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前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數຾΋ޑ؁౛ፕ. Ьाࢂ๱ख़ܭ΋ঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕ᛽ӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦฻.
Կܭӛໆޜ໔аϷ linear transformation ฻୷ҁ性፦, ӧҁᖱက཮再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ΋ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭ໨Ԅᕉޑ
ନݤচ౛).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.代ڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛ፕ性΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.

ҁᖱကހ៾ឦբޣҁΓ, ៿߆大ৎԾҗΠၩ. ୷ޕܭ᛽Ծҗϩޑ٦౛ۺΨ៿߆大ৎණթ
ϩ٦, ՠ๊ჹ࿣ЗҺՖ୘཰ᔼճޑՉࣁ. Їॊҁᖱကϣ৒ਔፎ൧ख़բޣϐ๱բ៾, ሡֹ᏾ᡉ
Ңҁᖱကϐрೀ.
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Chapter 1

Vector Spaces

ӧҁകךॺाϟಏ linear algebra Ьाჹຝޑा探૸܌ “Vector Space”. ௗ๱ךॺஒ探
૸ᆶ vector space ৲৲࣬ᜢޑ basis аϷ dimension.

1.1. Definition and Basic Properties

ಔԋ vector space ,ϡનޑ ٠ό΋ۓाךࢂॺࡐዕ஼ޑӛໆ (vector). όၸѬޑϡન໔
ሡाԖӵӛໆ΋ኬޑၮᆉ性፦. ΋૓ӛໆύԖ܌ᒏޑуݤ, ॺΨҔךа܌ “+” Ң΋ঁ߄ٰ
vector space ύϡનޑၮᆉ. Ψ൩ࢂᇥाԖ΋ঁ vector space २ӃाԖࢂޑ΋ঁޑޜߚ໣ӝ
V (Ψ൩ࢂᇥ V ္य़΋ۓाԖϡન), 再ٰϡન໔ाԖ΋ঁၮᆉ “+”. ೭ঁၮᆉѸ໪Ԗ࠾ഈ性,
ҭջჹ܌Ԗ v,w ∈V ࣣ٬ள v+w ∈V . ќѦ೭ঁၮᆉԖךॺዕ஼ޑаΠ性፦

VS1: ჹҺཀ u,v ∈V , ࣣԖ u+v = v+u.

VS2: ჹҺཀ u,v,w ∈V , ࣣԖ (u+v)+w = u+(v+w).

VS3: Ӹӧ΋ϡન O ∈V ᅈىჹҺཀ u ∈V ࣣԖ O+u = u.

VS4: ჹҺཀ u ∈V ࣣёډפ u′ ∈V ᅈى u+u′ = O.

大ৎёа࣮рٰ, V ӧԜ + ,ၮᆉΠޑ ԋ΋ঁ׎ abelian group. όၸ vector space ό
ѝࢂ΋ঁ group, Ѭޑϡનᗋёаک΋ঁ filed ϡનޑ “բҔ” (action), ೭܌ࢂᒏޑ scaler
multiplication. ೭ঁբҔΨѸ໪Ԗ࠾ഈ性. Ψ൩ࢂᇥჹܭ΋ঁ vector space V , ᗋѸ໪Ԗ΋ঁ
field F , ЪჹҺཀޑ r ∈ F аϷ v ∈V , r ک v բҔϐΠޑϡન, (ӧԜךॺ૶բ rv), ϝѸ໪ӧ
V ύ.

྽ฅΑ೭ঁբҔک + ϐ໔ϝሡߥԖ΋ޑۓᜢ߯ωԖཀက, Ѭॺϐ໔Ԗךॺዕ஼ޑаΠ
性፦

VS5: ჹҺཀ r,s ∈ F аϷ u ∈V , ࣣԖ r(su) = (rs)u.

VS6: ჹҺཀ r,s ∈ F аϷ u ∈V , ࣣԖ (r+ s)u = ru+ su.

VS7: ჹҺཀ r ∈ F аϷ u,v ∈V ࣣԖ r(u+v) = ru+ rv.
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2 1. Vector Spaces

VS8: ჹҺཀ u ∈V , ࣣԖ 1u = u.

?ګϙሶाԖ೭٤ၮᆉ性፦ࣁ ԖΑа΢ VS1 ∼ VS8೭ 8ঁ性፦,ךॺ൩ૈჹ΋ঁ vector
space ύޑϡનႽೀ౛數ӷ΋ኬٰբၮᆉ. ཀ೭ݙ 8 ঁ性፦લ΋όё, ќ΋Бय़ѬॺΞىа
ᡣךॺ௢Ꮴр೚ӭځдޑ性፦. ฻΋Πךॺ཮࣮΋ٯ٤η, ӧԜךॺӃჹ΋٤಄ဦуаᇥܴ.

२Ӄךॺ཮Ҕಉᡏӷٰ߄Ң΋ঁӛໆޜ໔ V ύޑϡન, ԶҔಒӷ߄Ң field F ύޑϡન.
ӵٯ V ύޑуൂݤՏϡનךॺҔ O ,Ң߄ٰ Զ F ύޑуൂݤՏϡનҔ 0 .Ң߄ٰ ќѦ V

ک F ύ೿Ԗуݤ, ΋૓ٰᇥ೭ঁٿуࢂݤό΋ኬޑ (ନߚ V = F), όၸךॺ೿Ҕ + .Ң߄ٰ
೭ࢂӢࣁନߚ V = F , ाόฅ V ύޑϡનࢂόёаک F ύޑϡન࣬уޑ, ೷ԋܭаόԿ܌
షౄ. നךࡕॺᗋा再மፓ, ा׎ԋ΋ঁ vector space ΋ۓाԖ΋ঁ abelian group V Ϸ΋

ঁ filed F . ೭ύ໔όѝ֖Ԗ V , F ҁޑي代數่ᄬΨ౐ੋډ V , F ϐ໔բҔޑᜢ߯. ӧڀᡏ
η္ा๏΋ঁٯ vector space ೿Ѹ໪ܴዴᇥܴ೭٤ၮᆉᜢ߯. όၸӧ΋૓ܜຝޑ௃ך׎ॺ
೿཮ޔௗᇥ V ΋ঁࢂ over F ޑ vector space. Ԗਔ׳཮࣪ౣᆀ V ࣁ F-space.

Example 1.1.1. ޑـॺϟಏ΋٤தך vector space. аΠٯηύ F ΋ঁࣁ filed.

(1) з Fn = {(a1, . . . ,an) | ai ∈ F}. :ࣁݤကуۓ ऩ (a1, . . . ,an),(b1, . . . ,bn) ∈ Fn, ߾
(a1, . . . ,an)+ (b1, . . . ,bn) = (a1 +b1, . . . ,an +bn). ٩Ԝۓကࡐ৒ܰᔠᡍ Fn ӧԜуݤ

ϐΠ࠾ࢂഈޑЪ VS1 ∼ VS4 ,ޑ಄ӝࢂ ύځ O = (0, . . . ,0). з΋Бय़ךॺۓက F

ک Fn :ࣁբҔޑ ऩ r ∈ F , (a1, . . . ,an) ∈ Fn, ߾ r(a1, . . . ,an) = (a1, . . . ,an). Ψࡐ৒ܰ
࣮рԜբҔ࠾ࢂഈޑЪ಄ӝ VS5 ∼ VS8. ӧ೭ၮᆉϐΠךॺள Fn ΋ঁࢂ over F

ޑ vector space. ੝ձࢂޑ F ҁࢂي over F ޑ vector space. ډॺΨёஒԜ௢ቶך
Mm×n(F) Ԗ܌ࢂ entry ӧ F ޑ m×n ંତ܌ԋޑ໣ӝ. ճҔᜪ՟΢ॊၮᆉБݤ (ջ
΋૓ંତޑၮᆉБݤ), ॺளך Mm×n(F) ΋ঁࢂ over F ޑ vector space.

(2) Եቾ܌Ԗ߯數ӧ F Ъԛ數ࣁ n ,ӭ໨Ԅޑ :ࣁݤကуۓॺך ऩ f (x) = anxn + · · ·+
a0,g(x) = bnxn + · · ·+ b0, ߾ f (x)+ g(x) = (an + bn)xn + · · ·+(a0 + b0). २Ӄाݙཀ
Ԗ߯數ӧ܌ F Ъԛ數ࣁ n .ޑഈ࠾ࢂကϐΠ٠όۓޑݤӭ໨ԄӧԜуޑ ԛঁٿ)
數࣬ӕޑӭ໨Ԅ࣬уԖёૈԛ數ᡂλ). όၸऩךॺԵቾ܌Ԗԛ數λ܈ܭ฻ܭ n

,ӭ໨Ԅޑ ,Αޑഈ࠾ࢂϐΠ൩ݤӧԜу߾ ԶЪѬॺ಄ӝ VS1 ∼ VS4. ऩ r ∈ F ,
f (x) = anxn + · · ·+a0, з r f (x) = ranxn + · · ·+ ra0, Ԗ߯數܌ॺளךӧԜբҔϐΠ߾
ӧ F Ъԛ數λ܈ܭ฻ܭ n ΋ঁࢂӭ໨Ԅޑ vector space over F . ॺҔך Pn(F) ٰ

Ң೭΋ঁ߄ vector space. ႟ӭ໨Ԅࢂ Pn(F) ύޑ O (уൂݤՏϡન).

(3) ๏ۓ΋໣ӝ S. Եቾ܌Ԗவ S ډ৔ࢀ F ໣ӝޑԋ܌數ڄޑ FS. ऩ r ∈ F , f ,g ∈ FS,
ကۓॺך f +g,r f ∈ FS ࣁ f +g : s 7→ f (s)+g(s) Ъ r f : s 7→ r f (s). ٩Ԝޑۓ܌ၮᆉ
ॺёளך FS ΋ঁࢂ over F ޑ vector space Ъ f ∈ FS ᅈى f (s) = 0, ∀s ∈ S ࣁ FS

ύޑ O.

Question 1.1. գૈ࣮рٰ Example 1.1.1 ύ (1) ࢂ (3) ?༏ٯ΋ঁ੝ޑ (1) ک (2) Ԗᜢೱ
༏?
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Question 1.2. ऩ V ΋ঁࢂ vector space over F, V ′ ࢂ V ΋ঁޑ subgroup Ъ F ′ ࢂ F ޑ

΋ঁ subfield. ճҔ V , F ,ၮᆉޑ ցࢂ V ′ ΋ঁࢂ over F ޑ vector space? ցࢂ V ΋ঁࢂ

over F ′ ޑ vector space?

ௗΠٰךॺाፋፕ vector space .΋٤୷ҁ性፦ޑ ऩ V ΋ঁࢂ F-space, २Ӄ V ҁيҗ

abelian group ,性፦ޑள܌ᄬ่ޑ ӧ೭္ךॺ൩ౣԶόుፋ. όၸךॺा੝ձගᒬ: VS3 ύ
ගӸӧ܌ O ∈V ٬ளჹ܌Ԗ v ∈V ࣣԖ v+O = v. ೭္ޑ O ,ޑ୤΋ࢂჴځ ൩܌ࢂᒏޑу
.Տϡનൂݤ ќѦ VS4 Ԗ܌ගჹ܌ v ∈V ࣣӸӧ v′ ∈V ٬ள v+v′ = O, ೭္ޑ v′ Ψ཮ᒿ
๱ v Զ୤΋ዴۓ, ൩܌ࢂᒏޑуݤϸϡન, ӧԜ௃׎ϐΠךॺҔ −v Ң߄ٰ v′. നךࡕॺा
மፓճҔуݤϸϡનӸӧ, ჹܭ V ύޑ΋ঁϡન w, ѝाӸӧ΋ঁ v ∈V ٬ள v+w = v, ٗ
ሶךॺߡёаዴᇡ w = O.

Կܭ VS5 ∼ VS8, ೭٤Ԗᜢ V ᆶ F ࣬ϕ໔ޑբҔᜢ߯, ёᔅךॺளډаΠ性፦.

Proposition 1.1.2. ଷ೛ V ΋ঁࣁ over F ޑ vector space, :ॺԖаΠϐ性፦ך

(1) ೛ r ∈ F, v ∈V , ߾ rv = O ऩЪ୤ऩ r = 0 ܈ v = O.

(2) ჹҺཀ v ∈V , v+(−1)v = O. ඤ言ϐ, −v = (−1)v.

Proof. (1) (⇐)ऩ r = 0,ा᛾ܴ rv=O,җ΢य़܌૸ፕך,่݀ޑॺ໻ा᛾ܴ 0v+v= v
ջё. ฅԶҗ VS6 Ϸ VS8 ޕ

0v+v = 0v+1v = (0+1)v = 1v = v.

.ள᛾ࡺ ќ΋Бय़, ऩ v = O, ा᛾ܴ rv = O ॺ໻ा᛾ܴך rO+ rO = rO ջё. ฅ
Զҗ VS3 Ϸ VS7 ޕ

rO+ rO = r(O+O) = rO.

.ள᛾ࡺ
(⇒) ऩ rv = O Ъ r ̸= 0, җ߾ F ΋ঁࢂ field Ӹӧޕ r−1 ∈ F ٬ள r−1r = 1. ࡺ

җ VS5, VS8 Ϸ前य़᛾ள่݀ޕ

v = 1v = r−1(rv) = r−1O = O.

.ள᛾ࡺ

(2) ճҔ VS8, VS6 Ϸ (1) ,᛾ளϐ่݀܌ ёޕ

v+(−1)v = 1v+(−1)v = (1−1)v = 0v = O.

୤΋性ளޑϸϡનݤҗуࡺ −v = (−1)v.

�

Question 1.3. ೛ V ΋ঁࢂ F-space. ճҔ Proposition 1.1.2 գૈ᛾ܴаΠ性፦༏?

(1) ऩ r,r′ ∈ F, u,v ∈V Ъ r ̸= r′, u ̸= O, ߾ ru+v ̸= r′u+v.

(2) ऩ r ∈ F, v ∈V , ߾ −(rv) = (−r)v = r(−v).
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1.2. Subspaces

ऩ V ΋ঁࢂ over F ޑ vector space, U ࢂ V η໣ޜߚ΋ঁޑ (nonempty subset), Ъӧ
চӃ V , F ,ၮᆉϐΠޑ U ΋ঁࢂ over F ޑ vector space, ᆀ߾ U ࢂ V ΋ঁޑ subspace. Ԗ
ਔךॺ཮Ҕ U ࢂ V ΋ঁޑ F-subspace ೭ኬޑᇥٰݤமፓࢂ over F ޑ subspace. ќѦࣁΑ
БךߡॺҔ U ≤V Ң߄ٰ U ࢂ V ΋ঁޑ subspace.

ӧ V ύҺᒧ΋ঁޑޜߚ subset S ཮ό཮൩ࢂ V ΋ঁޑ subspace ?ګ เਢᡉฅࢂό
΋ۓ཮, Ӣࣁाԋࣁ subspace, S ҁي΋ۓाࢂ΋ঁ abelian group, Ψ൩ࢂᇥ S ሡࣁ V ޑ

subgroup. όၸջ٬ S ࢂ V ޑ subgroup, ӧ前य़ Question 1.2 ύךॺΨޕၰ S ϝό΋ࢂۓ

΋ঁ F-space. ୢᚒр౜ӧ S ک F բҔό΋ۓԖ࠾ഈ性. ٣ჴ΢ѝा S ӧ V ࢂၮᆉϐΠޑ

کЪޑഈ࠾ F բҔ࠾ࢂഈޑ൩ёаዴᇡ S ࢂ V ޑ subspace. ॺԖаΠϐ่݀ך

Proposition 1.2.1. ೛ V ΋ঁࢂ over F ޑ vector space Ъ S ࣁ V ΋ঁޑ subset. ߾ S ࢂ

V ΋ঁޑ F-subspace ऩЪ୤ऩ S ԖаΠϐ性፦:

(1) O ∈ S.

(2) ჹ܌ܭԖ r,s ∈ F,u,v ∈ S ࣣԖ ru+ sv ∈ S.

Proof. (⇒) ऩ S ࢂ V ޑ subspace, Ӣ S ,ޜߚࢂ Ӹӧࡺ v ӧ S ύ. җ subspace ޕကۓޑ
S ΋ঁࢂ F-space, җࡺ S, F բҔ࠾ޑഈ性Ϸ Proposition 1.1.2 (1) ள 0v = O ∈ S. ќ΋Б
य़ऩ r,s ∈ F,u,v ∈ S, җ S, F բҔ࠾ޑഈ性ள ru,sv ∈ S, 再җ S у࠾ޑݤഈ性ள ru+ sv ∈ S.

(⇐) җ (1) O ∈ S ޕ S .໣ӝޜߚ΋ঁࢂ ा᛾ܴ S ΋ঁࢂ F-space, ॺሡᡍ᛾ך S у࠾ݤ

ഈ性Ϸ S, F բҔ࠾ޑഈ性, 再ᡍ᛾ VS1 ∼ VS8 ԋҥ. २Ӄᇥܴჹܭ u,v ∈ S Ӣࣁ S⊆V , ࡺ
u,v ∈V 再җ V ࢂ F-space,ள 1u = u,1v = v. з r = 1,s = 1җ (2)ள u+v = 1u+1v ∈ S,ջ
ள᛾ S у࠾ݤഈ性. ќѦჹҺཀ r ∈ F,u ∈ S, Ӣ O ∈ S, з s = 1,v = O җ (2) ள ru+1O ∈ S.
ՠ u,O ࣁࣣ V ύϡન, җࡺ V ࣁ F-space ϐଷ೛ள ru+1O = ru, ջள᛾ S, F բҔ࠾ޑഈ

性. നךࡕॺाᡍ᛾ VS1 ∼ VS8 ჹܭ S ࣣԋҥ. җܭ S⊆V , VS1, VS2 аϷ VS5 ∼ VS8 ჹ
Ԗ܌ܭ V ύϡન೿ԋҥ, Ծฅჹ S ύϡનҭԋҥ. ฅԶ VS3, ࣁ (1) ϐଷ೛. VS4 җ前 S, F

բҔ࠾ޑഈ性аϷ Proposition 1.1.2 ჹҺཀޕ v ∈ S, −v = (−1)v ∈ S. ள᛾ S ࣁ V ΋ঁޑ

F-subspace. �

Question 1.4. ऩ u ∈ S з r = 1,s =−1 аϷ v = u, ճҔ߾ Proposition 1.2.1 ޑ (2) ёள
O = 1u+(−1)u ∈ S. ϙሶᗋሡाࣁ (1) ?ګଷ೛ޑ

Question 1.5. ೛ V ΋ঁࢂ F-space, Ъ S ࢂ V .η໣ޜߚ΋ঁޑ ၂᛾ܴऩ S ճҔ V уޑ

ЪճҔޑഈ࠾ࢂၮᆉݤ V , F ,ޑഈ࠾ࢂբҔΨޑ ߾ S ࢂ V ΋ঁޑ F-subspace. ΋૓ٰᖱ
΋ঁ abelian group Ѭޜߚޑη໣ऩӧচၮᆉϐΠ࠾ࢂഈ٠ޑό΋ۓ཮ࢂ೭ঁ abelian group
ޑ subgroup. ฅԶӧ vector space 前ॊޑ௃ࣁ׎Ֆ S ཮ࢂ V ޑ subgroup ?ګ

ճҔ Proposition 1.2.1, ৒ܰᔠᡍ΋ঁࡐॺך vector space ځࣁցࢂη໣ޜߚޑ sub-
space. ೯தाᔠࢗ΋ঁ໣ӝϷځၮᆉࢂցࣁ vector space, ाᔠࢗ VS1 ∼ VS8 ೭٤໨Ҟ, ό
ၸऩςޕѬࢂх֖ঁࢌܭ vector space, ٗሶ܌ሡᔠޑࢗ໨Ҟ൩ᙁൂӭΑ.
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Example 1.2.2. аΠךॺᖐр൳ঁӧ Example 1.1.1 ύޑ vector space Ѭॺޑ subspace.

(1) ๏ۓ c1, . . . ,cn ∈ F . E = {(a1, . . . ,an) ∈ Fn | c1a1 + · · ·+ cnan = 0}, ࢂ Fn ΋ঁޑ

subspace. E ёҔ c1x1 + · · ·+ cnxn = 0 .Ң߄ٰ ӧ൳Ֆύ೯தӧ Fn ύᅈى c1x1 +

· · ·+ cnxn = b ࣁ໣ӝᆀޑԋ܌ϡનޑ Fn ޑ hyperplane. όၸ໻Ԗ b = 0 ਔޑ

hyperplane ΋ঁࢂ F-space.

(2) Pn(F) ύԵቾԛ數λܭ฻ܭ n− 1 ,໣ӝޑԋ܌ӭ໨Ԅޑ ջ Pn−1(F), ΋ঁࢂ sub-
space. ќѦ๏ۓ λ ∈ F ,໣ӝ Λ = { f (x)∈ Pn(F) | f (λ ) = 0}Ψࢂ Pn(F)ޑ subspace.
੝ձӧ Pn(F) ύத數໨ࣁ 0 ໣ӝޑԋ܌ӭ໨Ԅޑ (ջ྽ λ = 0) ΋ঁࢂ subspace.

(3) ๏ۓ T ⊆ S, FS ύޑη໣ӝ { f ∈ FS | f (t) = 0, ∀t ∈ T} ΋ঁࢂ subspace.

๏ۓ΋ঁ over F ޑ vector space V , ޕ৒ܰளࡐ V ک {O} ځࣁࣣ subspace. ೭ঁٿ
subspace ᆀࣁ V ޑ trivial subspace. ऩ V ύԖځдޑ F-subspace, ցૈճҔࢂॺԖᑫ፪ך
೭٤ subspace ள׳ډӭޑ F-subspace. २ӃԖаΠϐ่݀.

Proposition 1.2.3. ऩ V ΋ঁࢂ vector space over F Ъ U,W ࣁ V ޑ subspace, ߾ U ∩W

Ψࢂ V ޑ subspace.

Proof. ॺճҔך Proposition 1.2.1 ٰ᛾ܴ. २ӃӢࣁ U,W ࣁࣣ V ޑ subspace, ॺԖך
O∈U Ъ O∈W ளࡺ, O∈U∩W . ќѦऩ r,s∈F Ъ u,v∈U∩W җ߾, u,v∈U ள ru+sv∈U .
ӕ౛ ru+ sv ∈W ޕࡺ ru+ sv ∈U ∩W . �

Question 1.6. V ΋ঁࢂ vector space over F. ೛ I ΋ঁࣁ index set, ЪჹܭҺཀ i ∈ I, Vi

ࣁࣣ V ޑ subspace. ցࢂ ∩
i∈I Vi Ψࢂ V ޑ subspace?

ցࢂԾฅ཮ୢࡐॺך V,W ࣁ V ޑ F-subspace, Ψ཮٬ள U ∪W ҭࣁ V ޑ F-subspace.
΋૓ٰᇥ೭ࢂόჹޑ. ӵӧٯ R2 ύ L1 = {(r,0) | r ∈ R}, L2 = {(0,s) | s ∈ R} ࣁࣣ R2 ޑ

subspace. Ӣࣁ (1,0) ∈ L1, (0,1) ∈ L2 а܌ (1,0),(0,1) ∈ L1∪L2, ՠࢂ (1,1) = (1,0)+(0,1) ̸∈
L1∪L2, ޕࡺ L1∪L2 όࢂ R2 ޑ subspace. ٣ჴ΢྽ F ΋ঁࢂ infinite field ਔ, ॺԖаΠך
ϐ่݀.

Theorem 1.2.4. ೛ F ΋ঁࢂ infinite field Ъ V ΋ঁࢂ F-space. ऩ V1, . . . ,Vn ࣁ V ޑ

nontrivial F-subspaces, ߾ V1∪·· ·∪Vn ̸=V .

Proof. ,ݤॺճҔϸ᛾ך ଷ೛ V = V1 ∪ ·· · ∪Vn. ऩ V1 ⊆ V2 ∪ ·· · ∪Vn, ёஒ߾ V1 ৾௞ϝள

V = V2∪ ·· ·∪Vn. ॺёଷ೛ךόѨ΋૓性ࡺ V1 * V2∪ ·· ·∪Vn. ӢԜӸӧ u ∈ V1 \V2∪ ·· ·∪Vn

(ջ u ∈V1 ՠ u ̸∈V2∪·· ·∪Vn). Ξ V1 (V , Ӹӧࡺ v ∈V \V1. Եቾ໣ӝ

S = {ru+v | r ∈ F}.

ཀऩݙ r ̸= r′ ߾ ru+v ̸= r′u+v (ց߾཮Ꮴठ (r− r′)u = O, Զளډ u = O ϐҟ࣯). ӢԜҗ
F ࢂ infinite field ޕ S Ԗคጁӭঁϡન.
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ௗΠٰךॺ࣮࣮ S ؂΋ঁک Vi ঁձ཮ԖӭϿঁӅӕϡન. ऩ ru+v ∈V1, Ӣ ru ∈V1, җ
V1 ࢂ F-subspace ёள v ∈V1 ߃྽ک v ,ҟ࣯ڗᒧޑ ޕࡺ S∩V1 = /0. ќ΋Бय़, ྽ 2≤ i≤ n,
ऩӸӧ r ̸= r′ ٬ள ru+v ∈Vi Ъ r′u+v ∈Vi, җ߾ Vi ࢂ F-subspace ள (r− r′)u ∈Vi, 再௢ள
u ∈Vi ⊆V2∪·· ·∪Vn. Ԝᆶ u ,ҟ࣯࣬ڗᒧޑ ޕࡺ S ؂ঁک Vi നӭ໻Ԗ΋ঁӅӕϡન. Ψ൩
ᇥ໣ӝࢂ S∩ (V1∪·· ·∪Vn) നӭ໻Ԗ n−1 ঁϡન. ՠӢ V ΋ঁࢂ F-space, җ u,v ∈V ёள

S⊆V . ඤ言ϐ, V =V1∪·· ·∪Vn ॺךଷ೛֋ນޑ S∩ (V1∪·· ·∪Vn) = S∩V = S ᔈԖคጁӭঁ

ϡન. Ԝᆶখω่ፕ࣬ҟ࣯ޕࡺ V =V1∪·· ·∪Vn όёૈԋҥ. �

ाݙཀ Theorem 1.2.4 ऩ F ΋ঁࢂ finite field, .ԋҥۓό΋߾ ќѦҗԜۓ౛ёޕऩ F

΋ঁࢂ infinite field, ΋ঁ߾ over F ޑ vector space ύঁٿคх֖ᜢ߯ޑ subspaces ᖄ໣ޑ
΋٠ό཮ࢂ΋ঁ F-space аΠـୖ) Questions).

Question 1.7. ྽ F ΋ঁࢂ finite field, ၂פр΋ঁ Theorem 1.2.4 .ٯϸޑ

Question 1.8. ೛ V ΋ঁࢂ over infinite field F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ

F-subspaces. գёа࣮р Theorem 1.2.4 ֋ນךॺ V1∪·· ·∪Vn ό཮ࢂ΋ঁ F-space ନߚӸ
ӧ i ∈ {1, . . . ,n} ᅈى Vj ⊆Vi, ∀ j ∈ {1, . . . ,n}.

΋૓ٰᇥᗨฅ΋ঁ vector space ύޑ΋٤ subspaces ΋ঁࢂۓᖄ໣٠ό΋ޑԋ܌ vector
space, ՠךࢂॺϝૈ೷р΋ঁх֖೭٤ subspaces ޑ vector space. .ကۓޑॺሡाаΠך

Definition 1.2.5. ଷ೛ V ΋ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ F-subspaces.
ကۓ

V1 + · · ·+Vn = {v1 + · · ·+vn | vi ∈Vi, 1≤ i≤ n}.

ाݙཀ೭ѝࣁࢂΑаࡕБ٬ߡҔޑۓ܌಄ဦ, ٠όࢂाჹ೭٤ subspaces .ݤကуۓ

Question 1.9. ྽ V ΋ঁࢂ F-space Զ W ࢂ V ޑ subspace, ကۓ٩ W +W ཮ࢂϙሶ?

,ကۓ٩ྣ .性፦ޑаΠډॺёளך

Proposition 1.2.6. ଷ೛ V ΋ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ subspaces.
߾ V1 + · · ·+Vn ࢂ V ޑ subspace.

Proof. Ӣ O ∈Vi for 1≤ i≤ n, ࡺ O ∈V1 + · · ·+Vn. ќ΋Бय़, ऩ ui,vi ∈Vi, r,s ∈ F Ӣ Vi ࢂ

F-subspace, ࡺ rui + svi ∈Vi, ҭջ

r(u1 + · · ·+un)+ s(v1 + · · ·+vn) = (ru1 + sv1)+ · · ·+(run + svn) ∈V1 + · · ·+Vn.

җࡺ Proposition 1.2.1 ளޕ V1 + · · ·+Vn ࢂ V ޑ subspace. �

Question 1.10. ଷ೛ V ΋ঁࣁ over F ޑ vector space Ъ U,W ࣁ V ޑ subspaces. ৒ܰࡐ
ၰޕ U ∩W ࢂ V ύх֖ܭ U Ъх֖ܭ W ന大ޑ subspace. Զϙሶࢂ V ύх֖ U Ъх֖

W നλޑ subspace?
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1.3. Spanning Sets

ॺϟಏך linear combination ,ۺཷޑ ຾ԶЇ຾ќ΋ᅿளډ subspace .ݤБޑ

Definition 1.3.1. з V ΋ঁࢂ over F ޑ vector space Ъз S ࣁ V .η໣ޜߚ΋ঁޑ ऩ
v ∈V ᅈى v = r1v1+ · · ·+ rnvn,ځύ ri ∈ F Ъ vi ∈ S,߾ᆀ vࢂ Sޑ΋ঁ linear combination.
ॺҔך Span(S) Ԗ܌Ң߄ٰ S ޑ linear combination .໣ӝޑԋ܌

ाݙཀ, ջ٬ S ΋ঁࢂ infinite set, ؂΋ঁ S linear combination ໻౐ੋډԖज़ӭঁ S ύ

Ԗज़ӭঁϡન. Ԗޑਜ཮ஒ S ΋ঁޑ linear combination Ҕ v = ∑u∈S ruu ೭ኬٰ߄Ң, όၸ
೿཮኱ܴځύ؂ঁ ru ∈ F Ъ໻ԖԖज़ӭঁ ru ό฻ܭ 0. ќѦऩ v = ∑u∈S ruu = ∑u∈S suu, ځ
ύԖঁࢌ u ∈ S Ԗ ru ̸= su, ᆀ߾ v ቪԋ S ޑ linear combination ݤ߄ځ “ό୤΋”.

Question 1.11. җۓကૈ࣮рऩ S′ ⊆ S ⊆ V , ߾ Span(S′) ⊆ Span(S) ༏? ΋૓ٰᇥஒ S ৾

௞΋٤ϡનԖёૈ཮٬ள Span(S) ᡂλ. གྷགྷ࣮ӧ S ύ৾௞ব٤ϡનωό཮٬ள Span(S)

ᡂλګ?

ऩ S ,ޑޜߚࢂ Һڗ w ∈ S, Ӣ 0w = O ޕ O ΋ঁࢂ S ޑ linear combination. ࡺ
O ∈ Span(S). ќѦऩ u = r1u1 + · · ·+ rnun, v = s1v1 + · · ·+ smvm ࢂ S ޑ linear combination
(ջ ri,s j ∈ F Ъ ui,v j ∈ S), ჹҺཀޑᡉܴࡐ r,s ∈ F ,

ru+ sv = r(r1u1 + · · ·+ rnun)+ s(s1v1 + · · ·+ smvm)

= (rr1)u1 + · · ·(rrn)un +(ss1)v1 + · · ·+(ssm)vm

Ψࢂ S ޑ linear combination. аճҔ܌ Proposition 1.2.1 .ॺԖаΠϐ่݀ך

Lemma 1.3.2. ऩ V ΋ঁࢂ over F ޑ vector space Ъ S ࣁ V ,η໣ޜߚ΋ঁޑ ߾ Span(S)

ࣁ V ΋ঁޑ subspace.

ฅࡽ Span(S) ΋ঁࢂ F-subspace ࣁᆀϐߡॺך the subspace spanned by S. ٣ჴ΢
Span(S) ࢂ V ύх֖ S നλޑ subspace.

Proposition 1.3.3. ऩ V ΋ঁࢂ over F ޑ vector space Ъ S ࣁ V ,η໣ޜߚ΋ঁޑ ߾

Span(S) =
∩

S⊆W,W≤V

W,

೭္ W Եቾࢂ V ύ܌Ԗх֖ S ޑ subspaces.

Proof. २Ӄҗ Lemma 1.3.2 ޕ Span(S) ൩ࢂ΋ঁх֖ S ޑ subspace, аԾฅԖ܌

Span(S)⊇
∩

S⊆W,W≤V

W.

ќ΋Бय़ऩ W ࢂ V ޑ subspace Ъ S⊆W ڗҺ߾ v ∈ Span(S), Ӣ v = r1v1 + · · ·+ rnvn, ύځ
r1 ∈ F , vi ∈ S ⊆W , җࡺ W ࣁ subspace ள v ∈W , ҭջ Span(S)⊆W (Ԝջ߄Ң Span(S) ࢂ

V ύх֖ S നλޑ subspace). ӢԜ

Span(S)⊆
∩

S⊆W,W≤V

W,
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.ள᛾ࡺ �

྽ S = /0, Ӣ܌ࣁԖ໣ӝࣣх֖ޜ໣ӝ, Proposition 1.3.3 ύޑҬ໣೽ϩ൩܌ࢂԖ V ޑ

subspaces ,Ҭ໣ޑ Ψ൩ࢂ {O}. а྽܌ S ,໣ӝਔޜࢂ ကۓॺΨך Span(S) = {O}.

Question 1.12. ଷ೛ V ΋ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ subspaces. ࡐ
৒࣮ܰр Span(Vi) =Vi. գૈޕၰ Span(V1∪·· ·∪Vn) ?ϙሶ༏ࢂ

前य़ Question 1.11 ύךॺගډ΋૓ٰᇥஒ S ৾௞΋٤ϡનԖёૈ཮٬ள Span(S) ᡂλ.
аΠךॺӣเӧ S ύ৾௞ব٤ϡનωό཮٬ள Span(S) ᡂλ.

Corollary 1.3.4. з V ΋ঁࣁ vector space over F Ъ S′ ⊆ S ⊆ V . ߾ Span(S) = Span(S′)

ऩЪ୤ऩ S\S′ ⊆ Span(S′).

Proof. (⇒) Ӣ S\S′ ⊆ S ကԾฅԖۓ٩ S\S′ ⊆ Span(S). җ前ගࡺ Span(S) = Span(S′) ёள

S\S′ ⊆ Span(S′).

(⇐) җ S′ ⊆ S ёள Span(S′) ⊆ Span(S), ӢԜךॺ໻ा᛾ܴ Span(S) ⊆ Span(S′). ٣ჴ
΢, ॺѝा᛾ܴך S ⊆ Span(S′) ջё. ೭ࢂӢࣁ Lemma 1.3.2 ֋ນךॺ Span(S′) ΋ঁࢂ

subspace of V ऩࡺ, Sх֖ܭ Span(S′)߾җ Proposition 1.3.3ёள Span(S)⊆ Span(S′). ฅԶ
ჹҺཀ v ∈ S, ॺԖך v ∈ S′ ܈ v ∈ S\S′. ऩ v ∈ S′ ကԾฅԖۓ٩ v ∈ Span(S′); Զऩ v ∈ S\S′

٩ଷ೛ΨԖ v ∈ Span(S′). ޕࡺ S⊆ Span(S′), ӢԶள᛾ Span(S) = Span(S′). �

੝ձӦ, ྽ V ΋ঁࢂ F-space, Զ S ࢂ V ىη໣ᅈޑ Span(S) =V , ᆀ߾ S ࢂ V ΋ঁޑ

spanning set. ٩Ԝۓကࡐ৒ܰޕၰऩ S ⊆ S′ ⊆ V , Ъ S ࢂ V ޑ spanning set, ߾ S′ Ψࢂ V

ޑ spanning set.

Example 1.3.5. ॺᙖҗך Example 1.1.1 ޑ vector spaces, ᖐрѬॺ൳ঁ୷ҁޑ spanning
sets.

(1) ӧ Fn ύԵቾ ei = (0, . . . ,1, . . . ,0), ύځ 1 ӧಃࢂ i ঁՏ࿼, ࢂдՏ࿼೿ځ 0. ߾
{e1, . . . ,en} ࢂ Fn ΋ঁޑ spanning set.

(2) ӧ Pn(F) ύӢ܌ࣁԖϡનࣣёҔ anxn + · · ·+ a1x+ a0 ,Ң߄ٰ ύځ ai ∈ F , а܌
{1,x, . . . ,xn} ࢂ Pn(F) ΋ঁޑ spanning set.

(3) ӧ FS ύ, Һڗ λ ∈ S ကۓ fλ ∈ FS, ࣁ

fλ (s) =
{

1, s = λ ;
0, s ̸= λ .

྽ S ΋ঁࢂ finite set ਔ, { fλ | λ ∈ S} ࢂ FS ΋ঁޑ spanning set. όၸ྽ S ࢂ

infinite set ਔ, ೭൩όჹΑ. ೭ࢂӢࣁӧ vector space ύךॺ໻ԵቾԖज़ӭঁϡન
࣬у (คጁӭঁϡન࣬у཮Ԗԏᔙวණୢޑᚒ, ೭཮౐ੋډ “Topology”, όࢂ΋૓
線性代數܌ፋޑጄᛑ).

Question 1.13. ӧ΢ॊ FS ,׎௃ޑ ऩ S ΋ঁࢂ infinite set, Span({ fλ | λ ∈ S}) ?ϙሶࢂ
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1.4. Linear Independence

ॺϟಏך linear independence ,ۺཷޑ όၸࣁΑᗉխ大ৎᡄᒠ΢ёૈวғޑᙤᇤ, ॺך
җ linear dependence .рวۺཷޑ ٣ჴ΢ Linear independence ک spanning set ϐ໔Ԗ೚
ӭ࣬ڥᔈޑ性፦, .ჹྣ่࣬݀ޑ前΋࿯کఈ大ৎࣴಞԜ࿯΋٤่݀ਔૈதத׆

Definition 1.4.1. з V ΋ঁࢂ over F ޑ vector space Ъз S ࣁ V .η໣ޜߚ΋ঁޑ ऩ
Ӹӧ v ∈ S ᅈى v ∈ Span({w ∈ S | w ̸= v}), ᆀ߾ S ࣁ linearly dependent. ϸϐ, ᆀ߾ S ࣁ

linearly independent.

٩Ԝۓကךॺࡐ৒ܰளޕ, ऩ O ∈ S, ߾ S ΋ࢂۓ linearly dependent. Ӣࣁ O ΋ۓ཮ӧ
ҺՖޑ subspace ύ.

Question 1.14. ٩Ԝۓကգૈ࣮рऩ S ⊆ S′′ ⊆ V , Զ S′′ ࢂ linearly independent, ߾ S ࢂ

linearly independent ༏? (or ऩ S ࢂ linearly dependent, ߾ S′′ ࢂ linearly dependent) ό
ၸऩ S ࢂ linearly independent, S′′ ό΋ࢂۓ linearly independent. Ψ൩ࢂᇥ΋ঁ linearly
independent Ԗёૈᡂԋࡕ໣ӝӭуΑϡનޑ linearly dependent. ाуΕ࡛ኬޑϡનωૈߥ
࡭ linearly independent ?ګ

Linear dependence ԖаΠ฻ሽݤ࣮ޑ.

Proposition 1.4.2. з V ΋ঁࢂ over F ޑ vector space Ъ S ࣁ V .η໣ޜߚ΋ঁޑ ߾ S

ࢂ linearly dependent ऩЪ୤ऩӸӧ v1, . . . ,vn ∈ S аϷ r1, . . . ,rn ∈ F, ύ೭٤ځ vi ࣣ࣬౦Զ

ri ӄόࣁ 0 ٬ள r1v1 + · · ·+ rnvn = O.

Proof. (⇒)җ Sࢂ linearly dependentޕӸӧ v1 ∈ Sᅈى v1 ∈ Span({w∈ S |w ̸= v1}),ҭջ
Ӹӧ v2, . . . ,vn ∈ S ࣣ࣬౦Ъό฻ܭ v1 аϷ r2, . . . ,rn ∈ F ࣣόࣁ 0٬ள v1 = r2v2+ · · ·+ rnvn.
ளࡺ (−1)v1 + r2v2 + · · ·+ rnvn = O.

(⇐)ଷ೛ჹܭ i∈ {1, . . . ,n}, vi ∈ Sࣣ࣬౦Ъ ri ∈ F ӄόࣁ 0٬ள r1v1+ · · ·+rnvn = O,߾
v1 =(−r2r−1

1 )v2+ · · ·+(−rnr−1
1 )vn ∈ Span({w∈ S |w ̸= v1}),ҭջ Sࣁ linearly dependent. �

ගᒬ΋Π Proposition 1.4.2 ύऩ v1, . . . ,vn ύؒԖ O, ཮Ԗ߾ n≥ 2, ց߾ऩ໻Ԗ r1 ̸= 0,
཮Ꮴठ r1v1 = O Զ௢ள v1 = O.

ќѦ linear independence ΨԖаΠ฻ሽݤ࣮ޑ.

Proposition 1.4.3. з V ΋ঁࢂ over F ޑ vector space Ъ S ࣁ V .η໣ޜߚ΋ঁޑ ߾ S

ࢂ linearly independent ऩЪ୤ऩ Span(S) ύҺཀޑϡનࣣ໻Ԗ୤΋ޑБݤቪԋ S ύϡનޑ

linear combination.

Proof. .୤΋ݤ߄᛾ܴݤॺճҔϸ᛾ך(⇒) २Ӄऩ v = OԖٿᅿ߄Ңݤ,ջӸӧ r1, . . . ,rn ∈
F ӄόࣁ 0 Ϸ v1, . . . ,vn ∈ S ٬ள r1v1 + · · ·+ rnvn = O. җ Proposition 1.4.2 Ԝᆶޕ S

ࣁ linearly independent ࣬ҟ࣯. ќ΋Бय़ऩ v ∈ Span(S) Ъ v ̸= O Ԗٿᅿቪݤ, ջӸӧ
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r1, . . . ,rn,s1, . . . ,sm ∈ F ύ೭٤ځ) ri,s j ࣣόࣁ 0) аϷ v1, . . . ,vn,w1, . . . ,wm ∈ S ύ೭٤ځ)
v1, . . . ,vn ࣣ࣬౦Ъ w1, . . . ,wm ࣣ࣬౦) ٬ள

v = r1v1 + · · ·+ rnvn = s1w1 + · · ·+ smwm.

࿶፾྽௨ׇךࡕॺଷ೛: v1 = w1, . . . ,vk = wk Ъځдޑ vi,w j ࣣ࣬౦. Զள

O = (r1− s1)v1 + · · ·+(rk− sk)vk + rk+1vk+1 + · · ·+ rnvn + sk+1wk+1 + · · ·+ smwm.

,όӕϐଷ೛ݤ߄٩ ऩ k = n = m, ঁࢌѸԖ߾ ri ̸= si; Զځд௃׎ѸԖ k < n (Ԝਔ rk+1 ̸= 0);
܈ k < m (Ԝਔ sk+1 ̸= 0). ӢԜҗ Proposition 1.4.2 Ԝᆶޕ S ࣁ linearly independent ࣬ҟ
࣯, .ள᛾ࡺ

(⇐) ٩ଷ೛ჹҺཀ v ∈ S Ӣ v ∈ Span(S) Ъ v = 1v җࡺ v ቪԋ S ύϡનޑ linear
combination ,໻΋ᅿݤቪޑ ள v ̸∈ Span({w ∈ S | w ̸= v}), Ң߄ကԜջۓ٩ S ࣁ linearly
independent.

�

ाݙཀ, linearly dependentک linearly independentঁٿࢂϕံޑᜢ߯, ௶Αࣁࢂॺѝך
ॊБߡஒ Propositions 1.4.2, 1.4.3ϩ໒,ځჴѬॺ࣬ࢂᜢޑ. ࢂӵा᛾ܴ΋ঁ໣ӝٯ linearly
independent, գёаҔϸ᛾ݤӃଷ೛Ѭࢂ linearly dependent, ฅࡕճҔ Proposition 1.4.2
ளډҟ࣯. ќ΋Бय़ऩԖ΋ঁ໣ӝςࢂޕ linearly independent, գ൩ёаճҔ Proposition
1.4.3 .性፦ޑд࣬ᜢځ୤΋性ٰ௢Ꮴޑݤ߄

Question 1.15. ϩձճҔ Proposition 1.4.2 ک Proposition 1.4.3 ٰᇥܴ S = {v1, . . . ,vn}
ࢂ linearly independent ฻ሽܭ

r1v1 + · · ·+ rnvn = O⇒ r1 = · · ·= rn = 0.

Question 1.16. ऩ S ࢂ linearly dependent Ъ O ̸∈ S, Proposition 1.4.3 ֋ນךॺӸӧ΋ঁ
Span(S) ύޑϡન཮Ԗٿᅿ (ӭ׳܈) Бݤቪԋ S ύϡનޑ linear combination. գ࣮ளрӧ
೭ᅿ௃׎, ჴ؂΋ঁځ Span(S) ύޑϡન೿཮Ԗٿᅿ (ӭ׳܈) Бݤቪԋ S ύϡનޑ linear
combination ༏? ࣗԿ྽ F ΋ঁࢂ infinite field ਔ, ؂΋ঁ Span(S) ύޑϡન೿཮Ԗคጁӭ

ᅿБݤቪԋ S ύϡનޑ linear combination.

前य़ Question 1.14 ύךॺගډ΋૓ٰᇥஒ΋ঁ linearly independent set S ӭу΋٤ϡ

નԖёૈ཮٬ள S ᡂԋ linearly dependent. аΠךॺӣเӧ΋ঁ linearly independent set
ύӭуব٤ϡનϝ཮࡭ߥ linearly independent.

Corollary 1.4.4. з V ΋ঁࣁ vector space over F Ъ S ⊆ S′′ ⊆ V . ߾ S′′ ࢂ linearly
independent ऩЪ୤ऩ S ک S′′ \S ࣁࣣ linearly independent Ъ Span(S)∩Span(S′′ \S) = {O}.

Proof. (⇒)Ӣ S⊆ S′′⊆V ကऩۓ٩ S′′ ࢂ linearly independentԾฅ Sک S′′\Sࣣࣁ linearly
independent. ϞऩӸӧ v ∈ Span(S)∩Span(S′′ \S) Ъ v ̸= O, ջ߄ҢӸӧ r1, . . . ,rn,s1, . . . ,sm ∈
F ࣣόࣁ 0 аϷ v1, . . . ,vn ∈ S, w1, . . . ,wm ∈ S′′ \ S ٬ள v = ∑n

i=1 rivi = ∑m
j=1 s jw j. ҭջ
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v ∈ Span(S′′) ՠԖٿᅿቪԋ S′′ ύϡનޑ linear combination ,ݤቪޑ җ Proposition 1.4.3 ޕ
Ԝᆶ S′′ ࣁ linearly independent ࣬ҟ࣯. ள᛾ࡺ Span(S)∩Span(S′′ \S) = {O}.

(⇐) ճҔϸ᛾ݤ, ऩ S′′ ࢂ linearly dependent, җ Proposition 1.4.2 Ӹӧޕ r1, . . . ,rn ∈ F

ӄόࣁ 0 аϷ v1, . . . ,vn ∈ S′′ ٬ள r1v1 + · · ·+ rnvn = O. Ӣ S аϷ S′′ \ S ࣁࣣ linearly
independent, Proposition 1.4.2 ֋ນךॺ೭٤ vi όёૈӄပӧ S ύΨόёૈӄပӧ S′′ \S

ύ. ፾྽௨ׇࡕ, ॺଷ೛ך v1, . . . ,vm ∈ S Ъ vm+1, . . . ,vn ∈ S′′ \ S. ඤ言ϐ, r1v1 + · · ·+
rmvm = (−rm+1)vm+1 + · · ·+ (−rn)vn ∈ Span(S)∩ Span(S′′ \ S). ฅԶ r1, . . . ,rm ࣣόࣁ 0 Ъ

v1, . . . ,vm ࣁ linearly independent (Ӣ S ࣁ linearly independent), җ Proposition 1.4.3 ޕ
r1v1 + · · ·+ rmvm ̸= O, ҭջ Span(S)∩Span(S′′ \ S) ̸= {O}. Ԝҟ࣯֋ນךॺ S′′ ࢂ linearly
independent. �

ᜢܭ linearly independentٯޑη,ךॺࡐ৒ܰᡍ᛾ӧ Example 1.3.5ύϟಏޑ spanning
set ೿ࢂ linearly independent. όၸፎόाᇤаࣁ spanning set ΋ۓ൩ࢂ linearly inde-
pendent. ӵӧٯ Rn ݩ௃ޑ {e1,e2, . . . ,en,e1 + e2} Ψࢂ Rn ޑ spanning set, όၸ൩ό再ࢂ
linearly independent Α.

