)
J = {ie{l,?,...,m}| Fi(C*):O,Gi(C*)eint(IC"i)}

form a partition of {1,...,m}, where bd*(K") = bd(K") \{0}. Thus, by supposing
that VG((*) is invertible and rearranging the matrices appropriately,

P((")zz P(C)zs P(C")zs
P(¢") =VG(C)'VF(") = | P(¢)sz P(¢)ss P(¢*)y
P((*)gz P(CY)gs P(()gs

Now we are in a position to establish the nonsingularity of all elements in dp®,(*).

Theorem 4.1 Let (* be a strict complementarity solution of the SOCCP. Suppose that
VG(C*) is invertible and let P(¢*) = VG(C*)"'VF(C*). If P(C*) 77 is nonsingular and
its Schur-complement, denoted by P(C*)77, in the matrix

( P((")ss  P(C*)Bs )
P(C*)gs P(()gg

has the Cartesian P-property, then all W € 0p®,(C*) are nonsingular.

14



Proof. By Proposition 3.4 and the invertibility of VG(¢*), it suffices to show that any
matrix C' belonging to VG(*) 'V F(¢*)(A(¢*) —I) + (B(¢*) — I) is invertible. Since ¢*
is a strict complementarity solution, it follows from Lemma 4.1 that the matrix C' can
be written in the following partitioned form

T—4 T—4
5 Iz Prp(Ap — Ip) 5 Pry
T—4
C= Oz  Pss(Ag — Ig) + (Bp — Ip) Pgr |,
T—4
077 P75(Ap — I) 5 Prg

where I7 = diag(/;, i € Z) with I; being an n; x n; identity matrix, Az = diag(A;, i € B)
and Bg = diag(B;, i € B). For the sake of notation, we here omit the notation (* in
the functions. It is not hard to see that these C are nonsingular if and only if

T —4
. Ppp(Ap — Ipg) + (B — Iss) 5
r = |
P75(As — Inp) 5 L7

is nonsingular. Showing that C.. is nonsingular is equivalent to showing that the system

—Cr(yB):O
Yg

for any y = (ys;y7) has only the zero solution. This system can be rewritten as

4 —71
2

Prgys + Pye(Ips — Ag)ys = 0,

4 —7

Pgyys + Pes(Is — As)ys = —(Isg — Br)ys-

Recall that P77 is nonsingular, and we obtain from the last system that

2
Vr=—7_- TPJ_}PJB(IBB — Ag)ys,
(37)

(Pss — P P75 Prs)(Ips — Ag)ys = —(Iss — Bs)ys.

Thus, by Lemma 3.1 and Lemma 4.1, using the same arguments as Theorem 4.1 of [19]
yields the desired result. O

Observe that, when ny = --- = n,, = 1, the assumption for ﬁj 7 1s actually equiv-
alent to requiring that ﬁj 7 is a P-matrix, which is common in the solution of NCPs.
Now, we are not clear whether the result of Theorem 4.1 holds when removing the strict
complementarity. We will leave it as a future research topic.

From Theorem 4.1 and [21, Lemma 2.6], we readily obtain the following result.
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Corollary 4.1 Suppose that (* is a strict complementarity solution of the SOCCP and
the mapping F and G at the C* satisfy the conditions of Theorem 4.1. Then, there exist
a neighborhood N'((*) of ¢* and a constant C' > 0 such that for any ¢ € N((*) and any
W € 0P, (), W is nonsingular and satisfies |W || < C.

5 Stationary point condition and bounded level sets

In general a stationary point of a function is not a solution of the underlying problem.
In [6], we showed that, when VF and —VG are column monotone, every stationary
point of the smooth merit function W, (¢) is a solution of the SOCCP. In this section, we
provide a different stationary point condition by the Cartesian Py-property of a matrix,
which, as shown later, is weaker than that of [6] when VG is invertible. We also establish
the boundedness of the level sets of ¥, for the SOCCP (3) under the condition that F
has the uniform Cartesian P-property.

To present the first result of this section, we need the following technical lemma.