1.5. Basis and Dimension

྽ vector space V ύޑ΋ঁη໣ӝ S ϼλਔ, ёૈ S คݤԋࣁ V ޑ spanning set, όၸ
ऩ S ϼ大ਔ, Ξёૈόࢂ linearly independent. Basis ൩࡭ߥࢂѳᑽޑനݩރ٫. ॺԖаך
Πϐۓက.

Definition 1.5.1. з V ΋ঁࢂ vector space over F Ъ S ⊆ V . ྽ Span(S) = V Ъ S ࢂ

linearly independent ਔ, ॺᆀך S ࣁ V ΋ಔޑ basis.

٩Ԝۓက, ၰӧޕॺёаך Example 1.3.5 ύϟಏޑ {e1, . . . ,en} ൩ࢂ Fn ΋ಔޑ basis;
Զ {1,x, . . . ,xn} ൩ࢂ Pn(F) ΋ಔޑ basis; Զ྽ S ΋ঁࢂ finite set ਔ, { fλ | λ ∈ S} ൩ࢂ FS

΋ಔޑ basis.

Question 1.17. ٩ԜۓကճҔ前΋࿯ޑ Proposition, գૈ࣮р S ࢂ V ΋ಔޑ basis ฻ሽ
ҺՖܭ V ύޑϡન೿ёа୤΋ቪԋ S ύϡનޑ linear combination ༏?

Question 1.18. ऩ S′ ( S ( S′′ Ъ S ࢂ V ΋ಔޑ basis, ٗሶ S′,S′′ Ԗёૈࢂ V ΋ಔޑ basis
༏? գૈ࣮рԜਔ Span(S′) ̸=V Զ S′′ ΋ࢂۓ linearly dependent ༏?

җ΢΋ঁ Question ၰऩޕॺך S ࢂ V ΋ಔޑ basis, ޑдځό཮Ԗ߾ spanning set ཮
х֖ܭ S; ќ΋Бय़Ψޕό཮Ԗځдޑ linearly independent set ཮х֖ S. ೭ঁፕॊޑϸӛ
Ψ҅ࢂዴޑ, ٣ჴ΢ךॺԖаΠϐ่݀.

Proposition 1.5.2. з V ΋ঁࣁ vector space over F Ъ S⊆V . .฻ሽᜢ߯ޑॺԖаΠך

(1) S ࢂ V ΋ಔޑ basis.

(2) S ࢂ V ΋ঁޑ spanning set, ЪჹҺཀ S′ ( S ࣣԖ Span(S′) ̸=V .
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(3) S ࢂ linearly independent ЪჹҺཀ S′′ ) S ࣣԖ S′′ ࣁ linearly dependent.

Proof. ॺ᛾ܴך (1)(2) ,ޑ฻ሽࢂ 再᛾ܴ (1)(3) .฻ሽࣁ

((1)⇒ (2)) Ӣ S ΋ಔࢂ basis җۓကޕ S ࢂ V ΋ಔޑ spanning set. Һڗ S′ ( S, ճҔ
ϸ᛾ݤଷ೛ Span(S′) =V . Ԝਔڗ v ∈ S\S′ ёள v ∈V = Span(S′)⊆ Span({w ∈ S |w ̸= v}. Ԝ
ᆶ S ࣁ linearly independent ࣬ҟ࣯, ளࡺ Span(S′) ̸=V .

((2)⇒ (1)) Ӣςޕ S ࣁ spanning set, ॺ໻ा᛾ܴךကۓ٩ S ࣁ linearly independent.
ճҔϸ᛾ݤ, ଷ೛ S ࣁ linearly dependent, ҭջӸӧ v ∈ S ᅈى v ∈ Span(S \{v}). Եቾࡺ
S′ = S\{v}. Ӣ S\S′ = {v}, җ Corollary 1.3.4 ޕ Span(S′) = Span(S) =V , ՠӢ S′ ( S, Ԝᆶ
(2) ,前ග࣬ҟ࣯ޑ ள᛾ࡺ S ࣁ linearly independent.

((1)⇒ (3)) Ӣ S ΋ಔࢂ basis җۓကޕ S ࣁ linearly independent. Һڗ S′′ ) S, ճҔϸ
᛾ݤଷ೛ S′′ ࣁ linearly independent. Ԝਔڗ v ∈ S′′ \ S ёள v ̸∈ Span(S). Ԝᆶ S ࣁ V ޑ

spanning set ࣬ҟ࣯, ளࡺ S′′ ࣁ linearly dependent.

((3)⇒ (1)) Ӣςޕ S ࣁ linearly independent, ॺ໻ा᛾ܴךကۓ٩ S ࣁ V ޑ spanning
set. ճҔϸ᛾ݤ, ଷ೛ Span(S) ̸=V ,ࣁ ҭջӸӧ v ∈V ᅈى v ̸∈ Span(S) (ҭջ Span({v})∪
Span(S) = {O}). Եቾࡺ S′′ = S∪{v}. Ӣ S′′ \ S = {v}, җ Corollary 1.4.4 ޕ S′′ ࣁ linearly
independent, ՠӢ S′′ ) S, Ԝᆶ (3) ,前ග࣬ҟ࣯ޑ ள᛾ࡺ S ࣁ V ޑ spanning set.

�

ӧҁᖱကύךॺஒ஑ܭݙԖ΋ಔ finite set ࣁ basis ޑ vector space, .ကۓॺԖаΠϐך

Definition 1.5.3. ଷ೛ V ΋ঁࢂ vector space over F . ऩ V = {O} Ӹӧ΋ঁࢂ܈ finite set
S⊆ F ࢂ V ΋ಔޑ basis, ᆀ߾ V ΋ঁࣁ finite dimensional F-space.

ॺ੝ձஒךཀӧԜݙ V = {O} ೭ঁ௃ݩӈр, Ьाۓ٩ࢂက Span( /0) = {O}, ॺךа܌
ကۓ /0 ࣁ {O} ޑ basis. ӧ前य़ගၸٯޑη Fn, Pn(F) аϷ྽ S ࢂ finite set ޑ FS ࣁࣣ

finite dimensional vector space over F . όၸा੝ձݙཀऩ F ′ ࢂ F ΋ঁޑ subfield, 前य़ග
ၸ΋ঁ F-space ё࣮ԋࣁ F ′-space, ӢԜӧԜ௃ݩ΋ۓाமፓࢂ over ব΋ঁ filed ࣁ finite
dimensional, ӢࣁԖёૈ΋ঁ finite dimensional F-space όࢂ finite dimensional F ′-space.
ӵٯ Rn ࢂ finite dimensional R-space ࢂόࠅ finite dimensional Q-space.

ॺӧך Definition 1.5.1 ύۓကΑՖᒏ vector space ޑ basis, ՠךॺᗋؒԖѐ探૸ࢂց
΋ঁ vector space ΋ۓ཮Ԗ΋ಔ basis. က΋ঁۓޑа٩Ҟ前܌ vector space ऩόࢂ finite
dimensional ԖёૈѬؒԖ߾ basis Ԗࢂ܈ basis ՠ܌ࢂԖޑ basis ࣁࣣ infinite set. ٣ჴ前
,ό཮วғޣ Ψ൩ࢂᇥךॺёа᛾ܴ܌Ԗޑ vector space ೿཮Ԗ basis, όၸѬޑ᛾ܴ౐ੋډ
ᒏ܌ Zorn’s lemma. җܭаךࡕॺஒѝ஑ܭݙ finite dimensional vector space, 再у΢Ԗ٤
ӕ學ёૈ᝺ள Zorn’s lemma όࡐࢂ৒ܰΑှ. аΠךॺޑ探૸ஒϩࢤٿࣁ: ಃ΋ࢤ஑ܭݙ
finite dimensional ;׎௃ޑ ಃΒࢤፋࢂޑ΋૓ޑ௃׎. ಃ΋ޑࢤϣ৒࣬྽ख़ा, ԶಃΒࢤፋ
ޑԖ܌ࢂ൩ޑ vector space ࣣ཮Ԗ basis. (大ৎёаޔௗௗڙ೭ঁ٣ჴԶౣၸಃΒࢤ).
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1.5.1. Finite Dimensional Case. ྽ V ࢂ finite dimensional vector space, Ԗࢂကۓ٩
΋ঁ finite set ࣁ V ΋ಔޑ basis. ཮ό཮Ԗ΋ঁ infinite set Ψࢂ V ΋ಔޑ basis ?ګ เਢ
,ޑό཮ࢂ ٣ჴ΢೭ਔং؂΋ঁಔԋ V ޑ basis .ޑӕ࣬ࢂϡનঁ數ޑ໣ӝѬॺޑ аΠךॺ
.ाೀ౛೭΋ঁୢᚒࢂߡ ,ـଆߡΑБࣁ ๏ۓ΋ঁ finite set S, ॺҔך #(S) Ң߄ٰ S ύϡન

.數ঁޑ

Lemma 1.5.4. з V ΋ঁࢂ vector space over F Ъଷ೛ S ⊆ V ΋ঁࢂ finite set ᅈى
Span(S) =V . ऩ S′ ⊆V Ъ #(S′)> #(S), ߾ S′ ࣁ linearly dependent.

Proof. з S = {v1, . . . ,vn}, S′= {u1, . . . ,um}ځύ m> n. ճҔϸ᛾ך,ݤॺଷ೛ S′ࣁ linearly
independent.

җܭ Span(S) =V , Ӹӧࡺ r1, . . . ,rn ∈ F ٬ள u1 = r1v1 + · · ·+ rnvn. Ӣଷ೛ S′ ࣁ linearly
independent, ޕॺך r1, . . . ,rn όӄࣁ 0. (ց߾ r1 = · · ·= rn = 0 ཮Ꮴठ O = u1 ∈ S′, ٗሶ S′

൩ό཮ࢂ linearly independent Α.) ӢԜόѨ΋૓性, ॺଷ೛ך r1 ̸= 0, Ԝਔ

v1 = r−1
1 (u1− r2u2−·· ·− rnvn) ∈ Span({u1,v2, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1,v2, . . . ,vn}) = Span({u1,v1,v2, . . . ,vn}) =V.

ௗ๱ճҔ u2 ∈ Span({u1,v2, . . . ,vn})ޕӸӧ s1, . . . ,sn ∈F ٬ள u2 = s1v1+s2u2+ · · ·+snun.
ӕ౛ճҔ S′ ࣁ linearly independentޑଷ೛,ள s2, . . . ,sn όӄࣁ 0. (ց߾ऩ s2 = · · ·= sn = 0,
ள߾ u2 = s1u1 ∈ Span({u1}), ٗሶ S′ ൩ό཮ࢂ linearly independent Α.) ,όѨ΋૓性ࡺ ך
ॺଷ೛ s2 ̸= 0, Ԝਔ

v2 = s−1
2 (u2− s1u1− s3v3−·· ·− snvn) ∈ Span({u1,u2,v3, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1,u2,v3, . . . ,vn}) = Span({u1,u2,v2, . . . ,vn}) =V.

ᙁൂٰᇥ, ॺஒך v1, . . . ,vn ଺፾྽௨ׇࡕ, ёаҔ u1 代ڗ v1; u2 代ڗ v2, ... ӵԜ
΋ޔΠѐ. ճҔ數學ᘜયݤ, ॺଷ೛ך k < n Ъ Span({u1, . . . ,uk,vk+1, . . . ,vn}) = V , གྷा
Ҕ uk+1 ঁࢌޑ代ഭΠڗٰ vi. ӵӕ前य़ޑ଺ݤ, ၰӸӧޕॺך t1, . . . , tn ∈ F ٬ள uk+1 =

t1u1 + · · ·+ tkuk + tk+1vk+1 + · · · tnvn. ճҔ S′ ࣁ linearly independent ,ଷ೛ޑ ள tk+1, . . . , tn ό

ӄࣁ 0. ,όѨ΋૓性ࡺ ॺଷ೛ך tk+1 ̸= 0, Ԝਔ

vk+1 = t−1
k+1(uk+1− t1u1−·· ·− tkuk− tk+2vk+2 · · ·− tnvn) ∈ Span({u1, . . . ,uk+1,vk+2, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1, . . . ,uk+1,vk+2, . . . ,vn}) = Span({u1, . . . ,uk,uk+1,vk+1, . . . ,vn}) =V.

數學ᘜયݤ֋ນךॺ, ёаӵԜ΋ޔΠѐډޔஒ܌Ԗޑ v1, . . . ,vn ࿼ඤֹ౥, ҭջள
Span({u1, . . . ,un}) = V . όၸӵԜ΋ٰ཮೷ԋ un+1 ∈ Span({u1, . . . ,un}) Զᆶ S′ ࣁ linearly
independent ࣬ҟ࣯, ࡺ S′ Ѹࣁ linearly dependent. �
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Question 1.19. ӧ Lemma 1.5.4 ύऩஒ S ࣁ spanning set ࣁׯ linearly dependent, ྽
S′ ⊆V , գ᝺ள S′ ࣬ჹᔈޑԖᜢܭ spanning set ?ሶࣗࢂ性፦ᔈ၀ޑ

Lemma 1.5.4 Ԗᜢࢂ finite dimensional vector space ࣬྽ख़ाۓޑ౛, Ѭ֋ນךॺ΋ঁ
linearly independent set ΋ঁܭϡનঁ數όёаԖӭޑ spanning set .ϡનঁ數ޑ ॺԖаך
Π൳ঁख़ाᔈҔ.

Theorem 1.5.5. ଷ೛ V ΋ঁࢂ finite dimensional vector space. ऩ S ࣁ V ΋ಔޑ basis,
߾ S ΋ঁࢂ finite set. ќѦऩ S′ ҭࣁ V ΋ಔޑ basis, ߾ #(S) = #(S′).

Proof. ٩ V ࣁ finite dimensional vector spaceϐଷ೛, Ӹӧ {v1, . . . ,vn}ࣁ V ΋ಔޑ basis.
ॺԖךࡺ Span({v1, . . . ,vn}) =V .

Ϟऩ S ࣁ V ΋ಔޑ basis Ъࣁ infinite set, җܭ S ࣁ linearly independent, S ҺՖޑ

subset ҭࣁ linearly independent. ڗҺࡺ u1, . . . ,un+1 ∈ S, {u1, . . . ,un+1} ⊆ S ҭࣁ linearly
independent, Ԝܴᡉᆶ Lemma 1.5.4 ࣬ҟ࣯, ޕࡺ S Ѹࣁ finite set.

౜ऩ S,S′ ࣁࣣ V ΋ಔޑ basis, җܭ Span(S) =V Ъ S′ ࣁ linearly independent, Lemma
1.5.4 ֋ນךॺ #(S) ≥ #(S′). ӕ౛җ Span(S′) = V аϷ S ࣁ linearly independent, ள
#(S)≤ #(S′). ள᛾ࡺ #(S) = #(S′). �

җ Theorem 1.5.5 ΋ঁޕ finite dimension vector space ѬޑҺ΋ಔ basis ࢂϡનঁ數ޑ
.ޑۓڰ ӢԜךॺԖаΠϐۓက.

Definition 1.5.6. з V ΋ঁࣁ finite dimensional vector space over F . ऩ S ࣁ V ΋ಔޑ

basis Ъ #(S) = n, ᆀ߾ V over F ޑ dimension ࣁ n, ૶଺ dim(V ) = n.

٩Ԝۓကҗךܭॺຎ /0 ࣁ {O} ޑ basis, ࡺ dim({O}) = 0.

,ཀݙ ॺፋၸ྽ך V ࣮ԋ over όӕ field ޑ vector space ਔ, ځ dimension ൩ёૈόӕ
Α. ྽೭ᅿ௃׎วғਔ, ॺ੝ձҔך dimF(V ) ٰமፓࢂ over F ޑ dimension. ӵፄ數ٯ C
ё࣮ԋࢂ over C ܈ over R ޑ vector space, ԶךॺԖ dimC(C) = 1 Ϸ dimR(C) = 2.

Question 1.20. գޕၰ dimF(Fn), dimF(Pn(F)) аϷ dimF(FS) (S ࣁ finite set) ?Ֆ༏ࣁ
Ξऩ S ࣁ infinite set, ӵՖᇥܴ FS όࢂ finite dimensional F-space?

Question 1.21. ೛ V ࣁ finite dimensional F-space Ъз dim(V ) = n. ऩ S′ ⊆V ࣁ linearly
independent Ϸ S′′ ⊆V ࣁ V ΋ঁޑ spanning set, ߾ #(S′) ک #(S′′) ᆶ n ?Ֆࣁᜢ߯ޑ

ճҔ dimension ॺёஒך Proposition 1.5.2 ϯࣁаΠ׎Ԅ.

Corollary 1.5.7. з V ΋ঁࣁ finite dimensional vector space over F Ъ S′ ⊆V . ॺԖаך
Πޑ฻ሽᜢ߯.

(1) S ࢂ V ΋ಔޑ basis.

(2) S ࢂ V ΋ঁޑ spanning set Ъ #(S) = dim(V ).
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(3) S ࢂ linearly independent Ъ #(S) = dim(V ).

Proof. з dim(V ) = n. ऩ S ࢂ V ΋ಔޑ basis, ကۓ٩ S ࣁ V ޑ spanning set Ъ S ࣁ

linearly independent. Ξҗ dimension ޕကۓޑ #(S) = dim(V ). ࡺ (1)⇒ (2) Ъ (1)⇒ (3).

(2)⇒ (1): ჹҺཀ S′ ( S, ॺԖך #(S′)< #(S) = n. ऩ Span(S′) =V , җ Lemma 1.5.4 ޕ
Һཀ n ঁϡન܌ԋޑ໣ӝࣣόёૈࣁ linearly independent, Ԝᆶ dim(V ) = n ࣬ҟ࣯. ޕࡺ
Span(S′) ̸=V ӢԜҗ Proposition 1.5.2 ((2)⇒ (1)) ள᛾ S ࣁ V ΋ಔޑ basis.

(3)⇒ (1): ჹҺཀ S′′ ) S,ךॺԖ #(S′′)> #(S) = n.Ӣ dim(V ) = n߄Ң V ύӸӧ΋ঁԖ n

ঁϡનޑ spanning set, җ Lemma 1.5.4 ޕ S′′ Ѹࣁ linearly dependent. ӢԜҗ Proposition
1.5.2 ((3)⇒ (1)) ள᛾ S ࣁ V ΋ಔޑ basis. �

ऩ V ΋ঁࢂ finite dimensional F-space, Զ W ࢂ V ޑ nontrivial F-subspace, ցࢂ W

Ψࢂ finite dimensional F-space ?ګ ाݙཀ, ௗ঺Ҕޔॺόૈך Lemma 1.5.4 ٰӣเ೭ঁ
ୢᚒ, Ӣךࣁॺόࢂޕց W Ԗ basis, όၸךॺёаճҔ Proposition 1.5.2 ॺךᔅշݤགྷޑ
ှ،೭ঁୢᚒ.

ॺᇥܴך W ޑ basis .ޑӸӧࢂ Եቾ S1 = {v1}, ύځ v1 ∈W Ъ v1 ̸= O. ကۓ٩ S1

ࢂ linearly independent. ऩ Span(S1) = W , ډள߾ S1 ࣁ W ΋ಔޑ basis; Զऩ Span(S1) ̸=
W , ڗҺ߾ v2 ∈W \ Span(S1). з S2 = {v1,v2}, ကۓ٩ S2 ҭࣁ linearly independent. ऩ
Span(S2) =W , ډள߾ S2 Wࣁ ΋ಔޑ basis; Զऩ Span(S2) ̸=W , ॺ再уך v3 ∈W \Span(S2)

ள S3 = {v1,v2,v3}, җ Corollary 1.4.4 ޕ S3 ҭࣁ linearly independent. ӵԜ΋ޔΠѐள
S3,S4, . . . ύځ Si ࣁࣣ linearly independent. ऩ೭ঁ؁ᡯคݤଶЗ (ջჹ܌Ԗ n ∈ N ࣣค
ளݤ Span(Sn) = W ) ҢჹҺཀ߄ n ∈ N, ӧ V ύࣣӸӧԖ n ঁϡનޑ໣ӝ Sn ࢂ linearly
independent. ՠ V ࢂ finite dimensional vector space, ऩ n > dim(V ), ٩ Lemma 1.5.4
ޕ Sn όёૈࢂ linearly independent. ӢԜ೭ঁ؁ᡯ΋ۓाଶЗ, ҭջӸӧ΋ঁ m ٬ள

Span(Sm) =W Ψ൩ࢂᇥ Sm ࢂ W ΋ಔޑ basis, ࡺ W ҭࣁ finite dimensional F-space. ॺך
ԖаΠϐ่݀.

Theorem 1.5.8. ऩ V ΋ঁࣁ finite dimensional F-space Ъ W ࣁ V ΋ঁޑ nontrivial
F-subspace, ߾ W ҭࣁ finite dimensional F-space, Ъ dim(W )< dim(V ).

Proof. 前य़ς᛾ள W ࣁ finite dimensional F-space. ౜ଷ೛ S ࣁ W ΋ಔޑ basis, Ӣ S

ࣁ linearly independent, җ Lemma 1.5.4 ޕ dim(W ) = #(S)≤ dim(V ). ऩ #(S) = dim(V ), ߾
җ Corollary 1.5.7 ((3)⇒ (1)) ޕ S ҭࣁ V ΋ಔޑ basis, ள W = Span(S) = V . Ԝᆶ W ࣁ

nontrivial subspace ࣬ҟ࣯, ޕࡺ dim(W )< dim(V ). �

ӧ Theorem 1.5.8 ,᛾ܴၸำύޑ ஒ΋ঁࢂॺ٣ჴ΢ך finite dimensional vector space
ύޑ΋ಔ linearly independent ࡭ߥуΕϡનЪݤη໣ӝ೛ޑ linearly independent, ೭ኬ΋
,Зࣁ再ᘉ大ݤคډᘉ大ޔ ฅࡕ൩ёаҗ Proposition 1.5.2 ளޕԜࣁ΋ಔ basis. ࣬ჹᔈޑ,
΋ঁ spanning set ࣁϝ࡭ߥрϡનЪڗύځӧݤॺΨёа೛ך spanning set 再ᕭݤคډޔ
λࣁЗ, ԜਔΨёҗ Proposition 1.5.2 ளࣁځޕ΋ಔ basis. .ॺԖаΠϐ่݀ך
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Theorem 1.5.9. ऩ V ΋ঁࣁ finite dimensional F-spaceЪ S′ ⊆ S′′ ⊆V , ύځ S′ ࣁ linearly
independent Զ S′′ ࣁ V ޑ spanning set, ߾ V Ԗ΋ಔ basis S ᅈى S′ ⊆ S⊆ S′′.

Proof. ॺӧך S′ ύ೴΋уΕ S′′ \ S′ ࡭ߥϝځϡન٬ޑ linearly independent. җܭ V ࢂ

finite dimensional vector space, җ Lemma 1.5.4 ӵԜஒޔόёૈ΋ޕ S′ ᘉ大Πѐ. ॺзך
уΕϡનډനࡕόૈ再ᘉ大ޑ໣ӝࣁ S, Ψ൩ࢂᇥ S′′ \S ύޑϡન೿ӧ Span(S) ύ. ٩ଷ೛
S ࣁ linearly independent, ॺा᛾ܴךа܌ Span(S) = V , ҭջ Span(S) = Span(S′′). ฅԶ٩
S ,БԄڗᒧޑ S′′ \S ⊆ Span(S), ࡺ Corollary 1.3.4 ֋ນךॺ೭ࢂԋҥޑ. �

ॺ再மፓך Theorem 1.5.9 ύ S ,ޑ୤΋ࢂۓ٠ό΋ڗᒧޑ ՠࢂ S ύϡનঁ數ޑۓڰࢂ,
ջࣁ dim(V ).

Question 1.22. գૈ࣮р Theorem 1.5.9 ֋ນךॺ΋ঁ finite dimensional vector space ύ
΋ঁޑ linearly independent set ࣣёᘉ大ԋࣁ΋ಔ basis; Զ΋ঁ spanning set ࣣёᕭλԋ
΋ಔࣁ basis?

Π΋ךࢤॺፋፕ΋૓ vector space ਔ, ൩ࢂճҔک Theorem 1.5.9 ᜪ՟่݀ޑ (ନѐ
finite dimensional (ଷ೛ޑ ٰ᛾ܴ܌Ԗޑ vector space ࣣӸӧ΋ಔ basis.

1.5.2. General Case. ӧ೭΋λࢤύךॺाᇥܴ܌Ԗޑ vector space ࣣӸӧ΋ಔ basis.
җܭ೭ঁ᛾ܴሡҔډ Zorn’s Lemma ԶЪаךࡕॺό཮Ҕډ೭ঁ่݀, ೭ঁڙаऩёаௗ܌
٣ჴޑӕ學, ёஒԜ྽ԋςޕ, ౣၸ೭΋λࢤό᠐.

ा᛾ܴ܌Ԗޑ vector space ࣣӸӧ΋ಔ basis, ,ݤགྷޑҔ前य़ݮॺёаך ΋ঁ΋ঁуΕ
Ԝ vector space ύޑϡનЪ࡭ߥ linearly independent, .Зࣁόૈ再уډޔ ՠୢᚒךࢂॺค
཮ଶЗۓ؁ᡯ΋ޑ೭ኬޕளݤ (ନ٣ߚӃޕၰԜ vector space ࣁ finite dimensional). а܌
ाճҔ Proposition 1.5.2 ளډ΋ಔ basis ډॺѸ໪Ҕך Zorn’s Lemma. २Ӄךॺஒᙁൂޑ
ϟಏ΋Π೭ঁ Lemma.

೯தӧ΋ঁ໣ӝύ๏ۓΑКၨ大λ (order) ,ࡕᜢ߯ޑ Ԗёૈ೭ঁ໣ӝύ؂ঁϡન࣬
ϕ໔೿ёКၨ大λ ,ܭ大ޑӵჴ數΢ٯ) λܭᜢ߯), ࣁॺᆀԜך totally ordered; ΨԖёૈ
Кၨ大λૈۓϡન໔٠ό΋ঁٿ ,(х֖ᜢ߯ޑӵ໣ӝ໔ٯ) ࣁॺᆀԜך partially ordered.
ӧ totally ordered ,׎௃ޑ ྽ךॺፋډ maximal element ਔ, ϡનޑдځԜϡનКࢂޑࡰ
大; όၸऩӧ partially ordered ,က٠όӝ౛ۓޑ೭ኬ׎௃ޑ Ӣ٠ࣁό܌ࢂԖޑϡન೿ё
аК大λ. аӧԜਔ܌ maximal element .ϡનК၀ϡન大ޑдځԖؒࢂޑࡰ ӕኬޑၰ౛,
minimal element .ϡનК၀ϡનλޑдځԖؒࢂߡޑࡰ ճҔ೭ᅿᇥݤ΋ঁ vector space ޑ
΋ಔ basis ճҔ Proposition 1.5.2 ၀ࢂёаᇥԋ൩ߡ vector space ύ܌Ԗ spanning set ޑ
minimal element; Ψёаᇥࢂ၀ vector space ύ܌Ԗ linearly independent set ޑ maximal
element. аाᇥܴ΋ঁ܌ vector space ޑ basis ,ޑӸӧࢂ ॺѸ໪ᇥܴԜך vector space
ύ܌Ԗ linearly independent set ޑ maximal element ޑӸӧࢂ Ԗ܌܈) spanning set ޑ
minimal element Ӹӧ). ೭൩ךࢂॺሡा Zorn’s Lemma .ӦБޑ
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Zorn’s Lemma ࢗ΋ঁᔠࢂ partially ordered set ޑ maximal element ӸӧޑБݤ. Ѭ
ᇥऩ΋ঁޑޜߚ partially ordered set P ύҺڗ΋ঁሀቚׇޑӈ (ascending chain) ࣣёӧ
P ύډפ΋ϡનКԜׇӈύ܌ޑԖϡન೿大, ߾ P ޑ maximal element .཮Ӹӧߡ а܌
Ҟ前ޑ௃׎, ा٬Ҕ Zorn’s Lemma, ॺёаԵቾ΋ঁך vector space V ύ܌Ԗޑ linearly
independent set ໣ӝޑԋ܌ P. Ψ൩ࢂᇥ P ύޑϡન೿ࢂ V ΋ಔޑ linearly independent
set. ॺԵቾך P ύϡનޑх֖ᜢ߯׎܌ԋޑ partial order. Ԝਔ P ύҺཀޑ ascending
chain,ջࣁ S1 ⊆ S2 ⊆ ·· · ⊆ Sn ⊆ ·· · ೭ᅿሀቚޑ linearly independent sets ύځ) Si ࣣӧP ܌

а೿ࢂ V ޑ linearly independent set). ऩךॺӧ P ύૈډפ S (ջ S ࣁ V ΋ಔޑ linearly
independent set)ᅈى Si ⊆ S, ∀ i ∈N, җ߾ Zorn’s LemmaளޕP ύ཮Ԗ maximal element.
٣ჴ΢ךॺԖаΠԖᜢܭ Theorem 1.5.9 .௢ቶޑ

Theorem 1.5.10. ऩ V ΋ঁࣁ vector space Ъ S′ ⊆ S′′ ⊆V , ύځ S′ ࣁ linearly independent
Զ S′′ ࣁ V ޑ spanning set, ߾ V Ԗ΋ಔ basis S ᅈى S′ ⊆ S⊆ S′′.

Proof. Եቾ P = {S ⊆ V | S is linearly independent,S′ ⊆ S ⊆ S′′}. ,ཀݙ Ӣ S′ ∈P, ࡺ P

ࣁ nonempty. ϞҺڗ S1 ⊆ S2 ⊆ ·· · , Ԗ܌ύჹځ i ∈ N, Si ࣣӧ P. २Ӄз T = ∪i∈NSi.
ॺाᇥܴך T ӧ P ύ, ҭջ T ࣁ linearly independent Ъ S′ ⊆ T ⊆ S′′. Ӣ Si ࣣᅈى

S′ ⊆ Si ⊆ S′′, ޑԾฅࡐ S′ ⊆ T ⊆ S′′. ౜ଷ೛ T όࣁ linearly independent, ߄ကԜջۓ٩
ҢӸӧ v ∈ T Ъ v ∈ Span(T \ {v}). Ψ൩ࢂᇥӸӧ v1, . . . ,vn ∈ T Ъ೭٤ vi ࣣό฻ܭ v ٬
ள v ∈ Span({v1, . . . ,vn}). Ӣ v ∈ T җࡺ T = ∪i∈NSi ޕ v ཮ပӧঁࢌ Sk ύ (ΨӢԜ཮ပӧ
Sk+1,Sk+2, . . .), ӕ౛؂ঁ vi Ψ཮ပӧঁࢌ Ski ύ. ӢԜךॺ໻ाڗ m = max{k,k1, . . . ,kn}, ߾
ёள v,v1, . . . ,vn ࣣӧ Sm ύ. җࡺ {v1, . . . ,vn} ⊆ Sm \{v}, ள v ∈ Span(Sm \{v}), Ԝᆶ Sm ࣁ

linearly independent (Ӣଷ೛ Sm ӧP ύ)࣬ҟ࣯ࡺள᛾ T ࣁ linearly independent. ӢԜޕ
T ࣁ P ى΋ঁϡનЪᅈޑ Si ⊆ T, ∀ i ∈ N, җࡺ Zorn’s Lemma ளޕ P ύӸӧ๱ maximal
element, ॺзך S ࣁ P ΋ঁޑ maximal element.

ௗΠٰךॺा᛾ܴ S ዴࣁ V ΋ಔޑ basis, Ъᅈى S′ ⊆ S ⊆ S′′. २Ӄ S ࣁ P ϡޑ္

ન, ԾฅԖ S ࣁ linearly independent Ъ S′ ⊆ S ⊆ S′′, ॺ໻ഭा᛾ܴךа܌ Span(S) = V .
౜ଷ೛ Span(S) ̸= V = Span(S′′), җ Corollary 1.3.4 Ӹӧޕ w ∈ S′′ ՠ w ̸∈ Span(S). ԜਔԵ
ቾ S+ = S∪{w}. ޑᡉܴࡐ S′ ⊆ S+ ⊆ S′′, ฅԶ Corollary 1.4.4 ֋ນךॺ S+ ϝࣁ linearly
independent, ӢԜ S+ ҭࣁ P .΋ঁϡનޑ ՠࢂ S ( S+, Ԝᆶ S ࣁ P ύޑ maximal
element ࣬ҟ࣯, ள᛾ࡺ Span(S) =V . �

1.6. Direct Sum and Quotient Space

前य़ϟಏ subspace ਔ, ᄬࡌ൳ᅿډॺፋך subspace ,ݤБޑ ٗ٤Б܌ݤளޑ vector
space ೿ࢂӧচӃޑ vector space ύ. ӧ೭࿯ύ, ᄬࡌঁٿॺஒϟಏך “ӄཥ” ޑ vector
space .ݤБޑ
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1.6.1. Direct Sum. ๏ঁٿۓ over F ޑ vector spaces U,W (೭္όሡଷ೛ U,W ঁࢌࢂ

vector space ޑ subspaces) ໣ӝޑॺԵቾ΋ঁཥך

U⊕W = {(u,w) | u ∈U,w ∈W}.

ᆀԜ໣ӝࣁ the (external) direct sum of U and W . ाݙཀ U ⊕W ,໣ӝޑ΋ঁཥࢂ ךа܌
ॺाᇥܴ೭ঁ໣ӝ္ޑϡન࡛ኬω཮࣬฻ (೭൩ӳႽ྽ךॺϟಏӭ໨ԄਔाᇥܴՖᒏӭ໨
Ԅ࣬ޑ฻). ӧ೭္ךॺा؃ऩ (u1,w1) = (u2,w2), ߾ u1 = u2 Ъ w1 = w2.

ॺёаճҔך U,W ҁࣁي vector space ကӧۓ性፦ޑ U⊕W ύޑၮᆉϷ F .բҔޑ ๏
ۓ (u1,w1),(u2,w2) ∈U⊕W Ϸ r ∈ F , ကۓॺך

(u1,w1)+(u2,w2) = (u1 +u2,w1 +w2)

r(u1,w1) = (ru1,rw1)

ӧԜۓကϐΠ, ࢗ৒ܰᔠࡐ U⊕W ΋ঁࣁ vector space over F .

Question 1.23. ፎᔠࢗ U⊕W ΋ঁࣁ vector space over F. գޕၰࣁϙሶόૈ໻ᔠ࠾ࢗഈ
性ګ? U⊕W ޑ O (уൂݤՏϡન) ᔈ၀ߏϙሶኬηګ?

Question 1.24. ऩ U ′,W ′ ϩձࣁ U,W ޑ subspaces, ၂᛾ܴ U ′⊕W ′ ࢂ U⊕W ޑ subspace.
ϸၸٰऩ V ࣁ U⊕W ޑ subspace, ډפցёࢂ U,W ޑ subspaces U ′,W ′ ٬ள V =U ′⊕W ′?

ऩU,W ࣁ finite dimensional F-spaces,ךॺԾฅ཮ୢࢂցU⊕W ҭࣁ finite dimensional
F-space, Ъځ dimension ?Ֆࣁ

Proposition 1.6.1. ଷ೛ U,W ࣁ finite dimensional F-spaces, ߾ U ⊕W ҭࣁ finite di-
mensional F-space, Ъ

dim(U⊕W ) = dim(U)+dim(W ).

Proof. ೛ {u1, . . . ,um} ࣁ U ΋ಔޑ basis Ъ {w1, . . . ,wn} ࣁ W ΋ಔޑ basis. ॺ໻ा᛾ך
ܴ S = {(u1,OW ), . . . ,(um,OW ),(OU ,w1), . . . ,(OU ,wn)} ࣁ U⊕W ΋ಔޑ basis ύځ) OU ,OW

ϩձ߄ U,W ύޑуൂݤՏϡન).

२Ӄךॺ᛾ܴ S ࣁ U ⊕W ΋ಔޑ spanning set. ჹҺཀ (u,w) ∈U ⊕W , җܭ u ∈U Ъ

{u1, . . . ,um} ࣁ U ΋ಔޑ basis, Ӹӧࡺ c1, . . . ,cm ∈ F ٬ள u = c1u1 + · · ·+ cmum. ӕ౛Ӹӧ
d1, . . . ,dn ∈ F ٬ள w = d1w1 + · · ·+dnwn. ӢԜள

(u,w) = c1(u1,OW )+ · · ·+ cm(um,OW )+d1(OU ,w1)+ · · ·+dn(OU ,wn),

ள᛾ࡺ S ࣁ U⊕W ΋ಔޑ spanning set.

നךࡕॺा᛾ܴ S ࣁ linearly independent. Ҕϸ᛾ݤ, ଷ೛ S ࣁ linearly dependent, җ
Proposition 1.4.2 Ӹӧޕ c1, . . . ,cm,d1, . . . ,dn όӄࣁ 0 ٬ள

(OU ,OW ) = c1(u1,OW )+ · · ·+ cm(um,OW )+d1(OU ,w1)+ · · ·+dn(OU ,wn),
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٩ U ⊕W ύϡન࣬฻ۓޑကԜջ OU = c1u1 + · · ·+ cmum Ъ OW = d1w1 + · · ·+ dnwn. җܭ
{u1, . . . ,um} ک {w1, . . . ,wn} ࣁࣣ linearly independent ёள c1, . . . ,cm ک d1, . . . ,dn ࣁࣣ 0,
Ԝᆶϐ前ଷ೛࣬ҟ࣯. ள᛾ࡺ S ࣁ linearly independent. �

നךࡕॺाமፓा over ࣬ӕޑ field ޑ vector spaces ωёаፋፕځ direct sum. ќѦך
ॺёаஒঁٿ F-spaces ޑ direct sum ҺཀԖज़ӭঁډက௢ቶۓޑ F-spaces ޑ direct sum.

Question 1.25. ଷ೛ U1, . . . ,Un ࣁ F-spaces, գᇡࣁ U1⊕ ·· ·⊕Un ?Ֆࣁကᔈۓޑ Ξऩ
U1, . . . ,Un ࣁࣣ finite dimensional F-spaces, ߾ dim(U1⊕·· ·⊕Un) ?Ֆࣁ

1.6.2. Quotient Space. ๏ۓ vector space V Ϸځ subspace W , ॺёаճҔך W ӧ V ύ

က΋ঁۓ equivalent relation, ჹҺཀࣁကۓځ v1,v2 ∈V , v1 ∼ v2 ऩЪ୤ऩ v1−v2 ∈W . ך
ॺٰᇥܴ΋Π೭ࢂ΋ঁ equivalent relation.

(1) ჹҺཀ v ∈V ࣣԖ v∼ v: ೭ࢂӢࣁ O ∈W , ࡺ v−v ∈W .

(2) ऩ v1 ∼ v2, ߾ v2 ∼ v1: ೭ࢂӢࣁ v1 ∼ v2 Ң߄ v1−v2 ∈W , җࡺ W ࣁ vector space
ޕ v2−v1 =−(v1−v2) ∈W , ҭջ v2 ∼ v1.

(3) ऩ v1 ∼ v2 Ъ v2 ∼ v3, ߾ v1 ∼ v3: ೭ࢂӢࣁҗ v1−v2 ∈W аϷ v2−v3 ∈W , ёள
v1−v3 = (v1−v2)+(v2−v3) ∈W .

җܭ೭΋ঁ equivalent relation, ໣ӝޑက΋ঁཥۓॺך

V/W = {v | v ∈V}.

྽ฅΑךॺाᇥܴ V/W ΢ޑϡન࡛ኬω཮࣬฻, ӧ೭္ךॺा؃ u = v ऩЪ୤ऩ u∼ v (ҭ
ջ u−v ∈W ).

Question 1.26. 前य़ࣁϙሶाѐᇥܴ ∼ ΋ঁࢂ equivalent relation ωૈۓက V/W ?ګ

ऩ學ၸ代數 group ࣁӕ學ёа࣮рӢޑ V ӧуݤ΢ࢂ΋ঁ abelian group, Զ W ࣁ V

ޑ (normal) subgroup, рۓॺёаךа܌ V/W ΢ޑၮᆉځ٬ԋࣁ΋ঁ abelian group. ٣
ჴ΢ךॺᗋёаۓр F ჹ V/W ΢ϡનޑբҔ٬ள V/W ΋ঁࣁ vector space over F . ۓځ
ကࣁჹҺཀޑ u,v ∈V/W Ъ r ∈ F , ۓॺך

u+v = u+v

rv = rv.

Ӣ W ࣁ V ޑ subspace, ৒ܰᡍ᛾೭ঁࡐ V/W ࣁၮᆉᆶբҔࣣޑ well-defined, ԶЪךॺё
ள V/W ΋ঁࣁ vector space over F , ᆀϐࣁ the quotient space of V modulo W .

Question 1.27. ፎᡍ᛾೭ঁၮᆉࢂ well-defined Ъ V/W ΋ঁࢂ vector space over F. ϙሶ
ࢂ V/W ΢ޑуൂݤՏϡનګ?

Question 1.28. ऩ U ࣁ V ޑ subspaceЪW ⊆U , ߾ U/W ࣁ V/W ޑ subspace༏? W ⊆U

೭ঁଷ೛ࢂሡाޑ༏?
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ऩ V,W ࣁ finite dimensional F-spaces, ցࢂॺԾฅ཮ୢך V/W ҭࣁ finite dimensional
F-space, Ъځ dimension ?Ֆࣁ

Proposition 1.6.2. ଷ೛ V ࣁ finite dimensional F-spaces Ъ W ࣁ V ΋ঁޑ F-subspace,
߾ V/W ҭࣁ finite dimensional F-space, Ъ

dim(V/W ) = dim(V )−dim(W ).

Proof. җ Theorem 1.5.8 ޕॺך W ҭࣁ finite dimensional F-space. ೛ {w1, . . . ,wm} ࣁ W

΋ಔޑ basis, җ Theorem 1.5.9 Ӹӧޕ v1, . . . ,vn ∈V ٬ள {w1, . . . ,wm,v1, . . . ,vn} ࣁ V ΋ޑ

ಔ basis. ॺा᛾ܴך S = {v1, . . . ,vn} ࣁ V/W ΋ಔޑ basis.

२Ӄךॺ᛾ܴ S ࣁ V/W ΋ಔޑ spanning set. ჹҺཀ v ∈ V/W , җܭ v ∈ V Ъ

{w1, . . . ,wm,v1, . . . ,vn} ࣁ V ΋ಔޑ basis, Ӹӧࡺ c1, . . . ,cm,d1, . . . ,dn ∈ F ٬ள

v = c1w1 + · · ·+ cmwm +d1v1 + · · ·+dnvn.

ӢԜۓ٩ကள

v = c1w1 + · · ·+ cmwm +d1v1 + · · ·+dnvn.

ฅԶჹ܌Ԗ wi Ӣ wi ∈W , ॺԖך wi = O, ӢԜ

v = d1v1 + · · ·+dnvn.

ள᛾ࡺ S ࣁ V/W ΋ಔޑ spanning set.

നךࡕॺा᛾ܴ S ࣁ linearly independent. Ҕϸ᛾ݤ, ଷ೛ S ࣁ linearly dependent,
җ Proposition 1.4.2 Ӹӧޕ d1, . . . ,dn ∈ F όӄࣁ 0 ٬ள O = d1v1 + · · ·+dnvn. ကԜջۓ٩

d1v1 + · · ·+dnvn ∈W = Span({w1, . . . ,wm}), ޕࡺ

d1v1 + · · ·+dnvn ∈ Span({v1, . . . ,vn})∩Span({w1, . . . ,wm}).

ฅԶ S ࣁ linearly independent, җ Corollary 1.4.4 ޕ

Span({v1, . . . ,vn})∩Span({w1, . . . ,wm}) = {O},

ளࡺ d1v1+ · · ·+dnvn =O. җܭ d1, . . . ,dn όӄࣁ 0,Ԝᆶ {v1, . . . ,vn}ࣁ linearly independent
࣬ҟ࣯. ள᛾ࡺ S ࣁ linearly independent. �



Chapter 2

Linear Transformations

ӧ學ಞ數學ޑၸำύ大ৎᔈ၀ᡏ཮ڄډ數ޑख़ा性. ӧόӕፐำύךॺ૸ፕڄޑ數ჹ
ຝ೿όӕ, ;數ڄ數ǵё༾ڄೱុܭॺԖᑫ፪ךӵӧ༾ᑈϩύٯ ԶӧဂᆶᕉύךॺԖᑫ፪ܭ
group homomorphisms Ϸ ring homomorphisms. ӧ線性代數ύךॺԖᑫ፪ڄޑ數׆ࢂఈૈ
࡭ߥ vector spaces ύޑၮᆉᆶբҔ, Ψ൩܌ࢂᒏޑ linear transformations.

2.1. Definition and Basic Properties

Definition 2.1.1. ೛ V,W ࣁࣣ over F ޑ vector spaces. ๏ۓ΋ঁவ V ډ W 數ڄޑ

T : V →W , ऩჹ܌Ԗ v1,v2 ∈ V аϷ r ∈ F ࣣԖ T (rv1 + v2) = rT (v1)+T (v2), ᆀ߾ T ࣁ

linear transformation ܈) linear mapping) from V to W .

Ԗਔংךॺ཮ᙁᆀࣁ T is F-linear. ќѦךॺҔ L (V,W ) Ԗவ܌Ң߄ V ډ W ޑ linear
transformations .ԋϐ໣ӝ܌

Question 2.1. գ࣮ளрٰ T is F-linear฻ሽܭჹ܌Ԗ v,v′ ∈V аϷ r ∈ F ࣣԖ T (v+v′) =
T (v)+T (v′) аϷ T (rv) = rT (v) ༏?

ௗ๱ךॺஒϟಏ΋٤Ԗᜢܭ linear transformation ,୷ҁ性፦ޑ җܭ linear transforma-
tion ёૈ౐ੋډόӕ vector spaces, ॺҔך OV Ң߄ٰ V .Տϡનൂݤуޑ

Proposition 2.1.2. ऩ T : V →W ΋ঁࣁ linear transformation, ߾

(1) T (OV ) = OW

(2) ჹ܌Ԗ v ∈V ࣣԖ T (−v) =−T (v).

Proof.

(1) җ T (OV ) = T (OV +OV ) = T (OV )+T (OV ), ёள T (OV ) = OW .

(2) ऩ v ∈V , җ߾ OW = T (v+(−v)) = T (v)+T (−v) ள᛾ T (−v) =−T (v).

�
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ॺёаճҔ΋٤ך linear transformations ബ೷ཥޑ linear transformation. ऩ T,T ′ ࣣ

ࣁ V ډ W ޑ linear transformations, ޑက΋ঁཥۓॺך V ډ W 數ڄޑ T +T ′ : V →W

ჹҺཀࣁ v ∈ V , (T +T ′)(v) = T (v)+T ′(v). ๏ۓ r ∈ F , ޑက΋ঁཥۓॺΨёך V ډ W

數ڄޑ rT : V →W ჹҺཀࣁ v ∈ V , (rT )(v) = rT (v). ٣ჴ΢೭ኬࡌᄬޑཥڄ數ϝࣁ linear
transformation.

Proposition 2.1.3. ऩ T,T ′ ࣁࣣ V ډ W ޑ F-linear transformations Ъ r ∈ F , ߾ T +T ′

аϷ rT ࣁࣣ V ډ W ޑ F-linear transformations.

Proof. ჹܭҺཀ v1,v2 ∈V аϷ s ∈ F , ࣣԖ (T +T ′)(sv1 +v2) = T (sv11+v2)+T ′(sv1 +v2)

җܭ T,T ′ ࣁ F-linear, Ԗࡺ T (sv1 +v2)+T ′(sv1 +v2) = sT (v1)+T (v2)+ sT ′(v1)+T ′(v2) =

s(T (v1)+ T ′(v1))+ (T (v2)+ T ′(v2)). ҭջ (T + T ′)(sv1 + v2) = s(T + T ′)(v1)+ (T + T ′)(v2).

ӕ౛ (rT )(sv1 + v2) = rT (sv1 + v2) = rsT (v1) + rT (v2) = s(rT (v1)) + rT (v2) = s(rT )(v1) +

(rT )(v2). �

Question 2.2. Եቾ܌Ԗவ V ډ W ޑ linear transformations ԋϐ໣ӝ܌ L (V,W ),
Proposition 2.1.3 ॺך֋ນࢂόࢂ L (V,W ) ΋ঁࢂ vector space over F?

྽΋ঁڄ數ޑჹᔈୱখӳࢂќ΋ঁڄ數ۓޑကୱਔ, .數ڄޑ΋ঁཥࣁॺёаஒϐӝԋך
Π΋ঁ Proposition ֋ນךॺ linear transformations ࣁӝԋϝޑ linear transformation.

Proposition 2.1.4. ऩ T1 : V →W , T2 : W → U ࣁࣣ F-linear, ߾ T2 ◦ T1 : V → U ҭࣁ

F-linear.

Proof. ჹܭҺཀ v,v′ ∈ V аϷ r ∈ F , Եቾ T2 ◦ T1(rv+ v′) = T2(T1(rv+ v′)). Ӣ T1 ࣁ F-
linear,ޕࡺ T1(rv+v′) = rT1(v)+T1(v′)再җ T2 ࣁ F-linearள T2◦T1(rv+v′) = T +2(rT1(v)+
T1(v′)) = rT2(T1(v))+T2(T1(v′)) = rT2 ◦T1(v)+T2 ◦T1(v′). �

Question 2.3. ೛ T,T ′ ࣁࣣ V ډ W ޑ F-linear transformations, T ′′ ࣁ W ډ U ޑ

F-linear transformation. ցࢂ T ′′ ◦ (T + T ′) = T ′′ ◦ T + T ′′ ◦ T ′? ΞჹҺཀ r ∈ F ցࢂ

r(T ′′ ◦T ) = (rT ′′)◦T = T ′′ ◦ (rT )?

ঁٿۓჴ๏ځ F-spaces V,W ᄬр΋ঁவࡌ৒ܰࡐॺך, V Wډ ޑ linear transformation.
Π΋ঁ Theorem ᇥ܌ࢂޑԖ V ډ W ޑ linear transformations .ॺ೿ёаֹӄඓඝך

Theorem 2.1.5. ଷ೛ {v1, . . . ,vn} ࢂ V ΋ಔޑ basis, ๏ۓҺཀ w1, . . . ,wn ∈W , Ӹӧ΋ঁ
୤΋ޑ F-linear transformation T : V →W ᅈى T (vi) = wi, ∀ i ∈ {1, . . . ,n}.

Proof. ᛾ܴӸӧ性: Ψ൩ࢂᇥךॺाډפ΋ঁ T ∈L (V,W ) ᅈى T (vi) = wi. ကۓ T : V →
W ,ᅈىჹ܌Ԗ v = c1v1+ · · ·+cnvn ∈V , T (v) = c1w1+ · · ·+cnwn.җܭ {v1, . . . ,vn}ࢂ V ΋ޑ

ಔ basis, T ΋ঁவࢂ V ډ W ޑ well-defined function. Ξ T ᅈى T (vi) = wi, ॺ໻ഭךа܌
Π᛾ܴ T ࣁ F-linear. ჹҺཀ v = ∑n

i=1 civi, v′ = ∑n
i=1 divi ∈V аϷ r ∈ F ॺԖך, T (rv+v′) =
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T (∑n
i=1(rci +di)vi) = ∑n

i=1(rci +di)wi; ќ΋Бय़ rT (v)+T (v′) = rT (∑n
i=1 civi)+T (∑n

i=1 divi) =

r ∑n
i=1 ciwi +∑n

i=1 diwi, ճҔ vector space ,ၮᆉ性፦ޑ ॺளך T (rv+v′) = rT (v)+T (v′).

᛾ܴ୤΋性: ॺा᛾ܴऩך T ′ : V →W ҭࣁ F-linear Ъᅈى T ′(vi) = wi, ∀ i ∈ {1, . . . ,n},
߾ T = T ′. ҭջ᛾ܴ T (v) = T ′(v),∀v ∈V. ฅԶჹҺཀ v = ∑n

i=1 civi ∈V, ٩ T ကۓޑ T (v) =
∑n

i=1 ciwi, Զ٩ T ′ ࢂ F-linear ёள T ′(v) ҭࣁ ∑n
i=1 ciT (vi) = ∑n

i=1 ciwi, ள᛾ࡺ T = T ′. �

Theorem 2.1.5 ֋ນךॺ, ๏ۓ΋ঁ linear transformation T : V →W , ऩૈډפ΋ಔ
basis S ᡣךॺޕၰჹ܌Ԗޑ u ∈ S, T (u) ,Ֆࣁ Ԗ܌ჹ߾ v ∈ V, ޕёߡ T (v) !ՖΑࣁ ٯ
ӵ Tθ : R2 → R2 ஒࣁ R2 ΢Һ΋ಔӛໆ (x,y) аচᗺ (0,0) ༝Ј଍ਔଞᙅࣁ θ ள܌ف
.ӛໆޑ Tθ ((x,y)) ?ګሶӛໆࣗࢂ җܭஒӛໆ (1,0) = (cos0,sin0) а (0,0) ༝Јᙅࣁ θ
ࣁளӛໆ܌ကۓ٩ࡕف (cosθ ,sinθ), ډॺளךа܌ Tθ ((1,0)) = (cosθ ,sinθ). ӕ౛ (0,1) =

(cos(π/2),sin(π/2)),ࡺள Tθ ((0,1)) = (cos((π/2)+θ),sin((π/2)+θ)) = (−sinθ ,cosθ). ޕࡺ
Tθ ((x,y)) = Tθ (x(1,0)+ y(0,1)) = xTθ ((1,0))+ yTθ ((0,1)) = x(cosθ ,sinθ)+ y(−sinθ ,cosθ) =
(xcosθ − ysinθ ,xsinθ + ycosθ). όၸाݙཀ, ೭ঁБݤ໻ჹ linear transformation ωԋҥ,
,ॶڗޑ數ڄೀ౛ݤаाҔ೭ঁБ܌ ໪Ӄᔠᡍ೭ঁڄ數ࢂ linear transformation ωՉ. Ψ൩
,ηٯޑᇥӧ΢य़ࢂ ၰޕॺाӃך Tθ ࢂ linear transformation (ፎԾՉᡍ᛾), ωёճҔԜݤ
ளډ Tθ ((x,y)) = (xcosθ − ysinθ ,xsinθ + ycosθ).

Question 2.4. ऩ T : R2 → R2 ΋ঁࢂ linear transformation, ᅈى T ((1,2)) = (2,1),
T ((2,4)) = (4,2) ցёளࢂ T ((x,y)) = (y,x)? Ξऩ T ′ : R2 → R2 ΋ঁࢂ linear transfor-
mation, ᅈى T ′((1,2)) = (2,1), T ′((2,1)) = (1,2) ցёளࢂ T ′((x,y)) = (y,x)?

2.2. Image and Kernel

Linear transformation Α࡭ߥฅࡽ vector spaces ,ၮᆉޑ ёа౛ှѬᔈ၀Ψ཮ ”࡭ߥ“
subspaces. २Ӄךॺۓက΋٤಄ဦ, ๏ۓ΋ڄ數 f : S1→ S2. ऩ S′1 ⊆ S1, ۓॺך

f (S′1) = { f (s) | s ∈ S′1}.

ཀݙ f (S′1) ཮ࢂ S2 ΋ঁޑ subset, ᆀϐࣁ the image of S′1 under f ; ќ΋Бय़ऩ S′2 ⊆ S2, з

f−1(S′2) = {s ∈ S1 | f (s) ∈ S′2}.

ཀݙ f−1(S′2) ཮ࢂ S1 ΋ঁޑ subset, ᆀϐࣁ the preimage of S′2 under f .

Question 2.5. Imageک preimageࢂցࣁ inclusion-preserving? Ψ൩ࢂᇥ΋ঁڄ數 f : S1→
S2, ऩ S′′1 ⊆ S′1 ⊆ S1 ցёளࢂ f (S′′1)⊆ f (S′1)? ऩ S′′2 ⊆ S′2 ⊆ S2, ցёளࢂ f−1(S′′2)⊆ f−1(S′2)?

Question 2.6. ଷ೛ f : S1→ S2 ,數ڄ΋ঁࣁ Ъ S′1,S
′′
1 ⊆ S1 аϷ S′2,S

′′
2 ⊆ S2. Πӈব҅ࢂ٤

ዴޑ?

(1) f (S′1∩S′′1) = f (S′1)∩ f (S′′1).

(2) f (S′1∪S′′1) = f (S′1)∪ f (S′′1).

(3) f−1(S′2∩S′′2) = f−1(S′2)∩ f−1(S′′2).
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(4) f−1(S′2∪S′′2) = f−1(S′2)∪ f−1(S′′2).

Πय़ךॺࢂߡᇥ linear transformation ዴჴ࡭ߥ subspace .性፦ޑ

Lemma 2.2.1. ೛ T : V →W ΋ঁࣁ linear transformation.

(1) ऩ V ′ ࣁ V ޑ subspace, ߾ T (V ′) ࣁ W ޑ subspace.

(2) ऩ W ′ ࣁ W ޑ subspace, ߾ T−1(W ′) ࣁ V ޑ subspace.

Proof. ޕကςۓ٩ T (V ′)⊆W Ъ T−1(W ′)⊆V , ॺёճҔךа܌ Proposition 1.2.1 ٰ᛾ܴ.

(1) २Ӄ OV ∈ V ′ (Ӣ V ′ ࢂ subspace), җࡺ Proposition 2.1.2 (1) ޕ OW = T (OV ) ∈
T (V ′). 再ٰჹ܌Ԗޑ w1,w2 ∈ T (V ′) Ϸ r,s ∈ F , ကӸӧۓ٩ v1,v2 ∈ V ′ ٬ள

w1 = T (v1),w2 = T (v2). Եቾࡺ v = rv1 + sv2 ∈V ′, ёள rw1 + sw2 = T (v) ∈ T (V ′),
ள᛾ T (V ′) ࢂ W ޑ subspace.

(2) Ӣ OW ∈W ′ җࡺ T (OV ) = OW ∈W ′ ள OV ∈ T−1(W ′). 再ٰჹ܌Ԗޑ v1,v2 ∈
T−1(W ′) Ϸ r,s ∈ F , ကۓ٩ T (v1) ∈W ′ Ъ T (v2) ∈W ′ . җࡺ W ′ ࢂ W ޑ subspace
ள T (rv1 + sv2) = rT (v1)+ sT (v2) ∈W ′, ҭջ rv1 + sv2 ∈ T−1(W ′), ள᛾ T−1(W ′) ࢂ

V ޑ subspace.

�

੝ձޑ, ॺჹך V ′ =V аϷ W ′ = {OW} ,Ԗᑫ፪׎௃ޑ ӢԜ੝ձ๏ϒаΠۓက.

Definition 2.2.2. ೛ T : V →W ΋ঁࣁ linear transformation.

(1) T (V ) ᆀࣁ the image (or range) of T , ॺҔך Im(T ) .Ң߄ٰ

(2) T−1({OW}) ᆀࣁ the kernel (or null-space) of T , ॺҔך Ker(T ) .Ң߄ٰ

җ Lemma 2.2.1 ޕ Im(T ) ࢂ W ޑ subspace, Զ Ker(T ) ࣁ V ޑ subspace.

Question 2.7. җ image ک preimage ࣁ inclusion-preserving ޕॺך Im(T ) = T (V ) ܌ࢂ

Ԗ subspaces ޑ image ύന大ޑ subspace, Զ Ker(T ) = T−1({OW}) Ԗ܌ࢂ subspaces ޑ
preimage ύനλޑ. Ֆόѐ探૸ࣁ T ({OV}) аϷ T−1(W ) ?ګ

๏ۓ΋ঁڄ數, ԋࢀࣁցࢂ數ڄ೭ঁࢂޑॺԖᑫ፪ך (onto) ΋ჹ΋ࢂ܈ (one-to-one).
Im(T ک( Ker(T )ϐ܌аख़ाࢂӢࣁӧ T ࣁ linear transformationޑ௃ך,׎ॺёаҔ Im(T )

ک Ker(T ) ٰղᘐ T ,΋ჹ΋܈ԋࢀࣁցࢂ ٣ჴ΢ךॺԖаΠϐ่݀.

Proposition 2.2.3. ଷ೛ T : V →W ΋ঁࢂ linear transformation.

(1) T ԋऩЪ୤ऩࢀࣁ Im(T ) =W .

(2) T ΋ჹ΋ऩЪ୤ऩࣁ Ker(T ) = {OV}.

Proof. ޕॺςך Im(T )⊆W аϷ {OV}⊆Ker(T а٣ჴ΢܌,( ॺ໻ሡԵቾWך(1) ⊆ Im(T )

,೽ϩޑ ӕ౛ (2) ॺ໻ሡԵቾך Ker(T )⊆ {OV} .೽ϩޑ
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(1) T ࣁ onto,߄Ңჹ܌Ԗ w∈W ,ࣣӸӧ v∈V ٬ள T (v) =w,ҭջ w∈ T (V ) = Im(T ).

ள᛾ W ⊆ Im(T ), ளࡺ W = Im(T ). ϸϐ, җ W ⊆ Im(T ) ё؂ޕ΋ঁ w ∈W ࣣӧ

Im(T ) ύ, ҭջӸӧ v ∈V ٬ள w = T (v), ޕࡺ T ࣁ onto.

(2) T ࣁ one-to-one, Ң߄ V ύ୤΋ᅈى T (v) = OW ޑ v ᔈࣁ OV (Ӣςޕ T (OV ) =

OW ). ऩࡺ v ∈ Ker(T ), Ң߄ T (v) = OW , ள v = OV . ᛾ள Ker(T ) = {OV}. ϸ
ϐ, ଷ೛ Ker(T ) = {OV}. ऩ v1,v2 ∈ V ᅈى T (v1) = T (v2), җ߾ T ࣁ linear ள
T (v1−v2) =OW ,ҭջ v1−v2 ∈Ker(T ) = {OV}. ளࡺ v1 = v2,ள᛾ T ࣁ one-to-one.

�

வ Proposition 2.2.3 ,᛾ܴёа࣮рޑ ٠όሡҔډ T ࢂ linear ଷ೛ٰ᛾ܴޑ T ࢂ onto
ک Im(T ) = W ;ޑ฻ሽࣁ όၸ T ࢂ one-to-one ک Ker(T ) = {OV} ൩ሡाޑ฻ሽࣁ T ࣁ

linear .ଷ೛Αޑ 數ڄаჹ΋૓܌ f , ନߚӃޕၰ f ࢂ linear όૈҔ f−1({0}) = {0} ٰղᘐ
f ࣁցࢂ one-to-one.

ฅࡽ image ک kernel ೭ሶख़ा, .ॺ྽ฅाѐΑှѬॺך җΠ΋ঁ Lemma ډॺΑှך
image ک spanning set ԖᜢԶ kernel ൩ک linear independency ࣬ᜢ.

Lemma 2.2.4. ଷ೛ T : V →W ΋ঁࢂ linear transformation, Ъ S,S′ ࣁ V ޑ subsets.

(1) ऩ S ࢂ V ޑ spanning set, ߾ T (S) ࢂ Im(T ) ޑ spanning set.

(2) ऩ S′ ࣁ linearly independent Ъ Span(S′)∩Ker(T ) = {OV}, ߾ T (S′) ҭࣁ linearly
independent.

Proof.

(1) ကऩۓ٩ w ∈ Im(T ) ҢӸӧ߄ v ∈ V ٬ள w = T (v), ՠ V = Span(S) Ӹӧࡺ

c1, . . . ,cn ∈ F аϷ v1, . . . ,vn ∈ S٬ள v = c1v1+ · · ·+cnvn. ကۓ٩ T (v1), . . . ,T (vn)∈
T (S), ӢԜҗ T ࣁ linear ޕ w = T (c1v1 + · · ·+ cnvn) = c1T (v1) + · · ·+ cnT (vn) ∈
Span(T (S)). ளࡺ Im(T ) ⊆ Span(T (S)). ќ΋Бय़, ऩ w ∈ Span(T (S)), ҢӸӧ߄
c1, . . . ,cn ∈ F аϷ w1, . . . ,wn ∈ T (S) ٬ள w = ∑n

i=1 ciwi. ՠ wi ∈ T (S) Ң߄ကۓ٩

Ӹӧ vi ∈ S ٬ள wi = T (vi), ޕࡺ w = ∑n
i=1 ciT (vi) = ∑n

i=1 T (civi) ∈ T (Span(S)) =

T (V ) = Im(T ), ள᛾ Span(T (S))⊆ Im(T ).

(2) २Ӄךॺᇥܴ٩ଷ೛ T (S′) ύޑϡનࣣ࣬౦. ց߾ऩӸӧ v,v′ ∈ S′ Ъ v,v′ ࣬౦٬
ள T (v) = T (v′), ёள T (v−v′) = OW , ҭջ v−v′ ∈ Ker(T ). ฅԶ v−v′ ∈ Span(S′),
ޕҗଷ೛ࡺ v−v′ ∈ Span(S′)∩Ker(T ) = {OV} ௢ள v = v′ ϐҟ࣯. ޕࡺ T (S′) ύޑ

ϡનѸ࣬౦.
౜ճҔϸ᛾ݤ೛ T (S′) ࣁ linearly dependent, ҢӸӧ߄ v1, . . . ,vn ∈ S′ ࣣ࣬౦

Ъ c1, ...,cn ∈ F ࣣόࣁ 0 ٬ள c1T (v1)+ · · ·+ cnT (vn) = OW . ճҔ T ࣁ linear ள
T (c1v1 + · · ·+ cnvn) = OW , ҭջ c1v1 + · · ·+ cnvn ∈ Ker(T ). ฅԶ c1v1 + · · ·+ cnvn ∈
Span(S′), җࡺ Span(S′)∩Ker(T ) = {OV}, ள c1v1 + · · ·+ cnvn = OV . Ԝᆶ S′ ࣁ

linearly independent ࣬ҟ࣯, ளࡺ T (S′) ࣁ linearly independent.
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�

Lemma 2.2.4 (1) ֋ນךॺ྽ T : V →W ΋ঁࢂ linear transformation, ऩ V ࣁ finite
dimensional F-space, ߾ Im(T ) ҭࣁ finite dimensional F-space.

Question 2.8. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ V ࣁ finite dimensional
F-space, ёցள dim(Im(T )) ≤ dim(V )? Ξऩςޕ dim(W ) > dim(V ) ۓցёዴࢂ T ࣁցࢂ

?ޑԋࢀ

аΠךॺஒճҔ V ΋ಔޑ basis ளډ Im(T ) ΋ಔޑ basis.

Theorem 2.2.5. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ S0 ࣁ Ker(T ) ΋ಔޑ

basis Ъ S0∪S ࣁ V ΋ಔޑ basis, ߾ T (S) ࣁ Im(T ) ΋ಔޑ basis.

Proof. ᛾ܴ T (S) ࣁ Im(T ) ޑ spanning set: Ӣ S0 ∪ S ࣁ V ޑ spanning set, җ Lemma
2.2.4 (1) ޕ T (S0∪S) ࣁ Im(T ) ޑ spanning set. җܭ S0 ∈Ker(T ) ளࡺ T (S0) = {OW}. ՠҗ
ܭ T (S0∪S) = T (S0)∪T (S) = {OW}∪T (S), җࡺ {OW} ⊆ Span(T (S) (ճҔ Corollary 1.3.4)
ޕ Span(T (S)) = Span({OW}∪T (S)) = Span(T (S0∪S)) = Im(T ).

᛾ܴ T (S) ࣁ linearly independent: Ӣ S0∪ S ࣁ linearly independent Ъ S0 ࣁ linearly
independent,җ Corollary ޕ1.4.4 Sࣁ linearly independentЪ Span(S)∩Ker(T ) = Span(S)∩
Span(S0) = {OV}. җࡺ Lemma 2.2.4 (2) ޕ T (S) ࣁ linearly independent. �

੝ձޑ, ྽ V ࣁ finite dimensional vector space, ॺёीᆉך V , Ker(T ) аϷ Im(T ) ϐ

໔ dimension .ᜢ߯ޑ

Corollary 2.2.6 (Dimension Theorem). ऩ V ΋ঁࣁ finite dimensional F-space Ъ T :

V →W ΋ঁࢂ linear transformation, ߾

dim(V ) = dim(Ker(T ))+dim(Im(T )).

Proof. २ӃճҔ Theorem 1.5.8 ډפ Ker(T ) ΋ಔޑ basis S0 = {v1, . . . ,vm}, 再ճҔ
Theorem 1.5.9 ډפ S = {vm+1, . . . ,vn} ٬ள S0 ∪ S = {v1, . . . ,vm,vm+1, . . . ,vn} ࣁ V ΋ޑ

ಔ basis. Theorem 2.2.5 ֋ນךॺ {T (vm+1), . . . ,T (vn)} ࣁ Im(T ) ΋ಔޑ basis, ޕࡺ
n−m = dim(Im(T )), ள᛾ dim(V ) = n = m+(n−m) = dim(Ker(T ))+dim(Im(T )). �

྽ V ࣁ finite dimensional vector space Ъ T : V →W ΋ঁࢂ linear transformation,
dim(Im(T )) ΋૓Ψᆀࣁ the rank of T , Զ dim(Ker(T )) Ψᆀࣁ the nullity of T . а܌
Dimension Theorem ΨԖΓᆀࣁ Rank Theorem: rank of T + nullity of T = dim(V ).

Question 2.9. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ V ࣁ finite dimensional
F-space, ऩςޕ dim(W )< dim(V ) ۓցёዴࢂ T ?ޑ΋ჹ΋ࣁցࢂ
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2.3. Isomorphism

Linear transformation ஒঁٿ vector spaces ᜢೱଆٰ. ӵ݀ঁٿ vector spaces ໔ёפ
ޑԋࢀ΋ঁ΋ჹ΋Ъډ linear transformation, ঁٿ೭ࣁᇡߡॺך vector spaces Ԗ࣬ӕ่ޑ
ᄬ, ᆀѬॺࣁ isomorphic. ೭΋࿯ύךॺЬाࢂߡा探૸൳ঁԖᜢ isomorphism ख़ा性ޑ
፦.

Definition 2.3.1. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ T ࣁ one-to-one and
onto, ᆀ߾ T ΋ঁࣁ isomorphism. Ԝਔךॺᆀ V ک W ࣁ isomorphic ЪҔ V ≃W .Ң߄ٰ

җ Proposition 2.2.3 ޕॺך T : V → W ࣁ isomorphism ऩЪ୤ऩ Im(T ) = W and
Ker(T ) = {OV}. а྽܌ T ࣁ isomorphism ਔ, ऩ S ࣁ V ΋ಔޑ basis, җ T ࣁ one-to-
one ޕ T (S) ύޑϡનࣣ࣬౦ (ջऩ v,v′ ∈ S Ъ v ̸= v′, ߾ T (v) ̸= T (v′)), 再җ Lemma
2.2.4 ޕ T (S) ҭࣁ W ΋ಔޑ basis. ϸϐ, ऩ T (S) ύޑϡનࣣ࣬౦Ъ T (S) ࣁ W ΋ޑ

ಔ basis, җ Span(T (S)) = W , ள Im(T ) = W . ќ΋Бय़, ऩ v ∈ Ker(T ), җܭ S ࣁ V ΋ޑ

ಔ basis, Ӹӧ v1, . . . ,vn ∈ S ࣣ࣬౦, c1, . . . ,cn ∈ F ٬ள v = c1v1 + · · ·+ cnvn. җԜள OW =

T (c1v1+ · · ·+cnvn) = c1T (v1)+ · · ·+cn(T vn). ՠ T (S)ࣁ΋ಔ basisЪ T (v1), . . . ,T (vn)∈ T (S)

ࣣ࣬౦ள c1, . . . ,cn ࣁࣣ 0, ளࡺ v = OV , ջ Ker(T ) = {OV}. ᆕӝа΢, .ॺԖаΠϐ่ፕך

Proposition 2.3.2. ଷ೛ T : V →W ΋ঁࢂ linear transformation Ъ S ࣁ V ΋ಔޑ basis.
߾ T ࢂ isomorphism ऩЪ୤ऩ T (S) ύޑϡનࣣ࣬౦Ъ T (S) ࣁ W ΋ಔޑ basis.

Question 2.10. Proposition 2.3.2 ύࣁՖाமፓ T (S) ύϡનࣣ࣬౦?

྽ V ࣁ finite dimensional vector space ਔ, .ӳϐ่݀ࡐॺԖаΠך

Corollary 2.3.3. ଷ೛ V,W ࣁࣣ F-spaces Ъ V ࣁ finite dimensional F-space. ߾ V ≃W

ऩЪ୤ऩ dim(V ) = dim(W ).

Proof. V ≃W ҢӸӧ΋ঁ߄ isomorphism T : V →W , ӢԜҗ Proposition 2.3.2 ޕ W ҭࣁ

finite dimensional F-spaceЪ dim(W ) = dim(V ). ϸϐ,ऩW ࣁ finite dimensional F-spaceЪ
dim(W ) = dim(V ) = n, ёҺڗ V ΋ಔޑ basis {v1, . . . ,vn} аϷ W ΋ಔޑ basis {w1, . . . ,wn},
ճҔ Theorem 2.1.5 Ӹӧ΋ঁޕ linear transformation T : V →W ᅈى T (vi) = wi, ∀ i ∈
{1, . . . ,n}. җܭ {T (v1) . . . ,T (vn)}= {w1, . . . ,wn} ࣁ W ΋ಔޑ basis, җ Proposition 2.3.2 ޕ
T ࣁ isomorphism, ள᛾ V ≃W . �

Corollary 2.3.3 ֋ນךॺԵቾ finite dimensional vector spaces ໔ࢂց isomorphic ঁࢂ
ᙁൂୢޑᚒ, ѝा࣮Ѭॺޑ dimension .ց࣬ӕջёࢂ ۭΠךॺϟಏ൳ঁ isomorphism ۓޑ
౛, ٣ჴ΢ӧ finite dimension ճҔޑᙁൂࡐዴჴёа׎௃ޑ dimension ٰ᛾ள. όၸ೭٤
,ϐΠΨԋҥݩރ౛ӧ΋૓ۓ ᗨฅךॺό཮ѐፋ infinite dimensional vector space, όၸճҔ
linear transformation 性፦ٰ᛾ܴ೭٤ޑ isomorphism ॺΑှ೭٤ךᡣૈ׳ vector spaces
໔ޑᜢ߯, όଷ೛ࢂॺᗋךа܌ finite dimensional ,׎௃ޑ ᒧ᏷όҔ dimension ᛾ٰݤБޑ
ܴ೭ۓ٤౛ (όၸ大ৎёаճҔ dimension ٰᡍ᛾೭ۓ٤౛҅ޑዴ性).
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྽΋ঁڄ數 f ,ԋਔࢀ΋ჹ΋Ъࢂ 數ڄϸځޕॺך f ◦−1 ,ޑӸӧࢂ ՠ྽ f ࢂ linear
transformation ਔځϸڄ數 f ◦−1 ࢂցΨࢂ linear transformation? аΠךॺࢂߡӣเ೭ঁ
ୢᚒ. ाݙཀ, ӧ೭္Ӣࣁाᗉխک preimage ,಄ဦ࣬షౄޑ ॺҔך f ◦−1 Ң߄ٰ f ڄϸޑ

數.

Proposition 2.3.4. ଷ೛ T : V →W ΋ঁࣁ isomorphism, ߾ T ޑ inverse (ϸڄ數)
T ◦−1 : W →V ҭࣁ isomorphism.

Proof. T ࣁ one-to-one and onto, ځࡺ inverse T ◦−1 ҭࣁ one-to-one and onto. ךа܌
ॺ໻ा᛾ܴ T ◦−1 ࣁ W ډ V ޑ linear transformation ջё. Һڗ w,w′ ∈W , җ T ࣁ

isomorphism ޑӸӧ୤΋ޕ v,v′ ∈ V ᅈى T (v) = w Ъ T (v′) = w′. ٩ inverse ကۓޑ
T ◦−1(w) = v Ъ T ◦−1(w′) = v′. ჹҺཀ r ∈ F , ा᛾ܴ T ◦−1 ࣁ linear transformation, ջा
᛾ܴ T ◦−1(rw+w′) = rT ◦−1(w)+T ◦−1(w′) = rv+v′. ฅԶ٩ T ࣁ linear, ёள T (rv+v′) =
rT (v)+T (v′) = rw+w′. 再٩ࡺ inverseϐۓကள T ◦−1(rw+w′) = rv+v′,ள᛾ T ◦−1 : W →V

ࣁ linear transformation, ࣁࡺ isomorphism. �

Question 2.11. Vector spaces ϐ໔ޑ isomorphic ΋ঁࣁցࢂ equivalent relation?

Question 2.12. ྽ V ΋ঁࢂ finite dimensional vector space, գૈճҔ Theorem 2.1.5 ᛾
ܴ Proposition 2.3.4 ༏?

ௗΠٰךॺஒϟಏ大ৎӧ學ಞ代數ਔςௗ᝻ၸޑ൳ঁ Isomorphism Theorems. २
ӃךॺӃ࣮ճҔ΋ঁςޑޕ linear transformation ளډཥޑ linear transformation Бޑ
.ݤ ଷ೛ T : V →W ΋ঁࢂ linear transformation Ъ U ΋ঁࢂ Ker(T ) ޑ subspace, ကۓ
T :V/U→ Im(T ࣁ( T (v)= T (v), ∀v∈V/U . २ӃךॺӃᇥܴ T ΋ঁࢂ well-defined function.
ҭջ, ऩ v1 = v2 in V/U , ሡᡍ᛾߾ T (v1) = T (v2). ฅԶ v1 = v2, Ң߄ v1−v2 ∈U ⊆ Ker(T ),
ளࡺ T (v1−v2) = OW , ҭջ T (v1) = T (v1) = T (v2) = T (v2). ќ΋Бय़, ჹҺཀ v1,v2 ∈V/U

аϷ r ∈ F ,

T (rv1 +v2) = T (rv1 +v2) = T (rv1 +v2) = rT (v1)+T (v2) = rT (v1)+T (v2),

ளޕ T ΋ঁࢂ linear transformation.

Theorem 2.3.5. ଷ೛ T : V →W ΋ঁࢂ linear transformationЪ U ΋ঁࢂ Ker(T ޑ( sub-
space, 數ڄ߾ T : V/U→ Im(T ࣁကۓ( T (v) = T (v), ∀v∈V/U ΋ঁࢂ linear transformation
Ъ Ker(T ) = Ker(T )/U аϷ Im(T ) = Im(T ).

Proof. 前य़ςޕ, T ΋ঁࢂ linear transformation. ౜ऩ v ∈ Ker(T ), Ң߄ကۓ٩ OW =

T (v) = T (v), ҭջ v ∈ Ker(T ), ள᛾ v ∈ Ker(T )/U . ќ΋Бय़, ऩ v ∈ Ker(T )/U , Ң߄
v ∈ Ker(T ), ࡺ T (v) = T (v) = OW , ள᛾ v ∈ Ker(T ). ளࡺ Ker(T ) = Ker(T )/U . നۓ٩ࡕက,
ޕॺך w ∈ Im(T ) ऩЪ୤ऩӸӧ v ∈V/U ٬ள w = T (v) = T (v) ऩЪ୤ऩ w ∈ Im(T ). ள᛾
Im(T ) = Im(T ). �

੝ձӦ྽ U = Ker(T ), .౛ۓޑॺԖаΠך
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Corollary 2.3.6 (The First Isomorphism Theorem). ଷ೛ T : V →W ΋ঁࢂ linear trans-
formation Ъ T : V/Ker(T )→ Im(T ) ࣁကۓ T (v) = T (v), ߾ T ΋ঁࢂ isomorphism, ջ
ள

V/Ker(T )≃ Im(T ).

Proof. Ӣ T : V/Ker(T )→ Im(T ) ࣁ linear transformation ᅈى Ker(T ) = Ker(T )/Ker(T ) =

{OV} Ъ Im(T ) = Im(T ), ޕࡺ T ࣁ isomorphism ள᛾ V/Ker(T )≃ Im(T ). �

Question 2.13. ྽ V ࣁ finite dimensional vector space, գૈճҔ quotient space ޑ
dimension 性፦аϷ Dimension Theorem ᛾ܴ V/Ker(T )≃ Im(T ) ༏?

Theorem 2.3.6 ϐ܌аᆀࣁ The First Isomorphism Theorem, ځёаճҔѬ᛾ளࣁӢࢂ
дޑ Isomorphism Theorems.

Corollary 2.3.7 (The Second Isomorphism Theorem). ଷ೛ V ΋ঁࣁ vector spaceЪ U,W

ࣁ V ޑ subspaces. ߾
(U +W )/U ≃W/U ∩W.

Proof. २Ӄݙཀ U ࣁ U +W ޑ subspace, а܌ (U +W )/U ΋ঁࣁ vector space. Եቾ
T : W → (U +W )/U ࣁကۓ T (w) = w, ∀w∈W . ৒ܰᡍ᛾ࡐ T ΋ঁࣁ linear transformation.
ௗ๱ךॺा᛾ܴ Im(T ) = (U +W )/U аϷ Ker(T ) = U ∩W , ёҗߡ Corollary 2.3.6 ள᛾
(U +W )/U ≃W/U ∩W .

җܭ Im(T )⊆ (U +W )/U , ॺ໻ा᛾ܴך Im(T )⊇ (U +W )/U . ჹܭҺཀ v ∈ (U +W )/U ,
җۓကޕӸӧ u ∈U,w ∈W ٬ள v = u+w. ԜਔԵቾ T (u) = u, ॺाᇥܴך u = v. ฅ
Զ v− (u+w) ∈W (Ӣ v = u+w) аϷ w ∈W , ॺԖך v−u = v− (u+w)+w ∈W , ளࡺ
v = u = T (u) ∈ Im(T ). ள᛾ Im(T ) = (U +W )/U .

౜ऩ u∈Ker(T ),җܭ T ࣁကୱۓޑ U ,ёޕ u∈U . ΞӢ (U +W )/U ࣁՏϡનൂݤуޑ

O, ύځ O ࣁ V ,Տϡનൂݤуޑ ள O = T (u) = u. ҭջ u = u−O ∈W , ࡺ u ∈U ∩W , ள᛾
Ker(T )⊆U ∩W . ϸϐ, ऩ u ∈U ∩W Ӣ߾ u ∈W , ள u = O. ࡺ T (u) = u = O, ջ u ∈Ker(T ),
ள᛾ Ker(T ) =U ∩W . �

வ೭္ךॺёа࣮р, ѝाۓр΋ঁӳޑ linear transformation ൩ёճҔ the First
Isomorphism Theorem, ளډӳޑ isomorphic 性፦.

Corollary 2.3.8 (The Third Isomorphism Theorem). ଷ೛ V ΋ঁࣁ vector space Ъ U,W

ࣁ V ޑ subspaces ᅈى U ⊆W . ߾

(V/U)/(W/U)≃V/W.

Proof. २Ӄݙཀ, җܭ U ⊆W ⊆ V Ъࣣࣁ vector spaces, ࡺ V/U аϷ V/W ࣁࣣ vector
spaces. ౜Եቾ T : V → V/W , ࣁကۓ T (v) = v, ∀v ∈ V . ৒ܰᡍ᛾ࡐ Ker(T ) = W Ъ

Im(T ) = V/W . җࡺ U ⊆ Ker(T ) = W , ճҔ Theorem 2.3.5, ޕ T : V/U → V/W ΋ঁࣁ
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linear transformation, Ъ Im(T ) = Im(T ) = V/W аϷ Ker(T ) = Ker(T )/U = W/U . ӢԜճ
Ҕ Corollary 2.3.6 ள (V/U)/Ker(T )≃ Im(T ), ջ (V/U)/(W/U)≃V/W. �

Question 2.14. ྽ V ࣁ finite dimensional vector space, գૈճҔ dimension ٰ᛾ܴ the
Second and Third Isomorphism Theorems ༏?

Question 2.15. ଷ೛ V ΋ঁࣁ finite dimensional vector space Ъ U,W ࣁ V ޑ subspaces
ᅈى U ⊆W ⊆ V . ޕॺך dim(V/U) = dim(V )− dim(U),dim(V/W ) = dim(V )− dim(W ) Ъ

dim(W/U) = dim(W )−dim(U). Ψ൩ࢂᇥ dim(V/U)−dim(V/W ) = dim(W/U), ॺёόךٗ
ёаᇥ (V/U)/(V/W )≃W/U?

2.4. The Matrix Connection

΋ঁ vector space V , ऩ๏ۓ΋ಔ basis ,ࡕ җܭ V ύޑϡનҔ೭ಔ basis ೿ѝԖ୤΋
,ݤ߄ޑ ॺёаஒךа܌ V ύޑϡનҔዕ஼ޑӛໆ֤኱ٰ߄Ң. ќ΋Бय़, ΋ঁ linear
transformation, ѝा๏ۓ vector space ޑ basis, Ψёа೏୤΋ዴۓ. ཮ޑԾฅࡐॺךа܌
ஒ linear transformation ک matrix ࣬ೱ่. ᗨฅ大ৎа前ёૈ໻ௗ᝻ၸ over R ܈ over C
ޑ matrix. όၸᜢܭ matrix ,᛾ܴޑၮᆉ性፦ޑ کჴځ over ব΋ঁ field ,ޑคᜢࢂ а೭܌
,ॺଷ೛大ৎςዕ஼೭٤性፦ך္ ό཮再ѐ᛾ܴѬॺ.

ऩ V ΋ঁࢂ finite dimensional vector space Ъ๏ۓ V ΋ಔޑ basis {v1, . . . ,vn}, ॺाך
Ӄஒ೭٤ vi ,ۓ໩ׇ௨ޑ Ҕ β = (v1, . . . ,vn) ޑҢ೭΋ಔ௨ӳ໩ׇ߄ٰ basis, ᆀࣁ V ΋ಔޑ

ordered basis. ,ཀݙаा܌ ΋ಔ basis ऩஒځϡનख़ཥ௨ӈ, ٗሶ܌௨рޑ ordered basis,
ᗨฅ࣮ԋ໣ӝޑ၉ϡનࣣ࣬ӕ, ՠࢂӢࣁ໩ׇόӕ, ޑόӕࣁॺஒѬॺຎך ordered basis.
Ψ൩ࢂᇥऩ β = (v1, . . . ,vn), β ′ = (v′1, . . . ,v′n) ࣁ V ޑ ordered bases, ߾ β = β ′ Ң߄ vi = v′i,
∀ i = 1, . . . ,n.

ଷ೛ dim(V ) = n,๏ۓ V ΋ঁޑ ordered basis β аך,ࡕॺࡐԾฅۓޑр΋ঁ V ډ Fnޑ

linear transformation τβ : V → Fn, Ԗ܌ύჹځ v ∈V , ճҔ β ஒ v ቪԋ v = c1v1 + · · ·+cnvn,
ကۓ

τβ (v) =

 c1
...

cn

 .

೭္ךॺஒ Fn ϡનቪԋޑ္ column vector, Ӣހࣁय़ޑᜢ߯Ԗਔ཮ቪԋ (c1, . . . ,cn)
t (ջஒ

row vector (c1, . . . ,cn) .(ᙯ࿼ڗ ஒ Fn ϡનቪԋޑ္ column vector ,ᚒୢޑಞᄍ性ࢂচӢޑ
Ьाࢂ಄ӝаંࡕତ४ޑݤၮᆉ. Ӣࣁ β ࣁ ordered basis, ৒࣮ܰрࡐ τβ ࢂ well-defined,
Ъࢂ΋ঁ isomorphism. ඤ言ϐ, ჹܭ V ύޑϡન, ॺёаճҔך τβ ஒϐ࿼ඤԋ Fn ύޑ

΋ঁ column vector. ӕኬޑჹܭ Fn ύޑ column vector, ॺёճҔך τ◦−1
β ஒϐᗋচԋ V

ύޑϡન. ೭൩ךࢂॺाᒧڗ ordered basis ,ޑЬाҞޑ ёаճҔ΋ಔ ordered basis ஒ
V ύޑϡનک Fn ύޑ column vector բ΋ঁ΋ჹ΋ޑ࿼ඤЪ࡭ߥ vector space ύޑၮᆉ.
೭္ाமፓࢂޑ, ӧ΋૓ޑ௃׎ाஒ V ύޑϡનᙯඤԋ Fn ϡનޑ τβ (v) ၸำၨഞྠ (ё
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ૈ౐ੋှډᖄҥБำಔ), όၸஒ Fn ύޑ column vector (c1, . . . ,cn)
t ᙯඤԋ V ύޑϡન

τ◦−1
β ((c1, . . . ,cn)

t) ൩ᙁൂӭΑ, Ѭ൩ࢂ c1v1 + · · ·+ cnvn.

Example 2.4.1. Եቾ P2(R) = {ax2 + bx+ c | a,b,c ∈ R} ೭΋ঁ R-space, аϷѬޑ΋ঁ
ordered basis β = (x2,x+ 1,−1). Ӣࣁ ax2 + bx+ c = a(x2) + b(x+ 1) + (b− c)(−1), ॺך
ёள τβ (ax2 + bx + c) = (a,b,b− c)t. ӵٯ τβ (x2 + x + 1) = (1,1,0)t, ԶךॺΨёଭ΢ޕ
τ◦−1

β ((1,1,0)t) = 1(x2)+1(x+1)+0(−1) = x2 + x+1.

ќѦԵቾ P1(R) = {ax + b | a,b ∈ R} ೭΋ঁ R-space, аϷѬޑ΋ঁ ordered basis
β ′ = (x− 1,x+ 1). ှ ax+ b = r(x− 1)+ s(x+ 1), ॺёளך r = (a− b)/2,s = (a+ b)/2, ࡺ
τβ ′(ax+b) = ((a−b)/2,(a+b)/2)t.

Question 2.16. ӧ Example 2.4.1 ύऩஒ β ,β ′ ࣁׯ β = (−1,x+1,x2),β ′ = (x+1,x−1),
ٗሶ τβ (ax2 +bx+ c),τβ ′(ax+b) ཮ࢂϙሶ?

౜๏ۓ΋ linear transformation T : V →W , ۓॺϩձᒧך V,W ΢ޑ ordered basis
β = (v1, . . . ,vn), β ′ = (w1, . . . ,wm). ճҔ β ,β ॺёஒך,′ T Ҕ΋ঁ over F ޑ m×n (mঁ row,
nঁ column)ંޑତٰ߄Ң. ೭ંତ؂ঁޑ columnࢂҔаΠޑБޑۓݤ: ಃ iঁ columnࣁ
τβ ′(T (vi)). Ψ൩ࢂᇥऩ T (vi)ճҔ β ′ ೭ঁ ordered basisё߄Ңࣁ T (vi) = c1w1+ · · ·+cmwm,

ޑ೭ঁંତ߾ i-th column ࣁ

 c1
...

cm

 . ೭ঁંତک T ԖᜢΨک β ,β ′ Ԗᜢ, ॺ൩Ҕך β ′ [T ]β

,Ң߄ٰ ҭջ

β ′ [T ]β =
(

τβ ′(T (v1)), . . . ,τβ ′(T (vn))
)
,

ཀ؂΋ঁݙ τβ ′(T (vi)) ∈ Fm,∀ i = 1, . . . ,n ΋ঁࢂ m×1 ޑ column vector, а܌ β ′ [T ]β ΋ঁࢂ

m×n ޑ over F ޑ matrix.

Example 2.4.2. ӕ Example 2.4.1, Եቾ P2(R) аϷځ ordered basis β = (x2,x+1,−1), ک
P1(R) аϷځ ordered basis β ′ = (x−1,x+1). ऩ T : P2(R)→ P1(R) ࣁကۓ

T (ax2 +bx+ c) = 2ax+b,

৒ܰᡍ᛾ࡐ T ࣁ linear transformation. Ӣࣁ dim(P1(R)) = 2, dim(P2(R)) = 3 ۓॺёך

р β ′ [T ]β ೭΋ঁ 2× 3 ޑ matrix. ٣ჴ΢җܭ T (x2) = 2x,T (x+ 1) = 1,T (−1) = 0, ճҔ

Example 2.4.1 ॺளך่݀ޑ

τβ ′(T (x
2)) =

(
1
1

)
,τβ ′(T (x+1)) =

( −1
2
1
2

)
,τβ ′(T (−1)) =

(
0
0

)
,

ޕࡺ

β ′ [T ]β =

(
1 −1

2 0
1 1

2 0

)
.

Question 2.17. ӧ Example 2.4.2 ύऩஒ β ,β ′ ࣁׯ β = (−1,x+1,x2),β ′ = (x+1,x−1),
ٗሶ β ′ [T ]β ཮ࢂϙሶ?
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β ′ [T ]β ೭΋ঁંତԖϙሶҔګ? Ѭᆀբ the representative matrix of T with respect to
β ,β ′. ཀࢂࡘᇥંତ β ′ [T ]β ߄а代ى T ೭΋ঁ linear transformation. ӣ៝΋Π, ๏ۓ΋
ঁ m× n over F ޑ matrix A, က΋ঁவۓॺёаך Fn ډ Fm 數ڄޑ mA : Fn→ Fm, ۓځ
ကࣁஒҺཀ Fn ޑ column vector x ४΢ A ೭΋ঁ m× n matrix, ளډ A · x ೭ঁ Fm ޑ

column vector, ջ mA(x) = A · x. ճҔંତၮᆉޑ性፦ A · (rx+ x′) = rA · x+A · x′, ޕॺך
mA : Fn→ Fm ΋ঁࢂ linear transformation. аԖΑ܌ β ′ [T ]β , ΋ঁவډॺёаளך Fn ډ

Fm ޑ linear transformation m
β ′ [T ]β : Fn→ Fm, Ѭک T : V →W Ԗ๱ஏϪޑᜢ߯, ॺҔаך

ΠޑკҢٰᇥܴ:

V
T - W

v - T (v)

τβ (v)
?

- β ′ [T ]β · τβ (v)

6

Fn

τβ

?

m
β ′ [T ]β

- Fm

τ◦−1
β ′

6

२ӃךॺஒҺཀ v ∈V ճҔ τβ ஒѬᙯඤԋ Fn ύޑ column vector τβ (v), ฅࡕஒ τβ (v)
Ѱᜐ४΢ m×n ޑ matrix β ′ [T ]β , ளډ β ′ [T ]β ·τβ (v) ೭΋ঁ Fm ύޑ column vector. നךࡕ
ॺճҔ τβ ′ : W → Fm 數ڄϸޑ τ◦−1

β ′ : Fm→W ஒ β ′ [T ]β · τβ (v) ᙯඤԋ W ΢ޑϡન

τ◦−1
β ′ (β ′ [T ]β · τβ (v)).

ࢂఈ೭ঁϡન൩׆ॺך T (v). Ψ൩ࢂᇥ, ॺाᇥܴך T ک τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ,數ڄޑӕ࣬ࢂ
ऩ੿ࢂӵԜ, ஒٰךॺ؃ T (v) ϐॶୢޑᚒ, ൩ёᙯඤԋᙁൂંޑତ४ୢݤᚒ.

Example 2.4.3. matmul ុۯ Examples 2.4.1 ک 2.4.2, ܌ݤБޑݤ΢ॊંତ४ࢗॺᔠך
ளޑϡનࢂց൩ࢂ T (ax2 +bx+ c) = 2ax+b. २Ӄஒ P2(R) ύޑҺ΋ϡન ax2 +bx+ c ᙯࣁ

R3 ϡનޑ τβ (ax2 +bx+ c) = (a,b,b− c)t, 再ஒϐѰᜐ४΢ંତ β ′ [T ]β ள(
1 −1

2 0
1 1

2 0

)
·

 a
b

b− c

=

(
a− 1

2 b
a+ 1

2 b

)
.