Lemma 5.1 Let ¢, : R x R! — IR, be given by (12). Then, for any x,y € IR,

¢-(2,y) #0 = Votor(z,y) #0, Vyir(z,y) # 0.

Proof. From Proposition 3.2 of [6], the sufficiency is obvious. Suppose that ¢, (z,y) # 0.
If either V ¢ (z,y) = 0 or V¢, (z,y) = 0, then (V¢ (z,y), Vyt-(z,y)) = 0. From
Proposition 4.1 of [6], it follows that ¢, (x,y) = 0. This gives a contradiction. O

Proposition 5.1 Let ¥, : R" — IR, be given as (11). Suppose VG is invertible and
VG()"'VEF(C) at any ¢ € R™ has the Cartesian Py-property. Then, every stationary
point of U, s a solution of the SOCCP.

Proof. Let ¢ be an arbitrary stationary point of W,({). Since ¥, is continuously
differentiable by Proposition 3.1 (d) and &, is locally Lipschitz continuous, applying
Theorem 2.6.6 of Clarke [5] then gives that for any V € 09, ()"

0= VU (¢) =V (().

Let V be an element of dp®,(¢)"(C 9®,(¢)T). Then from (29) it follows that there
exist matrices V; € 9p®,;(¢)” such that

V = VixVyx- - xV,.
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In addition, for each V; € IR™*™ by Proposition 3.2 there exist matrices A;(¢) € IR™*™
and B;(¢) € IR"*™ as characterized by Proposition 3.4, such that

Vi= vFZ(C)(Az(C) - I) + VGZ(C)(BZ<<) - ])7 i=1,2,...,m.

Let A(¢) = diag(A1((), ..., An(¢)) and B(() = diag(B1((), ..., Bn(()). Combining the
last three equations, it then follows that

[VE(O(A(G) = I) + VG(O)(B(C) — 1)] 2-(¢) =0,
which, by the invertibility of VG((), is equivalent to
[VG(OT'VF(QOA) = 1) + (B(¢) — I)] 2,(¢) = 0. (38)

Suppose that ®.(¢) # 0. Then, there necessarily exists an index v € {1,2,...,m} such
that @, ,(¢) = ¢-(F,(¢),G,(¢)) # 0. Using Lemma 5.1 and equation (31) then yields

(4(¢) = D@7, (Q) #0 and (B,(¢) = ), (C) #0. (39)
In addition, from (38) it follows that
VGO VEQ(AQ) = D2-Q)], + (BUAC) = Dru(Q) = 0.
Making the inner product with (A, (¢) — I)®,,,(¢) on both sides, we obtain
((AQ) = N®,(Q). [VG(O)VFQAQ) - D2-(Q)], )
+ (40 = D27 (Q), (Bo(C) = DNP(Q)) = 0.

v

Notice that the first term of the left hand side is nonnegative by (39) and the assumption
that VG(¢)"!'VF(¢) has the Cartesian Py-property at any ¢ € IR", and the second term
is positive by Lemma 3.1 since @, ,(¢) # 0. This leads to a contradiction. O

Remark 5.1 (i) It is easy to verify that VG(¢) 'V F({) = O implies the Cartesian Py-
property of VG({) "'V F({). While, by [6], the column monotonicity of VF({) and
—VG(¢) is now equivalent to VG(¢) "'V (¢) = O. This means that the condition
in Proposition 5.1 is weaker than the one used by Proposition 4.2 of [6].

(ii) For the SOCCP (3), the condition of Proposition 5.1 is equivalent to requiring that
F' has the Cartesian Py-property. If ny = ng = -+ = n,, = 1, this reduces to the
common condition in the NCPs that F' is a Py-function.

Lemma 5.2 Let ¢, be given by (12). Then, for any (x,y) € R! x R!, we have

D )+ -0l

41?7(%9) > 2H[¢T(x>y)]+u2 =

17



Proof. Note that z(z,y) — (z + 52y) € K" and z(z,y) — (y + 52x) € K. Following
the same proof line as Lemma 8 of [7] immediately yields the desired result. O

Lemma 5.3 Let 1, be defined as in (12). For any sequence {(z*, y*)} C R! x R, let
Ao <NEand pf < pf denote the spectral values of 2% and y*, respectively.

a) If \F — —oc0 or pb — —o0, then ¥, (aF, y¥) — +oo.
1 1

(b) If {\¥} and {u}} are bounded below, but \§ — +o0, us — +o0, and ”xk” szll - 0,
then v, (%, y*) — +oc.