നࡕஒԜ R2 ϡનᙯӣޑ P1(R) ϡનளޑ (a− (b/2))(x−1)+(a+(b/2))(x+1) = 2ax+b ዴ

ჴک T (ax2 +bx+ c) ࣬฻.

ӧӣเࣁՖ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ϐ前, .ݤख़ा࣮ޑݤॺӃӣ៝΋ঁંତ४ך ྽΋ঁ
m×n matrix A, ४΢ Fn ΋ঁޑ column vector x, ၰޕॺך A ·x ཮ࢂ Fm ޑ column vector.
٣ჴ΢, ऩ A1, . . . ,An ࣁ A ಃޑ 1 ಃډ n ঁ column (ձבΑ A Ԗ n ঁ column Ъ؂ঁ
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column ࢂ Fm ΋ঁޑ column vector), Զ x = (x1, . . . ,xn)
t, ߾

A ·x = x1A1 + · · ·+ xnAn.

౜ςޕ T ک τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ࣁࣣ V →W ޑ linear transformation, җ Theorem 2.1.5, ך
ॺޕၰाᇥѬॺ࣬฻, ѝाஒ β ೭΋ঁ basis ϣ؂ঁޑϡન vi, ϩձ代Εᔠࢂࢗց࣬ӕջё.
ฅԶۓ٩က τβ (vi) = (0, . . . ,1, . . . ,0)t, ύځ (0, . . . ,1, . . . ,0) ѝԖӧಃ i ঁՏ࿼ࢂ 1 дՏ࿼ځ

ࣁࣣ 0. ޕݤ४ޑගંତ܌а٩前य़܌ β ′ [T ]β · τβ (vi) = β ′ [T ]β · (0, . . . ,1, . . . ,0)t ତંࣁ β ′ [T ]β
ಃޑ i ঁ column, ٩前य़ۓကޕԜ column ࣁ τβ ′(T (vi)), ӢԜ

τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ (vi) = τ◦−1
β ′ (β ′ [T ]β · τβ (vi)) = τ◦−1

β ′ (τβ ′(T (vi))) = T (vi), ∀ i = 1, . . . ,n

ள᛾

T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ . (2.1)

྽ V,W ࣁ vector spaces, Ԗ܌ॺමϟಏך V ډ W ޑ linear transformation ԋ΋ঁ׎
vector space,Ҕ L (V,W .Ң߄ٰ( ౜з Mm×n(F)߄Ң܌Ԗ over F ޑ m×n matrices. ٩ંତ
,ၮᆉ性፦ޑ ࢗ৒ܰᔠࡐ Mm×n(F) ҭࣁ΋ঁ vector space. Ϟऩۓڰ V ΋ಔޑ ordered basis
β = (v1, . . . ,vn) ک W ΋ಔޑ ordered basis β ′ = (w1, . . . ,wm), 前य़ஒ linear transformation
ᙯඤԋ matrix ,ݤБޑ ๏Αךॺ΋ঁவ L (V,W ) ډ Mm×n(F) 數ڄޑ Φ, ஒҺཀࣁကۓځ
linear transformation T : V →W ଌډ β ′ [T ]β ೭΋ঁ m×n matrix, ҭջ Φ(T ) = β ′ [T ]β ,∀T ∈
L (V,W ). ॺሡाᇥܴך Φ ΋ঁࢂ linear transformation, ջᇥܴჹҺཀ T1,T2 ∈L (V,W ) а

Ϸ r ∈ F , Φ(rT1 +T2) = β ′ [rT1 +T2]β ཮ک rΦ(T1)+Φ(T2) = r(β ′ [T1]β )+ β ′ [T2]β ࣬฻. ฅԶ٩
,ကۓ ંତ β ′ [rT1 +T2]β ޑ i-th column ࣁ τβ ′((rT1 +T2)(vi)) = τβ ′(rT1(vi)+T2(vi)), ՠӢ τβ ′

ࣁ linear, Ԝջ rτβ ′(T1(vi))+τβ ′(T2(vi)). ќ΋Бय़ંତ β ′ [T1]β ,β ′ [T2]β ޑ i-th column ϩձࣁ
τβ ′(T1(vi)),τβ ′(T2(vi)), ကંତۓޑϷ߯數ᑈݤ٩ંତуࡺ r(β ′ [T1]β )+ β ′ [T2]β ޑ i-th column
ࣁ rτβ ′(T1(vi))+ τβ ′(T2(vi)). ள᛾ β ′ [rT1 +T2]β ک r(β ′ [T1]β )+β ′ [T2]β ,ତંޑӕ࣬ࣁ ޕࡺ Φ
ࣁ linear transformation.

ௗ๱ךॺाᇥܴ Φ : L (V,W )→Mm×n(F) ࣁ isomorphism (ջ one-to-one and onto). ๏
Һཀંତۓ A ∈Mm×n(F), ऩ A ޑ i-th column ࣁ Ai, Եቾ τ◦−1

β ′ (Ai) ∈W . җ Theorem 2.1.5
ޑӸӧ୤΋ޕ linear transformation T : V →W ᅈى T (vi) = τ◦−1

β ′ (Ai),∀ i = 1, . . . ,n. ,ကۓ٩
Ԝਔ β ′ [T ]β ޑ i-th row ࣁ

τβ ′(T (vi)) = τβ ′(τ◦−1
β ′ (Ai)) = Ai,

ޕࡺ β ′ [T ]β = A. ҭջ T Lࣁ (V,W )ύ୤΋ᅈى Φ(T ) = β ′ [T ]β = Aޑ linear transformation,
ள᛾ Φ ࣁ isomorphism. .ॺஒԜ่݀᏾౛ӵΠך

Theorem 2.4.4. ଷ೛ V,W ࣁ vector spaces Ъ dim(V ) = n,dim(W ) = m. ๏ۓ V,W ޑ

ordered basis β ,β ′. ऩз Φ : L (V,W )→Mm×n(F) ᅈى Φ(T ) = β ′ [T ]β ,∀T ∈L (V,W ), ߾ Φ
΋ঁࣁ isomorphism, ջ

L (V,W )≃Mm×n(F).
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Question 2.18. ऩ dim(V ) = n,dim(W ) = m, Theorem 2.4.4 ֋ນךॺ dim(L (V,W )) =

dim(Mm×n(F)) = mn, գૈճҔ Mm×n(F) ,኱ྗ୷ۭޑ ډפ L(V,W ) ޑ basis?

Question 2.19. ๏ۓ A ∈ Mm×n(F). з mA : Fn → Fm ࣁ mA(x) = A · x,∀x ∈ Fn. ӣ៝
Im(mA) = {A ·x ∈ Fm | x ∈ Fn} ᆀࣁ A ޑ column space, Ҕ C(A) ,Ң߄ٰ Ъ dim(C(A)) ᆀࣁ

the rank of A. Զ Ker(mA) = {x ∈ Fn | A ·x = O} ᆀࣁ A ޑ null space, Ҕ N(A) ,Ң߄ٰ Ъ
dim(N(A)) ᆀࣁ the nullity of A. ऩ T : V →W ࣁ linear transformation Ъ Φ(T ) = A, ճҔ
τβ ,τβ ′ ࣁ isomorphism, ёள Ker(T )≃ N(A) Ъ Im(T )≃C(A). գૈ࣮р

rank of A + nullity of A = n?

ӧ前य़ךॺමҔаΠკҢᇥܴ linear transformation T ک matrix β ′ [T ]β ϐ໔ᜢ߯.

V
T - W

Fn

τβ

?

τ◦−1
β

6

m
β ′ [T ]β - Fm

τβ ′

?

τ◦−1
β ′

6

Ӣךࣁॺ᛾ளΑ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ , ೭ঁკҢߡёᆀࢂࣁ commutative diagram. ӧ
Commutative diagram ύ, ҺঁٿᆄᗺऩԖόӕၡ৩ёೱ่, 數ڄޑჹᔈ܌ၡ৩ঁٿ೭߾
཮࣬ӕ. ӵٯ V ډ W Ԗঁٿၡ৩: ΋ঁޔࢂௗճҔ T ; ќ΋ঁࢂҗ V ӃճҔ τβ ၲډ Fn,
再ճҔ m

β ′ [T ]β ډ Fm, നࡕ࿶ τ◦−1
β ′ ၲډ W . ࣁаᇥ೭ঁკҢ܌ commutative diagram ൩

ၲ߄ࢂ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ . όၸ೭္ाݙཀၡ৩ޑБӛ性, ӵவٯ Fm ډ W ޑ τ◦−1
β ′ ࢂ

isomorphism ޑаΨԖ΋ঁϸӛ܌ W ډ Fm ၡ৩ёՉ, ջځϸڄ數 τβ ′ . аவ܌ V ډ Fm ך

ॺΨԖঁٿၡ৩: ΋ঁӃճҔ T வ V ډ W , 再ௗ τβ ′ ၲډ Fm; ќ΋ঁࢂճҔ τβ җ V ډ Fn,
再࿶ m

β ′ [T ]β ၲډ Fm. ॺԖךа܌ τβ ′ ◦T = m
β ′ [T ]β ◦ τβ . ٣ჴ΢

τβ ′ ◦T = τβ ′ ◦ (τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ) = (τβ ′ ◦ τ◦−1
β ′ )◦m

β ′ [T ]β ◦ τβ = m
β ′ [T ]β ◦ τβ ,

а܌ commutative diagram .ڀπޑց࣬ӕࢂ數ڄٿղᘐߡБࡐ΋ঁࢂ

ќ΋Бय़ V ډ Fn ൩όૈᇥԖঁٿၡ৩Α, ЬाࢂёճҔ T வ V ډ W ฅࡕ࿶ τβ ′ ډ

Fm ՠคߥݤ᛾ૈҗ Fm ډ Fn Α (ନંޕߚତ β ′ [T ]β ࣁ invertible).

Question 2.20. ΢კҢύ Fn ډ Fm ?ၡ৩ঁٿցԖࢂ Ѭॺ代߄বڄ٤數໔ޑᜢ߯?

ௗ๱ךॺࢂߡाҔ commutative diagramٰ࣮ӝԋڄ數ᆶંତ४ޑݤᜢ߯. ೛V,W,U ࣁ

vector spaces, ύځ dim(V ) = n,dim(W ) = m,dim(U) = q Ъ β ,β ′β ′′ ϩձࣁѬॺޑ ordered
bases. ऩ T1 : V →W , T2 : V →W ࣁ linear transformations ޑॺԖаΠך commutative
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diagram:

V
T1 - W

T2 - U

Fn

τβ

? m
β ′ [T1]β - Fm

τ◦−1
β ′

6

τβ ′

? m
β ′′ [T2]β ′ - Fq

τ◦−1
β ′′

6

٣ჴ΢

T2 ◦T1 = (τ◦−1
β ′′ ◦m

β ′′ [T2]β ′
◦ τβ ′)◦ (τ◦−1

β ′ ◦m
β ′ [T1]β ◦ τβ ) = τ◦−1

β ′′ ◦m
β ′′ [T2]β ′

◦m
β ′ [T1]β ◦ τβ .

ӣ៝΋Π, ྽ A ΋ঁࢂ m× n matrix, B ΋ঁࢂ q×m matrix, ߾ mA : Fn → Fm ک

mB : Fm→ Fq ӝԋޑ mB ◦mA : Fn→ Fq ൩ࢂ mB·A : Fn→ Fq. ೭ࢂӢࣁჹҺཀ x ∈ Fn, җં
ତ४่ޑݤӝ౗ёள

mB ◦mA(x) = mB(mA(x)) = mB(A ·x) = B · (A ·x) = (B ·A) ·x = mB·A(x).

аճҔ܌ m
β ′′ [T2]β ′

◦m
β ′ [T1]β = m

β ′′ [T2]β ′ ·β ′ [T1]β ёள

T2 ◦T1 = τ◦−1
β ′′ ◦m

β ′′ [T2]β ′ ·β ′ [T1]β ◦ τβ . (2.2)

.ॺԖаΠϐ่݀ך

Proposition 2.4.5. ଷ೛ V,W,U ࣁ finite dimensional vector spaces, Ъ β ,β ′β ′′ ϩձࣁѬ
ॺޑ ordered bases. ऩ T1 : V →W , T2 : V →W ࣁ linear transformations, ߾

β ′′ [T2 ◦T1]β = β ′′ [T2]β ′ · β ′ [T1]β .

Proof. २Ӄӣ៝, ऩ A,A′ ࣁࣣ q× n matrices, Ъ mA : Fn → Fq ک mA′ : Fn → Fq ࣬ӕ,
Եቾ߾ xi = (0, . . . ,1, . . . ,0)t, ύځ (0, . . . ,1, . . . ,0) Ңಃ߄ i Տ࿼ࣁ 1 ࣁдՏ࿼ځ 0, ёҗ
mA(xi) = mA′(xi),∀ i = 1, . . . ,nள Aک A′ ؂΋ঁ columnࣣ࣬ӕ. ளࡺ A = A′. ౜җ฻Ԅ (2.1)
฻Ԅک (2.2) ޕॺך

τ◦−1
β ′′ ◦m

β ′′ [T2◦T1]β ◦ τβ = T1 ◦T2 = τ◦−1
β ′′ ◦m

β ′′ [T2]β ′ ·β ′ [T1]β ◦ τβ ,

җࡺ τβ ,τ◦−1
β ′′ ࣁࣣ isomorphism ޕ

m
β ′′ [T2◦T1]β = m

β ′′ [T2]β ′ ·β ′ [T1]β ,

ள᛾ β ′′ [T2 ◦T1]β = β ′′ [T2]β ′ · β ′ [T1]β . �

നךࡕॺाፋඤΑ΋ಔ ordered basis ჹ representative matrix .ቹៜޑ ଷ೛ dim(V ) =

n,dim(W ) = m Ъ β1,β2 ࣁ V ޑ ordered bases, β ′1,β ′2 ࣁ W ޑ ordered bases. T : V →W ࣁ

linear transformation,ۓ٩က T ϩձճҔ V,W ޑ ordered bases β1,β ′1 ޑள܌ representative
matrix ࣁ β ′1 [T ]β1 , Զ T Ҕ ordered bases β2,β ′2 ޑள܌ representative matrix ࣁ β ′2 [T ]β2 . ך
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ॺा探૸೭ંঁٿତޑᜢ߯ࣁՖ, २ӃךॺԖаΠޑ commutative diagram.

Fn
m

β ′2
[T ]β2 - Fm

V

τβ2

6

T - W

τ◦−1
β ′2

?

Fn

τβ1

? m
β ′1
[T ]β1 - Fm

τ◦−1
β ′1

6

ന΢ቫޑ m
β ′2
[T ]β2

: Fn→ Fm, ёҔΠय़ޑၡ৩ (ձבΑ τβ2 ,τβ ′2 ࣁ isomorphism), ךа܌
ॺԖ

m
β ′2
[T ]β2

= (τβ ′2 ◦ τ◦−1
β ′1

)◦m
β ′1
[T ]β1
◦ (τβ1 ◦ τ◦−1

β2
). (2.3)

೭္ τβ1 ◦ τ◦−1
β2
ک τβ ′2 ◦ τ◦−1

β ′1
ࣁࣣ linear transformations, ତંޑॺΨёа探૸Ѭॺךа܌

.ݤҢ߄ Եቾ V ډ V ޑ identity map, id : V → V , ᅈى id(v) = v, ∀v ∈ V . ࢂ೭ޑԾฅࡐ
΋ঁ linear transformation, ޑကୱۓаჹ܌ V ٬Ҕ ordered basis β2, Զჹࢀୱޑ V ٬Ҕ

ordered basis β1, ޑॺԖаΠך commutative diagram.

V
id - V

Fn

τβ2

? mβ1
[id]β2 - Fn

τ◦−1
β1

6

ԵቾΠቫޑ mβ1
[id]β2

: Fn→ Fn, ёҔ۳΢ޑၡ৩ τ◦−1
β2
வ Fn ډ V ௗ identity map id, 再

ௗ τβ1 ډ Fn. ճҔ identity map ฻ԄޑॺԖаΠך數ӝԋόᡂڄک

mβ1
[id]β2

= τβ1 ◦ id◦ τ◦−1
β2

= τβ1 ◦ τ◦−1
β2

. (2.4)

ӕ౛ךॺԖ

m
β ′2
[id]β ′1

= τβ ′2 ◦ τ◦−1
β ′1

. (2.5)

่ӝ฻Ԅ (2.3, 2.4, 2.5), ள

m
β ′2
[T ]β2

= m
β ′2
[id]β ′1
◦m

β ′1
[T ]β1
◦mβ1

[id]β2
,

ӢԜךॺԖаΠϐ่݀.

Proposition 2.4.6. ೛ β1,β2 ࣁ V ޑ ordered bases, β ′1,β ′2 Wࣁ ޑ ordered bases. T : V →W

ࣁ linear transformation, ߾

β ′2 [T ]β2 = β ′2 [id]β ′1 · β ′1 [T ]β1 · β1 [id]β2 .
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ाݙཀ, ೭္ಃ΋ঁ β1 [id]β2 ޑ identity map ࢂ V ډ V ޑ linear transformation, а܌
ऩ dim(V ) = n, ߾ β1 [id]β2 ΋ঁࢂ n×n ޑ matrix. ԶಃΒঁ β ′2 [id]β ′1 ޑ identity map ࢂ W

ډ W ޑ linear transformation, аऩ܌ dim(W ) = m, ߾ β ′2 [id]β ′1 ΋ঁࢂ m×m ޑ matrix.

Question 2.21. գёаճҔ Proposition 2.4.5 ᛾ܴ Proposition 2.4.6 ༏?

྽ β1 = (v1, . . . ,vn), β2 = (v′1, . . . ,v′n) ࣁ V ޑ ordered bases, ճҔ representative matrix
,ݤ೷ޑ ၰંତޕॺך β1 [id]β2 ಃޑ i ঁ column, ൩ࢂஒ v′i Ҕ β1 ,኱֤ޑள܌ ջ τβ1(v

′
i). Ӣ

Ԝёள

β1 [id]β2 =
(
τβ1(v

′
1), . . . ,τβ1(v

′
n)
)
.

੝ձޑ, ྽ β1 = β2 ਔ, ॺԖך β1 [id]β1 ൩ࢂ n×n ޑ identity matrix In.

Question 2.22. Եቾ P2(R) аϷځ ordered bases β1 = (x2,x+ 1,−1), β2 = (x+ 1,−1,x2).
၂؃ β1 [id]β2 ک β2 [id]β1. ϙሶࢂ β1 [id]β2 · β2 [id]β1 ک β2 [id]β1 · β1 [id]β2 ?ګ

β1 [id]β2 ᆀࣁ the change of basis matrix from β2 to β1. Ѭࢂޑࡰ V ύޑϡન v Ҕ
β2 ኱֤ޑள܌ τβ2(v) ᙯඤԋҔ β1 ኱֤ޑள܌ τβ1(v) .ତંޑሡ४΢܌ Ψ൩ࢂᇥऩ
v = c1v′1 + · · ·+ cnv′n (ջ τβ2(v) = (c1, . . . ,cn)

t), Ъ β1 [id]β2 · (c1, . . . ,cn)
t = (d1, . . . ,dn)

t, ёள߾
v = d1v1 + · · ·+ dnvn. ,ёᗋচԋচ֤኱ߡ৒ܰ౛ှஒ೭ঁ୏բϸӛᏹբࡐ ٣ჴ΢җ
Proposition 2.4.5, ޕॺך

β1 [id]β2 · β2 [id]β1 = β1 [id]β1 = In Ъ β2 [id]β1 · β1 [id]β2 = β2 [id]β2 = In. (2.6)

а܌ β1 [id]β2 ک β2 [id]β1 ࣁࣣ invertible matrices, ЪѬॺϕࣁ inverse.

ޕॺςך change of basis matrix Ѹࣁ invertible matrix, ٗ๏ۓ΋ঁ invertible matrix,
΋ঁࢂցΨ཮ࢂ change of basis matrix ?ګ .ॺԖаΠϐ่݀ך

Proposition 2.4.7. ଷ೛ V ࣁ finite dimensional vector space Ъ dim(V ) = n. ऩ β1 ࣁ V

΋ঁޑ ordered basis Ъ P ΋ঁࣁ n× n ޑ invertible matrix, ډפё߾ V ΋ঁޑ ordered
basis β2 ٬ள β1 [id]β2 = P, Ψёډפ V ΋ঁޑ ordered basis β3 ٬ள β3 [id]β1 = P.

Proof. з β1 = (v1, . . . ,vn), ჹܭ i = 1, . . . ,n ऩ Pi ࣁ P ޑ i-th column, Եቾ v′i = τ◦−1
β1

(Pi)

(ջऩ Pi = (r1, . . . ,rn)
t, з߾ v′i = r1v1 + · · ·+ rnvn). Ӣ P ࣁ invertible, {P1, . . . ,Pn} ࣁ Fn ύ

ޑ linearly independent column vectors, җࡺ τβ1 ࣁ isomorphism ޕ {v′1, . . . ,v′n} ҭӧ V ύ

ࣁ linearly independent, ளޕ {v′1, . . . ,v′n} ࣁ V ύޑ΋ಔ basis. з β2 = (v′1, . . . ,v′n), ۓ٩߾
က β1 [id]β2 ޑ i-th column ࣁ τβ1(v

′
i) = τβ1(τ

◦−1
β1

(Pi)) = Pi, ள᛾ P =β1 [id]β2 . ӕ౛, ёள V ޑ

΋ঁ ordered basis β3 ٬ள β1 [id]β3 = P−1, Ԝਔ߾ P =β1 [id]
−1
β3

=β3 [id]β1 . �

Question 2.23. ଷ೛ V,W ࣁ vector spaces, dim(V ) = n,dim(W ) = m Ъ β1,β ′1 ϩձࣁ V,W

ޑ ordered basis. ೛ T : V →W ࣁ linear transformation, ऩ P ∈Mn×n(F) Ъ Q ∈Mm×m(F)

ࣁࣣ invertible matrices, ډפցёࢂ β2,β ′2 ϩձࣁ V,W ޑ ordered basis ٬ள

β ′2 [T ]β2 = Q · β ′1 [T ]β1 ·P?





Chapter 3

Linear Operator

྽ V ΋ঁࢂ vector space ਔ, வ V ډ V ޑ linear transformation, ൩ᆀࢂࣁ΋ঁ linear
operator on V . ྽ T : V → V ΋ঁࢂ linear operator ਔ, ӝԋځёаԵቾޑԾฅࡐॺך
T ◦2 = T ◦T , аϷ T ◦3 = T ◦T ◦2, . . . ೭ኬ΋ޔΠѐჹҺཀ i ∈ N ೿ёаۓр T ◦i = T ◦T ◦i−1

(T ◦0 = id). ӵԜ΋ٰ፟ϒ V ΋ঁࡐᙦ൤ޑ代數่ᄬ (ᆀࣁ F [T ]-module), ॺёа຾ךа܌
΋؁ѐΑှ T ک V .ᜢ߯ޑ ೭൩ךࢂॺ೭΋ക຾΋؁ፋ linear operator .চӢޑ җܭ大ৎ
ёૈჹ代數όࡐࢂዕ஼, ,代數ᇟ言ޑॺ཮ᗉխ٬ҔϼӭᚐѦךа܌ Ҕ大ৎዕ஼ޑБݤ (ᙖ
җંତ, ՉӈԄ) ٰϟಏ࣬ᜢޑ౛ፕ.

3.1. Basic Concept

΋ঁ linear operator൩ࢂ΋ঁ linear transformation܌а前΋കޑ౛ፕךॺ೿ёаճҔ.
җۓܭကୱکჹࢀୱࢂӕ΋ঁ vector space,ךॺёаᒧ࣬ӕޑ ordered basis,೭཮ᡣંତ߄
Ңݤᡂளၨᙁൂ. Ψ൩ࢂᇥऩ T : V →V ΋ঁࢂ linear operator, ाளډ T ޑ representative
matrix, ۓॺёаᒧך V ΋ঁޑ ordered basis β = (v1, . . . ,vn), ᜐ೿Ҕٿ β , ள β [T ]β ೭΋ঁ

n×n matrix. ޑᜐᒧٿ྽ـଆߡΑБࣁ ordered basis ࣬ӕਔ, T ޑ representative matrix,
ॺ൩཮Ҕך [T ]β ,Ң߄ٰ Ψ൩ࢂᇥ

[T ]β =
(
τβ (T (v1)), . . . ,τβ (T (vn))

)
.

ӵऩٯ T1,T2 ࣁࣣ V ޑ linear operator, җ Chapter 2 ޑ Proposition 2.4.5 ޕॺך

[T2 ◦T1]β = [T2]β · [T1]β . (3.1)

ќѦ٩Ԝݤ߄, ॺԖך [id]β = In.

ಞᄍ΢ךॺ཮ע V ޑ linear operators ޑԋ܌ vector space L (V,V ) ᙁϯԋ L (V ). Ξ
Ӣࣁ೭္ંޑତࣣࣁ n×n ,Бତޑ ॺҔךа܌ Mn(F) Ԗ܌Ң߄ٰ over F ޑ n×n matrices.
ճҔ೭٤಄ဦ, ྽ۓڰ΋ঁ V ޑ ordered basis β ਔ, Theorem 2.4.4 ֋ນךॺёаளډ΋ঁ
L (V ) ډ Mn(F) ޑ isomorphism, ջ Φ : L (V )→Mn(F), T 7→ [T ]β . ੝ձޑҗܭ [id]β = In,
ॺԖך [T ]β = In ऩЪ୤ऩ T = id.ӕ౛ [T ]β ΋ঁࢂ zero matrixऩЪ୤ऩ T : V →V ࢂ zero
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mapping, ջ T (v) = OV , ∀v ∈V . ,ـଆߡΑБࣁ ॺஒך zero matrix ک zero mapping ೿Ҕ
O .Ң߄ .ॺԖаΠϐ่ፕךа܌

Lemma 3.1.1. ଷ೛ V ࣁ finite dimensional vector space, dim(V ) = n Ъ β ࣁ V ΋ঁޑ

ordered basis. ೛ T : V →V ࣁ linear operator, :ॺԖаΠ่݀ך

[T ]β = In⇔ T = id and [T ]β = O⇔ T = O.

前य़ᇥၸԵቾ linear operator ਔ, ޑୱԖ࣬ӕࢀჹکကୱۓॺ൳Я೿཮ᒧך ordered
basis. όၸԖ΋ঁٯѦ, ൩ࢂ identity ೭ঁ linear operator, id : V →V . Ӣࣁჹӕ΋ঁ linear
operator ऩඤќѦޑ΋ঁ ordered basis ٰೀ౛, Ѭޑ representative matrix ൩ёૈό΋ኬ
Α, ޑॺሡΑှ೭ኬך matricesϐ໔ԖՖᜢ߯, ൩ள᎞ β ′ [id]β ೭ኬޑ change of basis matrix
ٰᔅԆΑ. ճҔ Proposition 2.4.6, .ॺԖаΠϐ่݀ך

Lemma 3.1.2. ೛ β ,β ′ ࣁ V ޑ ordered bases, T : V →V ࣁ linear operator, ߾

[T ]β ′ =β [id]−1
β ′ · [T ]β · β [id]β ′ .

Proof. ճҔ Proposition 2.4.6, ޕॺך [T ]β ′ =β ′ [id]β · [T ]β · β [id]β ′ . ฅԶऩ dim(V ) = n, җ
Ԅη (2.6) ޕॺך

β ′ [id]β ·β [id]β ′ =β [id]β ′ ·β ′ [id]β = In,

ҭջ β ′ [id]β =β [id]−1
β ′ , ள᛾ҁۓ౛. �

྽ A,B ∈Mn(F), Զ P ࣁ Mn(F) ύޑ invertible matrix, ऩ B = P−1 ·A ·P, ᆀ߾ A,B ࣁ

similar matrix, Ҕ A∼ B .Ң߄ٰ ԜਔӢ det(P−1) = det(P)−1 ޕ

det(B) = det(P−1 ·A ·P) = det(P−1)det(A)det(P) = det(A).

җ Lemma 3.1.2 ၰޕॺך [T ]β ∼ [T ]β ′ , ளࡺ det([T ]β ) = det([T ]β ′). Ψ൩ࢂᇥόᆅҔব΋ঁ
ordered basis, T ޑ representative matrix ޑ determinant ࣣ࣬ӕ, ࢂက೭൩ۓॺΨӢԜך
T ޑ determinant, Ψ൩ࢂᇥ det(T ) = det([T ]β ).

Lemma 3.1.2 ϸၸٰࢂჹ༏? Ԗ൩ࢂᇥऩ A∼ [T ]β , ډפցёࢂ V ΋ঁޑ ordered basis
β ′ ٬ள A = [T ]β ′ ?ګ ٣ჴ΢, ऩ P ΋ঁࢂ invertible matrix ٬ள A = P−1 · [T ]β ·P, җ߾
Proposition 2.4.7, ډפॺૈך V ΋ঁޑ ordered basis β ′ ᅈى P =β [id]β ′ , җࡺ Lemma
3.1.2 ޕ

A = P−1 · [T ]β ·P =β [id]−1
β ′ · [T ]β · β [id]β ′ = [T ]β ′ .

ӢԜךॺԖаΠϐ่ፕ.

Proposition 3.1.3. ଷ೛ V ࣁ finite dimensional vector space, dim(V ) = n Ъ β ࣁ V ΋ޑ

ঁ ordered basis. ೛ T : V →V ࣁ linear operator Ъ A ∈Mn(F), ߾ A∼ [T ]β ऩЪ୤ऩӸӧ

V ΋ঁޑ ordered basis β ′ ٬ள A = [T ]β ′.
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྽ךॺा探૸΋ঁ linear operator ,性፦ਔޑ ΋ঁۓڰॺёаך ordered basis ஒϐᙯ
ඤԋ square matrix ,ᚒୢޑ Զ Proposition 3.1.3 ֋ນךॺ೭٤性፦ᔈჹܭ similar matrices
ᔈࢂόᡂޑ, аךࡕॺ཮࣮ډ೚ӭٯηک೭٣ჴ࣬ڥᔈ. .׎௃ޑॺӃ࣮΋ঁᙁൂך

Lemma 3.1.4. ଷ೛ V ࣁ finite dimensional vector space, β ࣁ V ΋ঁޑ ordered basis Ъ
T : V →V ࣁ linear operator, :ޑ฻ሽࢂΠӈ߾

(1) T ΋ঁࢂ isomorphism.

(2) [T ]β ΋ঁࢂ invertible matrix.

(3) det(T ) ̸= 0.

Proof. ޕॺך [T ]β ΋ঁࢂ invertible matrixऩЪ୤ऩ det([T ]β ) ̸= а໻ा᛾܌,0 (1)⇔ (2).

ଷ೛ dim(V ) = n, җ T ࢂ isomorphism, ޕ T ◦−1 ӸӧЪࣁ linear operator, җࡺ

[T ◦−1]β · [T ]β = [id]β = [T ]β · [T ◦−1]β аϷ [id]β = In

ޕ [T ]β ࣁ invertible. ϸϐ, ऩ A · [T ]β = In, җ Φ : L (V )→Mn(F), ࣁ isomorphism, Ӹޕ
ӧ T ′ : V →V ٬ள Φ(T ′) = [T ′]β = A. җࡺ [T ′ ◦T ]β = [T ′]β · [T ]β = In аϷ Lemma 3.1.1 ள
T ′ ◦T = id, ӕ౛җ [T ]β · [T ′]β = In ள T ◦T ′ = id, ள᛾ T ࣁ isomorphism. �

Question 3.1. ёցவ Lemma ऩޕ3.1.4 A∼ B߾ Aࢂ invertibleऩЪ୤ऩ Bࢂ invertible.

җ೭္ךॺёа࣮р؃΋ঁፋፕ linear operator 性፦ᚆό໒ޑ determinant, ॺӧ೭ך
္ፄಞ΋ঁ؃ determinant .ݤБޑ ऩ A ∈Mn(F), з aik ∈ F Ңӧ߄ A ޑ (i,k)-th entry (ջ
ӧ A ޑ i-th row Ϸ k-th column Տ࿼ޑϡન), Ъз Aik ∈ Mn−1(F) ஒࣁ A ޑ i-th row ک
k-th column մନ܌ࡕளޑ (n−1)× (n−1) matrix. ؃ݤБޑॺёаҔफ़໘ך det(A) ջჹ

i-th row फ़໘, ள

det(A) =
n

∑
k=1

(−1)i+kaik det(Aik),

Ψёჹ j-th column फ़໘ள

det(A) =
n

∑
k=1

(−1)k+ jak j det(Ak j).

က΋ঁۓॺΨёך n×n matrixᆀࣁ adjoint matrix of A, Ҕ adj(A)ٰ߄Ң, ࣁကۓځ adj(A)

ޑ (i, j)-th entry ࣁ

adj(A)i j = (−1)i+ j det(A ji).

ճҔԜંତךॺԖаΠ่݀ޑ.

Lemma 3.1.5. ଷ೛ A ࣁ n×n matrix, з adj(A) ࣁ A ޑ adjoint matrix, ߾

A · adj(A) = adj(A) ·A = det(A)In.
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Proof. det(A)In ΋ঁࢂ diagonal matrix, ջӧჹف線ޑՏ࿼ࢂ det(A) Զځдߚჹف線Տ࿼

ࣁ 0. Ӄᔠࢗ A · adj(A) ޑ (i, i)-th entry, ٩ંତ४ۓݤကԜջ
n

∑
k=1

aik adj(A)ki =
n

∑
k=1

(−1)k+iaik det(Aik) = det(A).

ќ΋Бय़྽ i ̸= j, A · adj(A) ޑ (i, j)-th entry, ٩ંତ४ۓݤကࣁ
n

∑
k=1

aik adj(A)k j =
n

∑
k=1

(−1)k+ jaik det(A jk).

ऩஒંତ Aޑ j-th rowҔ i-th rowڗ代, ତҔંޑள܌ A′ ,Ң߄ җܭ A′ ޑ i-th rowک j-th
row ࣬ӕ, ޕॺך det(A′) = 0. ฅԶճҔ A′ ޑ ( j,k)-th entry a′jk ࣁ aik аϷ A′jk = A jk, ჹ A′

ޑ j-th row फ़໘, ॺԖך

0 = det(A′) =
n

∑
k=1

(−1) j+ka′jk det(A′jk) =
n

∑
k=1

(−1) j+kaik det(A jk),

྽ޕࡺ i ̸= j ਔ A · adj(A) ޑ (i, j)-th entry ࣁ
n

∑
k=1

aik adj(A)k j =
n

∑
k=1

(−1)k+ jaik det(A jk) = 0.

ள᛾ A · adj(A) = det(A)In. ӕ౛, ճҔჹ column फ़໘؃ determinant, ёள adj(A) ·A =

det(A)In. �

3.2. Characteristic Polynomial

前य़ගၸ΋ঁ linear operator ,ᚒୢޑ ܭॺёаᙯϯԋԖᜢך square matrix ,ᚒୢޑ ܌
аךॺ཮Ӄ探૸΋૓ n×n matrix, ฅࡕ再ஒϐᙯϯԋ linear operator .׎௃ޑ

๏ۓ΋ঁ߯數ӧ F ޑ polynomial f (x) = cdxd + · · ·+ c1x+ c0 аϷ΋ঁ n× n matrix A,
ကۓॺך

f (A) = cdAd + · · ·+ c1A+ c0In.

,ޑᡉܴࡐ f (A) ϝฅࢂ΋ঁ n×n matrix. ΋૓ٰᇥંତ࣬४ࢂόёҬඤޑ, όၸ Ai ک f (A)

࣬४ࢂёаҬඤޑ. ٣ჴ΢

Ai · f (A) = Ai · (cdAd + · · ·+ c1A+ c0In)

= cdAd+i + · · ·+ c1A1+i + c0Ai = (cdAd + · · ·+ c1A+ c0In) ·Ai = f (A) ·Ai.

ӢԜу΢ճҔંତуݤ४ޑݤϩଛࡓ, .่݀ޑаΠډॺёаளך

Lemma 3.2.1. ଷ೛ f (x),g(x),h(x) ∈ F [x] Ъ f (x) = g(x)h(x). ऩ A ∈Mn(F), ߾

g(A) ·h(A) = h(A) ·g(A) = f (A).

再ԛமፓ೭္೿کࢂ A ࣬ᜢંޑତ࣬४ω཮ԋҥ, ΋૓ٰᇥऩ g(x),h(x) ∈ F [x] аϷ

A,B ∈Mn(F), ό΋ۓ཮Ԗ g(A) ·h(B) = h(B) ·g(A).

ௗΠٰךॺԖᑫ፪ࢂޑऩ A∼ B, ցࢂ f A)∼ f (B) ?ګ २Ӄᢀჸऩ P ࣁ invertible, ߾

(P−1 ·A ·P)2 = (P−1 ·A ·P) · (P−1 ·A ·P) = P−1 ·A2 ·P.
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ճҔ數學ᘜયݤёள

(P−1 ·A ·P)i = P−1 ·Ai ·P.

.ॺԖаΠ่݀ך

Lemma 3.2.2. ଷ೛ f (x) ∈ F [x] Ъ A,B ∈Mn(F). ऩ A∼ B, ߾ f (A)∼ f (B).

Proof. җ A∼ B Ӹӧޕ P ࣁ invertible ٬ள B = P−1 ·A ·P. ऩ f (x) = cdxd + · · ·+ c1x+ c0,
߾

f (B) = cdBd + · · ·+ c1B+ c0In = cd(P−1 ·A ·P)d + · · ·+ c1(P−1 ·A ·P)+ c0In

= cd(P−1 ·Ad ·P)+ · · ·+c1(P−1 ·A ·P)+c0In = P−1 ·(cdAd + · · ·+c1A+c0In) ·P = P−1 · f (A) ·P,

ள᛾ f (A)∼ f (B). �

ډ௢ቶۺ೭ཷעॺΨёך linear operator, ଷ೛ f (x) = cdxd + · · ·+ c1x+ c0 ∈ F [x] аϷ

T : V →V ΋ঁࢂ linear operator, җܭ linear operators ϐ໔ޑӝԋંکତϐ໔࣬ޑ४࣬ჹ
ᔈ Ԅηـୖ) (3.1)), ကۓॺך

f (T ) = cd T ◦d + · · ·+ c1 T + c0 id,

ޑᡉܴࡐ f (T ) ϝฅࢂ V ډ V ޑ linear operator. ࢗॺёаᔠך T ◦i ◦ f (T ) = f (T )◦T ◦i, ܌
а΋ኬԖаΠ่݀.

Lemma 3.2.3. ଷ೛ f (x),g(x),h(x) ∈ F [x] Ъ f (x) = g(x) ·h(x). ऩ T ∈L (V ), ߾

g(T )◦h(T ) = h(T )◦g(T ) = f (T ).

೭္ाமፓ΋Π྽ f (x) = g(x) ·h(x) ਔ f (T ) = g(T )◦h(T ) Զόࢂ฻ܭ g(h(T )). Ψ൩ࢂ
ᇥஒ g(T ک( h(T )೭ঁٿ linear operatorӝԋ཮ளډ f (T )೭ঁ operator, ՠ٠όࢂஒ h(T )

೭ঁ linear operator 代Ε g(x) ೭ঁӭ໨Ԅ.

๏ۓ V ΋ঁޑ ordered basis β ॺԾฅाୢך F(T ) ޑ representative matrix کցࢂ T

ޑ representative matrix Ԗᜢ. ٣ჴ΢再ԛճҔ฻Ԅ 3.1, ॺԖך [T ◦2]β = [T ]2β , ճҔ數學ᘜ
યݤёள

[T ◦i]β = [T ◦T ◦i−1]β = [T ]β · [T ]i−1
β = [T ]iβ ,

җԜךॺԖаΠϐ่݀.

Lemma 3.2.4. ଷ೛ V ΋ঁࢂ finite dimensional F-space, β ࣁ V ΋ঁޑ ordered basis Ъ
T : V →V ΋ঁࢂ linear operator. ऩ f (x) = cdxd + · · ·+ c1x+ c0 ∈ F [x], ߾

[ f (T )]β = f ([T ]β ) = cd [T ]dβ + · · ·+ c1 [T ]β + c0 In.

Proof. ကۓ٩ [ f (T )]β ࢂ f (T ) ޑ representative matrix, ճҔ Φ ࢂ linear transformation,
ޕॺך

[ f (T )]β = [cd T ◦d + · · ·+ c1 T + c0 id]β =

cd [T ◦d]β + · · ·+ c1 [T ]β + c0 [id]β = cd [T ]dβ + · · ·+ c1 [T ]β + c0 In = f ([T ]β ).
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�

౜ӧӣډ n× n matrix .׎௃ޑ ޕॺך dim(Mn(F)) = n2, ౜ऩ A ∈ Mn(F), Եቾ S =

{In,A,A2, . . . ,An2}. җܭ #(S) = n2 +1 > dim(Mn(F)), ޕॺך S ࣁ linearly dependent. ҭջ
Ӹӧ c0,c1, . . . ,cn2 ∈ F όӄࣁ 0 ٬ள

cn2 An2
+ · · ·+ c1 A+ c0 In = O.

ऩз f (x) = cn2xn2
+ · · ·+ c1x+ c0, ள߾ f (A) = O. ӢԜךॺёаᇥ: ჹҺཀޑ n×n matrix

A, ࣣӸӧ΋ঁԛ數ό大ܭ n2 ႟ӭ໨Ԅߚޑ f (x) ∈ F [x] ٬ள f (A) ࣁ n×n ޑ zero matrix
O. ཀ೭္ݙ cn2 Ԗёૈࢂ 0 ॺόૈᇥךа܌ deg( f (x)) = n2, ќѦ cn2 , . . . ,c1,c0 όӄࣁ 0, ܌
а f (x) όࢂ႟ӭ໨Ԅ.

Question 3.2. ऩ A∼ B Ъ f (x) ∈ F [x] ᅈى f (A) = O, ցёளࢂ f (B) = O?

Question 3.3. ऩ dim(V ) = nЪ T : V →V ΋ঁࢂ linear operator,ࢂցёډפ΋ঁ nonzero
polynomial f (x) ∈ F [x] Ъ deg( f (x))≤ n2 ٬ள f (T ) = O?

٣ჴ΢ךॺёаډפԛ數ࣁ n ӭ໨Ԅޑ f (x) ٬ள f (A) = O, ൩܌ࢂᒏޑ characteristic
polynomial.

Definition 3.2.5. ଷ೛ A∈Mn(F),Եቾ χA(x) = det(xIn−A)∈ F [x],ᆀࣁ Aޑ characteristic
polynomial.

ကۓਜޑཀԖݙ det(A−xIn) ࣁ A ޑ characteristic polynomial, ॺҔך det(xIn−A) Ьा

ᡣࢂ χA(x) ΋ঁࢂ monic polynomial (നଯԛ໨߯數ࣁ 1). ճҔफ़໘؃ determinant ݤБޑ
аϷ數學ᘜયך,ݤॺёаޕ྽ Aࣁ n×n matrixਔ, χA(x)ޑԛ數ࣁ nЪനଯԛ໨߯數ࣁ 1.
Ψё׳຾΋؁ளډ χA(x)ޑԛଯ໨ (ջ xn−1 ໨)߯數ࣁ −tr(A) (ຏ: tr(A)ࣁ Aޑ trace, ջჹ
.(ک線ϐف ќѦஒ x = 0 代Ε χA(x) ёள χA(x) ࣁத數໨ޑ χA(0) = det(−A) = (−1)n det(A).

Example 3.2.6. җܭ xIn− In = (x−1)In, ॺёளך χIn(x) = det((x−1)In) = (x−1)n. ॺך
ीᆉ൳ঁ 2×2 matrix ޑ characteristic polynomial. Եቾ

A1 =

(
1 −1
1 −1

)
, A2 =

(
1 −1
0 −1

)
, A3 =

(
1 −1
2 −1

)
,

߾

χA1 = det
(

x−1 1
−1 x+1

)
= (x−1)(x+1)+1 = x2,

χA2 = det
(

x−1 1
0 x+1

)
= (x−1)(x+1) = x2−1,

χA3 = det
(

x−1 1
−2 x+1

)
= (x−1)(x+1)+2 = x2 +1.

Question 3.4. ၂ᔠ࣮࣮ࢗ χI2(I2), χA1(A1), χA2(A2), χA3(A3) .ব٤ંତࢂ

ௗΠٰךॺٰ࣮࣮ similar matrices Ѭॺޑ characteristic polynomial Ԗϙሶᜢ߯.
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Proposition 3.2.7. ऩ A,B ∈Mn(F) Ъ A∼ B, ߾ χA(x) = χB(x).

Proof. җ A∼ B Ӹӧޕ invertible matrix P ٬ள B = P−1 ·A ·P. Ӣ xIn ࣁ diagonal matrix,
ޕॺך xIn ·P = P · xIn, Ԗࡺ P−1 · xIn ·P = xIn. ӢԜ

xIn−B = xIn−P−1 ·A ·P = P−1 · xIn ·P−P−1 ·A ·P = P−1 · (xIn−A) ·P.

ள᛾

χB(x) = det(xIn−B) = det(P−1 · (xIn−A) ·P) = det(P)−1 det(xIn−A)det(P) = χA(x).

�

੝ձޑ, ྽ T : V →V ΋ঁࢂ linear operator, β ,β ′ ࣁ V ޑ ordered bases, җܭ [T ]β ∼
[T ]β ′ , Proposition 3.2.7 ֋ນךॺ χ[T ]β (x) = χ[T ]β ′ (x). ӢԜךॺёаۓက linear operator ޑ
characteristic polynomial.

Definition 3.2.8. ଷ೛ V ࣁ finite dimensional F-space. ჹܭ V ޑ linear operator T : V →
V , Һڗ V ΋ঁޑ ordered basis β , ကۓ T ޑ characteristic polynomial ࣁ χ[T ]β (x), Ъа
χT (x) .Ң߄ٰ

җܭ A ޑ characteristic polynomial ౐ੋډ xIn − A ೭ኬંޑତ, Ψ൩ࢂᇥંତޑ
entry ύԖӭ໨Ԅ, ౜ӧךॺٰ探૸೭΋ᜪંޑତ. २Ӄ, ତቪԋંޑॺёаஒ೭΋ᜪך
xdAd + · · ·+ xA1 +A0, ύځ Ai ∈Mn(F) ೭ኬࠠޑԄ. )ݤҢ߄ޑॺёаԖаΠךӵٯ

5x2 +3 4x−1
7 x3−2x2 + x

)
= x3

(
0 0
0 1

)
+ x2

(
5 0
0 −2

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

)
.

җךܭॺࢂஒ F ϡન代Εޑ x, ॺёஒךа܌ xA ຎࣁத數 x ४΢ંତ A. ӢԜ྽
A,B ∈Mn(F), җંତ४ݤ (rA) · (sB) = (rs)A ·B, ॺԖך

(xiA) · (x jB) = xi+ jA ·B.

,ࡓԖϩଛݤ४ݤӵӢંତуٯ ॺԖך

(A+ xB)2 = (A+ xB) · (A+ xB) = A2 +A · (xB)+ xB ·A+(xB)2 = A2 + x(A ·B+B ·A)+ x2B2,

όၸाݙཀӢંତ४ؒݤԖҬඤࡓ, (A+ xB)2 ό΋ۓ฻ܭ A2 +2x(A ·B)+ x2B2.

྽ঁٿ entry ύԖӭ໨Ԅޑ square matrices ࣬४ਔ, ତٰ࣬ંޑॺёаѬॺӵӕ΋૓ך
४. ΨёճҔ΢य़ޑБݤஒѬॺԖ x ,೽ϩගрޑ ฅࡕႽӭ໨Ԅ࣬४΋ኬ৖໒. җܭ೭ኬೀ
౛ϝ٩ൻ๱ંତ४ޑݤೕࡓ, .཮࣬ӕ่݀ޑډаள܌ .ηٯॺ࣮΋ঁך

Example 3.2.9. Եቾ(
5x2 +3 4x−1

7 x

)
= x2

(
5 0
0 0

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

)
.

аϷ (
x−1 1
−x x+2

)
= x

(
1 0
−1 1

)
+

(
−1 1
0 2

)
.
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)ॺԖךௗ࣬४ޔ
5x2 +3 4x−1

7 x

)
·
(

x−1 1
−x x+2

)
=

(
5x3−9x2 +4x−3 9x2 +7x+1
−x2 +7x−7 x2 +2x+7

)
,

Զќ΋ᜐӵӭ໨Ԅ࣬४৖໒Ԗ(
x2
(

5 0
0 0

)
+ x

(
0 4
0 1

)
+

(
3 −1
7 0

))
·
(

x
(

1 0
−1 1

)
+

(
−1 1
0 2

))
= x3

(
5 0
0 0

)(
1 0
−1 1

)
+ x2

((
5 0
0 0

)(
−1 1
0 2

)
+

(
0 4
0 1

)(
1 0
−1 1

))
+ x

((
0 4
0 1

)(
−1 1
0 2

)
+

(
3 −1
7 0

)(
1 0
−1 1

))
+

(
3 −1
7 0

)(
−1 1
0 2

)
= x3

(
5 0
0 0

)
+ x2

(
−9 9
−1 1

)
+ x

(
4 7
7 2

)
+

(
−3 1
−7 7

)
.ޑ฻࣬ࢂ่݀ݤᅿᆉٿа܌

ௗ๱ךॺाமፓऩ xdAd + · · ·+ xA1 +A0 = xdBd + · · ·+ xB1 +B0, ύځ Ai,Bi ∈Mn(F), ߾
Ai = Bi, ∀ i = 0,1, . . . ,d. ೭ࢂӢࣁऩԖঁࢌ Ai ̸= Bi, ତԖঁંޑᜐٿҢ฻Ԅ߄ entry ځ xi ޑ

߯數ό࣬ӕ, ೷ԋҟ࣯. ΑှΑ೭ۺ٤ཷ, ॺ൩ёаೀ౛ך characteristic polynomial ख़ाޑ
性፦.

Theorem 3.2.10 (Cayley-Hamilton Theorem). ऩ A ∈Mn(F), χA(x) ࣁ A ޑ characteristic
polynomial, ߾ χA(A) = O.

Proof. з χA(x) = xn + · · ·+ c1x+ c0. ճҔ xIn−A ޑ adjoint matrix, җ Lemma 3.1.5 ॺך
Ԗ

adj(xIn−A) · (xIn−A) = det(xIn−A)In = χA(x)In = xn In + · · ·+ xc1In + c0In.

ऩஒ xIn−Aޑ i-th rowک k-th column౽ନ,܌ளޑ (n−1)×(n−1) matrixځ determinant
ܭԛ數λࣁ n ,ӭ໨Ԅޑ а٩܌ adjoint matrix ကۓޑ adj(A− xIn) ؂ঁޑ entry ԛ數ࣁࣣ
λܭ n ,ӭ໨Ԅޑ ଷ೛ࡺ adj(A− xIn) = xn−1Bn−1 + · · ·+ xB1 +B0, ύځ Bi ∈Mn(F). ӢԜך
ॺԖаΠޑ฻Ԅ

(xn−1Bn−1 + xn−2Bn−2 + · · ·+ xB1 +B0) · (xIn−A) = xn In + xn−1 cn−1In + · · ·+ xc1In + c0In (3.2)

ஒ฻Ԅ (3.2) Ѱᜐ৖໒, ॺளך

(xn−1Bn−1 + xn−2Bn−2 + · · ·+ xB1 +B0) · (xIn−A)

= xn(Bn−1 · In)+ xn−1(Bn−2 · In−Bn−1 ·A+)+ · · ·+ x(B0 · In−B1 ·A+)−B0 ·A
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ᔈ၀ک฻Ԅ (3.2) ѓԄ࣬ӕ, Кၨ߯數ளࡺ

−B0 ·A = c0In

B0 · In−B1 ·A = c1In
...

Bn−2 · In−Bn−1 ·A = cn−1In

Bn−1 · In = In

ஒಃ΋Ԅό୏, ಃΒԄٿᜐѓ४ A, ಃΟԄٿᜐѓ४ A2, . . . , നࡕ΋Ԅٿᜐѓ४ An, ॺளך

−B0 ·A = c0In

B0 ·A−B1 ·A2 = c1A
...

Bn−2 ·An−1−Bn−1 ·An = cn−1An−1

Bn−1 ·An = An

Ӣ҂Ѱᜐӄ೽уଆٰ཮฻ܭѓᜐӄ೽уଆٰ, ள᛾

O = An + cn−1An−1 + · · ·+ c1A+ c0In = χA(A).

�

྽ β ࣁ V ΋ঁޑ ordered basis, T : V →V ࣁ linear operator,ךॺۓက χT (x) = χ[T ]β (x).
Ԝਔ χT (T ) ࣁ linear operator, ჹځ β ޑ representative matrix , ٩ Lemma 3.2.4 ࣁޕ

[χ[T ]β (T )]β = χ[T ]β ([T ]β ).

җࡺ Theorem 3.2.10 ޕ [χT (T )]β = O, ӢԜճҔ Lemma 3.1.1 ளޕ χT (T ) = O. ೭൩ࢂ
linear operator ޑҁހ Cayley-Hamilton Theorem.

Corollary 3.2.11 (Cayley-Hamilton Theorem). ऩ V ࣁ finite dimensional F-space, T :

V →V ࣁ linear operator, ߾ χT (T ) = O.

3.3. Minimal Polynomial

ऩ A ࢂ n×n matrix, ճҔ A ޑ characteristic polynomial, ࣁၰӸӧԛ數ޕॺך n ӭޑ

໨Ԅ f (X) ∈ F [x] ٬ள f (A) = O. ཮ό཮Ԗԛ數׳λޑӭ໨Ԅёаၲډ೭ঁҞګޑ? ೭ࢂԖ
ёૈޑ, ӵٯ A = In ਔ, χIn(x) = (x−1)n, ՠԵቾ f (x) = x−1, ॺԖך f (In) = In− In = O. ܌
аךॺགྷाډפԛ數നλߚޑ႟ӭ໨Ԅ f (X) ∈ F [x] ٬ள f (A) = O.

Definition 3.3.1. ೛ A ∈Mn(F), ӧ܌Ԗߚ႟ӭ໨Ԅ f (x) ∈ F [x] ύᅈى f (A) = O, Ъԛ數
നλޑ monic polynomial (ջനଯԛ໨߯數ࣁ 1) ᆀࣁ A ޑ minimal polynomial, Ҕ µA(x)

.Ң߄ٰ
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႟ӭ໨ԄߚޑӸӧԛ數നλۓၰ΋ޕॺך f (x) ∈ F [x] ٬ள f (A) = O, Զ೭္ा؃ monic
൩ࢂा؃୤΋性. ٣ჴ΢ऩ f (x),g(x) ∈ F [x] ႟ߚޑԛ數നλࣁ monic polynomial ٬ள
f (A) = g(A) = O, Ӣࣣࣁԛ數നλࡺѸԖ deg( f ) = deg(g), Ξा؃ f (x),g(x) ࣁ monic, ࡺ
ޕ deg( f (x)− g(x)) < deg( f (x)). ՠԜਔ f (A)− g(A) = O−O = O, ޕा؃ޑҗԛ數നλࡺ
f (x)−g(x) Ѹࣁ႟ӭ໨Ԅ, ջ f (x) = g(x), а܌ minimal polynomial µA(x) .ޑ୤΋ࢂ

ௗΠٰךॺाୢऩ A∼ B, ٗሶѬॺޑ minimal polynomial µA(x),µB(x) .ց࣬฻ࢂ २Ӄ
ٰ࣮΋ঁ minimal polynomial ന୷ҁޑ性፦.

Lemma 3.3.2. ଷ೛ A ∈Mn(F) Ъ f (x) ∈ F [x]. ߾ f (A) = O ऩЪ୤ऩ µA(x) | f (x).

Proof. ଷ೛ f (x) | µA(x), ҢӸӧ߄ h(x) ∈ F [x] ٬ள f (x) = µA(x)h(x), Ӣ µA(A) = O, ճҔ
Lemma 3.2.1 ޕ f (A) = µA(A) ·h(A) = O ·h(A). Ӣࣁ႟ંତ४аҺՖӕ໘ંޑତҭࣁ႟ંତ,
ளࡺ f (A) = O.

ќ΋Бय़,Ӣ F ΋ঁࢂ field,Եቾӭ໨Ԅޑନݤ f (x) = µA(x)h(x)+r(x),ځύ h(x),r(x)∈
F [x] Ъ deg(r(x))< deg(µA(x)). җ f (A) = O ॺளךଷ೛ޑ

O = f (A) = µA(A) ·h(A)+ r(A) = O ·h(A)+ r(A) = r(A).

ҭջ r(x)∈ F [x]ࢂ΋ঁԛ數К µA(x)λࠅᅈى r(A) = Oޑӭ໨Ԅ. ٩ µA(x)ࢂ Aޑ minimal
polynomial ϐۓကள r(x) ,႟ӭ໨Ԅࣁ ள᛾ f (x) ࢂ µA(x) ,७Ԅޑ ջ µA(x) | f (x). �

౜ऩ A∼ B, ճҔ Lemma ޕ3.2.2 µA(B)∼ µA(A) = O, ฅԶک႟ંତ similarંޑତѸࣁ
႟ંତ (ӢჹҺཀ invertible matrix P, P−1 ·O ·P = O), ளࡺ µA(B) = O. җ Lemma 3.3.2 ޕ
µB(x) | µA(x). ӕ౛ճҔ µB(A)∼ µB(B) = O, ள µA(x) | µB(x). ฅԶ µA(x),µB(x) ࣁࣣ monic,
ளࡺ µA(x) = µB(x). ᛾ளаΠϐ่݀.

Proposition 3.3.3. ऩ A,B ∈Mn(F) Ъ A∼ B, ߾ µA(x) = µB(x).

΋ঁۓॺΨёаך linear operator ޑ minimal polynomial.

Definition 3.3.4. ೛V ΋ঁࣁ finite dimensional F-space, T :V→V ΋ঁࣁ linear operator.
ӧ܌Ԗߚ႟ӭ໨Ԅ f (x) ∈ F [x] ύᅈى f (T ) = O, Ъԛ數നλޑ monic polynomial ᆀࣁ T

ޑ minimal polynomial, Ҕ µT (x) .Ң߄ٰ

ӕ matrix ,׎௃ޑ T ޑ minimal polynomial ѸӸӧЪ୤΋. ճҔ Lemma 3.3.2 ࣬ӕޑ
᛾ܴБݤ (ሡҔډ႟ڄ數کҺՖڄ數ӝԋϝࣁ႟ڄ數) .ॺ཮ԖаΠ่݀ך

Lemma 3.3.5. ଷ೛ V ΋ঁࣁ finite dimensional F-space, T : V →V ΋ঁࣁ linear operator.
߾ f (T ) = O ऩЪ୤ऩ µT (x) | f (x).

Question 3.5. գ཮᛾ܴ Lemma 3.3.5 ༏?

྽ β Vࣁ ޑ ordered basis, T ޑ characteristic polynomial χT (x)ࢂҗ T ޑ representative
matrix [T ]β ޑ characteristic polynomial χ[T ]β (x) .ကԶளۓ όၸ T ޑ minimal polynomial
µT (x) ٠όࢂҗ µ[T ]β ,ډကளۓ .ց࣬ӕࢂॺा探૸Ѭॺךа܌
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Proposition 3.3.6. ೛ V ΋ঁࣁ finite dimensional F-space, β ࣁ V ΋ঁޑ ordered basis
Ъ T : V →V ࣁ linear operator. ߾

µT (x) = µ[T ]β (x).

Proof. २Ӄݙཀ, ऩ f (x) ∈ F [x], ճҔ߾ Lemma 3.2.4 аϷ Lemma 3.1.1 ॺԖך

f (T ) = O⇔ [ f (T )]β = O⇔ f ([T ]β ) = O.

аҗ܌ µT (T ) = O ёள µT ([T ]β ) = O, җࡺ Lemma 3.3.2 ޕ µ[T ]β (x) | µT (x). ӕኬޑҗ
µ[T ]β ([T ]β ) = O, ёள µ[T ]β (T ) = O, ޕࡺ µT (x) | µ[T ]β (x). ΞӢ µT (x),µ[T ]β (x) ࣁࣣ monic
polynomial, ள᛾ µT (x) = µ[T ]β (x). �

നךࡕॺٰ探૸ minimal polynomial ک characteristic polynomial ϐ໔ޑᜢ߯.

Theorem 3.3.7.

(1) ଷ೛ A ∈Mn(F), ߾ µA(x) | χA(x). ԶЪ λ ∈ F ᅈى χA(λ ) = 0 ऩЪ୤ऩ µA(λ ) = 0.

(2) ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator,߾ µT (x) | χT (x).
ԶЪ λ ∈ F ᅈى χT (λ ) = 0 ऩЪ୤ऩ µT (λ ) = 0.

Proof.

(1) Ӣ χA(A) =O,җ Lemma ޕ3.3.2 µA(x) | χA(x). җԜёளऩ µA(λ ) = ߾0 χA(λ ) = 0.
ϸϐ, ऩ χA(λ ) = 0, Ң߄߾ det(λ In−A) = 0 ҭջ λ In−A όࢂ invertible matrix.
౜Եቾ µA(x) ନа x−λ , ள µA(x) = (x−λ )h(x)+ r, ύځ h(x) ∈ F [x] Ъ r ∈ F . 代
Ε A, ள O = µA(A) = (A− λ In) · h(A)+ rIn. ऩ r ̸= 0, җ (λ In−A) · h(A) = rIn ள

(λ In−A) · r−1h(A) = In. Ԝ代߄ r−1h(A) ࣁ λ In−A ޑ inverse, ᆶ λ In−A όࢂ

invertible matrix ࣬ҟ࣯, ளޕ r = 0, ҭջ x−λ | µA(x). ள᛾ µA(λ ) = 0.

(2) ჹܭ linear operator T :V→V ,ᒧۓV ΋ঁޑ ordered basis β ,җܭ χT (x)= χ[T ]β (x)

аϷ µT (x) = µ[T ]β (x). ঺Ҕ (1) ܭ่݀ޑ [T ]β , ॺள᛾ך µT (x) | χT (x) Ъ

χT (λ ) = 0⇔ µT (λ ) = 0.

�

Example 3.3.8. ॺճҔ前य़ך Example 3.2.6 ޑள܌ characteristic polynomial ٰ؃Ѭॺ
ޑ minimal polynomial. Ӣ χA1(x) = x2,٩ Theorem ޕ3.3.7 µA1(x)ᔈࣁ x܈ x2. ՠ A1 ̸= O,
ޕ A1 ޑ minimal polynomial όёૈࣁ x, ளޕ µA1(x) = x2.

Ӣ χA2(x) = x2−1,٩ Theorem ޕ3.3.7 x−1ک x+1೿ࢂ µA2(x)ޑӢԄ,Ξ µA2(x) | x2−1

ளޕ µA2(x) = x2−1.

Ӣ χA3(x) = x2 +1, ٩ Theorem 3.3.7 ޕ µA3(x) | x2 +1. ऩ F = R, x2 +1 ޑ monic factor
(ӢԄ) ໻Ԗ 1 ک x2 +1, Ξ minimal polynomial όૈࢂத數ӭ໨Ԅ, ள᛾ µA3(x) | x2 +1. Ξ
ऩ F = C, Ӣ i,−i ࣁࣣ x2 +1 = 0 ,ਥޑ ٩ Theorem 3.3.7 ޕ µA3(x) = x2 +1.

Question 3.6. գૈډפ A ∈M2(R), ٬ள µA(x) ̸= χA(x) ༏?
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Question 3.7. ऩ A ∈Mn(F) Ъ χA(x) = (x−λ1) · · ·(x−λn) ύځ λi ∈ F Ъ λi ̸= λ j for i ̸= j,
߾ µA(x) ?ϙሶࢂ

ॺёаஒך Theorem 3.3.7 ଺຾΋ޑ؁௢ቶ, ೭ሡाፄಞ΋Π學ၸޑ代數. ଷ೛
p(x) ∈ F [x] ΋ঁࢂ irreducible polynomial, ډפॺёаך F ΋ঁޑ finite extension F̃ , ٬
ள p(x) = 0 ӧ F̃ ύԖਥ. ଷ೛ λ ∈ F̃ ΋ਥࣁ (ջ p(λ ) = 0), Һཀܭჹ߾ f (x) ∈ F [x], ᅈى
f (λ ) = 0,Ӣ p(x)ࣁ irreducible,ךॺޕ p(x) | f (x). ౜ऩ A∈Mn(F), AΨёຎࣁӧ Mn(F̃)ύ.
A ޑ characteristic polynomial όᆅஒ A ຎࣁব္ંޑତ, ࣁကࣣۓځ det(xIn−A), Ԝکஒ
A ຎࣁ Mn(F) ܈ Mn(F̃) ύޑ matrix คᜢ. ՠ minimal polynomial ব΋ঁکက൩ۓޑ field
ԖᜢΑ. ऩஒ A ຎࣁ Mn(F̃) ,ତંޑ ځ minimal polynomial (ӧԜҔ µ̃A(x) ,(Ң߄ ࣁကۓځ
ӧ F̃ [x] ύԛ數നλޑ monic polynomial f (x) ٬ள f (A) = O. ࣁаӢ܌ µA(x) ∈ F [x]⊆ F̃ [x],
ճҔ Lemma 3.3.2 ޕॺך µ̃A(x) | µA(x). ΑှΑ೭΋ቫᜢ߯, .౛ۓԖаΠϐख़ाߡॺך

Theorem 3.3.9.

(1) ଷ೛ A ∈Mn(F) Ъ p(x) ∈ F [x] ΋ঁࢂ irreducible polynomial. ߾ p(x) | χA(x) ऩЪ

୤ऩ p(x) | µA(x).

(2) ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator, Ъ p(x) ∈ F [x]

΋ঁࢂ irreducible polynomial. ߾ p(x) | χT (x) ऩЪ୤ऩ p(x) | µT (x).

Proof.

(1) җ Theorem 3.3.7 ޕॺך µA(x) | χA(x), ऩࡺ p(x) | µA(x) ள߾ p(x) | χA(x). ќ΋Б
य़, ऩ p(x) ∈ F [x] ࣁ irreducible Ъ p(x) | χA(x). Եቾ F̃ ࣁ F ޑ finite extension,
٬ள p(x) = 0 ӧ F̃ ύԖ΋ਥ λ . ஒ A ຎࣁӧ Mn(F̃) ତЪзંޑ µ̃A(x) ∈ F̃ [x] ࣁ

A∈Mn(F̃)ӧ F̃ [x]ޑ minimal polynomial. Ԝਔҗܭ p(x) | χA(x),ךॺԖ χA(λ ) = 0.
ճҔ Theorem 3.3.7 ঺Ҕӧ F̃ ,׎௃ޑ ள µ̃A(λ ) = 0. ฅԶςޕ µ̃A(x) | µA(x), ள
µA(λ ) = 0. ౜Ӣ µA(x) ∈ F [x] Ъ p(x) ∈ F [x] ࣁ irreducible, ள᛾ p(x) | µA(x).

(2) ჹܭ linear operator T :V→V ,ᒧۓV ΋ঁޑ ordered basis β ,җܭ χT (x)= χ[T ]β (x)

аϷ µT (x) = µ[T ]β (x). ঺Ҕ (1) ܭ่݀ޑ [T ]β , ॺள᛾ך

p(x) | χT (x)⇔ p(x) | χ[T ]β (x)⇔ p(x) | µ[T ]β (x)⇔ p(x) | µT (x).

�

Question 3.8. ऩ A ∈Mn(F) Ъ χA(x) = pc1
1 (x) · · · pck

k (x) ύځ ci ∈ N, pi(x) ∈ F [x] ࣁ monic
irreducible polynomial Ъ pi(x) ̸= p j(x) for i ̸= j, ߾ µA(x) ཮࡛ࢂኬ׎ޑԄ?

Example 3.3.10. Եቾ linear operator T : P2(R)→ P2(R) ᅈى

T (1) = 2x2−1,T (x+1) = 3x2 +2x+2,T (−x2 + x+1) = 4x2 +2x+2.

рפॺགྷך T ޑ minimal polynomial µT (x).

२ӃԵቾ P2(R) ޑ ordered basis β = (−x2 + x+1,x+1,1). Ӣ
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T (−x2 + x+1) = (−4)(−x2 + x+1)+6(x+1)

T (x+1) = (−3)(−x2 + x+1)+5(x+1)

T (1) = (−2)(−x2 + x+1)+2(x+1)+(−1)1

ள [T ]β =

 −4 −3 −2
6 5 2
0 0 −1

. ीᆉள χT (x) = χ[T ]β (x) = (x+1)2(x−2). Ξ

([T ]β + I3) · ([T ]β −2I3) =

 −3 −3 −2
6 6 2
0 0 0

 ·
 −6 −3 −2

6 3 2
0 0 −3

=

 0 0 6
0 0 −6
0 0 0

 ,

ޕ µT (x) = µ[T ]β (x) ̸= (x+1)(x−2), Զள µT (x) = µ[T ]β (x) = (x+1)2(x−2). ٣ჴ΢

([T ]β + I3)
2 · ([T ]β −2I3) =

 −3 −3 −2
6 6 2
0 0 0

 ·
 0 0 6

0 0 −6
0 0 0

= O.

Question 3.9. ၂ճҔ ordered basis (x2,x,1) ೀ౛ Question 3.3.10. ཮ό཮Ԗ΋ኬ่݀?

3.4. Internal Direct Sum

๏ۓ΋ঁ linear operator T : V → V , ऩᒧ୼ӳޑ ordered basis, T ޑ representative
matrix ёаࢂၨӳೀ౛ޑ matrix. όၸ೭ሡाஒ V ቪԋ܌ᒏޑ internal direct sum of
T -invariant subspaces. ॺӃόፋךа೭΋࿯܌ linear operator, Ӄ探૸ internal direct sum
.性፦ޑ

ॺӧך Chapter 1 ޑϟಏ܌ direct sum ޑᒏ܌ࢂჴځ external direct sum, Ѭࢂόᆅ؂
ঁ vector space ϐ໔ޑᜢ߯, Զ೷рޑ vector space. όၸऩ؂ঁ vector space ໔Ԗᜢ߯, ٗ
ሶךॺߡёа探૸Ԗᜢܭ internal direct sum .ᚒୢޑ

ଷ೛ U,W ࣁࣣ V ޑ subspace. ёаԵቾڄ數 T : U⊕W →U +W , ࣁကۓ

T ((u,w)) = u+w, ∀u ∈U,w ∈W.

ډ৒ܰளࡐကۓ٩ T ࢂ well-defined function, Ъёள T ΋ঁࢂ onto ޑ linear transforma-
tion. ௗΠٰךॺԾฅाୢ Ker(T ?ϙሶࢂ( ऩ (u,w) ∈Ker(T Ң߄,( T ((u,w)) = u+w = OV ,
ள u=−w. ՠ u∈U,w∈W ளࡺ, u=−w∈U∩W . ϸϐ,ऩ u∈U∩W ,Եቾ (u,−u)∈U⊕W ,
ёள T ((u,−u)) = OV . ள᛾ Ker(T ) = {(u,−u) | u ∈U ∩W}.

Question 3.10. ډՖाளࣁ T : U ⊕W →U +W ೭ঁڄ數ሡा U,W ࣁࣣ V ޑ subspace
೭ঁଷ೛?

Question 3.11. ၂᛾ܴ {(u,−u) | u ∈U ∩W} ≃U ∩W . ճҔ the First Isomorphism Theo-
rem, ॺёόёаᇥך (U⊕W )/(U ∩W )≃U +W?

੝ձӦ, ྽ U ∩W = {OV} ਔ, Ӣ (OV ,OV ) = OU⊕W , ॺளך Ker(T ) = OU⊕W . ҭջ T ࣁ

one-to-one, .ॺԖаΠϐ่݀ך
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Proposition 3.4.1. ଷ೛ U,W ࣁࣣ V ޑ subspace, ऩ U ∩W = {OV}, ߾

U⊕W ≃U +W.

൩ࢂӢࣁ೭ঁচӢ, ྽ U,W ࣁࣣ V ޑ subspace Ъ U ∩W = {OV} ਔ, ॺ཮ஒך U +W

Ҕ U⊕W .Ң߄ٰ ाݙཀԜਔ U⊕W ࢂޑࡰ V ޑ subspace U +W , όࢂа前ঁٗޑۓཥޑ
vector space. ೭္ךॺҔ U ⊕W ೭ঁ಄ဦٰமፓ U ∩W = {OV}. ,Α୔ϩమཱࣁ ॺ཮ᇥך
೭ࢂU,W ޑ internal direct sum. ཀ,ऩU,Wݙаा܌ ࣁࣣ V ޑ subspaceЪU∩W ̸= {OV}
ਔ U⊕W ೭ঁ಄ဦ๊ჹࢂ代߄ external direct sum. ऩ U,W ࣁࣣ V ޑ subspace, Զךॺம
ፓ U ⊕W ⊆V ࢂᇥ܈ internal direct sum, ൩߄Ң U ∩W = {OV}. ྽ฅΑऩ U,W ؒԖҺՖ

ᜢᖄ, ٗሶ U⊕W ޑচҁࢂޑࡰ external direct sum.

྽ V ࣁ finite dimensional vector space, Ъ U ࢂ V ޑ subspace. ќ΋ঁډפॺёаך
V ޑ subspace W ٬ள V =U ⊕W . ٣ჴ΢Һڗ U ΋ಔޑ basis S = {u1, . . . ,um}, ёޕॺך
аஒ S ᘉ大ԋ V ΋ಔޑ basis {u1, . . . ,um,w1, . . . ,wn}. Ԝਔऩз W = Span({w1, . . . ,wn}), җ
ܭ {u1, . . . ,um,w1, . . . ,wn} ࣁ linearly independent, ޕॺך U ∩W = {OV}. аёள܌ U ⊕W

೭΋ঁ U,W ޑ internal direct sum. ΞӢࣁ V = Span({u1, . . . ,um,w1, . . . ,wn}), ॺளך
U ⊕W =V . җܭஒ΋ಔ linearly independent ϡનᘉ৖ԋ basis ,٠ό୤΋ݤБޑ வ೭္ך
ॺΨΑှډ๏ۓ V ΋ঁޑ subspace U , ёஒ V ቪԋ U⊕W ޑ W ٠ό୤΋.

Example 3.4.2. Եቾ F2 = {(x,y) | x,y ∈ F}, ऩ U = {(x,0) | x ∈ F}, ߾ W1 = {(0,y) | y ∈ F}
ک W2 = {(y,y) | y ∈ F} ೿ᅈى F2 =U⊕W1 аϷ F2 =U⊕W2.

ஒ V ቪԋ internal direct sum V =U⊕W ऩࢂ΋ঁӳೀ൩ޑ v ∈V , ޑӸӧ୤΋߾ u ∈U

аϷ w ∈W ٬ள v = u+w. ॺஒך V ቪԋঁٿ subspaces ޑ internal direct sum 性፦ӈޑ
ᖐӵΠ.

Proposition 3.4.3. ଷ೛ U,W ࣁ V ޑ subspaces. Πӈࢂ฻ሽޑ

(1) V =U⊕W .

(2) ऩ v ∈V , ޑӸӧ୤΋߾ u ∈U,w ∈W ٬ள v = u+w.

(3) ჹҺཀ U,W ޑ basis S1,S2, ॺԖך S1∩S2 = /0 Ъ S1∪S2 ࣁ V ΋ಔޑ basis.

Proof. (1)⇒ (2): ကۓ٩ V =U +W , ჹҺཀࡺ v ∈V , ѸӸӧ u ∈U,w ∈W ٬ள v = u+w.
౜ऩ u′ ∈U,w′ ∈W ٬ள v+w = u′+w′,߾Եቾ u−u′ = w′−w∈U ∩W = {OV},ள᛾ u = u′

Ъ w = w′.

(2)⇒ (3): ଷ೛ v ∈ S1 ∩ S2, Ң߄ v ∈U ∩W . Եቾ v = v+OV = OV + v ύಃ΋ঁځ v
࣮ԋӧ U , ಃΒঁ v ࣮ԋӧ W Ъಃ΋ঁ OV ࣮ԋӧ W , ಃΒঁ OV ࣮ԋӧ U , ճҔ୤߾
΋性ޕ v = OV . ՠ v ∈ S1, Ԝک S1 ࣁ linearly independent ࣬ҟ࣯, ளޕ S1∩S2 = /0. ќѦ
ჹҺཀ v ∈V , Ӹӧޕ u ∈U,w ∈W ٬ள v = u+w, ฅԶӢ S1,S2 ϩձࣁ U,W ޑ basis, ޕ
Ӹӧ u1, . . . ,um ∈ S1, w1, . . . ,wn ∈ S2 аϷ c1, . . . ,cm,d1, . . . ,dn ∈ F ٬ள u = c1u1 + · · ·+ cmum,
w = d1w1 + · · ·+dnwn. ӢԜள v = c1u1 + · · ·+cmum +d1w1 + · · ·+dnwn, ள᛾ S1∪S2 ࣁ V ޑ
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spanning set. ќ΋Бय़ऩ S1 ∪ S2 όࣁ linearly independent, ճҔ Corollary 1.4.4 Ӹӧޕ
v ̸= OV ٬ள v ∈ Span(S1)∩Span(S2) =U ∩W . ӕ前य़᛾ܴ S1∩S2 = /0 ,ޕݤБޑ Ԝᆶ v ቪ
ԋ U , W ϡન࣬уޑ୤΋性࣬ҟ࣯. ޕࡺ S1∪S2 ࣁ linearly independent.

(3)⇒ (1): җ S1∪S2 ࣁ V ΋ಔޑ basis, ޕ V = Span(S1)+Span(S2) =U +W . ౜໻ሡ᛾
U ∩W = {OV}. Ӣ S1∩S2 = /0 ॺԖך (S1∪S2)\S1 = S2, ճҔࡺ Corollary 1.4.4 ޕ S1∪S2 ࣁ

linearly independent Ң߄ Span(S1)∩Span(S2) = {OV}, ҭջ U ∩W = {OV}. �

ঁٿעॺёаך subspaces ޑ internal direct sum ௢ቶ׳ډӭ subspaces ޑ internal
direct sum. ӵٯ V = U ⊕W , ॺᗋёஒך W ቪԋঁٿ W ޑ subspaces W1,W2 ޑ direct
sum, W =W1⊕W2, Զள V =U⊕W1⊕W2. ೭္Ӣ W =W1⊕W2, ॺԖך W1∩W2 = {OV}, Ξ
Ӣ V = U ⊕W , ॺΨԖך U ∩W1 ⊆U ∩W = {OV}, U ∩W2 ⊆U ∩W = {OV}. όၸ೭٤చҹ
(ջ W1∩W2 = {OV}, U ∩W1 = {OV} ک U ∩W2 = {OV}) ٠όىаᡣךॺԖᜪ՟ Proposition
3.4.3 性፦ޑ ӵҺཀٯ) v Ԗ୤΋ޑ u ∈U,w1 ∈W1,w2 ∈W2 ٬ள v = u+w1 +w2), ॺ࣮аך
Πٯޑη.

Example 3.4.4. ӧ Example 3.4.2 ύ U ∩W1 = W1 ∩W2 = U ∩W2 = {(0,0)}, όၸҺཀ
(x,y) ∈ F2, ऩ y ̸= 0, ॺԖך (x,y) = (x,0) + (0,y) + (0,0) = (x− y,0) + (0,0) + (y,y), ύځ
((0,0) ∈W1 ՠ (0,0) ̸= (0,y) ∈W1. ӕኬޑ, (0,0) ̸= (y,y) ∈W2. а܌ F2 ύޑϡનቪԋ

U,W1,W2 ϐޑکБݤό୤΋.

ကۓा࡛ሶۭډ internal direct sum ?ګ ډॺёаӣך external direct sum .ݤ࣮ޑ ଷ
೛ V1,V2,V3 ࣁ V ޑ subspace, Եቾவ external direct sum V1⊕V2⊕V3 ډ V1 +V2 +V3 ޑ

linear transformation T , ࣁကۓ T (v1,v2,v3) = v1 +v2 +v3. ကۓ٩ T ࣁ onto. ऩ T ࣁ one-
to-one, ሡ߾ Ker(T ) = {(OV ,OV ,OV )} ҭջऩ v1 ∈ V1,v2 ∈ V2,v3 ∈ V3 Ъ v1 + v2 + v3 = OV ,
߾ v1 = v2 = v3 = OV . ฅԶ v1 + v2 + v3 = OV , ޕ v1 = −(v2 + v3) ∈ V1 ∩ (V2 +V3), ӕ౛ޕ
v2 ∈V2∩(V1+V3), v3 ∈V3∩(V1+V2). ӢԜऩޕ V1∩(V2+V3) =V2∩(V1+V3) =V3∩(V1+V2) =

{OV},߾ёள Ker(T ) = {(OV ,OV ,OV )}. ϸϐ,ऩ v1 ∈V1∩(V2+V3),߾Ӹӧ v1 ∈V2,v3 ∈V3ᅈ

ى v1 = v2+v3,Ԝਔ (v1,−v2,−v3)∈Ker(T ). ӢԜऩ Ker(T ) = {(OV ,OV ,OV Ң߄{( v1 = OV ,
ޕࡺ V1∩ (V2 +V3) = OV . ӕ౛ёள V2∩ (V1 +V3) = V3∩ (V1 +V2) = OV . ஒԜ௢ቶډҺཀԖ
ज़ӭঁ subspaces, .ကۓॺԖаΠϐך

Definition 3.4.5. ଷ೛ V1, . . . ,Vk ࣁ V ޑ subspaces, Ъ

Vi∩ (∑
j ̸=i

Vj) = {OV}, ∀ i = 1, . . . ,k

߾ V ޑ subspace V1 + · · ·+Vk ᆀࣁ V1, . . . ,Vk ޑ internal direct sum, Ҕ V1⊕·· ·⊕Vk .Ң߄

再ԛமፓ, ჹܭ V ޑ subspaces V1, . . . ,Vk, ॺ೿Ԗך V1 + · · ·+Vk ೭΋ঁ subspace. ऩך
ॺቪԋ V1⊕·· ·⊕Vk ⊆V ࣁமፓ܈ internal direct sum, ᇥࢂߡ V1, . . . ,Vk ᅈى Vi∩ (∑ j ̸=iVj) =

{OV}, ∀ i = 1, . . . ,k ೭٤చҹ. ќѦ, аךࡕॺाፋޑ decomposition theorem, ೿ࢂஒ΋ঁ
vector space ԋ΋٤ှܨ subspaces ޑ internal direct sum, ॺό཮再ѐፋך external direct
sum, ࣁॺ൩ό再மፓךа܌ internal direct sum.
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ஒ vector space ቪԋӭঁ subspaces ޑ direct sum, ঁٿቪԋک subspaces ޑ direct sum
Ԗӕኬޑ性፦. җܭ᛾ܴک Proposition 3.4.3 ࣬ӕ, .ॺ൩ό再᛾ܴΑך

Proposition 3.4.6. ଷ೛ V1, . . . ,Vk ࣁ V ޑ subspace. Πӈࢂ฻ሽޑ

(1) V =V1⊕·· ·⊕Vk.

(2) ऩ v ∈V , Ԗ܌ܭჹ߾ i = 1, . . . ,k ࣣӸӧ୤΋ޑ vi ∈Vi ٬ள v = v1 + · · ·+vk.

(3) ჹҺཀ Vi ޑ basis Si, ॺԖך S1∩·· ·∩Sk = /0 Ъ S1∪·· ·∪Sk ࣁ V ΋ಔޑ basis.

Question 3.12. ऩ V ࣁ finite dimensional vector space Ъ V1, . . . ,Vk ࣁ V ޑ subspaces ٬
ள V =V1⊕·· ·⊕Vk, ٗሶёаޕၰ dim(V ) ཮฻ܭ dim(V1)+ · · ·+dim(Vk) ༏?

྽ U,W ࣁ V ޑ subspaces Ъ V = U ⊕W , Ξ W1, . . . ,Wk ࣁ W ޑ subspaces Ъ W =

W1⊕ ·· · ⊕Wk, ٗሶךॺёаள V = U ⊕W1⊕ ·· · ⊕Wk ༏? เਢޑۓޭࢂ. ೭ࢂӢࣁऩ
v ∈ V , җ V = U ⊕W Ӹӧޕ u ∈U,w ∈W ٬ள v = u+w. ќ΋Бय़җ W = W1⊕·· ·⊕Wk,
Ӹӧޕ wi ∈ Wi, ٬ள w = w1 + · · ·+ wk. Ψ൩ࢂᇥჹҺཀ v ∈ V , ࣣӸӧ u ∈ U,w1 ∈
W1, . . . ,wk ∈Wk ٬ள v = u+w1+ · · ·+wk (᛾ளӸӧ性). Ξऩ u′ ∈U,w′1 ∈W1, . . . ,wk ∈Wk ٬

ள v = u′+w′1 + · · ·+w′k, Ӣ߾ u,u′ ∈U аϷ w1 + · · ·+wk,w′1 + · · ·+w′k ∈W , җ V =U ⊕W

ள u = u′ аϷ w1+ · · ·+wk = w′1+ · · ·+w′k. ΞӢ wi,w′i ∈Wi,җW =W1⊕·· ·⊕Wk ள wi = w′i
(᛾ள୤΋性), аҗ܌ Proposition 3.4.6 .ॺԖаΠϐ่݀ך

Corollary 3.4.7. ऩ U,W ࣁ V ޑ subspaces Ъ V = U ⊕W , Ξऩ W1, . . . ,Wk ࣁ W ޑ

subspaces Ъ W =W1⊕·· ·⊕Wk, ߾ V =U⊕W1⊕·· ·⊕Wk.

3.5. Primary Decomposition

ᡣךॺӣډ linear operator. ऩ T : V → V ࣁ linear operator, ఈஒ׆ॺך V ቪԋ΋٤

subspaces ޑ direct sum, ٬೭٤ subspaces ޑ ordered basis ಔԋ܌ V ޑ ordered basis ᡣ
T ޑ representative matrix ԖКၨӳ׎ޑԄ. ाၲډ೭ঁҞޑ, ఈ׆ॺך T ज़ڋӧ೭٤

subspaces ΢ࢂό཮າ௞ޑ (ջ׆ఈѬॺϝࣁ linear operator), .ကۓޑॺԖаΠךа܌

Definition 3.5.1. ଷ೛ T : V →V ΋ঁࢂ linear operator. ऩ W ࣁ V ޑ subspace Ъᅈى
T (W )⊆W (ջჹ܌Ԗ w ∈W ࣣԖ T (w) ∈W ), ᆀ߾ W ࣁ T -invariant.

Question 3.13. ଷ೛ T :V→V ΋ঁࢂ linear operator. Πӈব٤ subspacesࢂ T -invariant?

(1)V. (2) {OV}. (3) Im(T ). (4) Ker(T ).

ӣ៝΋Π, ྽ T : V →V ࣁ linear operator, ჹܭ f (x) = adxd + · · ·+a1x+a0 ∈ F [x], ॺך
ёۓက΋ঁ linear operator f (T ) = adT ◦d + · · ·+a1T +a0 id.

Lemma 3.5.2. ଷ೛ V ࣁ F-space, T : V →V ࣁ linear operator. ऩ W ࣁ T -invariant, ߾
ჹҺཀ f (x) ∈ F [x], W ࣁ f (T )-invariant
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Proof. Ӣ W ࣁ T -invariant, ჹҺཀ w ∈W , Ӣࣁ T (w) ∈W ளࡺ T ◦2(w) = T (T (w)) ∈W .
ճҔ數學ᘜયޕݤ T ◦i(w) ∈W , ∀ i ∈ N. ౜ऩ f (x) = adxd + · · ·+ a1x+ a0 ∈ F [x], Ӣ W ࣁ

subspace, ள f (T )(w) = adT ◦d(w) + · · ·+ a1T (w) + a0w ∈W , ∀w ∈W . ள᛾ W ࣁ f (T )-
invariant. �

৒ܰղᘐࡐ Im(T ) ک Ker(T ) ࣁࣣ T -invariant. ॺёаճҔך f (x) ∈ F [x] ள׳ډӭ

T -invariant subspaces.

Lemma 3.5.3. ଷ೛ V ࣁ F-space, T : V →V ࣁ linear operatorЪ f (x)∈ F [x]. ߾ Im( f (T ))

ک Ker( f (T )) ࣁࣣ T -invariant subspaces.

Proof. ଷ೛ w ∈ Im( f (T )), ջӸӧ v ∈ V ٬ள w = f (T )(v). җ Lemma 3.2.3 ޕॺך
T ◦ f (T ) = f (T )◦T , ӢԜ

T (w) = T ( f (T )(v)) = (T ◦ f (T ))(v) = ( f (T )◦T )(v) = f (T )(T (v)) ∈ Im( f (T )),

ள᛾ Im( f (T )) ࣁ T -invariant.

ଷ೛ v ∈ Ker( f (T )), ҭջ f (T )(v) = OV . Ԝਔ f (T )(T (v)) = T ( f (T )(v)) = T (OV ) = OV ,
ҭջ T (v) ∈ Ker( f (T )), ள᛾ Ker( f (T )) ࣁ T -invariant. �

๏ۓ΋ঁ linear operator T : V →V ,Եቾ V ΋ঁޑ subspace W ॺёаஒך, T ကୱۓޑ

ज़ڋӧ W ΢, ջԵቾ T |W : W →V , ࣁကۓ T |W (w) = T (w), ∀w ∈W . ೭ࢂ΋ঁவ W ډ V ޑ

linear transformation,ךॺᆀࣁ the restriction on W . ྽W ࣁ T -invariantਔ,Ӣ T (w)∈W ,
∀w ∈W , ॺԖך T |W : W →W , ΋ঁࣁ W ΢ޑ linear operator. ॺԾฅёа探૸ך T |W
ک T ޑ minimal polynomial ϐ໔ޑᜢ߯. २Ӄჹܭ f (x) ∈ F [x], Ӣ W ҭࣁ f (T )-invariant
(Lemma 3.5.2), ၰޕॺԖᑫ፪ך f (T )|W ک f (T |W ) ೭ঁٿ W ޑ linear operator ϐ໔ޑᜢ
߯. ౜ჹ܌Ԗ w ∈W , Ӣ

T ◦2|W (w) = T ◦2(w) = T (T (w)) = T |W (T |W (w)) = T |W ◦2(w),

ޕॺך T ◦2|W ک T |W ◦2 ࣁ W ΢࣬ӕޑ linear operator. ճҔ數學ᘜયݤёள T ◦i|W =

T |W ◦i, ∀ i ∈ N. ౜ऩ f (x) = adxd + · · ·+a1x+a0 ∈ F [x], Һཀܭჹ߾ w ∈W , ࣣԖ

f (T )|W (w) = f (T )(w) = ad T ◦d |W (w)+ · · ·+a1 T |W (w)+a0 id|W (w)

= ad T |W ◦d(w)+ · · ·+a1 T |W (w)+a0 id|W (w) = f (T |W )(w).

Ψ൩ࢂᇥ f (T )|W ک f (T |W ) ࢂ W ΢࣬ӕޑ linear operator, ӢԜޕ

f (T )|W = f (T |W ). (3.3)

ճҔԜ่݀, ॺԖаΠϐך Lemma.

Lemma 3.5.4. ଷ೛ T : V → V ࣁ linear operator, W ࣁ T -invariant subspace, ߾ T ޑ

restriction on W , T |W : W →W ࣁ W ΢ޑ linear operator, Ъځ minimal polynomial µT |W (x)

ᅈى

µT |W (x) | µT (x).
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Proof. ςޕ µT (T ) = O ΋ঁࣁ zero mapping, ࡺ µT (T )|W = O. җ฻Ԅࡺ (3.3) ޕ
µT (T |W ) = µT (T )|W = O, 再җ Lemma 3.3.5 ள᛾ µT |W (x) | µT (x). �

ଷ೛ V ёаቪԋঁٿ T -invariant subspace U,W ޑ (internal) direct sum V =U⊕W , ϩ
ձᒧڗ U,W ΋ঁޑ ordered basis β1 = (u1, . . . ,ul),β2 = (w1, . . . ,wm), җ߾ Proposition 3.4.3
ޕ β = (u1, . . . ,ul,w1, . . . ,wm) ҭࣁ V ޑ ordered basis. Ԝਔҗܭ T (ui) = T |U(ui) ∈U , ॺך
ޕ [T ]β 前य़ޑ l ঁ columns, ؂ঁ column 前ޑ l ঁ entry ೿ک [T |U ]β1 ࣬ӕ, ԶЪࡕय़ m

ঁ entry ࣁࣣ 0. ӕኬޑ, җܭ T (w j) = T |W (w j) ∈W , ޕॺך [T ]β य़ࡕޑ m ঁ columns, ؂
ঁ column 前ޑ l ঁ entry ೿ࢂ 0 Զࡕय़ m ঁ entry کࣣ [T |W ]β2 ࣬ӕ. Ψ൩ࢂᇥ T ჹܭ

β ޑ representative matrix ࣁ

[T ]β =

(
[T |U ]β1 O

O [T |W ]β2

)
(3.4)

ा探૸ T,T |U ,T |W ޑ characteristic polynomial ໔ޑᜢ߯, ሡΑှ฻Ԅ (3.4) ೭ᜪ block
diagonal matrix ޑ determinant ᆉݤ. ,ॺᙁൂӣ៝΋Πך Եቾ matrix

A =

(
B O
O C

)
ύځ A ∈ Ml+m(F),B ∈ Ml(F),C ∈ Mm(F) ࣁࣣ square matrix. ॺёаҔफ़໘Ϸ數學ᘜך
યݤ᛾ள det(A) = det(B)det(C). Бݤ大ठӵΠ: ॺჹಃ΋ঁך row բफ़໘ள det(A) =

∑l+m
k=1(−1)1+ka1k det(A1k), ฅԶ A1k ஒࢂ A ޑ first row ک k-th column մନ, ӢԜ྽ 1≤ k≤ l

ਔ, a1k = b1k Ъ A1k =

(
B1k O
O C

)
೭ኬޑ block diagonal matrix. ,ଷ೛ݤа٩數學ᘜય܌

Ԝਔ det(A1k) = det(B1k)det(C). Ξ྽ l < k ≤ l +m ਔ, a1k = 0, ளࡺ

det(A) =
l+m

∑
k=1

(−1)1+ka1k det(A1k) =
l

∑
k=1

(−1)1+kb1k det(B1k)det(C) = det(B)det(C).

ճҔ೭ঁ่݀ךॺ൩ёаளډ characteristic polynomial .ᜢ߯Αޑ

Lemma 3.5.5. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator. ऩ
V =U⊕W , ύځ U,W ࣁ T -invariant subspace, ߾

χT (x) = χT |U (x)χT |W (x).

Proof. ᒧۓ U,W ޑ ordered basis β1 = (u1, . . . ,ul),β2 = (w1, . . . ,wm), ёள V ޑ ordered
basis β = (u1, . . . ,ul,w1, . . . ,wm). ԜਔճҔ฻Ԅ (3.4) ॺԖך

xIl+m− [T ]β =

(
xIl− [T |U ]β1 O

O xIm− [T |W ]β2

)
.

ճҔ΢य़܌ॊԖᜢܭ block diagonal matrix ޑ determinant ᆉݤள

χT (x) = det(xIl+m− [T ]β ) = det(xIl− [T |U ]β1)det(xIm− [T |W ]β2) = χT |U (x)χT |W (x).

�



3.5. Primary Decomposition 59

Կܭ minimal polynomial, ܭॺሡाӧፄಞ΋Π代數Ԗᜢך F [x] ೭΋ঁ polynomial
ring .性፦ޑ Ӣࣁ F ΋ঁࢂ field, F [x] ΢ޑϡનԖନޑݤ性፦, ջ๏ۓ f (x),g(x) ∈ F [x],
ऩ g(x) ̸= 0, Ӹӧ߾ h(x),r(x) ∈ F [x] ύځ deg(r(x)) < deg(g(x)) ٬ள f (x) = g(x)h(x)+ r(x).
೭ঁ性፦٬ள F [x] ԋ܌ࣁᒏޑ Euclidean domain. а܌ F [x] ཮ࢂ΋ঁ principle ideal
domain, ΨӢԜࢂ΋ঁ unique factorization domain. ඤ言ϐ, Һڗ f (x) ∈ F [x], ॺ೿ёаך
ஒ f (x) ୤΋ቪԋ΋٤ irreducible polynomial .४ᑈޑ ঁٿڗаҺ܌ F [x] ΢ޑ polynomial
f (x),g(x), നଯϦӢԄޑကѬॺۓॺёаך (Ҕ gcd( f (x),g(x)) (Ң߄ аϷനեϦ७Ԅ (Ҕ
lcm( f (x),g(x)) .(Ң߄ ,ཀݙ ೭္ࣁΑाԖ୤΋性 gcd( f (x),g(x)), lcm( f (x),g(x)) ॺ೿ᒧך

monic polynomial. ऩз l(x) = lcm( f (x),g(x)), :ॺԖаΠ性፦ך߾

(1) f (x) | l(x), g(x) | l(x).