Proof. Part (a) is direct by Lemma 5.2 and the following fact that

1o~ | 1o~ |
=) 7= 537 min{o, M) (=9 = 5 3 (min{o,f})”
i=1 i=1
We next prove part (b) by contradiction. Suppose that {1, (z*, y*)} is bounded. Since
oF k=~ (b)) VA,

where 2% = 2(z*,y*) with 2(z,y) defined as in (16). Squaring the two sides of the last
equality then yields that

(4—T1)at oyt = =228 0 6 (") + (6, (2%, y"))*. (40)

Noting that, for each k,

e A vkl I+ = 2
= T* M1 = T A~ 121" (2 ’
ok
we can verify that limy_ W = (0. Combining with W € K' yields
Y THNY
k
lim S = 0.

k—-+oo [|2¥]|[|y*|

Using equation (40) and the boundedness of {¢,(z*,y*)}, it then follows that

2 y .
im —— o —— =0,
koo [[F]| - [lyF
which clearly contradicts the given assumption. The proof is complete. O
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Now using Lemma 5.3 and the same arguments as Proposition 5.2 of [19], we can
establish the boundedness of the level sets of ¥, (¢) for the SOCCP (3) under the assump-
tion that F' has the uniform Cartesian P-property and satisfies the following condition:

Condition A. For any sequence {¢*} C IR™ such that [|¢¥|| — +o0, if there exists
i€ {1,...,m} such that \;(CF), A\ (Fi(C*)) > —oo and A\o(CF), Ao (Fi(¢¥)) — +o00, then

¢t E(<k>> .
I TE T/~

lim sup <

k—-4o00

Consequently, we extend the coerciveness of the FB merit function to the function ..

Proposition 5.2 For the SOCCP (3), if F' : R™ — IR"™ has the uniform Cartesian
P-property and satisfies Condition A, then the merit function V.. has bounded level sets.

6 Algorithm and numerical results

The previous discussions show that the SOC complementarity function ¢, possesses all
nice features of the FB SOC complementarity function. In this section, we test the
numerical performance of the class of SOC functions by using the semismooth Newton
method proposed by De Luca, Facchinei and Kanzow [16], which is described as follows.

Algorithm 6.1:

Step 0. Given a 7 € (0,4) and a starting point ¢® € IR", and choose v > 0, p > 2,
p€(0,1),0€(0,1/2), and € > 0. Set k := 0.

Step 1. If [V, (¢")|| <&, then stop.
Step 2. Select an element W), € 9P, (¢*). Find a solution d* € IR™ of the linear system
Wid = —,(¢"). (41)
If the system is not solvable or if the descent condition
VO (¢H)Td" < —yllat(|P
is not satisfied, set d* := -V, (¢").
Step 3. Let my be the smallest nonnegative integer m such that
UL (" + pdh) < W(CF) + op" VL (¢M) T, (42)

and set (F*1 .= ¢k 4+ pmrd* k:=k + 1, and go to Step 1.
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The global and local convergence properties of Algorithm 6.1 are summarized in
the following theorem, in which we implicitly assume that the termination parameter ¢
equals to 0, i.e. the algorithm generates an infinite sequence.

Theorem 6.1 Suppose that {C*} is a sequence generated by Algorithm 6.1. Then,

(a) each accumulation point of {C*} is a stationary point of the merit function V..

(b) If ¢* is an isolated accumulation point of {C*}, then the entire sequence {C*} con-
verges to C*.

(c) If ¢* is an accumulation point such that (* is a strict complementarity solution and
F(¢) and G(C) at C* satisfy the conditions of Theorem 4.1. Then,

(i) the search direction d* is eventually given by the solution of (41);
(ii) the sequence {C*} converges to (* Q-superlinearly;

(iii) if, in addition, F' and G' are Lipschitz continuous at (*, then the rate of
convergence is Q-quadratic.