(2) ऩ h(x) ∈ F [x] ߾ f (x) | h(x), g(x) | h(x)⇔ l(x) | h(x).

ճҔ೭ঁ性፦ךॺёаளډаΠԖᜢ minimal polynomials ໔ޑᜢ߯.

Lemma 3.5.6. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator. ऩ
V =U⊕W , ύځ U,W ࣁ T -invariant subspace, ߾

µT (x) = lcm(µT |U (x),µT |W (x)).

Proof. з l(x) = lcm(µT |U (x),µT |W (x)). җ Lemma 3.5.4 ள µT |U (x) | µT (x),µT |W (x) | µT (x),
ޕࡺ l(x) | µT (x).

ќ΋Бय़, ჹܭҺཀ v ∈V , Ӹӧ u ∈U,w ∈W ٬ள v = u+w, җ฻Ԅࡺ (3.3) ޕ

l(T )(v) = l(T )(u)+ l(T )(w) = l(T )|U(u)+ l(T )|W (w) = l(T |U)(u)+ l(T |W )(w).

ฅԶ µT |U (x) | l(x),µT |W (x) | l(x), ޕࡺ l(T |U) = O, l(T |W ) = O, ҭջ l(T |U)(u) = OU = OV Ъ

l(T |W )(w) = OW = OW . җԜޕ l(T )(v) = OV , ∀v ∈V , ள᛾ l(T ) = O. җࡺ Lemma 3.3.5 ޕ
µT (x) | l(x). ӢԜҗ l(x) | µT (x) Ъ µT (x) | l(x) аϷ µT (x), l(x) ࣁࣣ monic polynomial, ள᛾
µT (x) = l(x) = lcm(µT |U (x),µT |W (x)). �

౜ӧךॺٰᇥܴӵՖஒ V ቪԋ T -invariant subspaces ޑ direct sum. җܭ F [x] ΋ࢂ

ঁ principle ideal domain (P.I.D.), ๏ۓ f (x), g(x) ∈ F [x], ॺёаԵቾך f (x), g(x) ғԋ܌

ޑ ideal ( f (x),g(x)), ೭ঁ ideal ύޑϡન೿ࢂ a(x) f (x)+ b(x)g(x) ύځ) a(x), b(x) ∈ F [x])
೭ኬ׎ޑԄ. Ӣࣁ F [x] ࢂ P.I.D. аӸӧ܌ d(x) ∈ F [x] ٬ள ( f (x),g(x)) = (d(x)). ҭ
ջ ( f (x),g(x)) ύޑϡન, ೿ёаቪԋ h(x)d(x) .Ԅ׎ޑ Ӣࣁ f (x) ∈ ( f (x),g(x)), а܌
d(x) | f (x), ӕ౛ d(x) | g(x). ќѦΞ d(x) ∈ ( f (x),g(x)) аӸӧ܌ a(x), b(x) ∈ F [x] ٬ள

d(x) = a(x) f (x)+b(x)g(x). җԜёޕऩ h(x) | f (x), h(x) | g(x) ߾ h(x) | a(x) f (x)+b(x)g(x), ջ
h(x) | d(x). ёа࣮рځჴ d(x) ൩ࢂ f (x),g(x) ,നଯϦӢԄޑ ջ d(x) = gcd( f (x),g(x)). ॺך
ஒ d(x) = gcd( f (x),g(x)) :性፦ӈрӵΠޑ

(1) d(x) | f (x), d(x) | g(x).

(2) ऩ h(x) ∈ F [x] ߾ h(x) | f (x), h(x) | g(x)⇔ h(x) | d(x).
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(3) Ӹӧ a(x), b(x) ∈ F [x] ٬ள d(x) = a(x) f (x)+b(x)g(x).

੝ձӦ,྽ f (x), g(x)ؒԖӅӕޑ፦ӢԄਔ,ךॺᆀࣁ relatively prime,Ԝਔ gcd( f (x),g(x)) =

1, Ӹӧࡺ a(x),b(x) ∈ F [x] ٬ள a(x) f (x)+b(x)g(x) = 1.

Theorem 3.5.7. ଷ೛ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator Ъ
µT (x) = f (x)g(x), ύځ f (x),g(x) ∈ F [x] ࣁ monic polynomials Ъ relatively prime. ऩз
U = Ker( f (T )), W = Ker(g(T )), ߾ V ёаቪԋ T -invariant subspaces U,W ޑ internal
direct sum, ջ V =U⊕W , ԶЪ µT |U (x) = f (x) аϷ µT |W (x) = g(x).

Proof. U,Wޕॺςך ࣁ T -invariant subspaces. ౜ӧा᛾ܴV =U+W ԶЪU∩W = {OV}.
२ӃӢ f (x),g(x) ࣁ relatively prime, Ӹӧࡺ a(x),b(x) ∈ F [x] ٬ள a(x) f (x)+ b(x)g(x) = 1.
ӢԜޕ a(T )◦ f (T )+b(T )◦g(T ) = id. ҭջჹҺཀ v ∈V , ॺԖך

v = a(T )◦ f (T )(v)+b(T )◦g(T )(v). (3.5)

з w = a(T )◦ f (T )(v),u = b(T )◦g(T )(v), ԜਔճҔ Lemma 3.2.3 ள

f (T )(u) = f (T )◦ (b(T )◦g(T ))(v) = b(T )◦ ( f (T )◦g(T ))(u) = b(T )◦µT (T )(v).

ฅԶ µT (T ) = O, ޕࡺ f (T )(u) = OV , ҭջ u ∈ Ker( f (T )). ӕ౛ёள w ∈ Ker(g(T )). ள᛾
V = Ker( f (T ))+Ker(g(T )) =U +W .

౜ऩ v ∈U ∩W = Ker( f (T ))∩Ker(g(T )), Ң߄ f (T )(v) = g(T )(v) = OV . җ฻Ԅࡺ (3.5)
ள v = a(T )(OV )+b(T )(OV ) = OV . ள᛾ U ∩W = {OV}.

౜Եቾ minimal polynomial. җܭ U = Ker( f (T )), ࡺ f (T )|U = O. ӢԜҗ฻Ԅ (3.3)
ள f (T |U) = O. 再җ Lemma 3.3.5 ள µT |U (x) | f (x). ӕ౛ள µT |W (x) | g(x). ՠ f (x),g(x) ࣁ

relatively prime, ޕࡺ µT |U (x),µT |W (x) ҭࣁ relatively prime, ள

lcm(µT |U (x),µT |W (x)) = µT |U (x)µT |W (x).

ӢԜҗ Lemma 3.5.6 ள
µT |U (x)µT |W (x) = µT (x) = f (x)g(x).

再җࡺ µT |U (x) | f (x) аϷ µT |W (x) | g(x) ள᛾ µT |U (x) = f (x) аϷ µT |W (x) = g(x). �

F [x] ΋ঁࢂ unique factorization domain (U.F.D.), Ң߄ F [x] ύߚޑத數ӭ໨Ԅ೿ё

а୤΋ቪԋ΋٤ irreducible polynomials .४ᑈޑ ӢԜჹܭ linear operator T ޑ mini-
mal polynomial, ޑ౦࣬ډפॺёаך monic irreducible polynomials p1(x), . . . , pk(x) ٬ள

µT (x) = p1(x)m1 · · · pk(x)mk , ύځ m1, . . . ,mk ∈ N. җܭ characteristic polynomial χT (x) ک

µT (x)Ԗ࣬ӕޑ፦ӢԄ (Theorem 3.3.9)Ъ µT (x) | χT (x),ךॺޕၰ χT (x) = p1(x)c1 · · · pk(x)ck ,
ύځ ci ∈ N Ъ ci ≥ mi.

Theorem 3.5.8 (Primary Decomposition Theorem). ଷ೛ V ࢂ dimensionࣁ nޑ F-space,
T : V →V ࣁ linear operator Ъ

µT (x) = p1(x)m1 · · · pk(x)mk and χT (x) = p1(x)c1 · · · pk(x)ck
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ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomials. ऩз Vi = Ker(pi(T )◦mi), for
i = 1, . . . ,k, ߾

V =V1⊕·· ·⊕Vk

Ъ

µT |Vi
(x) = pi(x)mi and χT |Vi

(x) = pi(x)ci , ∀ i = 1, . . . ,k.

Proof. ॺჹך µT (x) ౦࣬ޑ moinic irreducible divisor (፦ӢԄ) 數ঁޑ k բ數學ᘜયݤ.
ऩ k = 1, Ң߄ µT (x) = p1(x)m1 , ԜਔӢ µT (T ) = p1(T )

◦m1 = O, ޕࡺ V = Ker(p1(T )◦m1), ӢԜ
ӧ k = 1ਔۓ౛ԋҥ. ౜ଷ೛྽ µT (x)Ԗ k−1ঁ࣬౦ monic irreducible divisorਔҭԋҥ,ך
ॺԵቾ µT (x) = p1(x)m1 · · · pk(x)mk .׎௃ޑ Ԝਔз f (x) = p1(x)m1 , g(x) = p2(x)m2 · · · pk(x)mk ,
Ӣ f (x),g(x) ࣁ relatively prime, җ Theorem 3.5, ޕॺך V =U⊕W , ύځ U = Ker( f (T )) =

Ker(p1(T )◦m1), W = Ker(g(T )) ԶЪ µT |U (x) = p1(x)m1 , µT |W (x) = p2(x)m2 · · · pk(x)mk . ౜Եቾ
vector space W аϷ linear operator T |W : W →W , ঺Ҕ induction ӧ k− 1 ௃ޑ׎ଷ೛

ޕ W =V2⊕·· ·⊕Vk ύځ Vi = Ker(pi(T |W )◦mi) Ъ µ(T |W )|Vi
(x) = pi(x)mi , ∀ i = 2, . . . ,k. ฅԶ྽

i = 2, . . . ,k ਔ pi(x)mi | g(x), ࡺ Ker(pi(T )◦mi)⊆ Ker(g(T )) =W , ӢԜ

Vi = Ker(pi(T |W )◦mi) = Ker(pi(T )◦mi)∩W = Ker(pi(T )◦mi).

ќ΋Бय़, Ӣ Vi ⊆W , ॺԖך (T |W )|Vi = T |Vi ளࡺ

µT |Vi
(x) = µ(T |W )|Vi

(x) = pi(x)mi .

зࡺ U =V1, ճҔ Corollary 3.4.7, ள᛾ V =U⊕W =V1⊕V2⊕·· ·⊕Vk.

Կܭ characteristic polynomial,ճҔ Theorem ޕॺך3.3.9 χT |Vi
(x)= pi(x)ei ύځ ei≥mi.

ӢԜҗ Lemma 3.5.5 ޕ

p1(x)c1 · · · pk(x)ck = χT (x) = χT |V1
(x) · · ·χT |Vk

(x) = p1(x)e1 · · · pk(x)ek ,

ճҔ F [x] ࣁ U.F.D. ள᛾ ei = ci, ջ χT |Vi
(x) = pi(x)ci , ∀ i = 1, . . . ,k. �

ӣ៝΋Π, ჹܭ linear operator T : V → V , ाډפ Ker(T ), ॺёаճҔך V ޑ ordered
basis β , Ӄளډ representative matrix [T ]β . 再؃ [T ]β ޑ null space N([T ]β ) ॺҔך) N(A)

Ңંତ߄ A ޑ null space). ௗ๱ஒ null space ϡનҔޑ τ◦−1
β ᗋচԋ V ,ϡનޑ ൩ளډ

Ker(T ) .ϡનΑޑ ॺ࣮аΠך primary decomposition .ηٯޑ

Example 3.5.9. Եቾ Example 3.3.10 ύޑ linear operator T : P2(R)→ P2(R). ॺाԵך
ቾѬޑ primary decomposition. ӧ Example 3.3.10 ύךॺޕၰ T ޑ minimal polynomial
ࣁ µT (x) = (x+1)2(x−2), ӢԜךॺѸ໪פр V1 = Ker((T + id)◦2) ک V2 = Ker(T −2id). ճ
Ҕ representative matrix ёаᔅշךॺډפ೭ঁٿ T -invariant subspaces. Ҕݮॺϝฅך
ordered basis β = (−x2 + x+1,x+1,1). २ӃԵቾ ([T ]β + I3)

2 ޑ null space, ջှ −9 −9 0
18 18 0
0 0 0

 ·
 x1

x2
x3

=

 0
0
0

 , i.e.
{
−9x1 −9x2 = 0
18x1 +18x2 = 0

.
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ளޕ N(([T ]β + I3)
2) = Span((1,−1,0)t,(0,0,1)t) ளࡺ V1 = Ker((T + id)◦2) = Span(x2,1). ӕ

౛ N([T ]β −2I3) = Span((1,−2,0)t), ளࡺ V2 = Ker(T −2id) = Span(x2 + x+1). ৒ܰᡍ᛾ࡐ
V1,V2 ࣁࣣ T -invariant subspace Ъ V =V1⊕V2. ऩз β ′ = (x2,1,x2 + x+1), Ӣ߾

T (x2) =−x2,T (1) = 2x2 +(−1)1,T (x2 + x+1) = 2(x2 + x+1),

ள

[T ]β ′ =

 −1 2 0
0 −1 0
0 0 2

 .

Եቾ (x2,1) ࣁ V1 ޑ ordered basis, ߾ T |V1 ޑ representative matrix ࣁ
(
−1 2
0 −1

)
, ளࡺ

χT |V1
(x) = µT |V1

(x) = (x+1)2. ӕ౛ёள χT |V2
(x) = µT |V2

(x) = (x−2).

Primary Decomposition Theorem֋ນךॺ,ऩ linear operator T : V →V ޑ characteris-
tic polynomial ܈) minimal polynomial) ࢂ p1(x)c1 · · · pk(x)ck , ډפॺёаך߾ V ޑ ordered
basis β , ٬ள [T ]β ޑаΠࣁ block diagonal matrix A1 O. . .O Ak

 , (3.6)

ύ؂ঁځ Ai ޑ characteristic polynomial ࣁ χAi(x) = pi(x)ci . ӢԜаךࡕॺѝाঁձ探૸
linear operatorځ characteristic polynomialࣁ p(x)c ύځ) p(x)ࣁ monic irreducible, c∈N)
೭ᅿ௃׎൩ёаΑ.

ჹܭ n×n Бତ A ∈Mn(F), ॺΨёаճҔך linear operator ޑ primary decomposition
ډפۺཷޑ invertible matrix P∈Mn(F)٬ள P−1 ·A ·Pࣁӵ ޑ(3.6) block diagonal matrix.
ॺёаஒך A࣮ԋࢂ linear transformation T : Fn→ Fn ࣁကۓځ T (x) = Ax. Ԝਔ Aࢂߡ T

ჹܭ኱ྗ୷ۭ ε ޑ representative matrix [T ]ε . ճҔ Primary Decomposition Theorem, ך
ॺёаډפ Fn ޑ ordered basis β ٬ள [T ]β ࣁ block diagonal matrix. ฅԶҗ Proposition
2.4.6 ޕ

[T ]β = β [id]ε · [T ]ε · ε [id]β = ε [id]−1
β ·A · ε [id]β ,

аёаз܌ P = ε [id]β . Ψ൩ࢂᇥऩஒ ordered basis β ΋ঁ column ΋ঁ column (column
by column) ޑ٩ׇ௨ԋޑ n×n matrix ൩ךࢂॺགྷाޑ P. ӢԜךॺ؁ޑᡯӵΠ: २Ӄ؃ள
µA(x)٠ஒϐϩှԋ࣬౦ޑ monic irreducible polynomialsޑ४ᑈ µA(x) = p1(x)m1 · · · pk(x)mk .
ௗΠٰ؃؂ࢂߡ΋ঁ pi(A)mi ޑ null space N(pi(A)mi) (Ԝջჹᔈډ Ker(pi(T )

◦mi)). ள؂ډ
ঁ null space ޑ basis ,ࡕ ஒϐ column by column ٩ׇ௨ԋંତޑ P ջё. ޑॺ࣮аΠך
.ηٯ
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Example 3.5.10. Եቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


ࣁॺाஒϐϯך block diagonal matrix. २Ӄ؃ள χA(x) = µA(x) = (x− 1)3(x− 2)2. ճҔ
Primary Decomposition Theorem ၰޕॺך A ёаϯࣁԖঁٿ blocks ޑ block diagonal
matrix, ࢂύ΋ঁځ 3×3 matrix ќ΋ঁࢂ 2×2 matrix. २Ӄ؃ள

N((A− I5)
3) = Span((−1,0,0,0,1)t,(−2,0,0,1,0)t,(−2,0,1,0,0)t)

N(A−2I5)
2 = Span((1,−1,1,0,0)t,(1,0,0,0,0)t).

ऩз

v1 =


−1

0
0
0
1

 , v2 =


−2

0
0
1
0

 , v3 =


−2

0
1
0
0

 , v4 =


1
−1

1
0
0

 , v5 =


1
0
0
0
0

 ,

Ӣ߾

Av1 =


−2

0
0
1
0

= v2, Av2 =


−3

0
1
1
−1

=−v1 +v2 +v3, Av3 =


−3

0
2
0
−1

=−v1 +2v3,

Av4 =


2
−1

1
0
0

= v4 +v5, Av5 =


2
1
−1

0
0

=−v4 +3v5,

ڗ

P =


−1 −2 −2 1 1

0 0 0 −1 0
0 0 1 1 0
0 1 0 0 0
1 0 0 0 0


ёள block diagonal matrix

P−1 ·A ·P =


0 −1 −1 0 0
1 1 0 0 0
0 1 2 0 0
0 0 0 1 −1
0 0 0 1 3

 .
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ऩз

B =

 0 −1 −1
1 1 0
0 1 2

 C =

(
1 −1
1 3

)
,

ॺԖך χB(x) = µB(x) = (x−1)3 аϷ χC(x) = µC(x) = (x−2)2.



Chapter 4

Form Reduction

ჹܭ΋ঁ linear operator, ޑ፾྽ډפఈૈ׆ॺך ordered basis, ځ٬ representative
matrix Ԅ׎ޑ੝ਸࣁ (form). ӧ matrices ٰᇥޑࡰ൩ࢂाډפԖ੝ձ form ޑ similar
matrices. ډఈள׆ॺך form Ԗ܌ࢂޑᒏޑ canonical form (ஒંତϯࣁ canonical form ૈ
ᔅךॺղᘐব٤ંତࢂ similar), ᗋԖ΋٤ form ӧ數學೚ӭሦୱ೿Ԗख़ाޑᔈҔ. όၸӧԜ
ॺόѐፋፕ೭٤ᔈҔך (大ৎӧࣴ᠐࣬ᜢሦୱਔԾฅ཮學ډ), Զ஑ܭݙӵՖஒ΋ঁંତϯ
೭٤ࣁ forms.

前΋കךॺගډճҔ Primary Decomposition Theorem, ॺёаஒך linear operator ᙁ
ϯԋѝाԵቾ characteristic polynomial ࣁ p(x)c ೭ᅿ׎Ԅޑ linear operator, ύځ p(x) ࢂ

F [x] ΢ޑ irreducible polynomial. ॺஒ೴؁җך p(x) Ӛᅿډளٰ׎ёૈ௃ޑ forms.

4.1. Diagonal From

೭΋࿯ύ, ޑॺஒவനᙁൂך T -invariant subspace рว, Ї຾܌ᒏޑ eigenvalue аϷ
eigenvector, 再ᇥܴব٤௃׎ёаளډ diagonal form.

ჹܭ΋ঁ linear operator T : V →V ,ନΑ {O}аѦ,നᙁൂޑ T -invariant subspaceԾฅ
ࢂ dimension ࣁ 1 ޑ T -invariant subspace. ౜ऩ U ࣁ T -invariant subspace Ъ dim(U) = 1,
ջӸӧ v ̸= OV ٬ள U = Span({v}). җ U ࣁ T -invariant ,ଷ೛ޑ ॺளך T (v) ∈ U =

Span({v}). Ψ൩ࢂᇥ, Ӹӧ λ ∈ F ٬ள T (v) = λv. .ကۓޑॺԖаΠך

Definition 4.1.1. ଷ೛ T : V →V ࣁ linear operator, ऩӸӧ λ ∈ F аϷ v ∈V Ъ v ̸= OV

٬ள T (v) = λv, ᆀ߾ λ ࣁ T ΋ঁޑ eigenvalue, Զ v ࣁ T ΋ঁޑ eigenvector.

,ཀݙ ჹܭ eigenvector v ॺा؃ך v ̸= OV , Զჹܭ eigenvalue λ ॺ٠คा؃ך λ ̸= 0.
Ψ൩ࢂᇥ OV ᗨ಄ӝ T (OV ) = λOV , ՠךॺόԵቾ೭ᅿ trivial ,׎௃ޑ όᆀࡺ OV ࣁ

eigenvector. ќ΋Бय़ऩ v ̸= OV ᅈى T (v) = 0v = OV , Ң߄ v ࣁ Ker(T ) .ϡનޑ аऩ܌ 0

ࣁ T ޑ eigenvalue, Ң߄ Ker(T ) ̸= {OV}, ҭջ T : V →V όࢂ one-to-one.

65
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Question 4.1. ଷ೛ V ࣁ finite dimensional vector space Ъ T : V →V ࣁ linear operator.
Πӈবࢂ٤฻ሽޑ?

(1) T is an isomorphism (2) T is one-to-one (3) T is onto (4) 0 is not an eigenvalue of T .

ाډפ΋ঁ linear operator Ԗব٤ eigenvalue ک eigenvector, ำׇ΢ࢂӃפ T Ԗব

٤ eigenvalue, 再ճҔ೭٤ eigenvalue ஒځჹᔈޑ eigenvector .рפ २Ӄᢀჸऩ λ ࣁ
T : V →V ޑ eigenvalue, ѸӸӧ߾ v ̸= OV ٬ள T (v) = λv, ள λ id(v)−T (v) = OV . Ψ൩ࢂ
ᇥ v ∈ Ker(λ id−T ), ҭջ λ id−T ೭΋ঁ linear operator όࢂ isomorphism, ճҔ Lemma
3.1.4 ޕ det(λ id−T ) = 0. ӵՖ؃ det(λ id−T )? ӣ៝΋Π, פॺሡӃך V ΋ঁޑ ordered
basis β , 再؃ λ id−T ჹܭ β ޑ representative matrix [λ id−T ]β . ကۓ٩ det(λ id−T ) ൩ࢂ

det([λ id−T ]β ). ฅԶऩ dim(V ) = n, ॺԖך߾

[λ id−T ]β = [λ id]β − [T ]β = λ [id]β − [T ]β = λ In− [T ]β .

ӢԜऩ λ ∈ F ࢂ T ΋ঁޑ eigenvalue, ߾ det(λ In− [T ]β ) = 0. Ξ T ޑ characteristic poly-
nomial ࣁ χT (x) = χ[T ]β (x) = det(xIn− [T ]β ). ளޕ, ऩ λ ∈ F ࢂ T ΋ঁޑ eigenvalue, ߾
χT (λ ) = 0. ϸϐ, ऩ λ ∈ F ࣁ χT (x) = 0 ϐ΋ਥ, ߾ det(λ id−T ) = 0. Ң߄ λ id−T ೭΋ঁ

linear operator όࢂ one-to-one, ҭջӸӧ v ∈V Ъ v ̸= OV ٬ள T (v) = λv. ӢԜךॺԖа
Πϐ่݀.

Proposition 4.1.2. ଷ೛ V ࣁ finite dimensional vector space Ъ T : V → V ࣁ linear
operator. ߾ λ ∈ F ࣁ T ޑ eigenvalue ऩЪ୤ऩ χT (λ ) = 0.

྽ dim(V ) = n ਔ, җܭ χT (x) ∈ F [x] ࣁ΋ঁԛ數ࢂ n ,ӭ໨Ԅޑ Ѭӧ F ύਥঁޑ數നӭ

ѝԖ n ঁ (྽ฅΨёૈؒԖਥ), а܌ T ໻ૈԖԖज़ӭঁ eigenvalue. ऩ λ ∈ F ࣁ χT (x) ޑ

΋ਥ, ߾ (x−λ ) | χT (x). Ξ x−λ ࣁ F [x] ޑ monic irreducible polynomial, аऩஒ܌ χT (x)

ϩှԋ monic irreducible polynomials ४ᑈޑ χT (x) = p1(x)c1 · · · pk(x)ck . ೭٤ pi(x) ύԛ數

ॺ΋ঁךӭ໨Ԅ൩๏ޑ΋ԛࣁ T ޑ eigenvalue. ॺჹך x−λ ё᏾ନ χT (x) നଯԛБԖᑫޑ

፪, ӢԜԖаΠۓޑက.

Definition 4.1.3. ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator Ъ λ
ࣁ T ΋ঁޑ eigenvalue. ॺᆀך x−λ ё᏾ନ χT (x)ޑനଯԛБࣁ λ ޑ algebraic multiplicity.

٩Ԝۓက, ऩ χT (x) = p1(x)c1 · · · pk(x)ck , ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible
polynomials Ъ p1(x) = x−λ , ߾ c1 ࢂ λ ޑ algebraic multiplicity.

Question 4.2. ऩ T : V →V ࣁ linear operator Ъ dim(V ) = n, ߾ T നӭԖӭϿঁ࣬౦ޑ

eigenvalue? Ԝਔ؂ঁ eigenvalue ޑ algebraic multiplicity ?ӭϿࣁ

ډפ T ޑԖёૈ܌ eigenvalueך,ࡕॺ൩ёа،ۓ೭٤ eigenvalue܌ჹᔈޑ eigenvector
Α. ऩ λ ࣁ eigenvalue, 前य़ගၸ܌Ԗᅈى v ̸= OV аϷ T (v)−λv = OV ϡનޑ v ൩ࢂ
eigenvalue ࣁ λ ޑ eigenvector. Ψ൩ࢂᇥ eigenvalue ࣁ λ ޑ eigenvector ൩ࢂ Ker(T −λ id)

ύߚޑ OV ϡન. ޑԾฅ཮ԵቾаΠࡐॺך vector space.
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Definition 4.1.4. ଷ೛ T : V →V ࣁ linear operator Ъ λ ࣁ T ΋ঁޑ eigenvalue. з

Eλ (T ) = Ker(T −λ id) = {v ∈V | T (v) = λv}.

ᆀϐࣁ T ჹᔈܭ λ ޑ eigenspace Ъ dim(Eλ (T )) ᆀࣁ λ ޑ geometric multiplicity.

ଷ೛ v ∈ Eλ (T ), җܭ T (T (v)) = T (λv) = λT (v), ॺளך T (v) ∈ Eλ (T ). ளޕ Eλ (T ) ΋ࢂ

ঁ T -invariant subspace.

Question 4.3. գૈҔ Lemma 3.5.3 ᇥܴ Eλ (T ) ࣁ T -invariant subspace ༏?

ӵՖளډ Eλ (T ) ?ګ ճҔࢂॺϝך ordered basis β ளډ [T −λ id]β = [T ]β −λ In ೭΋ঁ

matrix,再؃ [T ]β −λ In ޑ null space N([T ]β −λ In) = {x∈ Fn | ([T ]β −λ In) ·x = O}.再ճҔ β
ஒ N([T ]β−λ In)ύޑϡનᗋচӣ V ύޑϡન,൩ࢂ Eλ (T ϡન,ԶЪޑ( dim(N([T ]β−λ In))=

dim(Eλ (T )) ൩ࢂ λ ޑ geometric multiplicity.

Example 4.1.5. Եቾ T : M2(F)→M2(F) ࣁကۓ T
(

a b
c d

)
=

(
a c
b d

)
. Եቾ M2(F) ΢

ޑ ordered basis β = (

(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)
), ߾ T ჹܭ β ޑ repre-

sentative matrix ࣁ

[T ]β =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .

؃ள χT (x) = χ[T ]β (x) = (x−1)3(x+1). а܌ 1 ک −1 ࣁ T ޑ eigenvalue, Ѭॺޑ algebraic
multiplicity ϩձࣁ 3 ک 1.

ा؃ T ჹܭ 1 ޑ eigenspace E1(T ), ॺӃԵቾך N([T ]β − I4), ջှᖄҥБำಔ
0 0 0 0
0 −1 1 0
0 1 −1 0
0 0 0 0

 ·


x1
x2
x3
x4

=


0
0
0
0

 , Ψ൩ှࢂ


0 = 0

−x2 + x3 = 0
x2− x3 = 0

0 = 0

ှள N([T ]β − I4) = {(x1,x2,x2,x4)
t | x1,x2,x4 ∈ F}. ޕ 1 ޑ geometric multiplicity ࣁ 3 Ъ

E1(T ) = {
(

x1 x2
x2 x4

)
| x1,x2,x4 ∈ F}.

ӕ౛, ჹܭ −1 ޑ eigenspace E−1(T ), ॺӃԵቾך N([T ]β − (−1)I4), ջှᖄҥБำಔ
2 0 0 0
0 1 1 0
0 1 1 0
0 0 0 2

 ·


x1
x2
x3
x4

=


0
0
0
0

 , Ψ൩ှࢂ


2x1 = 0

x2 + x3 = 0
x2 + x3 = 0

2x4 = 0

ှள N([T ]β − (−1)I4) = {(0,x2,−x2,0)t | x2 ∈ F}. ޕ −1 ޑ geometric multiplicity ࣁ 1 Ъ

E−1(T ) = {
(

0 x2
−x2 0

)
| x2 ∈ F}.

Algebraic multiplicity ٠ό΋ۓ཮฻ܭ geometric multiplicity, .ηٯޑॺ࣮΋ঁᙁൂך
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Example 4.1.6. Եቾ T : P1(F)→ P1(F) ࣁကۓ T (ax+ b) = bx, ٠Եቾ P1(F) ޑ ordered

basis β = (x,1). ॺԖך [T ]β =

(
0 1
0 0

)
, ள χT (x) = x2. а܌ 0 ࢂ T ୤΋ޑ eigenvalue

Ъځ algebraic multiplicity ࣁ 2. ा؃ N([T ]β − 0I2) = N([T ]β ) ջှ
(

0 1
0 0

)
·
(

a
b

)
=(

0
0

)
ள b = 0, ջ N([T ]β −0I2) = {(a,0)t | a ∈ F}. ࡺ 0 ޑ geometric multplicity ࣁ 1 Ъ

E0(T ) = {ax | a ∈ F}.

ᗨฅ T ΋ঁޑ eigenvalue λ ޑ algebraic multiplicity ک geometric multiplicity Ԗёૈ
όӕ, όၸѬॺϐ໔ϝԖ๱ࢌᅿᜢ߯Ӹӧ. ॺճҔך Primary Decomposition Theorem ٰᇥ
ܴ. ճҔ Theorem 3.5.8 ,಄ဦޑ ଷ೛

µT (x) = p1(x)m1 · · · pk(x)mk and χT (x) = p1(x)c1 · · · pk(x)ck

ύځ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomials ЪӢࣁ λ ࣁ T ޑ eigenvalue,
ॺзך p1(x) = x−λ . ऩз Vi = Ker(pi(T )◦mi), for i = 1, . . . ,k, ߾ Primary Decomposition
Theorem (Theorem 3.5.8) ֋ນךॺ

V =V1⊕·· ·⊕Vk

Ъ

µT |Vi
(x) = pi(x)mi and χT |Vi

(x) = pi(x)ci , ∀ i = 1, . . . ,k.

Ӣଷ೛ p1(x) = x−λ , ॺԖך

V1 = Ker((T −λ id)◦m1)⊇ Ker(T −λ id) = Eλ (T ).

җԜޕ λ ޑ geometric multiplicity dim(Eλ (T )) ≤ dim(V1). ќ΋Бय़, ကۓ٩ c1 ࣁ λ
ޑ algebraic multiplicity, ԶΞ χT |V1

(x) = (x−λ )c1 , ޕ deg(χT |V1
(x)) = c1. Ӣࣁ΋ঁ linear

operator ޑ characteristic polynomial ޑ degree Ԝࣁ operator ޑӧ܌ space ϐ dimension,
ளࡺ dim(V1) = c1. ӢԜךॺޕ dim(Eλ (T ))≤ c1, ளډаΠ่݀ޑ.

Lemma 4.1.7. ऩ V ࣁ finite dimensional F-space, T : V → V ࣁ linear operator Ъ λ ࣁ
T ΋ঁޑ eigenvalue, ߾ λ ޑ algebraic multiplicity 大ܭ฻ځܭ geometric multiplicity.

྽ λ ࢂ T ޑ eigenvalue ਔ, җܭ Eλ (T ) Ӹӧ๱ߚ OV ,ϡનޑ ޕࡺ dim(Eλ (T ))≥ 1, Ψ
൩ࢂᇥ λ ޑ geometric multiplicity Ѹ大ܭ฻ܭ 1. Ԝਔऩ λ ޑ algebraic multiplicity ࢂ
1, җ߾ Lemma 4.1.7 ޕ λ ޑ algebraic multiplicity ฻ځܭ geometric multiplicity (ջ λ ޑ
geometric multiplicity ฻ܭ 1). ӧ΋૓ޑ௃׎, ϙሶਔং λ ޑ algebraic multiplicity ཮฻ܭ
ځ geometric multiplicity ?ګ .่݀ޑॺԖаΠך

Proposition 4.1.8. ଷ೛ V ࣁ finite dimensional F-space, T : V →V ࣁ linear operator Ъ
λ ࣁ T ΋ঁޑ eigenvalue. ߾ λ ޑ algebraic multiplicity ฻ځܭ geometric multiplicity ऩ
Ъ୤ऩ x−λ | µT (x) ՠ (x−λ )2 - µT (x).
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Proof. ಄ဦ,೛ޑॺҔ前य़΋ኬך µT (x) = p1(x)m1 · · · pk(x)mk аϷ χT (x) = p1(x)c1 · · · pk(x)ck ,
ύځ p1(x) = x−λ . Ξз V1 = Ker((T −λ id)◦m1). ऩ x−λ | µT (x) ՠ (x−λ )2 - µT (x), Ԝջ߄
Ң m1 = ளࡺ,1 V1 = Ker(T −λ id) = Eλ (T ). 前य़ςޕ dim(V1)ࣁ λ ޑ algebraic multiplicity,
Զۓ٩က dim(Eλ (T )) ࣁ λ ޑ geometric multiplicity, .ள᛾Ѭॺ࣬฻ࡺ

ϸၸٰ, ऩ λ ޑ algebraic multiplicity ฻ځܭ geometric multiplicity, ջ߄Ң dim(V1) =

dim(Eλ (T )), ளࡺ V1 = Ker(T −λ id). ඤѡ၉ᇥ, ჹܭҺཀ v ∈ V1, T (v)−λ id(v) = OV . ೭
֋ນךॺ T −λ id ज़ڋӧ V1 ΢ࢂ΋ঁ zero mapping, ջ (T −λ id)|V1 = T |V1 −λ id|V1 = O.
Ψ൩ࢂᇥ, ऩз h(x) = x− λ , ள h(T |V1) = O. ӢԜҗ Lemma 3.3.5 ޕ T |V1 ޑ minimal
polynomial µT |V1

(x) ᏾ନ h(x) = x−λ . ฅԶ Theorem 3.5.8 ֋ນךॺ µT |V1
(x) = (x−λ )m1 ,

ள᛾ࡺ m1 = 1. �

੝ձޑ, ଷ೛ χT (x) ёаֹӄϩှԋ F [x] ύޑ΋ԛӭ໨Ԅޑ४ᑈ, ҭջ χT (x) =

p1(x)c1 · · · pk(x)ck , ύ؂΋ঁځ pi(x) ΋ԛӭ໨Ԅࣁࣣ x− λi. Ԝਔऩ؂΋ঁ λi ޑ alge-
braic multiplicity ک geometric multiplicity ࣣ࣬฻, җ߾ Proposition 4.1.8 ޕ µT (x) =

p1(x) · · · pk(x), ӢԜள Vi = Ker(T −λiid) = Eλi(T ), ∀ i = 1, . . . ,k. ӢԜҗ Primary Decomposi-
tion Theorem ޕ

V = Eλ1(T )⊕·· ·⊕Eλk(T ).

Ψ൩ࢂᇥԜਔ V ൩཮ࢂ eigenspaces ޑ (internal) direct sum. Ӣ؂ঁࣁ eigenspace ύߚޑ
OV ϡનࣣࣁ T ޑ eigenvector, а܌ Eλi(T ) ύޑҺ΋ಔ basis Si ࣣҗ T ޑ eigenvector ܌
ಔԋ. ΞӢ V = Eλ1(T )⊕·· ·⊕Eλk(T ), Proposition 3.4.6 ֋ນךॺ S1∪ ·· · ∪ Sk ࣁ V ΋ಔޑ

basis, Ψ൩ࢂᇥ V Ԗ΋ಔ basis җࢂ T ޑ eigenvector .ಔԋ܌ ౜ଷ೛ {v1, . . . ,vn} ࣁ V ޑ

΋ಔ basis, ύځ vi ࣁ T ޑ eigenvector Ъځჹᔈޑ eigenvalue ࣁ γi (೭္ γi ό΋࣬ۓ౦),
ԜਔԵቾ V ޑ ordered basis β = (v1, . . . ,vn). җܭჹ܌Ԗ i = 1, . . . ,n, ࣣԖ T (vi) = γivi, ך
ॺளډ

[T ]β =

 γ1 O
. . .

O γn


΋ঁࣁ diagonal matrix (ჹંفତ). ӢԜԖаΠϐۓက.

Definition 4.1.9. ଷ೛ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ linear operator.
ऩ V Ӹӧ΋ಔ basis җࢂ T ޑ eigenvectors ,ಔԋ܌ ᆀ߾ T ΋ঁࣁ diagonalizable linear
operator.

ᜢٰ߯ղᘐ΋ঁޑॺԖаΠ฻ሽך linear operator ࣁցࢂ diagonalizable.

Theorem 4.1.10. ଷ೛ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ linear operator.
.ޑ฻ሽࢂаΠ߾

(1) T ΋ঁࢂ diagonalizable linear operator.

(2) Ӹӧ V ޑ ordered basis β ٬ள [T ]β ΋ঁࣁ diagonal matrix.
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(3) T ޑ characteristic polynomial χT (x) ёаֹӄϩှԋ F [x] ύޑ΋ԛӭ໨Ԅϐ४ᑈ,
Ъ T ؂΋ঁޑ eigenvalue ޑ algebraic multiplicity ک geometric multiplicity ࣬฻.

(4) T ޑ minimal polynomial µT (x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ΋ԛӭ໨Ԅ
ϐ४ᑈ.

Proof. 前य़ךॺςޕ (3)⇒ (1) Ъ (1)⇒ (2), ౜ा᛾ܴ (2)⇒ (4). ଷ೛ dim(V ) = n Ъ β ࣁ
V ޑ ordered basis ٬ள

[T ]β =

 γ1 O
. . .

O γn


΋ঁࣁ diagonal matrix. ౜ଷ೛ λ1, . . . ,λk ࣣ࣬౦Ъ {γ1, . . . ,γn}= {λ1, . . . ,λk}. ҭջჹҺཀ γi

ࣣӸӧ λ j ٬ள γi = λ j. ကۓ٩ χT (x) = χ[T ]β (x) = (x− γ1) · · ·(x− γk) = (x−λ1)
c1 · · ·(x−λk)

ck ,
ύځ ci ∈ N. ԶЪҗ Theorem 3.3.7 ܈) Theorem 3.3.9) ޕ µT (x) = (x−λ1)

m1 · · ·(x−λk)
mk ,

ύځ mi ∈ N. ౜Եቾ h(x) = (x−λ1) · · ·(x−λk), җ Lemma 3.2.1 ள

h([T ]β ) = ([T ]β −λ1In) · · ·([T ]β −λkIn)

=

 γ1−λ1 O
. . .

O γn−λ1

 · · ·
 γ1−λk O

. . .
O γn−λk


=

 (γ1−λ1) · · ·(γ1−λk) O
. . .

O (γn−λ1) · · ·(γn−λk)


ฅԶ؂ঁ γi ࣣӸӧ λ j, j = 1, . . . ,k ٬ள γi = λ j, ளࡺ h([T ]β ) = O, ҭջ h(T ) = O. а܌
җ Lemma 3.3.5 ள µT (x) | h(x), ள᛾ µT (x) = h(x) = (x−λ1) · · ·(x−λk), ҭջ T ޑ minimal
polynomial µT (x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ΋ԛӭ໨Ԅϐ४ᑈ.

നךࡕॺा᛾ܴ (4)⇒ (3). ଷ೛ µT (x) = (x−λ1) · · ·(x−λk), ύځ λi ∈ F Ъࣣ࣬౦. җ
Theorem 3.3.7, ޕ χT (x) = (x−λ1)

c1 · · ·(x−λk)
ck ύځ ci ∈ N, ջ χT (x) ёаֹӄϩှԋ F [x]

ύޑ΋ԛӭ໨Ԅϐ४ᑈ. ฅԶ λ1, . . . ,λk ࣁ T Ԗ܌ޑ eigenvalues, Ъჹ؂ܭ΋ঁ i = 1, . . . ,k

ࣣԖ (x−λi) | µT (x) ՠ (x−λi)
2 - µT (x). ࡺ Proposition 4.1.8 ֋ນךॺ؂ঁ λi ޑ algebraic

multiplicity ک geometric multiplicity ࣣ࣬฻. ள᛾ҁۓ౛. �

Question 4.4. ଷ೛ dim(V ) = n, T : V → V ࣁ linear operator. ऩ T Ԗ n ঁ࣬౦ޑ

eigenvalue, ߾ T ࣁցࢂ diagonalizable?

Question 4.5. Example 4.1.5 ک Example 4.1.6 ύব΋ঁ T ࢂ diagonalizable?

ᗨฅ前य़೿ࢂፋ linear operator, ܭॺाமፓ೭٤性፦ჹך n×n ޑБତΨԖ࣬ჹᔈޑ

ӦБ. २Ӄऩ A ∈Mn(F), ޑᒏ܌ॺΨԖך eigenvalue аϷ eigenvector.

Definition 4.1.11. ଷ೛ A ∈Mn(F). ऩӸӧ λ ∈ F аϷ x ∈ Fn Ъ x ̸= O ٬ள A ·x = λx,
ᆀ߾ λ ࣁ A ΋ঁޑ eigenvalue, Զ x ࣁ T ΋ঁޑ eigenvector.
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ௗΠٰճҔ A ޑ characteristic polynomial χA(x) ٰளډ A ޑ eigenvalues λ аϷ؃
N(A−λ In)ٰளډ A࣬ჹܭ λ ޑ eigenvector, ᗋԖᜢܭ eigenvalueޑ algebraic multiplicity
ک geometric multiplicity, ... ฻性፦, .௶ॺ൩ό再ᙧך

Question 4.6. ऩ A ∈Mn(F), λ ࣁ A ޑ eigenvalue, գૈۓက λ ޑ algebraic multiplicity
ک geometric multiplicity ༏? գૈቪр A ࣬ჹܭ Lemma 4.1.7 аϷ Proposition 4.1.6 ޑ
?౛༏ۓ

ကՖᒏۓॺΨёך diagonalizable matrix ӵΠ.

Definition 4.1.12. ଷ೛ A ∈Mn(F). ऩӸӧ΋ಔ Fn basis җࢂ A ޑ eigenvectors ,ಔԋ܌
ᆀ߾ A ΋ঁࣁ diagonalizable matrix.

ॺΨԖӵӕך Theorem 4.1.10 ղᘐ A ࣁցࢂ diagonalizable .ݤ฻ሽБޑ Ӣࣁ᛾ܴ൩
ӵӕ linear operator ,׎௃ޑ .ॺ൩ό再ख़ፄך

Theorem 4.1.13. ଷ೛ A ∈Mn(F). .ޑ฻ሽࢂаΠ߾

(1) A ΋ঁࢂ diagonalizable matrix.

(2) Ӹӧ P ∈Mn(F) ࣁ invertible ٬ள P−1 ·A ·P ΋ঁࣁ diagonal matrix.

(3) χA(x) ёаֹӄϩှԋ F [x] ύޑ΋ԛӭ໨Ԅϐ४ᑈ, Ъ A ؂΋ঁޑ eigenvalue ޑ
algebraic multiplicity ک geometric multiplicity ࣬฻.

(4) µA(x) ёаֹӄϩှԋ F [x] ύ࣬౦ޑ monic ΋ԛӭ໨Ԅϐ४ᑈ.

྽ A ࣁ diagonalizable, Theorem 4.1.13 (2) ύ P−1 ·A ·P ೭΋ঁ diagonal matrix ൩ᆀࣁ
A ޑ diagonal form. ډפॺ੝ձᇥܴ΋ΠӵՖך P ஒ A ϯࣁ diagonal form. ଷ೛

P−1 ·A ·P = D =

 γ1 O
. . .

O γn

 ,

Ъз Pi ∈ Fn ࣁ P ޑ i-th column. 前य़ගၸંঁٿ؃ତ࣬४ځ i-th column ,ݤБޑ ॺך
Ԗ A ·P ޑ i-th column ࣁ A ·Pi, Զ P ·D ޑ i-th column ࣁ γiPi, аճҔ܌ A ·P = P ·D ள
A ·Pi = λPi, Ψ൩ࢂᇥ P ޑ i-th column Pi ൩ࢂ΋ঁ eigenvalue ࣁ γi ޑ eigenvector. ӢԜך
ॺѝाஒ΋ঁ diagonalizable matrix A ޑ eigenvectors ಔԋ܌ Fn ΋ಔޑ basis, ໩ׇ΋ྣࡪ
ঁ column ΋ঁ column ༤Ε, ޑள܌ invertible matrix P, ൩ࢂёаஒ A ჹفϯ. Ψ൩ࢂᇥ
P−1 ·A ·P .ତંف΋ঁჹࣁ

നךࡕॺᇥܴࣁՖঁٿ diagonalizable matrices, ஒځϯԋ diagonal form ൩ёаղᘐࡕ
ࣁցࢂځ similar. २Ӄமፓऩ A ࣁ diagonalizable, Ъ B∼ A, ߾ B Ѹࣁ diagonalizable. ೭
ଷ೛ࣁӢࢂ P ࣁ invertible Ъ P−1 ·A ·P = D ࣁ diagonal matrix. җӸӧ Q ࣁ invertible ٬
ள B = O−1 ·A ·Q, ள

(Q−1 ·P)−1 ·B · (Q−1 ·P) = (P−1 ·Q) · (Q−1 ·A ·Q) · (Q−1 ·P) = P−1 ·A ·P = D.
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ΞӢ Q−1 ·P ࣁ invertible ள᛾ B ࣁ diagonalizable.

ќ΋Бय़ऩ A,B ࣁࣣ diagonalizable, ऩ A ∼ B, ޑҢѬॺԖ࣬ӕ߄ characteristic poly-
nomial, ӢԜԖ࣬ӕޑ eigenvalues Ъ A ک B ӕ΋ঁ eigenvalue ޑ algebraic multiplicity ࣣ
࣬฻. Զ؂΋ঁ eigenvalue ޑ algebraic multiplicity Ξ฻ځܭ geometric multiplicity, а܌
ஒ A,B ϯࣁ diagonal form ӕ΋ঁࡕ eigenvalue วғӧޑჹف線΢ޑԛ數཮࣬ӕ. ϸϐ,
ऩஒ A,B ϯࣁ diagonal form ӕ΋ঁࡕ eigenvalue วғӧޑჹف線΢ޑԛ數࣬ӕ, Ңஒ߄
diagonal form ჹف線Տ࿼፾྽ϕඤࡕ, ঁٿ diagonal form ཮࣬฻. ฅԶჹف線Տ࿼ϕඤѝ
ஒࢂ eigenvector ޑԋ׎܌ ordered basis ଺፾྽ख़ཥ௨ׇ ӵஒٯ) (i, i)-th entry ک ( j, j)-th
entry ϕඤѝࢂஒচٰ P ޑ i-th column ک j-th column ϕඤ), ޕаள܌ A∼ B.