Proof. Since the proofs are similar to that of [14, Theorem 4.2] or [16, Theorem 3.1]
by the results obtained in Section 3-5, we here omit them. O

Note that Theorem 6.1 (a) and (b) only gives global convergence results to stationary
points of the merit function ¥, whereas we are much concerned with finding a global
minimizer of ¥, and consequently a solution of the SOCCP. Fortunately, Proposition
5.1 provides a rather weak condition to guarantee such a stationary point is a solution
of the SOCCP. The existence of an accumulation point and thus of a stationary point of
V. is guaranteed by Proposition 5.2. From Definition 2.2, we see that the assumption
from Proposition 5.2 may be satisfied by some monotone SOCCPs, and our numerical
experiences also verify this fact.

In what follows, we report the computational experience with solving some linear
SOCPs, which correspond to the SOCP (4) with g(z) = ¢Tx, by Algorithm 6.1. From
the introduction, the class of problems can be reformulated as the SOCCP with F(¢)
and G(¢) given as in (5). The test instances are taken from the DIMACS Implementa-
tion Challenge library and described in Table 1 in which, the notation [4 x 1; 1 x 123;
838 x 3] in the column of structure of SOCs means that K consists of the product of
four K, one K23, and 838 K3, and m x n specifies the size of the matrix A.

All experiments were done at a PC with 2.8GHz CPU and 512MB memory. The
computer codes were all written in Matlab 6.5. During the experiments, we replaced
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Table 1: Set of test problems

No. Problem n m 7# of HORZELo elts structure of SOCs
Names of matrix A
1 nb 2383 | 123 192439 [4 x 1; 793 x 3]
2 nb-L1 3176 | 915 193104 [797 x 1; 793 x 3]
3 nb-L2-bessel | 2641 | 123 209924 [4 x 1; 1 x 123; 838 x 3]

the standard Armijo linesearch rule in Algorithm 6.1 with a nonmonotone linesearch as
described in [12]. The motivation of adopting this variant is to circumvent very small
stepsizes which will lead to the difficulty in the solution of SOCCPs. In addition, the
nonmonotone linesearch was proved in [12] to have better numerical performance for the
unconstrained minimization of smooth functions. Specifically, we computed the smallest
nonnegative integer m such that

W (CF + ) S Wi+ 0"V (¢

where

Wi i=max {V.() | j =k —mu,....k},

and where, for a given nonnegative integer m and s, we set

—_— 0 ifk<s
7\ min {mr_1+1,7m} otherwise ’

Throughout the experiments, the following parameters were used in the algorithm:
y=10"% p=21, p=05 oc=10"* m=>5 and s=5.

The starting point was chosen to be ¢(® = 0. The Algorithm was terminated whenever
one of the following conditions is satisfied

max {|F(¢MTG(¢M)], U-(¢F)} <107°, &k >200, ay:=p™ < 107" (43)

The term |F(¢*)TG(¢*)| in the first condition aims to obtain a solution with a favorable
dual gap. In addition, it also helps to stop the algorithm when the decrease of W, (()
has little advantage in reducing the dual gap.

Numerical results are summarized in Table 2, where NF and k£ denote the number
of function evaluations and iterations for solving each test problem, Obj. means the
objective value of the test problems at the final iteration, and Time denotes the CPU
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Table 2: Numerical results of Algorithm 6.1 for linear SOCPs with a different
No. | 7 Obj. NF k Time | 7 Obj. NF k Time
0.5 -0.0507101 177 59 644.1 | 1.5 -0.0507184 75 28 303.2
1 20 -0.0507130 85 29 313.8 | 2.5 -0.0507088 66 32 342.2
3.0 -0.0507256 74 29 311.2 | 3.5 -0.0507091 63 38 406.0
0.5 - - >200 - 1.5 -13.0122435 144 87 15874
2 |20 -13.0120761 219 112 2047.2 | 2.5 -13.0121923 227 112  2149.3
3.0 -13.0121999 393 197 3762.1 | 3.5 - - >200 -
0.5 -0.1025695 35 18 235.3 | 1.5 -0.1025728 23 10 128.6
3 120 -0.1025766 15 9 113.7 | 2.5 -0.1025706 17 10 125.6
3.0 -0.1025695 21 14 181.4 | 3.5 —-0.1025695 39 29 364.4

time in second that the iterates satisfy the termination condition.

From Table 2, we see that the semismooth Newton method proposed can solve all
test problems with 7 € [1.5, 3] and has better numerical performance with 7 € [1.5,2.5]
for all test problems. When 7 tends to 0 or 4, the number of iteration has a remarkable
increase. For problem “nb-L17, Algorithm 6.1 requires much more iterations. After a
check, the solution of this problem does not satisfy strict complementarity, and now we
are not clear whether this takes charge in much more iterations. We also observe that the
parameter 7 close to 4 often gives a better global convergence, whereas the parameter
7 close to 0 leads to a fast local convergence. Figure 1 below displays the convergence
of W, for problem “nb” with 7 = 0.1 and 7 = 3.9, respectively. The performance of ¥,
coincides with the case described by [14] for the NCPs, which is very important for the
use of the class of SOC complementarity functions. Based on this feature of ¢,, we may
adopt a dynamic choice of 7 in the algorithm by following a line similar to [14].

7 Conclusions

In this paper, we continued to investigate the properties of the one-parametric class
of SOC complementarity functions ¢, which includes the FB SOC complementarity
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Figure 1: The convergence of Algorithm 6.1 with different 7 for ‘nb’.
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function and the natural residual SOC complementarity function as a special case. We
showed that ¢, is globally Lipschitz continuous and strongly semismooth and charac-
terized its B-subdifferential at any point. Furthermore, for the induced merit function
V., we provided a weaker condition than [6] to guarantee every stationary point to be
a solution of the SOCCP, and proved that it has bounded level sets for the SOCCP (3)
if the mapping has the uniform Cartesian P-property and satisfies Condition A. Com-
bining with the results of [6], we thus extended most of favorable properties of the class
of complementarity functions for the NCP to the setting of the SOCCP.

A semismooth Newton method is also proposed by the nonsmooth reformulation (10)
involving the class of SOC complementarity functions. The superlinear convergence of
the algorithm is established by requiring the solution to be strict complementarity. The
condition is stronger than the counterpart in the NCPs, and we will consider to weaken
this condition in the future research work.
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Appendix

Lemma A.1 The function Z(x,y,€) defined by (24) for any € > 0 is continuously
differentiable everywhere, and there exists a scalar C' > 0 such that

IVa2(z,y,€)llr < O, [[Vy2(z,y,)llr < C (44)
for all (z,y) € R x R, where ||A||r denotes the Frobenius norm of the matriz A.

Proof. Since (z —y)?> + 7(z oy) + ce € int(K!) for any (z,y) € R! x R’ and € > 0, by
Lemma 2.1 the function Z(x,y, €) is continuously differentiable everywhere and

T—2 T—2

V.i(x,y,€) = (Lx + Ly) L;', V,2(x,y,€) = (Ly + LI) L7 (45)

We next prove the bound in (44) by the two cases: ws # 0 and we = 0. Let
W = (g, 1) = W(x,y,€) = (x—y)? +7(x0y)+ce.

Case (1). wy # 0. Then, Wy # 0 since @y = wy. Let g = (g1, g2) := = + 52y. By (45)
and the formula of L;' given by (19), we can compute that

légl + Cgy Wy Cg1W + Ggy + (lA)A— a)ga wys

bga + Egiiwy  égawy + agil + (b — a)gyyws

V.2(z,y,€) = (
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where &,l; and ¢ are defined as in Lemma 2.1 with w = w. Notice that

T—2 +7’—2
=
9 Y1, 92 2 5

g1 =11+ y2; A(w) = A (w) + €, Aa() = Aa(w) + €.