4.2. Triangular Form

྽ linear operator T ޑ characteristic polynomial ёֹӄϩှԋ΋ԛޑ monic polyno-
mials ,४ᑈਔޑ T ό΋ࢂۓ diagonalizable. ೭΋࿯ύךॺஒ探૸ӧ೭ᅿ௃׎ਔ T ёаϯ

ԋ࡛ኬ׎ޑԄ.

ॺϝଷ೛ךཀҁ࿯ύݙ χT (x) ёаֹӄϩှԋ΋ԛޑӭ໨Ԅޑ४ᑈ (ջ χT (x) =

(x−λ1)
c1 · · ·(x−λk)

ck). ೭ঁଷ೛྽ V over ޑ field F ࢂ algebraically closed ӵٯ) F = C)
ਔԾฅ཮ԋҥ. ճҔ Primary Decomposition Theorem, ॺଷ೛ך T ޑ minimal polynomial
ࣁ µT (x) = (x−λ )m. Ψ൩ࢂᇥ (T −λ id)◦m = O.

྽΋ঁ linear operator T : V →V ᅈى T ◦m = O, ࣁॺᆀϐך nilpotent, Զനλ҅ޑ᏾數
m ٬ள T ◦m = O, ᆀࣁ೭ঁ nilpotent operator ޑ index. Ӣךࣁॺଷ೛ T −λ id ࣁ nilpotent
Ъ index ࣁ m. ॺٰ੝ձ探૸ך nilpotent operator .性፦ޑ

ჹܭ΋ঁ linear operator T : V → V . ऩ v ∈ Im(T ◦i), ҢӸӧ߄ u ∈ V ٬ள v = T ◦i(u),
ӢԜ྽ i ≥ 2 ਔ, ॺԖך v = T ◦i−1(T (u)) ∈ Im(T ◦i−1). ޑॺԾฅԖаΠךа܌ chain of
subspaces

V ⊇ Im(T )⊇ Im(T ◦2)⊇ ·· · ⊇ Im(T ◦i−1)⊇ Im(T ◦i)⊇ ·· · .

੝ձޑ, ྽ T ࣁ nilpotent of index m, .׎ॺԖаΠ௃ך

Lemma 4.2.1. ଷ೛ dim(V ) > 0, ऩ T ࣁ nilpotent operator of index m, ޑॺԖаΠך߾
chain of subspaces.

V ) Im(T )) Im(T ◦2)) · · ·) Im(T ◦i−1)) Im(T ◦i)) · · ·) Im(T ◦m−1)) Im(T ◦m) = {OV}.

Proof. २Ӄᇥܴ Im(T ◦m−1)) Im(T ◦m) = {OV}. Ӣࣁ T ◦m = O, ҭջჹҺཀ v ∈V, T ◦m(v) =
OV , а܌ Im(T ◦m) = {OV}. ќ΋Бय़, ऩ Im(T ◦m−1) = Im(T ◦m) = {OV}, Ң߄߾ T ◦m−1 = O,
Ԝᆶ m ᏾數٬ள҅ޑനλࣁ T ◦m = O ࣬ҟ࣯, ޕࡺ Im(T ◦m−1) ̸= Im(T ◦m).

ௗΠٰךॺᇥܴ V ) Im(T ). ऩ Im(T ) = V , ҢჹҺཀ߄ v ∈ V ࣣӸӧ v1 ∈ V ٬ள

v = T (v1). Զ v1 ∈ V , Ӹӧࡺ v2 ∈ V ٬ள v = T (v1) = T ◦2(v2), ள V = Im(T ◦2). ӵԜ΋ޔ
Πѐ, ॺё᛾ளך V = Im(T ◦i), ∀ i ∈ N. Ӣ V ̸= {OV}, Ԝᆶ T ࣁ nilpotent ࣬ҟ࣯, ޕࡺ
V ̸= Im(T ).
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ӕ౛, ྽ 1 ≤ i ≤ m− 2, Ӣჹ܌ܭԖ v ∈ Im(T ◦i+1) ࣣӸӧ u ∈ V ٬ள v = T ◦i+1(u) =
T (T ◦i(u)). ౜ऩ Im(T ◦i) = Im(T ◦i+1), җ߾ T ◦i(u) ∈ Im(T ◦i) = Im(T ◦i+1) Ӹӧޕ w ∈V ٬ள

T ◦i(u) = T ◦i+1(w). ҭջ v = T (T ◦i(u)) = T ◦i+2(w) ∈ Im(T ◦i+2), ள᛾ Im(T ◦i+1) = Im(T ◦i+2).
ӵԜ΋ޔΠѐ཮௢ள Im(T ◦m−1) = Im(T ◦m), Ԝᆶ前य़܌ள Im(T ◦m−1) ̸= Im(T ◦m) ࣬ҟ࣯, ࡺ
ޕ Im(T ◦i) ̸= Im(T ◦i+1), ள᛾ҁۓ౛. �

ௗΠٰךॺᇥܴऩ dim(V ) = n Ъ T : V →V ࣁ nilpotent operator of index m, ӵՖஒځ
ϯࣁ triangular form. २Ӄᒧڗ Im(T ◦m−1) ޑ ordered basis (v1, . . . ,vk1), ॺԖךཀԜਔݙ
T (vi) ∈ Im(T ◦m) = {OV}, ࡺ

T (vi) = OV , ∀ i = 1, . . . ,k1.

ௗ๱уΕ {vk1+1, . . . ,vk2} ٬ள (v1, . . . ,vk1 , . . . ,vk2) ࣁ Im(T ◦m−2) ޑ ordered basis. Ԝਔךॺ
Ԗ

T (vi) ∈ Im(T ◦m−1) = Span({v1, . . . ,vk1}), ∀ i = k1 +1, . . . ,k2,

ԶЪճҔ ordered basis (v1, . . . ,vk1 , . . . ,vk2) ள܌ T |Im(T ◦m−2) ޑ representative matrix )ࣁ
Ok1,k1 ∗
Ok2−k1,k1 Ok2−k1,k2−k1

)
,

ύځ Oi, j ࣁҢ߄ i× j ໘ޑ႟ંତ, Զѓ΢ޑف ∗ ΋ঁࣁ k1× k2− k1 ໘ߚޑ႟ંତ. ௗΠٰ
уΕ {vk2+1, . . . ,vk3} ٬ள (v1, . . . ,vk1 , . . . ,vk2 , . . . ,vk3) ࣁ Im(T ◦m−3) ޑ ordered basis. Ԝਔך
ॺԖ

T (vi) ∈ Im(T ◦m−2) = Span({v1, . . . ,vk1 , . . . ,vk2}), ∀ i = k2 +1, . . . ,k3,

ԶЪճҔ ordered basis (v1, . . . ,vk1 , . . . ,vk2 , . . . ,vk3) ள܌ T |Im(T ◦m−3) ޑ representative matrix
ࣁ  Ok1,k1 ∗ ∗

Ok2−k1,k1 Ok2−k1,k2−k1 ∗
Ok3−k2,k1 Ok3−k2,k2−k1 Ok3−k2,k3−k2

 .

೭ኬ΋ޔΠѐךॺёளډ Im(T ) ޑ ordered basis (v1, . . . ,vkm−1), ܭύჹځ j = 1, . . . ,m− 1,
ࣣԖ (v1, . . . ,vk j) ࣁ Im(T ◦m− j) ޑ ordered basis Ъ

T (vi) ∈ Im(T ◦m−( j−1)) = Span({v1, . . . ,vk j−1}), ∀ i = k j−1 +1, . . . ,k j.

നࡕуΕ {vkm−1+1, . . . ,vn} ٬ள (v1, . . . ,vkm−1 , . . . ,vn) ࣁ V ޑ ordered basis, Ԝਔ

T (vi) ∈ Im(T ) = Span({v1, . . . ,vkm−1}), ∀ i = km−1 +1, . . . ,kn,

ԶЪճҔ ordered basis (v1, . . . ,vkm−1 , . . . ,vn) ள܌ T ޑ representative matrix ࣁ O ∗ ∗
... . . . ∗
O O O

 .

೭΋ঁંତࢂჹف線ࣣࣁ 0 ޑ upper triangular matrix (΢Οંفତ), ่ޑॺԖаΠךа܌
݀.
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Proposition 4.2.2. ଷ೛ V ࣁ finite dimensional F-space Ъ T : V →V ࣁ linear operator.
߾ T ࣁ nilpotent ऩЪ୤ऩӸӧ V ޑ ordered basis β ٬ள [T ]β ࣁ upper triangular matrix
Ъ [T ]β ࣁ線ࣣفჹޑ 0.

Proof. җ前य़ޑ૸ፕךॺޕ: ऩ T ࣁ nilpotent, Ӹӧ߾ V ޑ ordered basis β ٬ள [T ]β ࣁ

upper triangular matrix Ъځჹف線ࣣࣁ 0. ϸϐ, ऩ [T ]β ࣁ upper triangular matrix Ъ
ࣁ線ࣣفჹځ 0, ޕॺך χT (x) = χ[T ]β (x) = xn ύځ) n = dim(V )), ޕࡺ T ◦n = O, ள᛾ T ࣁ

nilpotent. �

Question 4.7. ऩ V ࣁ finite dimensional F-space Ъ T : V → V ࣁ nilpotent operator of
index m, ߾ χT (x) ?Ֆࣁ Ξ µT (x) ?Ֆࣁ

ӣ៝΋Π, ჹܭ linear operator T : V → V , ाډפ Im(T ), ॺёаճҔך V ޑ ordered
basis β , Ӄளډ representative matrix [T ]β . 再؃ [T ]β ޑ column space C([T ]β ) ॺҔך)
C(A) Ңંତ߄ A ޑ column space). ௗ๱ஒ column space ϡનҔޑ τ◦−1

β ᗋচԋ V ,ϡનޑ
൩ளډ Im(T ) .ϡનΑޑ ࣁॺ࣮аΠϯך upper triangular matrix .ηٯޑ

Example 4.2.3. Եቾ linear operator T : P2(R)→P2(R),ۓကࣁ T (ax2+bx+c) = (c−a)x2+

cx+(c−a). ऩԵቾ P2(R) ޑ ordered basis β = (x2,x,1), ॺԖך [T ]β =

 −1 0 1
0 0 1
−1 0 1

, ள

χT (x) = x3. Ξ [T ]2β =

 0 0 0
−1 0 1
0 0 0

 ޕ µT (x) = x3, ջ T ࣁ nilpotent of index 3. Ӣ [T ]2β

ޑ column space ࣁ Span({(0,1,0)t}), ॺளך Im(T ◦2) = Span({x}). ӕ౛җ [T ]β ޑ column
space, ёள Im(T ) = Span({x,x2 +1}). നࡕӢ x2 ̸∈ Im(T ), ॺёаԵቾך P2(R) ޑ ordered
basis β ′ = (x,x2 +1,x2). Ӣ

T (x) = 0,T (x2 +1) = 1x+0(x2 +1)+0x2,T (x2) = 0x+(−1)(x2 +1)+0x2

ள [T ]β ′ =

 0 1 0
0 0 −1
0 0 0

 ೭΋ঁ diagonal ࣁࣣ 0 ޑ upper triangular matrix.

౜ӧךॺӣډ T ޑ minimal polynomial ࣁ µT (x) = (x−λ )m ,׎௃ޑ Ԝਔ T −λ id ࣁ

nilpotent аҗ܌ Proposition 4.2.2 Ӹӧޕ ordered basis β ٬ள [T −λ id]β = U ΋ঁࣁ

diagonal ࣁࣣ 0 ޑ upper triangular matrix

U =

 0 ∗ ∗
... . . . ∗
0 · · · 0

 .

ฅԶऩ dim(V ) = n, Ӣ [T −λ id]β = [T ]β −λ In, ளࡺ [T ]β = λ In +U , ΋ঁࣁ diagonal ࣁࣣ λ
ޑ upper triangular matrix

λ In +U =

 λ ∗ ∗
. . . ∗

O λ

 .
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Theorem 4.2.4. ଷ೛ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
characteristic polynomial ࣁ

χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck ,

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન, Ӹӧ߾ V ޑ ordered basis β ٬ள

[T ]β =

 A1 O. . .O Ak

 ,

ύ؂ঁځ Ai ࣁ ci× ci ໘ޑ upper triangular matrix
λi ∗ ∗

. . . ∗

O λi

 .

Proof. җ Theorem Ӹӧޕ3.3.9 mi ≤ ci ٬ள µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk , җࡺ Primary
Decomposition Theorem, ޕॺך V =V1⊕·· ·⊕Vk, ύځ Vi = Ker((T −λi id)◦mi) Ъ µT |Vi

(x) =

(x−λi)
mi . ள T |Vi −λi id|Vi ࣁ nilpotent, ճҔࡺ Proposition 4.2.2, Ӹӧޕॺך βi ࣁ Vi ޑ

ordered basis, ٬ள [T |Vi ]βi ࣁ Ai ೭ኬޑ ci×ci ໘ޑ upper triangular matrix. ஒࡺ β1, . . . ,βk

٩ׇ௨ӈ׎ԋ V ޑ ordered basis β , ёள [T ]β ޑा܌ࣁ triangular matrix. �

Theorem 4.2.4 ֋ນךॺ྽ T ޑ characteristic polynomial ёֹӄϩှԋ F [x] ύޑ΋ԛ

ӭ໨Ԅ४ᑈ, ᗨฅ T ёૈόૈϯԋ diagonal form όၸ΋ۓёаϯԋ triangular form.

ऩ T ࢂ diagonalizable,ךॺёаճҔჹفϯᔅշךॺ؃ள T ◦i. ջճҔ V ޑ eigenvectors

ޑԋ׎܌ ordered basis β ள [T ]β =

 γ1 O
. . .

O γn

, ёளࡺ [T ◦i]β =

 γ i
1 O

. . .
O γ i

n

. ྽

T όૈϯࣁ diagonal form ਔ, ॺёճҔך trianbular form ٰᔅշीᆉ T ◦i.

२Ӄஒ V ቪԋ T -invariant subspaces ޑ direct sum V = V1⊕·· ·⊕Vk. җܭҺཀ v ∈ V ,
೿ёа୤΋ቪԋ v = v1 + · · ·+vk, ύځ vi ∈ Vi (Proposition 3.4.6). ჹ܌ܭԖޑ i = 1, . . . ,k,
က΋ঁۓॺёך linear operator πi : V → V , ࣁကۓځ πi(v) = vi. Ԝ linear operator ᆀ
ࣁ the projection to Vi with respect to the direct sum V = V1⊕ ·· ·⊕Vk. ٩Ԝۓကךॺޕ
ၰჹ܌ܭԖ v ∈ Vi, ࣣԖ πi(v) = v. ќ΋Бय़җܭ Vi ࣁ T -invariant, ჹܭ v ∈ Vi, ॺԖך
T (v) ∈Vi. ӢԜჹܭҺཀ v ∈V , ஒϐቪԋ v = v1 + · · ·+vk, ύځ vi ∈Vi, ߾ T (πi(v)) = T (vi),
Զ πi(T (v)) = πi(T (v1)+ · · ·+T (vk)) = T (vi). ள᛾

T ◦πi = πi ◦T, ∀ i = 1, . . . ,k. (4.1)

Theorem 4.2.5. ଷ೛ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
minimal polynomial ࣁ

µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન,߾ T = TD+TN ύځ TD ࣁ diagonalizable, TN ࣁ nilpotent
of index m = max{m1, . . . ,mk}, ԶЪ TD ◦TN = TN ◦TD.
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Proof. Եቾ Primary Decomposition V = V1⊕ ·· ·⊕Vk, ύځ Vi = Ker((T −λi id)◦mi), Ъз
πi : V → V ࣁ the projection to Vi with respect to the direct sum V = V1⊕·· ·⊕Vk. Եቾ V

ޑ linear operator TD = λ1π1 + · · ·+λkπk. ӢჹҺཀ vi ∈ Vi, ࣣԖ TD(vi) = λivi, а؂΋ಔ܌
Vi ޑ basis, ࣣҗ TD ޑ eigenvectors .ಔԋ܌ җࡺ V ࣁ V1, . . . ,Vk ޑ direct sum, ೭٤ Vi ޑ

basis ёಔԋ V ޑ basis. Ψ൩ࢂᇥ V Ԗ΋ಔ basis ࣣҗ TD ޑ eigenvectors ,ಔԋ܌ ࡺ TD

ࣁ diagonalizable.

౜з TN = T −TD ࣁ V ޑ linear operator. ӢჹҺཀ vi ∈ Vi, TN(vi) = T (vi)−TD(vi) =

T (vi)− λivi ∈ Vi, ޕ Vi ࣁࣣ TN-invariant. Ξςޕ µT |Vi
(x) = (x− λi)

mi , ջ mi ޑനλࢂ

҅᏾數٬ள (T −λi id)◦mi(vi) = OV , ∀vi ∈ Vi, ޕࡺ µTN |Vi
(x) = xmi . ճҔ Lemma 3.5.6 ޕ

µTN (x) = lcm(xm1 , . . . ,xmk) = xm, ύځ m = max{m1, . . . ,mk}, ள᛾ TN ࣁ nilpotent of index m.

നࡕӢࣁ

TD ◦T = (λ1π1 + · · ·+λkπk)◦T = λ1(π1 ◦T )+ · · ·+λk(πk ◦T ),

җ฻Ԅ (4.1) ள

T ◦TD = λ1(T ◦π1)+ · · ·+λk(T ◦πk) = TD ◦T.

ӢԜள᛾

TD ◦TN = TD ◦ (T −TD) = TD ◦T −TD ◦TD = T ◦TD−TD ◦TD = (T −TD)◦TD = TN ◦TD.

�

Question 4.8. Եቾ Theorem 4.2.4 ύޑ ordered basis β , ऩ [T ]β ࣁ upper triangular
matrix, ߾ Theorem 4.2.5 ύޑ TD,TN ჹځ β ޑ representative matrix [TD]β , [TN ]β ᔈࣁՖ?

Question 4.9. գૈճҔ Theorem 4.2.5, ᛾ܴऩ T ޑ minimal polynomial µT (x) ёаֹӄ

ϩှԋ F [x] ύ࣬౦ޑ monic ΋ԛӭ໨Ԅϐ४ᑈ, ߾ T ࣁ diagonalizable?

җ Theorem 4.2.5, ճҔૈߡॺך triangular form ٰीᆉ T ◦i Α. җ TD ◦TN = TN ◦TD, ள

T ◦2 = (TD +TN)◦ (TD +TN) = TD
◦2 +TD ◦TN +TN ◦TD +TN

◦2 = TD
◦2 +2TD ◦TN +TN

◦2.

Β໨Ԅ৖໒ޑёளаΠݤճҔ數學ᘜયࡺ

T ◦i =
i

∑
j=0

(
i
j

)
TD
◦i− j ◦TN

◦ j.

җܭ TD ࣁ diagonalizable ৒ܰीᆉࡐॺך TD
◦ j, Զ TN ࣁ nilpotent of index m, ၰ྽ޕॺך

j ≥ m, TN
◦ j = O. ॺीᆉך΋ঁᔅշࢂа೭܌ T ◦i .ݤБޑ

നךࡕॺٰ࣮ linear operator ࣬ჹᔈډ n×n matrix .ፕ่ޑ

Theorem 4.2.6. ଷ೛ A ∈Mn(F) Ъځ characteristic polynomial ک minimal polynomial ϩ
ձࣁ

χA(x) = (x−λ1)
c1 · · ·(x−λk)

ck , µA(x) = (x−λ1)
m1 · · ·(x−λk)

mk
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ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન. Ӹӧ߾ invertible matrix P ٬ள

P−1 ·A ·P =

 A1 O. . .O Ak

 ,

ύ؂ঁځ Ai ࣁ ci× ci ໘ޑ upper triangular matrix λi ∗ ∗
. . . ∗

O λi

 .

ԜਔךॺԖ P−1 ·A ·P = D+N, ύځ D ࣁ diagonal matrix, N ࣁ nilpotent matrix ᅈى
D ·N = N ·D Ъ Nm = O, m = max{m1, . . . ,mk}.

ӕኬޑஒ A ϯԋ triangular form P−1 ·A ·P = D+N, җܭ D ·N = N ·D, ॺԖך

P−1 ·Ai ·P =
i

∑
j=0

(
i
j

)
Di− j ·N j.

ଷ೛ A ∈Mn(F) Ъ χA(X) = (x−λ1)
c1 · · ·(x−λk)

ck , µA(x) = (x−λ1)
m1 · · ·(x−λk)

mk . ॺך
ᇥܴӵՖډפ invertible matrix M ٬ள M−1 ·A ·M ࣁ upper triangular matrix. २Ӄךॺ
ճҔ Chapter 3 primary decomposition ډפݤБޑ invertible matrix P ٬ள P−1 ·A ·P ࣁ
block diagonal matrix 

A1 O
. . .

O Ak

 ,

ௗ๱Եቾ؂΋ঁ ci× ci matrix Ai. Ӣࣁ µAi(x) = (x−λi)
mi , Ai−λi Ici ࢂ nilpotent of index

mi, ॺёаճҔך Proposition 4.2.2 פ२ӃݤБޑ (Ai−λiIci)
mi−1 ޑ column space ΋ಔޑ

basis (Ԝջ࣬ჹܭ Proposition 4.2.2 ύ Im(T ◦m−1) ޑ basis), ฅࡕᘉ大ԋ (Ai−λiIci)
mi−2 ޑ

column space ΋ಔޑ basis, ೭ኬ΋ޔΠѐډޔᘉ大ԋ Fci ΋ಔޑ basis. ऩз೭ಔ basis
а column by column ٩ׇಔԋޑ ci× ci ޑ matrix ࣁ Qi, ॺԖך߾ Q−1

i ·Ai ·Qi ࣁ upper
triangular matrix. നࡕஒ೭٤ Qi ӧ diagonal ,ΕܫՏ࿼٩ׇޑ ಔԋ n× n ޑ invertible
matrix 

Q1 O
. . .

O Qk

 ,

൩཮٬ள

(P ·Q)−1 ·A · (P ·Q) = Q−1 · (P−1 ·A ·P) ·Q =


Q−1

1 ·A1 ·Q1 O
. . .

O Q−1
k ·Ak ·Qk

 ,

ࣁ upper triangular matrix Α. .ηٯޑॺ࣮аΠך
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Example 4.2.7. ӧ Example 3.5.10 ύךॺԵቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


Ӣࣁ χA(x) = µA(x) = (x−1)3(x−2)2 ӧ Q[x] ύֹӄϩှԋ΋ԛӭ໨Ԅޑ४ᑈ, ډפॺёך
invertible matrix M ∈M5(Q) ٬ள M−1 ·A ·M ࣁ upper triangular matrix.

ӧ Example 3.5.10 ύךॺςډפ P ∈M5(Q) ஒ A ϯࣁ block diagonal matrix.

P−1 ·A ·P =


0 −1 −1 0 0
1 1 0 0 0
0 1 2 0 0
0 0 0 1 −1
0 0 0 1 3

 .

౜ӧךॺሡஒ

B =

 0 −1 −1
1 1 0
0 1 2

 , C =

(
1 −1
1 3

)
ϯࣁ triangular forms. Ӣ µB(x) = (x−1)3, Եቾ B− I3 ೭΋ঁ nilpotent matrix. ॺԖך

B− I3 =

 −1 −1 −1
1 0 0
0 1 1

 , (B− I3)
2 =

 0 0 0
−1 −1 −1

1 1 1

 .

җ Proposition २ӃᒧݤБޑ4.2.2 (B−I3)
ޑ2 column spaceޑ basis,ךॺᒧ w1 =(0,−1,1)t,

再уΕ B− I3 ޑ column space ϡનޑ w2 ٬ள {w1,w2} ࣁ B− I3 ޑ column space ޑ basis,
೭္ךॺᒧ w2 = (−1,1,0)t. നࡕ再уΕ w3 ∈ Q3 ٬ள {w1,w2,w3} ԋࣁ Q3 ޑ basis, Ԝ
ೀךॺᒧ w3 = (0,0,1)t. ԜਔԖ Bw1 = w1, Bw2 = w1 +w2, Bw3 = w1 +w2 +w3, ऩзࡺ

Q1 =

 0 −1 0
−1 1 0

1 0 1

, ߾ Q−1
1 ·B ·Q1 =

 1 1 1
0 1 1
0 0 1

 ࣁ upper triangular matrix.

ќ΋Бय़Ӣ µC(x) = (x− 2)2, ॺԵቾך C− 2I2 ೭΋ঁ nilpotent matrix. Ӣ C− 2I2 =(
−1 −1

1 1

)
, ॺᒧך u1 =

(
−1

1

)
ࣁ C−2I2 ޑ basis, 再у΢ u2 =

(
1
0

)
٬ள {u1,u2}

ࣁ Q2 ޑ basis. Ԝਔ Cu1 = 2u1, Cu2 = u1 +2u2, ऩзࡺ Q2 =

(
−1 1

1 0

)
, ߾ Q−1

2 ·C ·Q2 =(
2 1
0 2

)
ࣁ upper triangular matrix. നࡕஒ Q1,Q2 ӝࣁٳ 5×5 ޑ invertible matrix

Q =


0 −1 0 0 0
−1 1 0 0 0

1 0 1 0 0
0 0 0 −1 1
0 0 0 1 0


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ёள upper triagular matrix

(P ·Q)−1 ·A · (P ·Q) = Q−1 · (P−1 ·A ·P) ·Q =


1 1 1 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 2 1
0 0 0 0 2

 .

4.3. Jordan Form

ஒંତϯࣁ Triangular form ٠ό৒ܰᡣךॺղᘐંঁٿତࢂցࣁ similar. ᒧࡷॺஒך
ޑӳ׳ ordered basis ஒځϯ܌ࣁᒏޑ Jordan form. ҁ࿯ύךॺϝଷ೛ χT (x) ёаֹӄϩ

ှԋ΋ԛޑӭ໨Ԅޑ४ᑈ (ջ χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck). ӕኬךޑॺӃ૸ፕ nilpotent
.׎௃ޑ

ჹܭ΋ঁ linear operator T : V →V . ೭΋ԛךॺ探૸ T,T ◦2, . . . ޑ kernel ໔ޑᜢ߯. ऩ
v ∈ Ker(T ◦i), Ң߄ T ◦i(v) = OV , ளࡺ T ◦i+1(v) = T (T ◦i(v)) = OV . ޑॺԾฅԖаΠךа܌
chain of subspaces

{OV} ⊆ Ker(T )⊆ Ker(T ◦2)⊆ ·· · ⊆ Ker(T ◦i−1)⊆ Ker(T ◦i)⊆ ·· · .

੝ձޑ, ྽ T ࣁ nilpotent of index m, ॺԖך Ker(T ◦i+1) ̸= Ker(T ◦i), ∀ i = 1, . . . ,m−1.

Lemma 4.3.1. ଷ೛ dim(V ) > 0, ऩ T ࣁ nilpotent operator of index m, ޑॺԖаΠך߾
chain of subspaces.

{OV}( Ker(T )( Ker(T ◦2)( · · ·( Ker(T ◦i−1)( Ker(T ◦i)( · · ·( Ker(T ◦m−1)( Ker(T ◦m) =V.

Proof. २Ӄᇥܴ Ker(T ◦m−1) ( Ker(T ◦m) = V . Ӣࣁ T ◦m = O, ҭջჹҺཀ v ∈ V, T ◦m(v) =
OV , а܌ Ker(T ◦m) =V . ќ΋Бय़, ऩ Ker(T ◦m−1) = Ker(T ◦m) =V , Ң߄߾ T ◦m−1 = O, Ԝᆶ
m ᏾數٬ள҅ޑനλࣁ T ◦m = O ࣬ҟ࣯, ޕࡺ Ker(T ◦m−1) ̸= Ker(T ◦m).

ௗΠٰךॺᇥܴ {OV} ( Ker(T ). ჹҺཀ v ∈ V Ӣ OV = T ◦m(v) = T (T ◦m−1(v)) ள
T ◦m−1(v) ∈ Ker(T ). ౜ऩ Ker(T ) = {OV}, Һཀ߾ v ∈ V ࣣᅈى T ◦m−1(v) = OV Զளډ

T ◦m−1 = O ϐҟ࣯, ޕࡺ Ker(T ) ̸= {OV}.

ӕ౛, ྽ 1 ≤ i ≤ m− 2, Ӣჹ܌ܭԖ v ∈ V ࣣԖ OV = T ◦m(v) = T ◦i+1(T ◦m−(i+1)(v)),
ջ T ◦m−(i+1)(v) ∈ Ker(T ◦i+1). ౜ऩ Ker(T ◦i) = Ker(T ◦i+1), җ߾ T ◦m−(i+1)(v) ∈ Ker(T ◦i) ள

OV = T ◦i(T ◦m−(i+1)(v)) = T ◦m−1(v). Ӣࣁ೭ࢂჹҺཀ v ∈V ࣣԋҥ, ډளࡺ T ◦m−1 = O ϐҟ
࣯, ள᛾ Ker(T ◦i) ̸= Ker(T ◦i+1). �

౜ଷ೛ i≥ 2, ऩ v1, . . . ,vs ∈ Ker(T ◦i+1) ࣁ linearly independent Ъ

Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV},

߾ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ҭࣁ linearly independent. ٣ჴ΢ऩ

r1T (v1)+ · · ·+ rsT (vs) = OV ,



80 4. Form Reduction

җ߾ T (r1v1+ · · ·+ rsvs) = OV ள r1v1+ · · ·+ rsvs ∈Ker(T )⊆Ker(T ◦i). җࡺ Span(v1, . . . ,vs)∩
Ker(T ◦i) = {OV} ϐଷ೛ள r1v1 + · · ·+ rsvs = OV , 再җ v1, . . . ,vs ࣁ linearly independent ள
r1 = · · ·= rs = 0, ள᛾ T (v1), . . . ,T (vs) ࣁ linearly independent. ќѦךॺΨёள

Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.

೭ࢂӢࣁऩ v = r1T (v1)+ · · ·+ rsT (vs) ∈ Ker(T ◦i−1), ߾

OV = T ◦i−1(r1T (v1)+ · · ·+ rsT (vs)) = T ◦i(r1v1 + · · ·+ rsvs),

ջ r1v1+ · · ·+rsvs ∈ Span(v1, . . . ,vs)∩Ker(T ◦i)= {OV}. 再җ v1, . . . ,vsࣁ linearly independent
ள r1 = · · ·= rs = 0, ள᛾ v = OV . .ॺԖаΠϐ่ፕך

Lemma 4.3.2. ଷ೛ T : V →V ࣁ linear operator. ྽ i≥ 2 ਔ, ऩ v1, . . . ,vs ∈Ker(T ◦i+1) ࣁ

linearly independent Ъ Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV}, ߾ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ࣁ

linearly independent Ъ Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.

੝ձӦ, ऩ V ࣁ finite dimensional F-space, ߾

dim(Ker(T ◦i+1))−dim(Ker(T ◦i))≤ dim(Ker(T ◦i))−dim(Ker(T ◦i−1)). (4.2)

Proof. ॺ໻ഭा᛾ܴԄηך (4.2). ଷ೛ {u1, . . .ut}ࣁ Ker(T ◦i−1)ޑ΋ಔ basis,ஒϐᘉ大ԋ
{u1, . . .ut ,w1, . . . ,wl} ٬ϐࣁ Ker(T ◦i)ޑ΋ಔ basis. 再ᘉ大ԋ {u1, . . .ut ,w1, . . . ,wl,v1, . . . ,vs}
٬ϐࣁ Ker(T ◦i+1) ΋ಔޑ basis. ٩Ԝள v1, . . . ,vs ∈ Ker(T ◦i+1) ࣁ linearly independent
Ъ Span(v1, . . . ,vs)∩Ker(T ◦i) = {OV}. җ前य़่݀ޕ T (v1), . . . ,T (vs) ∈ Ker(T ◦i) ࣁ linearly
independentЪ Span(T (v1), . . . ,T (vs))∩Ker(T ◦i−1) = {OV}.ࡺ {u1, . . .ut ,T (v1), . . . ,T (vs)}ࣁ
Ker(T ◦i) ύޑ linearly independent set. ளޕ t + s≤ dim(Ker(T ◦i)) = t + l, ҭջ

dim(Ker(T ◦i+1))−dim(Ker(T ◦i)) = s≤ l = dim(Ker(T ◦i))−dim(Ker(T ◦i−1)).

�

ௗΠٰךॺӃᇥܴՖᒏ Jordan form, ฅࡕ再ᇥܴӵՖளډ Jordan form.

Definition 4.3.3. ๏ۓ λ ∈ F ,ჹܭ 1×1 matrix (λ )аϷӵΠ׎Ԅ׳ޑଯ໘ square matrix

λ 0 0 · · · 0 0
1 λ 0 · · · 0 0
0 1 λ 0 · · · 0
... . . . . . . . . . . . . ...
0 · · · 0 1 λ 0
0 0 · · · 0 1 λ


,

Ψ൩ࢂᇥჹف線 (i, i)-th entry ࣁ λ , Զჹف線ΠБޑՏ࿼ջ (i, i−1)-th entry ࣁ 1, дՏځ
࿼ࣣࣁ 0 ,ତંޑ ࣁॺᆀך elementary Jordan matrix associated with λ . Զҗ associated
with λ ޑ elementary Jordan matrices ޑಔԋ܌ block diagonal matrix, ջ J1 O. . .O Jk

 ,
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ύ؂ঁځ Ji ࣁࣣ elementary Jordan matrix associated with λ , ᆀࣁ Jordan block matrix
associated with λ .

ޑཀԖ٤ਜҁݙ elementary Jordan matrix ࣁကۓޑ 1 ӧჹف線ޑ΢Б (ջ (i, i+1) ޑ

Տ࿼), όၸѝाஒ ordered basis ໩ׇ前ࡕჹፓ, όᜤว౜೭ٿᅿંତࣁ similar.

Question 4.10. ଷ೛ T : V → V ࣁ linear operator Ъ β = (v1,v2, . . . , ,vn−1,vn) ࣁ V ޑ

ordered basis. ऩ [T ]β ࣁ elementary Jordan matrix associated with λ , Եቾ ordered basis
β ′ = (vn,vn−1, . . . ,v2,v1), ߾ [T ]β ′ ޑԄ׎Ֆᅿࣁ matrix?

ௗΠٰךॺᇥܴ nilpotent linear operator ࣣёډפ ordered basis ځ٬ representative
matrix ࣁ Jordan block matrix associated with 0.

Proposition 4.3.4. ଷ೛ V ࣁ finite dimensional F-space. ऩ T : V →V ΋ঁࢂ nilpotent
linear operator of index m, Ӹӧ߾ V ޑ ordered basis β ٬ள [T ]β ࣁ Jordan block matrix
associated with 0.

Proof. з S1 ࣁ Ker(T ) ΋ಔޑ basis, ஒϐᘉ大ࣁ Ker(T ◦2) ΋ಔޑ basis S2, ΋ޔΠѐډޔ
ளډ Sm ࣁ Ker(T ◦m) = V ΋ಔޑ basis. Ψ൩ࢂᇥ྽ i = 1, . . . ,m ਔ Si ࣁ Ker(T ◦i) ޑ basis
ཀݙ) Lemma 4.3.1 ֋ນךॺ྽ i = 2, . . . ,m ਔ Si−1 ( Si). ౜Եቾ {v1, . . . ,vk1}= Sm \Sm−1 ೭

ಔ linear independent subset (Ѭόޜࢂ໣ӝ). Corollary 1.4.4 ֋ນךॺ Span({v1, . . . ,vk1})
ک Span(Sm−1) = Ker(T ◦m−1) ࣁҬ໣ޑ {OV} җࡺ Lemma 4.3.2 ޕ {T (v1), . . . ,T (vk1)} ࣁ
Ker(T ◦m−1)ύޑ linearly independent setЪ Span({T (v1), . . . ,T (vk1)})∩Ker(T ◦m−2) = {OV},
ճҔࡺ Corollary ޕ1.4.4 {T (v1), . . . ,T (vk1)}∪Sm−2ࣁ Ker(T ◦m−1)ύޑ linearly independent
set. ऩ {T (v1), . . . ,T (vk1)}∪Sm−2 ҭࣁ Ker(T ◦m−1) ޑ spanning set, ࢂѬ൩߾ Ker(T ◦m−1) ޑ

΋ಔ basis. Զऩ {T (v1), . . . ,T (vk1)}∪ Sm−2 όࢂ Ker(T ◦m−1) ޑ spanning set, ॺёӧך߾
Ker(T ◦m−1) ύᒧڗ vk1+1, . . . ,vk2 ٬ள

{T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}∪Sm−2

ࣁ Ker(T ◦m−1) ύޑ΋ಔ basis. Ψ൩ࢂᇥךॺஒ໣ӝ Sm−1 \Sm−2 Ҕ

{T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}

.代ڗ ཀԜਔݙ {v1, . . . ,vk1 ,T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}∪Sm−2 ϝࣁ Ker(T ◦m) =V ΋ಔޑ

basis.

ௗΠٰԵቾڗ代 Sm−1 \Sm−2 ໣ӝޑ {T (v1), . . . ,T (vk1),vk1+1, . . . ,vk2}. 再ԛճҔ Lemma
4.3.2, ޕॺך {T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2)}∪Sm−3 ࣁ Ker(T ◦m−2) ύޑ linearly
independent set. а再уΕ܌ Ker(T ◦m−2) ύޑϡન vk2+1, . . . ,vk3 ٬ள

{T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2),vk2+1, . . . ,vk3}∪Sm−3

ࣁ Ker(T ◦m−2) ޑ basis. Ψ൩ࢂᇥךॺஒ Sm−2 \Sm−3 ໣ӝҔ

{T ◦2(v1), . . . ,T ◦2(vk1),T (vk1+1), . . . ,T (vk2),vk2+1, . . . ,vk3}
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.代ڗ ೭ኬ΋ޔΠѐ,ᙁൂޑᇥ൩ࢂஒڗ代 Si+1\Siޑ໣ӝ S′i+1代Ε T ளډ T (S′i+1)೭΋ಔӧ

Ker(T ◦i)ޑ linearly independent set,再уΕ Ker(T ◦i)ύޑη໣ӝ S′′i ٬ள T (S′i+1)∪S′′i ∪Si−1

ࣁ Ker(T ◦i) ޑ basis. ௗ๱൩ࢂஒ Si/Si−1 Ҕ S′i = T (S′i+1)∪S′′i .代ڗ :Ң߄ٰ߄ॺҔаΠკך

Sm \Sm−1 v1, . . .vk1

Sm−1 \Sm−2 T (v1), . . . ,T (vk1 ), vk1+1, . . . ,vk2

Sm−2 \Sm−3 T ◦2(v1), . . . ,T ◦2(vk1 ), T (vk1+1), . . . ,T (vk2 ), vk2+1, . . . ,vk3

...
...

...
...

...

S1 T ◦m−1(v1), . . . ,T ◦m−1(vk1 ), T ◦m−2(vk1+1), . . . ,T ◦m−2(vk2 ), T ◦m−3(vk2+1), . . . ,T ◦m−3(vk3 ), · · · T (vkm−2+1), . . . ,T (vkm−1 ), vkm−1+1, . . . ,vkm

നࡕ΋ঁ؁ᡯ൩ࢂஒڗ代 S2 \S1 ϡનޑ

T ◦m−2(v1), . . . ,T ◦m−2(vk1),T
◦m−3(vk1+1), . . . ,T ◦m−3(vk2), . . . ,

T (vkm−3+1), . . . ,T (vkm−2),vkm−2+1, . . . ,vkm−1

代Ε T , ளډ Ker(T ) ύޑ linearly independent set

{T ◦m−1(v1), . . . ,T ◦m−1(vk1),T
◦m−2(vk1+1), . . . ,T ◦m−2(vk2), . . . ,

T ◦2(vkm−3+1), . . . ,T ◦2(vkm−2),T (vkm−2+1), . . . ,T (vkm−1)}

再уΕ Ker(T ) ύޑϡન vkm−1+1, . . . ,vkm ࣁԋځ٬ Ker(T ) ޑ basis. ΋ࡕനޑ߄а΢य़კ܌
ঁ row 代ڗࢂϡન൩ޑ S1 ,ϡનޑ ջ Ker(T ) ޑ basis. ஒϐᆶڗ代 S2 \ S1 ໣ӝᖄ໣൩ޑ

代ڗࢂ S2 ,ϡનޑ ջ Ker(T ◦2) ޑ basis. ӕ౛კ߄ύڗ代 Si \Si−1 ΋ঁٗޑ row ϷځаΠ
Ӛ row ಔԋࣁϡનջޑ Ker(T ◦i) ޑ basis. ΨӢԜ΢߄ύޑӚϡનջಔԋ V = Ker(T ◦m) ޑ

basis. ԵቾஒѬॺࡪ໩ׇ΋ঁ column ΋ঁ column җ΢۳Π௨ׇ׎܌ԋޑ ordered basis
β , ջ β ࣁಃ΋ঁϡનޑ v1 ௗ๱ࣁ T (v1), ΋ډޔಃ m ࣁঁ T ◦m−1(v1) ௗ๱ܫ v2,T (v2), . . .

೭ኬ΋ޔΠѐനࣁ٩ׇࡕ vkm−1 ,T (vkm−1),vkm−1+1, . . . ,vkm . ৒࣮ܰрࡐ [T ]β ΋ঁࢂߡ Jordan
block matrix associated with 0. ӵٯ [T ]β ჹᔈ (v1,T (v1), . . . ,T ◦m−1(v1)) ޑ೽ϩޑ block ൩
ࢂ 

0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 0 · · · 0
... . . . . . . . . . . . . ...
0 · · · 0 1 0 0
0 0 · · · 0 1 0


೭΋ঁ associated with 0 ޑ m×m ໘ elementary Jordan matrix. �

Question 4.11. ӧ΢य़᛾ܴύ [T ]β ჹᔈ (vk1+1,T (vk1+1), . . . ,T ◦m−2(v1)) ޑ೽ϩޑ block ࢂ
൳໘ޑ elementary Jordan matrix? ჹᔈډ (vkm−1 ,T (vkm−1)) ک (vkm−1+1, . . . ,vkm) ೽ϩΞ࡛ࢂ

ኬޑ matrices?

Example 4.3.5. Եቾ linear operator T : P4(R)→ P4(R)ۓကࣁ T (ax4+bx3+cx2+dx+e) =

4ax2 +3bx+2c, ৒ܰղᘐࡐ T ࣁ nilpotent of index 3. Ӣ Ker(T ) = {dx+ e | d,e ∈ R}, ॺך
ډפ Ker(T ) ΋ಔޑ basis S1 = {x,1}. Զ Ker(T ◦2) = {bx3 + cx2 +dx+ e | b,c,d,e ∈ R}, ॺך
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ஒ S1 ᘉ大ࣁ S2 = {x3,x2,x,1} ԋࣁ Ker(T ◦2) ޑ basis. നࡕஒ S2 ᘉ大ࣁ S3 = {x4,x3,x2,x,1}
ࣁځ٬ Ker(T ◦3) =V ޑ basis.

౜ S3\S2 = {x4},ࡺԵቾ T (x4) = 4x2. ᆶځ S1 ᖄ໣ޑ {4x2,x,1}ࣁ Ker(T ◦2)΢ޑ linearly
independent set, ёуΕ x3 ٬ள {4x2,x3}∪S1 = {4x2,x3,x,1} ࣁ Ker(T ◦2) ޑ basis. ԜਔҔ
{4x2,x3} 代ڗ S2 \S1 = {x3,x2}. ௗ๱Եቾ T (4x2) = 8,T (x3) = 3x, Ӣࣁ {8,3x} ςࣁ Ker(T )

ޑ basis ௗҔޔаόሡуΕϡન܌ {8,3x} 代ڗ S1. :߄ॺԖаΠϐკך

S3 \S2 = {x4} x4

S2 \S1 = {x3,x2}  T (x4) = 4x2, x3

S1 = {x,1}  T (T (x4)) = 8, T (x3) = 3x

аԵቾ܌ ordered basis β = (x4,4x2,8,x3,3x), ډॺளך

[T ]β =


0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 1 0

 .

ჴӧځ Example 4.3.5, ډפޑॺόѸ੿ך ordered basis ղᘐૈߡ T ޑ Jordan form ޑ
ёૈ׎Ԅ. ճҔ Proposition ၰޕॺך,߄კޑҔ܌᛾ܴύޑ4.3.4 Jordan block matrixύޑ
elementary Jordan matrixঁޑ數൩ࢂკ߄ύ columnঁޑ數,Զ columnঁޑ數൩ࢂკ߄ύ
നࡕ΋ঁ row ,ϡનঁ數ޑ ջ #(S1) = dim(Ker(T )). ќѦ؂΋ঁ column Ѭࢂϡનঁ數൩ޑ
ޑჹᔈ܌ elementary Jordan matrix .໘數ޑ ӵಃ΋ঁٯ column ൩ٰࢂԾ Sm \Sm−1 ϡޑ

ન v1,ௗ๱ࣁ T (v1), . . . ,T ◦m−1(T )Ӆ mঁϡન,Ѭ܌ჹᔈޑ൩ࢂ΋ঁ m×m໘ޑ elementary
Jordan matrix. ೭٤ m×m ໘ޑ elementary Jordan matrices ٤Ԗٗࢂ數൩ঁޑ m ঁϡ

數ޑ column ,數ঁޑ җკ߄ύךॺёаޕၰдॺঁޑ數൩ࢂ k1, ջ Sm \ Sm−1 ϡનঁޑ

數, Ψ൩ࢂ dim(Ker(T ◦m))− dim(Ker(T ◦m−1)). җ Lemma 4.3.1, ܭԜ數Ѹ大ޕॺך 0. Կ
ܭ (m− 1)× (m− 1) ໘ޑ elementary Jordan matrices ,數ঁޑ ൩ࢂ Proposition 4.3.4 ύ
ޑ k2− k1, ջ dim(Ker(T ◦m−1))− dim(Ker(T ◦m−2))− (dim(Ker(T ◦m))− dim(Ker(T ◦m−1))), Ԝ
數Ԗёૈࣁ 0 (Lemma 4.2 ໻֋ນךॺѬ大ܭ฻ܭ 0). ӕ౛, i× i ໘ޑ elementary Jordan
matrices ࣁ數ঁޑ dim(Ker(T ◦i))−dim(Ker(T ◦i−1))− (dim(Ker(T ◦i+1))−dim(Ker(T ◦i))).

ӧ Example 4.3.5 ύޑ T ࣁ nilpotent of index 3, ځࡺ Jordan block matrix ύ΋ۓԖ
3× 3 ໘ޑ elementary Jordan matrix. ՠ dim(V ) = 5, ໻ૈԖ΋ঁࡺ (ց߾ Jordan block
matrix ܭ฻ܭ໘數཮大ޑ 6×6). ໻Ԗ΋ঁࢂаഭΠёૈ܌ 2×2 ໘ޑ elementary Jordan
matrix, ঁٿԖࢂ܈ 1×1 ໘ޑ elementary Jordan matrix. όၸ dim(Ker(T )) = 2, а໻ૈ܌
Ԗ 2 ঁ elementary Jordan matrices, ӢԜ௨ନޣࡕ. ޕ T ϯԋޑ Jordan block matrix ΋ۓ
җ΋ঁࢂ 3×3 ໘ک΋ঁ 2×2 ໘ޑ elementary Jordan matrices .ಔԋ܌

౜ӧךॺӣډ T ޑ minimal polynomial ࣁ µT (x) = (x− λ )m ,׎௃ޑ Ԝਔ T − λ id

ࣁ nilpotent аҗ܌ Proposition 4.3.4 Ӹӧޕ ordered basis β ٬ள [T −λ id]β = J ΋ঁࣁ

diagonal ࣁࣣ 0 ޑ Jordan block matrix J. ฅԶऩ dim(V ) = n, Ӣ [T −λ id]β = [T ]β −λ In,
ளࡺ [T ]β = λ In + J, ΋ঁࣁ diagonal ࣁࣣ λ ޑ Jordan block matrix.
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Theorem 4.3.6. ଷ೛ V ࣁ finite dimensional F-space. ऩ T : V →V ࣁ linear operator ځ
characteristic polynomial ک minimal polynomial ϩձࣁ

χT (x) = (x−λ1)
c1 · · ·(x−λk)

ck , µT (x) = (x−λ1)
m1 · · ·(x−λk)

mk

ύځ λ1, . . . ,λk ࣁ F ύ࣬౦ޑϡન, Ӹӧ߾ V ޑ ordered basis β ٬ள

[T ]β =

 J1 O. . .O Jk

 ,

ύ؂ঁځ Ji ࣁ ci×ci ໘ޑ Jordan block matrix associated with λi,ԶЪಔԋ Ji ޑ elementary
Jordan matrices ࢂ數൩ঁޑ λi ޑ geometric multiplicity, ջ dim(Ker(T −λi id)). ќѦ Ji ύ

നଯ໘ޑ elementary Jordan matrix ࣁ mi×mi ໘.