Using the expression of a,b and ¢ and the result of Lemma 2.3 then yields that

. 1 1
b +éT@D‘ < —— gt gas| + ——— g1 —gi | < 1,
’ g1 go W2 2/ N (w0) }91 92 2} 2/ N (w0) |91 92 2|
. 1 1
AT T T T - T -
Cg1w, + bgs Wow < ———= |1 + g5 We| + ——F—— — g, wy| < 1,
J1W; o W2, 2\/@ }gl 92 2} 2\/@ ’gl 92 2|
AT A T - _T 1292]| -
(g, — ags Wall < 1+ ||w < 4,
fosi ~earitill < TRy I
. 1 1
bgs + egiils|| < ——= g2 + qi0o|| + ——= g2 — 12| < 1,
g2 T CG1W2 2/ Mo () g2 + grwa| 2/ M (@) g2 — gra||

Hégﬂﬁg + 591w2@2THF <

1 1
——— g2 + Q10| + ——= g2 — q1w=|| < 1,
24/ A2 (w) 2/ A1 (w)
2|91
V2 + [yl + (1 — 2)2Ty

The above inequalities imply that the first inequality in (44) holds under this case.

|ag1 I — agrwqw; ||, < I —wow]]|, < 2(1-1).

Case (2). wy = 0. In this case, from Lemma 2.1 it follows that

1 -2 1
Vzé(xaya E) = = (Laﬂ + TTLy) = _ALQ‘

wq wq

Since w; = ||x+%y||2+#||y||2+e, we have |g1|/v/w; < 1 and ||ga]|/v/w; < 1, which
implies the first inequality in (44). Thus, we complete the proof for the first inequality.
By the symmetry of z and y in Z(z,y, €), the second inequality clearly holds. O

Proof of Proposition 3.2

Proof. Throughout the proof, let Dy, denote the set of points where ¢ is differentiable.
Recall that this set is characterized by Proposition 3.1 (a). Write

¢ (2,y) = Vo (z,y)" and ¢ (x,y) = Vyo.(z,y)".

From Proposition 3.1 (a), it then follows that for any (z,y) € Dy,
¢;,z(‘r7 y) = L,;lLa:—i—TT_Qy - Ia (bff',x(x? y) = L;ILy—i-TT_Qx - I (46)

Moreover, we observe from (19) that, when wy # 0, L' can be expressed as the sum of

1 1 —w!
L - - 2
1(w) 24/ A (w) < —Wy Wty )
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and

) 1 wl
Lo(w)= ———— | 4/ Io(w)(I — wyw? o
o(0) =5 |y RO =)

V(W) + /A (w)

and consequently ¢, , and ¢/  in (46) can be rewritten as

O (2y) = (Law) + Lo(w)) L, =2, — 1.
O (2y) = (Li(w)+ Lo(w))Ly, rz, — 1. (47)

a) Under the given assumption, ¢, is continuously differentiable at (z,y) by Proposition
3.1 (a). Consequently, the B-subdifferential dg¢,(z,y) consists of only one element,

O (x,y) = [¢h.(x,y) & (z,y)].

Substituting the formulas in (46) into it, we immediately obtain the conclusion.

(b) Assume that (z,y) # (0, 0) satisfies (x—y)?+7(zoy) € bd(K'). Let {(a*,y*)} C D,
be an arbitrary sequence converging to (z,y). Let w* = (w¥ w§) = w(z*, y*) and 2* =
z(x®,y*), where w(x,y) and z(x,y) are defined as in (16). From the given assumption
on (z,y), we have w € bd(K!) and w; > 0, which means that A\y(w) > A\ (w) = 0 and
|wsa|| = wy > 0. Hence, we assume without loss of generality that wh # 0 for each k.

Using the formulas in (47), it then follows that
G ) = (L) + Lo(w)) Loz — 1.
o (xF ") = (Ll(wk) + Lg(wk)) Lyk+fT—2wk — I (48)

T?y
Notice that limy_. o Ao(w®) = 2w; > 0 and limg_, o A (w®) = A\j(w) = 0, which,

together with limy_ oo Lyx = Ly, limg 1o Ly = Ly and limy,_ wlg = ws, yields that

—9
i Lo(w®) Ly, 2y = Clw) (Lx+T Ly),

k—+o0 2
lim Lo(w*)L — ot (L, + =21
Jm Lo(@)Lyeyezp = Clw) ( Ly + ——La |, (49)

where C'(w) is defined as follows:

1 1 wd Wy
Clw) = —— 2 ith @y = 22
(lU) 24/ 2w ( we 41 — 3’&]2@; ) W w2 H'LUQH

In addition, by a simple computation, we have that

1 ul (ub)”
Ly(w*)Lynyz2, = 5 ’
(W) bz 2<—u’fw’; —af(uh)” )
1 ’Uk (,Uk)T
L k L o - 1 2
sz = 5 (s g )



where w5 = wk /||w§|| for each k, and

1 [ T—2 T—2 r
k k k k k —k
Uy = —F— |7+ y1) - (1'2 + 3/2) Wy |
! VA (wF) _(1 2 2
1 ( T—2 ) < T—2 )_}
k k k k k k
Uy = ———— || 25+ Yy | — | 7 + Yy ) wy |,
2 \/W: 2 2 2 1 2 1 2
1 ( T—2 ) < T—2 )T_

k k k k k k
v = — ||y + i) = vs + oy ) wh|,
1 )\l(wk) i 1 2 1 2 2 2 2
Vg = —— + Ty | — + —a7 | wy | .

2 \/W _<y2 2 2 yl 2 1 2

By Lemma 2.3, [uf| < ||uf|| <1 and |vf] < [[vk]| < 1. So, taking the limit (possibly on
a subsequence) on Ll(wk)kaJrrT—zyk and Ll(wk)LykJrfT—zxk, we have

1 U ud 1 1
N L 1 2 —— T
Ly(w )ka+%2y’“ 9 ( —u Wy —Wold ) 2 ( W2 )u
1 v vy 1 1
. 1 1 2 S T
Ll(w )Lyk+TT72Ik — 2 ( —Ule —’lDQ’Ug ) 2 ( —1I)2 > v (50)

for some u = (uy,us), v = (v, v2) € R x R with |uy| < |lug| < 1 and |vy| < oo < 1,
where wy = wa/||we||. In fact, u and v are some accumulation point of the sequences
{uk} and {v*}, respectively. From (48)—(50), we obtain that

¢l (2" ") — C(w) (Lx n TT Ly) 41 ( ) T

2\ —wWy
¢, (2" y") — C(w) (Ly+ TLI) + 3 ( @, )U — I

This shows that as k — +o0, ¢ (2%, 9*) — [V, — I V,, — I] with V,, V, satisfying (25).
T Yy Y

(c) Assume (z,y) = (0,0). Let {(z¥,y*)} C Dy, be an arbitrary sequence converging to
(z,y). Let w* = (wf, wk) and z* be defined as in Case (b). From the given assumptions,
we have w = 0. Therefore, we may assume without any loss of generality that w4 = 0
for all k or w4 # 0 for all k. We proceed the arguments by the two cases.

Case (1): w§ =0 for all k. From equation (46) and Lemma 2.1, it follows that

1 (a2t (o
qb;’x(wk,yk): ( 1 722% (2

k; —
w’f Ty + 5 Ys

¢ (* yF) = kool
! Vb \ 5 + 5225 (

29



Since
k_ .k kne , T T—2 4o T(4—7)
wh = o+ T+ o+ T

every element in the above ¢, (2*,y*) and ¢ (2*,y*) are bounded. Thus, taking limit
(possibly on a subsequence) on ¢/, ,(z*,y*) and ¢ (z*,y*), respectively, gives

- ~T ~ ~T
Va:(b’r(‘rk?yk) - ( ,LALl 2 ) - I? vy¢T(xk7yk> - ( zjl ;}21 ) -1
1

(%) 1?61[ (%)

l*11%,

T—2 (4—1)
R

for some @ = (dy,4),0 = (01,02) € IR x R satisfying [|a]] < 1,||9]] < 1 and
{109+ 0119 = 0. This shows that ¢/ (2%, y*) — [Vo—1 V,—I] with V,, € {Ls},V, € {Ls}.

Case (2): wh # 0 for all k. Now ¢/ ,(z*,y*) and ¢/, (2*,4*) are given as in (48). Using
the same arguments as part (b) and noting that {w4} is bounded, we have

1 1 1 1
k T k T
Li(w®) Loey 2520 — 5 ( —y )u R ( —, >U 1)
for some vectors u = (u1,us),v = (v1,v2) € R x R satisfying |uy| < |Jug|| < 1 and
lv1| < |lvo]| < 1, and W, € IRI7T satisfying ||ws| = 1. We next compute the limit of
Lo(w") Loy z—2,n and Ly(w®) Ly, =2 4. By the definition of Ly(w),
1

1 5 (&) )

s ( Ty + 41— wy(w5)")sy ws(&5)T + 41 — ws(ws))sy

Ly(w*)L

1 k ( k)T
LQ(wk)Lykw—*%k -5 ( komk B —k (kT & ok (kT T —k(,k\T\, .k )
2 2\ niws +4(I—w2(w2) )Wz Wy (772) +4(I — Wy (wz) )Wl
where
1 [ T—2 T—2 T
gk _ (xk + yk) + (xk + yk> ot 7
1 \/W i 1 2 1 2 2 2 2
1 T —2 T —2
gk _ ($k+ yk> + <$k+ yk) wk::| :
2 \/W I 2 2 2 1 2 1 2
= + x|+ + x Wy | 52
T Az(wk) _(91 5 1 Yo B 2 2 ( )
1 o T —2 k) ( o T—2 k) _k}
= — || Yy + Ty | + | yy + zy | W, |,
Ub) \/W ( 2 5 2 1 9 1 2
and
o — TT_ny) o (fg + TT_Z?J@
1 — ) 2

- VA2 (wh) + \/Al(wk);
Zat) " (5 + Z2a3)

(o1 + Lk
\/ )\Q(lUk) + \/ Al(wk)’ 2 \/)\z(wk) + \/Al(w’“) .
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By Lemma 2.3, |6 < ||€5]| < 1 and |p¥| < ||9%|| < 1. In addition,

=% + 295 + lly* + 2]
2[5 )12 + ¥ (I + (7 = 2)(@*)TyH] + 24/ Ao (wh) /M (wh) —

1s™11* + llw|I* =
Taking the limit on Lg(wk)kaJrrT—zyk and Lg(wk)LykJrrT—zxk, we have

Ly(w*) L iy z=2 2 <
2(W) Lz = <§1w2+4(1—w2w§>82 WolT + A(I — wow])sy

1\ p 0 0
2 4
<w2 )f ! ( (I —wawy)sy (I — wywy)s: ) oY
m Up)
mwd + 4(I — wywdwy  Wand + 4(1 — wawd )w;
1\ 4 0 0
2
< Wy )" i ( (I — waywy)wy (I — wawy Jwy ) (55)
for some vectors & = (£1,&),m = (n1,72) € R x R satisfying [&] < ||&]] < 1 and

Im| < |Imall £ 1, and s = (51, 82),w = (w1,ws) € R x R satisfying ||s]|* + |lw]* < 1.
From equations (51), (54) and (55), it follows that as k — o0,

1 1 1 1 0 0
/ k ,k - T - T —
(bT,ZC(x Jy ) - 2 ( 11—)2 ) 5 + 2 ( _'u_]2 ) u + 2 < (I — 1,1_}2’(1_);)82 ([ - 71_)211_);)31 ) ]7

1/ 1 1/ 1 0 0
/ ko k T T
Lz i 2 — 1.
¢T,.’E<x Y ) 2 ( 'U_JQ > N + 2 < —'u_]2 ) Gl ( (I — ’l,l_)Q'ng)WQ ([ — @2@5)@1 )

This shows that as k — +o0, ¢/ (2, y*) — [V, — I V, — I] with V, and V, satisfying
(26). Combining with Case (1), the desired result then follows. O

L2(wk)Lyk+TT_2$k —

N N~ N~ N
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