Proof. җ Primary Decomposition Theoremள V =V1⊕·· ·⊕Vk,ځύ Vi =Ker((T −λi id)◦mi)

Ъ µT |Vi
(x) = (x−λi)

mi . ள T |Vi −λi id|Vi ࣁ nilpotent, ճҔࡺ Proposition 4.3.4, Ӹޕॺך
ӧ βi ࣁ Vi ޑ ordered basis, ٬ள [T |Vi ]βi ࣁ Ji ೭ኬޑ ci× ci ໘ޑ Jordan block matrix
associated with λi. ஒࡺ β1, . . . ,βk ٩ׇ௨ӈ׎ԋ V ޑ ordered basis β , ёள [T ]β ޑा܌ࣁ

Jordan matrix. �

Question 4.12. գૈճҔ Theorem 4.3.6, ᛾ܴऩ T ޑ characteristic polynomial χT (x)

ёаֹӄϩှԋ F [x] ύޑ΋ԛӭ໨Ԅϐ४ᑈ, Ъ T ؂΋ঁޑ eigenvalue ޑ algebraic
multiplicity ฻ځܭ geometric multiplicity, ߾ T ࣁ diagonalizable?

ӧ Theorem 4.3.6 ύ T ޑ representative matrix ൩ᆀࣁ T ޑ Jordan form. 前य़ගၸԖ
٤௃ךݩॺёаҔ χT (x),µT (x) ٰளډ T ޑ Jordan form, όၸԖਔ٠όᅰฅ, ॺҔаΠך
Αٯηٰ探૸.

Example 4.3.7. ଷ೛ T : V → V ࣁ linear operator Ъ χT (x) = (x− λ1)
3(x− λ2)

4, ύځ
λ1 ̸= λ2. ॺٰ探૸ך T ޑ Jordan form ёૈ׎ޑԄ. २Ӄҗ deg(χT (x)) = 7, ޕ dim(V ) = 7,
а܌ T ޑ Jordan form ΋ࢂۓ 7×7 matrix. ќѦӢ χT (x) Ԗ࣬ঁٿ౦ޑ΋ԛӢԄ, аѬ܌
ޑ Jordan form, ΋ࢂۓԖঁٿ Jordan block matrix ,ಔԋ܌ ࢂύ΋ঁځ 3×3Ъ associated
with λ1, ќ΋ঁࢂ 4×4 Ъ associated with λ2. ౜ӧୢᚒࢂ೭ঁٿ Jordan block matrix ࢂ
җব٤ elementary Jordan matrix .ಔԋ܌

२Ӄ࣮ 3× 3 ޑ block Jordan matrix associated with λ1 .ݩёૈ௃ޑ ऩ µT (x) ё೏

(x−λ1)
3 ᏾ନ, җ߾ Theorem 4.3.6 Ԝޕ block ύ΋ۓԖ΋ঁ 3× 3 ޑ elementary Jordan

matrix, аԜਔ೭΋ঁ܌ Jordan block ൩ࢂ΋ঁ 3× 3 ޑ elementary Jordan matrix. ऩ
µT (x) ໻ё೏ (x−λ1)

2 ᏾ନ, όૈ೏ (x−λ1)
3 ᏾ନ, ӕኬҗ߾ Theorem 4.3.6 Ԝޕ block ύ

΋ۓԖ΋ঁ 2×2 ޑ elementary Jordan matrix, ՠԜ block ࣁ 3×3 matrix, аᔈ၀ᗋԖ܌
΋ঁ 1×1 ޑ elementary Jordan matrix. ೭ঁ׎а೭ᅿ௃܌ block җ΋ঁࢂ 2×2 ΋ঁک

1× 1 matrix .ಔԋ܌ നࡕऩ (x−λ1) | µT (x) ՠ (x−λ1)
2 - µT (x), ёޕԜ block җࢂ 3 ঁ

1×1 ޑ elementary Jordan matrix .ಔԋ܌ ߄Πࣁॺஒ่݀ӈך
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x−λ1 ԛ數ޑ 3 2 1

block Jordan matrix

 λ1 0 0
1 λ1 0
0 1 λ1

  λ1 0 0
1 λ1 0
0 0 λ1

  λ1 0 0
0 λ1 0
0 0 λ1


а܌ Jordan block matrix associated with λ1 ࣣёҗ µT (x) ዴۓ.

Կܭ ޑ4×4 block Jordan matrix associated with λ2 ӧ,ݩёૈ௃ޑ x−λ2 ё᏾ନ µT (x)

ࣁനଯԛ數ޑ 4,3,1 ਔ, ,ޑ前य़΋ኬک ԜਔಔԋԜ block ޑ elementary Jordan matrix ࢂ
ёа೏ዴޑۓ. :߄ॺӈрΠך

x−λ2 ԛ數ޑ 4 3 1

block Jordan matrix


λ2 0 0 0
1 λ2 0 0
0 1 λ2 0
0 0 1 λ2




λ2 0 0 0
1 λ2 0 0
0 1 λ2 0
0 0 0 λ2




λ2 0 0 0
0 λ2 0 0
0 0 λ2 0
0 0 0 λ2


ऩ x−λ2 ё᏾ନ µT (x) ࣁനଯԛ數ޑ 2 ਔ, Ԝਔ associated with λ2 ޑ 4× 4 ޑ block

Jordan matrix ύᗨޕ΋ۓԖ΋ঁ 2×2 ޑ elementary Jordan matrix, ՠځдޑ೽ϩԖёૈ
΋ঁࢂ 2×2 ޑ elementary Jordan matrix ঁٿԖࢂ܈ 1×1 ޑ elementary Jordan matrices
.ಔԋ܌ Ψ൩ࢂᇥԜਔ೭΋ঁ block ԖёૈࢂаΠٿᅿ௃ݩ:


λ2 0 0 0
1 λ2 0 0
0 0 λ2 0
0 0 1 λ2

 ,


λ2 0 0 0
1 λ2 0 0
0 0 λ2 0
0 0 0 λ2



྽ฅΑ൩ளճҔ λ2 ޑ geometric multiplicity (ջ dim(Ker(T −λ2 id))) ٰղᘐΑ. ऩ geo-
metric multiplicity ࣁ 2 ߾ block Jordan matrix ޣ前ࣁ (ջҗঁٿ 2×2 elementary Jordan
matrices ,(ಔԋ܌ Զ geometric multiplicity ࣁ 3 ਔ൩ޣࡕࢂ (ջҗ΋ঁ 2×2 ঁٿک 1×1

elementary Jordan matrices .(ಔԋ܌

ஒঁٿ Jordan block matrices ዴࡕۓ, ۓ،ॺ൩ૈך T ޑ Jordan form Α, ӵ྽ٯ
µT (x) = (x−λ1)

2(x−λ2)
3 ׎௃ޑ T ޑ Jordan form ൩ёዴࣁۓ



λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 1 λ2 0
0 0 0 0 0 0 λ2


.
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Զऩ µT (x) = (x− λ1)
2(x− λ2)

2 ਔ T ޑ Jordan form ൩Ԗٿᅿёૈ, ྽ λ2 ޑ geometric
multiplicity ࣁ 2 ک 3 ਔ, T ޑ Jordan form ϩձࣁ

λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 0 λ2 0
0 0 0 0 0 1 λ2


,



λ1 0 0 0 0 0 0
1 λ1 0 0 0 0 0
0 0 λ1 0 0 0 0
0 0 0 λ2 0 0 0
0 0 0 1 λ2 0 0
0 0 0 0 0 λ2 0
0 0 0 0 0 0 λ2


.

Question 4.13. ӧ Example 4.3.7ύ χT (x) = (x−λ1)
3(x−λ2)

4. ྽ µT (x) = (x−λ1)
2(x−λ2)

2

ਔ, λ2 ޑ geometric multiplicity ࢂϙሶόёૈࣁ 1 ܈ 4 ?ګ ΞԜਔૈዴۓ λ1 ޑ geometric
multiplicity ༏?

ჹܭ n× n ,౛ۓޑॺΨԖ࣬ჹᔈךତંޑ Ψ൩ࢂᇥऩ A ∈ Mn(F) ځ characteristic
polynomial ёаֹӄϩှԋ F [x] ύޑ΋ԛӭ໨Ԅ४ᑈ χA(x) = (x−λ1)

c1 · · ·(x−λk)
ck , Ӹ߾

ӧ invertible matrix P ∈Mn(F) ٬ள

P−1 ·A ·P =

 J1 O. . .O Jk

 ,

ύ؂ঁځ Ji ࣁ ci× ci ໘ޑ Jordan block matrix associated with λi. ೭ঁ matrix ࣁॺᆀך
A ޑ Jordan form.

ډפॺᇥܴӵՖך invertible matrix P ٬ள P−1 ·A ·P ࣁ Jordan form. २Ӄݙཀך
ॺόѸӵளډ triangular form עӃ׎௃ޑ A ϯࣁ block diagonal matrix. ೭ࢂӢࣁऩ
µA(x) = (x−λ1)

m1 · · ·(x−λk)
mk , ճҔ Proposition 4.3.4 ,ݤБޑ ჹ؂ܭ΋ঁ i = 1, . . . ,k, ॺך

Ѹ໪ډפ΋ಔ (A−λi In)
mi ޑ null space N((A−λi In)

mi) ޑ basis (Ԝջ࣬ჹܭ Proposition
4.3.4 ύ Ker(T ◦m) ޑ basis), Զ N((A−λi In)

mi) খӳࢂ primary decomposition ύ܌Եቾޑ
invariant subspace, ॺόѸख़ፄ଺ᡂඤךа܌ basis .୏բޑ ाډפ P :؁ᡯӵΠޑ ჹ؂ܭ
΋ঁ i = 1, . . . ,k, Ӄډפ N(A−λi In) ޑ basis S1, 再ஒϐᘉ大ԋ S2 ٬ϐԋࣁ N((A−λi)

2) ޑ

basis. ೭ኬ΋ޔΠѐډޔளډ N((A−λi)
mi)ޑ basis Smi . ௗΠٰз Smi \Sm1−1 = {v1, . . . ,vk1},

ฅࡕள {Av1, . . . ,Avk1}. ஒϐᘉ大ԋ {Av1, . . . ,Avk1 ,vk1+1, . . . ,vk2} ٬ϐᆶ Smi−2 ࣁᖄ໣ԋޑ

N((A−λi)
mi−1) ޑ basis 代ڗ٠ Smi−1 \Smi−2. ೭ኬ΋ޔΠѐډޔஒ S2 \S1 .代ֹ౥ڗ ന٩ࡕ

Proposition 4.3.4 ஒ೭٤ bases ௨ׇளډ P. .ηٯޑॺ࣮аΠך

Example 4.3.8. Եቾ 5×5 matrix

A =


2 1 1 1 0
1 4 2 2 1
−1 −2 0 −1 −1

0 0 0 1 1
0 −1 −1 −1 0


ᗨฅӧ Example 3.5.10 ύךॺډפ invertible matrix P ٬ள P−1 ·A ·P ࣁ block diagonal
matrix, ௗ๱ӧ Example 4.2.7ύךॺΞډפ invertible matrix Q٬ள (P ·Q)−1 ·A · (P ·Q)ࣁ
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upper triangular matrix. όၸाஒ A ϯࣁ Jordan form ൩όѸӃஒ A ϯࣁ block diagonal
matrix 再ϯࣁ Jordan form ೭ሶഞྠ, ௗҔޔॺך Proposition 4.3.4 .ೀ౛ݤБޑ

Ӣ χA(x) = µA(x) = (x−1)3(x−2)2,२Ӄᢀჸ A− I5 ޑ null spaceࣁ dimension ॺளך,1
S1 = {(0,0,−1,1,0)t}ځࣁ basis. ௗ๱ᘉ大ԋ S2 = {(0,0,−1,1,0)t,(1,0,−1,0,1)t}ࣁ (A−I5)

2

ޑ null space ޑ basis. ฅࡕᘉ大ԋ S3 = {(0,0,−1,1,0)t,(1,0,−1,0,1)t,(−1,0,0,0,1)t} ࣁ
(A− I5)

3 ޑ null space ޑ basis. Ӣࣁ v1 = (−1,0,0,0,1)t ∈ S3 \S2, ॺԵቾך v2 = Av1−v1 =

(−1,0,0,1,−1)t, Ъஒϐڗ代 S2 \S1 .ϡનޑ നࡕள v3 = Av2−v2 = (0,0,1,−1,0) 代ڗ S1 ޑ

ϡન. ԜਔךॺԖ {v1,v2,v3} ࣁ (A− I5)
3 ޑ null space ޑ basis Ъ

Av1 = v1 +v2, Av2 = v2 +v3,Av3 = v3.

ӕኬךޑॺԖ S′1 = {(0,−1,1,0,0)t} ࣁ A− 2I5 ޑ null space ޑ basis. ஒϐᘉ大ࣁ
S′2 = {(0,−1,1,0,0)t,(1,0,0,0,0)}ࣁ (A−2I5)

ޑ2 null spaceޑ basis. Եቾࡺ v′1 =(1,0,0,0,0)

٠Ҕ v′2 = Av′1−2v′1 = (0,1,−1,0,0)t 代ڗ (0,−1,1,0,0)t. ԜਔךॺԖ {bv′1,v′2} ࣁ (A−2I5)
2

ޑ null space ޑ basis Ъ
Av′1 = 2v′1 +v′2, Av′2 = 2v′2.

നࡕз

P =


−1 −1 0 1 0

0 0 0 0 1
0 0 1 0 −1
0 1 −1 0 0
1 −1 0 0 0

 ள P−1 ·A ·P =


1 0 0 0 0
1 1 0 0 0
0 1 1 0 0
0 0 0 2 0
0 0 0 1 2

 .

ӧ前य़ Section 4.1, ྽ډॺගך A,B ∈Mn(F) ࣁ diagonalizable ਔ, فჹځॺёаஒך
線Տ࿼ޑ eigenvalue ፾྽ޑख़௨ٰղᘐ A,B ࣁցࢂ similar. ӕኬޑऩ A,B ޑ characteristic
polynomial ӧ F [x] ёֹӄϩှԋ΋ԛޑ monic polynomials ,४ᑈޑ ॺёаஒך A,B ϯࣁ

Jordan form ٰղᘐѬॺࢂցࣁ similar. ྽ฅΑӃ،చҹࢂ χA(x) = χB(x) Ъ µA(x) = µB(x).
ऩځύԖ΋ঁό࣬฻ߡёޕ A,B όࣁ similar, Զऩࣣ࣬฻൩ሡᙖҗ A,B ޑ Jordan form
ٰዴۓ. ჹܭ A,B ؂΋ঁޑ eigenvalue, ऩஒ A,B ჹܭ associated with λ ޑ block Jordan
matrix ύޑ elementary Jordan matrices ଺፾྽ख़௨ࡕ཮࣬ӕ, ޕ߾ A∼ B. ϸϐ, ऩ A∼ B,
ॺёஒך A,B ຎࢌࣁ΋ঁ linear operator T Ҕόӕ ordered bases ޑள܌ representative
matrices. җܭ associated λ ޑ elementary Jordan matrices ॺך數֋ນঁޑӚঁ໘數ޑ

. . . ,dim(Ker((T −λ id)◦i−1)),dim(Ker((T −λ id)◦i)),dim(Ker((T −λ id)◦i+1)), . . .

೭٤ dimensions ϐ໔ޑᜢ߯, Զ೭٤ᜢ߯ک ordered basis ,คᜢڗᒧޑ а܌ A,B associated
λ ޑ elementary Jordan matrices ,數཮࣬ӕঁޑӚঁ໘數ޑ Ψ൩ࢂ A,B ёаϯ࣬ࣁӕޑ

Jordan form. Ӣࣁ Jordan form ёаҔٰղঁٿۓ matrixes ࣁցࢂ similar, а܌ Jordan
form ёаຎࣁ΋ᅿ canonical form.

നךࡕॺፋፕ Jordan form ΋ঁख़ाޑᔈҔ. ӣ៝΋Π, ऩ A ∈ Mn(F) ߾ A ک A ޑ

transpose At Ԗ࣬ӕޑ characteristic polynomial ک minimal polynomial. ೭߄Ң A ک At

Ԗёૈࣁ similar. ٣ჴ΢྽ χA(x) ёаӧ F [x] ύֹӄϩှԋ΋ԛޑ monic polynomials
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,४ᑈޑ ॺёளך A ∼ At. ೭ࢂӢࣁ྽ A ∈ Mn(F) ਔ, dim(N(A))+ dim(C(A)) = n. ΞӢ
ࣁ dim(C(A)) = dim(C(At)), ॺளךа܌ dim(N(A)) = dim(N(At)). ӕ౛, ჹ؂ܭ΋ঁ A ޑ

eigenvalue λ (Ψ཮ࢂ At ޑ eigenvalue), ॺԖך

dim(N((A−λ In)
i)) = dim(N(((A−λ In)

t)i)) = dim(N((At−λ In)
i)).

аஒ܌ A ϯࣁ Jordan form, ؂΋ঁ໘數ޑ elementary Jordan matrix associated with λ ک
At ӕ໘ޑ elementary Jordan matrix associated with λ ঁ數೿࣬ӕ, Ψ൩ࢂᇥ A ک At ёа

ϯԋӕኬޑ Jordan form. .ॺԖаΠϐ่݀ך

Theorem 4.3.9. ଷ೛ A ∈ Mn(F). ऩ χA(x) ёаӧ F [x] ύֹӄϩှԋ΋ԛޑ monic
polynomials ,४ᑈޑ ߾ A ޑ transpose At ک A ࣁ similar.

аךࡕॺ཮ගډऩ A,B ∈Mn(F) ЪӸӧ΋ঁК F 大ޑ field F̃ ٬ளӧ Mn(F̃) ύ A ∼ B

(ջӸӧ P̃ ∈Mn(F̃) invertible ٬ள B = P̃−1 ·A · P̃), ӧ߾ Mn(F) ύ A∼ B (ջӸӧ P ∈Mn(F)

invertible ٬ள B = P−1 ·A ·P). а٣ჴ΢܌ Theorem 4.3.9 όሡ χA(x) ёаӧ F [x] ύֹӄϩ

ှԋ΋ԛޑ monic polynomials ,४ᑈϐଷ೛ޑ ॺϝёளך A∼ At.

4.4. Rational Form

྽ V ࢂ over F ޑ vector space Ъ T : V → V ࣁ over F ޑ linear operator. ऩ F όࢂ

algebraically closed, ߾ T ޑ characteristic polynomial ٠ό΋ۓёаֹӄϩှԋ F [x] ΢ޑ

΋ԛӭ໨Ԅޑ४ᑈ. ,ϐΠ׎ॺஒ探૸ӧ೭ᅿ௃ך ӵՖډפӝ፾ޑ V ޑ ordered basis ٬ள
T ޑ representative matrix ёࣁၨᙁൂ׎ޑԄ.

ाஒ T ޑ representative matrix ϯࣁᙁൂޑ form, ൩Ѹ໪ஒ V ቪԋ΋٤ T -invariant
subspaces ޑ direct sum. ቪԋຫӭᆢࡋλޑ T -invariant subspaces ޑ direct sum, T ޑ

representative matrix ൩ёቪԋຫᙁൂޑ form. ӵٯ T ࢂ diagonalizable ਔ, ൩߄Ң V ё

аቪԋ΋٤ 1-dimensional T -invariant subspaces ޑ direct sum. ௗΠٰךॺ൩ࢂा૸ፕऩ
v ∈V , х֖߾ v നλޑ T -invariant subspace .Ֆࣁ

ଷ೛ W х֖ࣁ v ޑ T -invariant subspace. Ӣࣁ v ∈W , җࡺ W ࣁ T -invariant, ள
T (v) ∈W . ӕ౛ள T ◦2(v) ∈W , T ◦3(v) ∈W , ..., ளݤҗ數學ᘜયࡺ T ◦i(v) ∈W , ∀ i ∈ N. 再җ
W ࣁ over F ޑ vector space, ёளჹҺཀ ad ,ad−1, . . . ,a1,a0 ∈ F ࣣԖ

adT ◦d(v)+ad−1T ◦d−1(v)+ · · ·+a1T (v)+a0v ∈W.

ඤ言ϐ, ჹ܌ܭԖ f (x) ∈ F [x] ࣣԖ f (T )(v) ∈W . ౜Եቾ

Cv = { f (T )(v) | f (x) ∈ F [x]},

ॺԖך Cv ⊆W . ࢗ৒ܰᔠࡐ Cv ΋ঁࣁ vector space, ࡺ Cv ࣁ W ޑ subspace. ΞჹܭҺཀ
w ∈Cv, ॺԖך w = adT ◦d(v)+ · · ·+a1T (v)+a0v, ύځ ad , . . . ,a1,a0 ∈ F . а܌

T (w) = adT ◦d+1(v)+ · · ·+a1T ◦2(v)+a0T (v) = g(T )(v) ∈Cv,
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ύځ g(x) = adxd+1 + · · ·+ a1x2 + a0x ∈ F [x]. ೭ᇥܴΑ Cv ΋ঁࢂ T -invariant subspace. Ӣ
ԜךॺΑှ΋ঁх֖ v ޑ T -invariant subspace, ΋ۓх֖ Cv ೭΋ঁ T -invariant subspace.
Ψ൩ࢂᇥ Cv х֖ࢂ v നλޑ T -invariant subspace. .ကۓॺԖаΠϐך

Definition 4.4.1. ଷ೛ V ΋ঁࢂ F-space Ъ T : V → V ΋ঁࢂ F-linear operator. ๏ۓ
v ∈V , Եቾ Cv = { f (T )(v) | f (x) ∈ F [x]}. ॺᆀך Cv ΋ঁࣁ T -cyclic subspace spanned by v.
ύځ v Ψᆀբ Cv ΋ঁޑ cyclic vector.

ाݙཀ Cv (the T -cyclic subspace spanned by v) ک T Ԗᜢ, җךܭॺό཮探૸όӕ
linear operator ໔ޑᜢ߯, ॺ࣪ౣךߡΑ಄ဦᙁࣁа܌ Cv ύԖᜢ T .኱૶ޑ ΋૓ٰᇥ Cv ٠

όࢂ the subspace spanned by v, ԶЪ΋ঁ T -cyclic subspace ޑ cyclic vector ٠ό୤΋.

Question 4.14. ନΑ v аѦ, գૈډפќ΋ঁ Cv ޑ cyclic vector ༏?

Question 4.15. ӧࣗሶ௃ݩϐΠ Cv ཮฻ܭ Span(v)?

ௗΠٰךॺा׳຾΋؁ٰΑှ Cv ೭΋ঁ T -cyclic subspace. २Ӄҗךܭॺ探૸ޑ
vector space V ࢂ finite dimensional, а܌ Cv Ψࢂ΋ঁ finite dimensional vector space.
ӢԜ {v,T (v),T ◦2(v), . . . ,T ◦i(v), . . .} ࣁ linearly dependent. Ψ൩ࢂᇥӸӧ k ∈ N, аϷ
a0,a1, . . . ,ak ∈ F όӄࣁ 0 ٬ள akT ◦k(v)+ · · ·+a1T (v)+a0v = OV . ೭֋ນךॺ, Ӹӧߚ႟ӭ
໨Ԅ f (x) ∈ F [x] ٬ள f (T )(v) = OV . ᅈى೭ঁ性፦ޑԛ數നλޑ monic polynomial ჹךܭ
ॺΑှ Cv Ԗࡐ大ޑҔೀ, .ကۓаԖаΠϐ܌

Definition 4.4.2. ೛V ΋ঁࣁ finite dimensional F-space, T :V→V ΋ঁࣁ linear operator.
ӧ܌Ԗߚ႟ӭ໨Ԅ f (x) ∈ F [x] ύᅈى f (T )(v) = OV , Ъԛ數നλޑ monic polynomial ᆀࣁ
the T -annihilator of v, ॺҔך µv(x) .Ң߄ٰ

再ԛமፓ µv(x) όѝک v Ԗᜢک T ΨԖᜢ, όၸҗךܭॺѝ探૸ൂ΋ޑ linear operator,
а࣪ౣԖᜢ܌ T .኱૶ޑ

Question 4.16. ჹܭҺཀޑ linear operator T : V →V , ࣗሶࢂ the T -annihilator of OV ?

ճҔӭ໨Ԅޑନݤচ౛ (division algorithm), v ޑ T -annihilator ک Lemma 3.3.5 ύԖᜢ
ܭ T ޑ minimal polynomial Ԗ๱ᜪ՟ޑ性፦, җܭ᛾ܴБ࣬ݤӕ, ೭္൩ό再ᙧॊ.

Lemma 4.4.3. ଷ೛ V ΋ঁࣁ finite dimensional F-space, v∈V Ъ T : V →V ΋ঁࣁ linear
operator. ܭჹ߾ f (x) ∈ F [x], f (T )(v) = OV ऩЪ୤ऩ µv(x) | f (x).

ճҔ Lemma 4.4.3, ၰޕॺଭ΢ך µv(x) | χT (x) Ъ µv(x) | µT (x), ೭ࢂҗܭ χT (T ) =

µT (T ) = O, аჹҺཀ܌ v ∈V ࣣԖ χT (T )(v) = µT (T )(v) = OV .

ॺёа೸ၸך µv(x) ٰΑှ Cv. ٣ჴ΢ךॺԖаΠϐ่݀.
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Theorem 4.4.4. ೛ V ΋ঁࣁ finite dimensional F-space, T : V →V ΋ঁࣁ linear operator.
ऩ v ∈V , Ъځ T -annihilator ࣁ

µv(x) = xd +ad−1xd−1 + · · ·+a1x+a0,

߾

{v,T (v), . . . ,T ◦d−1(v)}

ࣁ Cv ΋ಔޑ basis. ќѦԵቾ T ज़ڋӧ Cv Πޑ linear operator T |Cv : Cv → Cv, ॺԖך
T |Cv ޑ characteristic polynomial ک minimal polynomial ࣣ฻ܭ v ޑ T -annihilator, ҭջ
χT |Cv

(x) = µT |Cv
(x) = µv(x).

Proof. २Ӄ᛾ܴ S = {v,T (v), . . . ,T ◦d−1(v)} ࣁ linearly independent. ऩ S όࢂ linearly
independent, ܭ฻ܭҢӸӧԛ數λ߄ d− 1 ޑ polynomial f (x) ∈ F [x] ᅈى f (T )(v) = OV .
Ԝک µv(x) ,က࣬ҟ࣯ۓޑԛ數നλࣁ ள᛾ࡺ S ࣁ linearly independent.

ௗ๱᛾ܴ Cv = Span(S). २Ӄࡐ৒ܰᢀჸ

Span(S) = {g(T )(v)|g(x) ∈ F [x],deg(g(x))≤ d−1},

ޕࡺ Span(S) ⊆ Cv. ฅԶۓ٩ကჹܭҺཀ w ∈ Cv, ࣣӸӧ g(x) ∈ F [x] ٬ள g(T )(v) = w.
౜ऩ deg(g(x)) ≤ d− 1, ёள߾ w ∈ Span(S). Զऩ deg(g(x)) > d− 1, ,চ౛ݤҗନ߾ Ӹӧ
h(x),r(x) ∈ F [x] ύځ deg(r(x))≤ d−1 ٬ள g(x) = h(x)µv(x)+ r(x). җࡺ µv(T )(v) = OV , ޕ

w = g(T )(v) = h(T )(µv(T )(v))+ r(T )(v) = h(T )(OV )+ r(T )(v) = r(T )(v),

ள᛾ w ∈ Span(S). Ԝ᛾ள Cv ⊆ Span(S).

౜Եቾ T |Cv ޑ minimal polynomial χT |Cv
(x), ကۓ٩ deg(χT |Cv

(x)) = dim(Cv). Զҗ S ࣁ

Cv ΋ಔޑ basis, ள dim(Cv) = d. Ξ v ∈Cv, ကۓ٩ࡺ χT |Cv
(T )(v) = OV . а܌ Lemma 4.4.3

֋ນךॺ µv(x) | χT |Cv
(x). നࡕҗ µv(x) аϷ χT |Cv

(x) ࣁࣣ monic аϷѬॺޑ degree ࣁࣣ
d ள᛾ χT |Cv

(x) = µv(x). ӕ౛ µT |Cv
(T )(v) = OV , ளࡺ µv(x) | µT |Cv

(x). 再җ deg(µT |Cv
(x)) ≤

deg(χT |Cv
(x)) = deg(µv(x)) ள᛾ µT |Cv

(x) = µv(x). �

Question 4.17. ऩ deg(µv(x)) = d, գૈ᛾ܴ Cv ύޑϡનࣣё “୤΋” ቪԋ g(T )(v) ύځ
g(x) ∈ F [x] Ъ deg(g(x))≤ d−1 ༏?

Theorem 4.4.4 ύ Cv ೭ಔޑ basis ,ख़ाࡐ .ကۓޑॺԖаΠך

Definition 4.4.5. ଷ೛ V ΋ঁࣁ finite dimensional F-space, v ∈ V Ъ T : V → V ΋ঁࣁ

linear operator. ೛ deg(µv(x)) = d, ॺᆀך {v,T (v), . . . ,T ◦d−1(v)} ࣁ Cv ΋ಔޑ cyclic basis.

྽ deg(µv(x)) = dਔ,ךॺёаԵቾ T |Cv : Cv→Cvჹܭ β = (v,T (v), . . . ,T ◦d−1(v))೭΋ঁ
cyclic basis׎܌ԋޑ ordered basisޑ representative matrixࣁՖ. җܭ T (v) = 0v+1T (v)+
0T ◦2(v)+ · · ·+ 0T ◦d−1(v), ၰԜޕॺך matrix ಃ΋ঁޑ column ᔈࣁ (0,1,0, . . . ,0)t, ӕ౛
Ӣ T (T (v)) = 0v+ 0T (v)+ 1T ◦2(v)+ · · ·+ 0T ◦d−1(v), ၰԜޕॺך matrix ಃΒঁ column
ᔈࣁ (0,0,1,0, . . . ,0)t, ೭ኬ΋ޔёளډ前 d − 1 ঁ column. Կܭനࡕ΋ঁ column, җ
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ܭ T (T ◦d−1(v)) = T ◦d(v), ऩࡺ µv(x) = xd + ad−1xd−1 + · · ·+ a1x+ a0, җ µv(T )(v) = OV , ள
T ◦d(v)+ad−1T ◦d−1(v)+ · · ·+a1T (v)+a0v = OV . ҭջ

T ◦d(v) =−(a0v+a1T (v)+ · · ·+ad−1T ◦d−1(v)),

ӢԜளനࡕ΋ঁ column ࣁ (−a0,−a1, . . . ,−ad−1)
t. ޕа܌ T |Cv ჹܭ β ޑ representative

matrix ࣁ 
0 0 · · · 0 −a0
1 0 · · · 0 −a1

0 1
. . . 0 −a2

...
... . . . ...

...
0 0 · · · 1 −ad−1

 . (4.3)

з f (x) = xd +ad−1xd−1 + · · ·+a1x+a0, ΢ॊંତ (4.3) ᆀࣁ the companion matrix of f (x).

Question 4.18. ၂ीᆉ

det


x 0 · · · 0 a0
−1 x · · · 0 a1

0 −1
. . . 0 a2

...
... . . . ...

...
0 0 · · · −1 x+ad−1

 .

Example 4.4.6. Եቾ T : R3 → R3 ࣁကۓ T (x1,x2,x3) = (2x1,x1 + x3,x1− x2). Եቾ v =

(0,0,1), ߾ T (v) = (0,1,0), T ◦2(v) = (0,0,−1) = −v. җ T ◦3(v) = −T (v),... ৒࣮ܰрࡐ
Cv = Span({v,T (v)}) = Span({(0,0,1),(0,1,0)}). җ {v,T (v)} ࣁ linearly independent Զ
{v,T (v),T ◦2(v)} ࣁ linearly dependent ޕ v ޑ T -annihilator ࣁ degree 2 ޑ polynomial.
٣ჴ΢Ӣ T ◦2(v) = −v, ջ T ◦2(v)+ 0T (v)+ 1v = OV , ॺԖך µv(x) = x2 + 1. ࢗ৒ܰᔠࡐ
χT (x) = µT (x) = (x− 2)(x2 + 1), аዴჴԖ܌ µv(x) | χT (x) аϷ µv(x) | µT (x). ќѦԵቾ

β = ((0,0,1),(0,1,0)), ډॺёаளך [T ]β =

(
0 −1
1 0

)
.

Question 4.19. ऩ k ى᏾數ᅈ҅ޑനλࢂ {v,T (v), . . . ,T ◦k−1(v),T ◦k(v)} ࣁ linearly depen-
dent, ߾ deg(µv(x)) ?Ֆࣁ

ӧೀ౛ finite dimensional vector space ,ᚒਔୢޑ ॺ೯த཮Ҕך induction (數學ᘜય
.(ݤ Ψ൩ࢂӃ探૸ dimension Кၨλޑ௃ݩ, 再ஒ dimension Кၨ大ޑ௃׎ϯԋКၨλޑ
௃׎. Quotient space ൩ࢂஒ dimension ϯԋၨλ௃ޑ׎΋ঁБݤ (ӣ៝΋Πऩ W ࣁ V ޑ

subspace,߾ dim(V/W ) = dim(V )−dim(W )). ౜ऩ T : V →V ࣁ linear operatorЪW ⊆V ࣁ

T -invariant subspace, 數ڄޑ΋ঁཥۓॺёаך߾ T : V/W →V/W . ࣁကۓځ T (v) = T (v).
ॺሡᇥܴך T ࢂ well-defined,Ψ൩ࢂᇥऩ v = u∈V/W ߾, T (v) = T (u) in V/W . ฅԶ v = u
Ң߄ v−u ∈W , ճҔWࡺ ࣁ T -invariantள T (v−w) ∈W , ջ T (v)−T (w) ∈W . ೭֋ນךॺ
T (v) = T (u) ٩ࡺ T ကளۓޑ T (v) = T (u). ٩ T ,ကۓޑ ډ৒ܰளࡐॺך T : V/W →V/W

ࣁ linear operator. ॺᆀך T : V/W →V/W ࣁ linear operator induced by T on the quotient
space V/W . ٣ჴ΢ T ک T Ԗ೚ӭ࣬ޑᜢ性, .性፦ޑॺԖаΠך
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Lemma 4.4.7. ೛ T : V →V ΋ঁࣁ F-linear operator, W ⊆V ࣁ T -invariant subspaceЪз
T : V/W →V/W ࣁ linear operator induced by T , Һཀܭჹ߾ g(x) ∈ F [x] ࣣԖ g(T ) = g(T ).

Proof. ၰޕॺךကۓ٩ g(T ) ࣁ V/W → V/W ޑ linear transformation ԶЪऩ g(x) =

cnxn + · · ·+ c1x + c0, Һཀܭჹ߾ v ∈ V/W , g(T )(v) = cnT ◦n(v) + · · ·+ c1T (v) + c0v. ΞӢ
T ◦2(v)= T (T (v))= T (T (v))= T (T (v))= T ◦2(v),ճҔ數學ᘜયݤёள T ◦i(v)= T ◦i(v), ∀i∈N.
ӢԜள

g(T )(v) = cnT ◦n(v)+ · · ·+ c1T (v)+ c0v.

ќ΋Бय़Ӣ W ҭࣁ g(T )-invariant (Lemma 3.5.2), ࡺ g(T ) ҭࣁ V/W → V/W ޑ linear
transformation Ъ

g(T )(v) = g(T )(v) = cnT ◦n(v)+ · · ·+ c1T (v)+ c0v.

നࡕҗ V/W ύϡનၮᆉۓޑကள g(T )(v) = g(T )(v), ∀v ∈V/W . ள᛾ࡺ g(T ) = g(T ). �

ճҔ Lemma 4.4.7, ډॺёаளך T ک T ޑ minimal polynomial ϐ໔ޑᜢ߯.

Corollary 4.4.8. ೛ T : V → V ΋ঁࣁ F-linear operator, W ⊆ V ࣁ T -invariant subspace
Ъз T : V/W →V/W ࣁ linear operator induced by T , ߾

µT (x) | µT (x).

ќѦ๏ۓ v ∈V , з µv(x) ࣁ the T -annihilator of v, ॺԖך߾

µv(x) | µv(x).

Proof. ٩ µT (x)ۓޑက,ჹҺཀ v∈V ,ࣣԖ µT (T )(v) =OV ∈W ,ள µT (T )(v) =OV =OV/W .
җࡺ Lemma 4.4.7 ޕ

µT (T )(v) = µT (T )(v) = µT (T )(v) = OV/W .

ճҔ Lemma 3.3.5 (঺Ҕӧ T ) ள µT (x) | µT (x).

ӕ౛, Ӣ µv(T )(v) = OV , ॺளך µv(T )(v) = OV/W , җࡺ Lemma 4.4.3 (঺Ҕӧ v аϷ T )
ள µv(x) | µv(x). �

٣ჴ΢ӧ٤ࢌ௃ݩϐΠԖёૈ µv(x) = µv(x), .ݩ௃ޑӵаΠٯ

Lemma 4.4.9. з T : V →V ΋ঁࣁ F-linear operator. ๏ۓ v ∈V , Եቾ T : V/Cv→V/Cv

ࣁ linear operator induced by T on V/Cv. ऩ w ∈V ᅈى µw(x) | µv(x), Ӹӧ߾ u ∈V ᅈى

u = w ∈V/Cv Ъ µu(x) = µu(x) = µw(x).

Proof. Ӣ µw(T )(w) = OV/Cv , ճҔ Lemma 4.4.7 ள µw(T )(w) = OV , ҭջ µw(T )(w) ∈Cv.
ඤ言ϐ, Ӹӧ f (x) ∈ F [x] ٬ள

µw(T )(w) = f (T )(v). (4.4)
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٩ µw(x) | µv(x) ϐଷ೛, аϷҗ Corollary 4.4.8 ޕ µw(x) | µw(x) ёள µw(x) | µv(x), ҭջӸ
ӧ h(x) ∈ F [x] ٬ள µv(x) = h(x)µw(x). җ฻Ԅࡺ (4.4) ள

µv(T )(w) = h(T )◦µw(T )(w) = h(T )◦ f (T )(v). (4.5)

ฅԶ µw(x) | µv(x), җࡺ Lemma 4.4.3 ᆶ฻Ԅ (4.5) ޕ OV = µv(T )(w) = h(T )◦ f (T )(v). 再
ԛճҔ Lemma 4.4.3 ள µv(x) | h(x) f (x), ҭջ h(x)µw(x) | h(x) f (x). җԜޕ µw(x) | f (x), ҭ
ջӸӧ g(x) ∈ F [x] ٬ள

f (x) = µw(x)g(x). (4.6)

౜з u = w− g(T )(v). Ӣ g(T )(v) ∈ Cv, ॺԖך u = w ∈ V/Cv. ճҔ µw(T ) ࣁ linear
operator ள

µw(T )(u) = µw(T )(w−g(T )(v)) = µw(T )(w)−µw(T )◦g(T )(v),

аҗ฻Ԅ܌ (4.6) аϷ฻Ԅ (4.4) ள

µw(T )(u) = OV .

再ԛճҔ Lemma 4.4.3 ள µu(x) | µw(x). ฅԶ u = w, ࡺ µw(x) = µu(x), ջ µu(x) | µu(x). 再
у΢ Lemma 4.4.8 ֋ນךॺ µu(x) | µu(x), ள᛾ µu(x) = µu(x). �

΋૓ٰᇥऩ deg(µw(x)) = d, ᗨฅ {w,T (w), . . . ,T ◦d−1
(w)} ཮ࢂ Cw ΋ಔޑ basis, όၸ

{w,T (w), . . . ,T ◦d−1(w)} ൩҂Ѹ཮ࢂ Cw ΋ಔޑ basis. όၸӧ Lemma 4.4.9 ךଷ೛చҹΠޑ
ॺёډפ u ᅈى u = w Ъ {u,T (u), . . . ,T ◦d−1(u)} ک {u,T (u), . . . ,T ◦d−1

(u)} ϩձ཮ࢂ Cu ᆶ

Cu =Cw ΋ಔޑ basis.

౜ӧךॺёаճҔ primary decomposition theorem ᛾ளаΠख़ाۓޑ౛.

Theorem 4.4.10 (Cyclic Decomposition Theorem). ଷ೛ V ࣁ finite dimensional F-space
Ъ T : V →V ࣁ linear operator. ߾ V ёаቪԋ΋٤ T -cyclic subspaces ޑ direct sum. ٣ჴ
΢, ऩ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ pi(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial,
߾ V =W1⊕·· ·⊕Wk, ύځ

Wi = Ker(pi(T )◦mi) =Cvi,1⊕·· ·⊕Cvi,ni
,

ԶЪ؂ঁ vi, j ޑ T -annihilator ࣁ pi(x)mi, j ᅈى mi = mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni > 0.

Proof. җ primary decomposition theorem,ךॺޕၰ T |Wi : Wi→Wi ޑ minimal polynomial
ࣁ pi(x)mi . ऩૈ᛾ள؂΋ঁ Wi ёаቪԋۓ౛܌ॊޑ T -cyclic subspaces ޑ direct sum,
җ߾ Corollary 3.4.7 ёள V ёаቪԋ΋٤ T -cyclic subspaces ޑ direct sum. ॺךа܌
໻ा᛾ܴ྽ T : V → V ࢂ F-linear operator Ъ χT (x) = p(x)m ύځ p(x) ∈ F [x] ࢂ monic
irreducible polynomialޑ௃׎Π,Ӹӧ v1, . . .vn ∈V ٬ள V =Cv1⊕·· ·⊕Cvn Ъჹܭ 1≤ i≤ n,
µvi(x) = p(x)mi ᅈى m = m1 ≥ m2 ≥ ·· · ≥ mn.

ॺճҔჹך dim(V ) բ數學ᘜયݤ᛾ܴ. ྽ dim(V ) = 1 ਔ, ҺཀܭԾฅჹࡐ v ̸= OV

in V , ॺԖך V = Cv Ъ µT (x) = µv(x), .౛ԋҥۓа܌ ౜ଷ೛Ԝۓ౛ӧᆢࡋλܭ dim(V )

,೿ԋҥ׎௃ޑ Ԝਔ٩ଷ೛ µT (x) = p(x)m, Ӹӧࡺ v1 ∈ V ᅈى p(T )◦m−1(v1) ̸= OV . Ӣ
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µv1(x) | µT (x) = p(x)m аϷ p(x) ࣁ irreducible, аӸӧ܌ m1 ≤m ٬ள µv1(x) = p(x)m1 . ฅԶ
前य़ଷ೛ p(T )◦m−1(v1) ̸= OV , а܌ m1 > m−1, ӢԜள m1 = m.

౜Եቾ T : W/Cv1 → V/Cv1 induced by T on V/Cv1 . ཀԜਔݙ µT (x) | µT (x) (Corollary
4.4.8), ޕࡺ µT (x) = p(x)m′ , ύځ m′ ≤ m. ӢԜҗ dim(V/Cv1)< dim(V ), ॺёа঺Ҕ數學ך
ᘜયݤϐଷ೛, ջӸӧ w2, . . . ,wn ∈V ᅈى

V/Cv1 =Cw2⊕·· ·⊕Cwn ,

Ъჹܭ 2 ≤ i ≤ n, µwi(x) = p(x)mi ᅈى m ≥ m′ = m2 ≥ ·· · ≥ mn. Ξҗܭ mi ≤ m = m1, ջ
µwi(x) | µv1(x),܌аճҔ Lemma Ӹӧ,ޕ4.4.9 vi ∈V ٬ள vi =wi Ъ µvi(x) = µvi(x) = p(x)mi .

౜ऩ deg(p(x)) = d, җ direct sum 性፦ޑ (Proposition 3.4.6) аϷ Theorem 4.4.4 ޕ

{v2,T (v2), . . . ,T
◦dm2−1

(v2), . . . ,vn,T (vn), . . . ,T
◦dmn−1

(vn)}

ࣁ V/Cv1 = Cv2 ⊕ ·· · ⊕Cvn ΋ಔޑ basis. ౜Ӣ T ◦ j
(vi) = T ◦ j(vi) (Lemma 4.4.7), аϷ

{v1,T (v1), . . . ,T ◦dm1−1(v1)} ࣁ Cv1 ΋ಔޑ basis, ճҔ Proposition 1.6.2 БޑҔ܌᛾ܴޑ
ॺளךݤ

{v1,T (v1), . . . ,T ◦dm1−1(v1),v2,T (v2), . . . ,T ◦dm2−1(v2), . . . ,vn,T (vn), . . . ,T ◦dmn−1(vn)}

ࣁ V ΋ಔޑ basis. Ӣࣁჹ܌Ԗ 1≤ i≤ n, {vi,T (vi), . . . ,T ◦dmi−1(vi)} ࣁ Cvi ΋ಔޑ basis, ࡺ
җ direct sum 性፦ޑ (Proposition 3.4.6) ள᛾

V =Cv1⊕Cv2⊕·· ·⊕Cvn .

�

Question 4.20. ӧ Theorem 4.4.10 ,᛾ܴύޑ Ֆाஒࣁ w2, . . . ,wn ԋׯ v1, . . . ,vn?

Question 4.21. ёаҔ cyclic decomposition theorem ᇥܴऩ µT (x) = (x−λ1) · · ·(x−λk),
ύځ λi ̸= λ j for i ̸= j, ߾ T ࢂ diagonalizable ༏?

ճҔ primary decomposition theorem, ډפॺёаך V ޑ ordered basis β , ٬ள [T ]β
ޑаΠࣁ block diagonal matrix  A1 O. . .O Ak

 ,

ύ؂ঁځ Ai ޑ minimal polynomial ࣁ pi(x)mi . Զ cyclic decomposition theorem ֋ນךॺ,
β ёаҗ΋٤ cyclic vectors ޑԋ׎܌ cyclic bases ,ಔԋ܌ Ԝਔ؂΋ঁ Ai ёቪԋ Ci,1 O. . .O Ci,ni

 ,

ύ؂ঁځ Ci, j ࢂ the companion matrix of pi(x)mi, j . ೭Ψ֋ນךॺҺՖޑБତ೿཮ similar
to ೭ኬ׎ԄޑБତ, ࣁॺᆀԜך rational form.
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Example 4.4.11. Եቾ over R, ॺा؃рך A ޑ rational form, ύځ

A =


2 −5 −1 6 1
1 −2 0 3 1
0 0 2 −1 0
0 0 1 0 0
0 0 0 0 1

 .

२Ӄᆉр χA(x) = (x2 +1)(x−1)3, 再؃ள µA(x) = (x2 +1)(x−1)2.

२ӃԵቾ primary decomposition,؃р A2+I5ᆶ (A−I5)
ޑ2 null space W1,W2. ளW1,W2

ϐ΋ಔ basisϩձࣁ {(1,0,0,0,0)t,(0,1,0,0,0)t}, {(−1,0,0,0,1)t,(1,0,1,0,0)t,(−1,1,0,1,0)t}.

җ dim(W1) = 2 ёޕ W1 ҁࢂي΋ঁ cyclic space. ٣ჴ΢ڗ w1 = (1,0,0,0,0)t, ߾
Aw1 = (2,1,0,0,0)t ཀݙ) A2w1 =−w1). ջ W1 =Cw1 .

ԿܭाஒW2 ϩှԋ cyclic subspacesޑ direct sum, ॺሡӃᒧрך w2 ᅈى (A− I5)w2 ̸=
(0,0,0,0,0)t. ٣ჴ΢ऩᒧ w2 = (1,0,1,0,0)t,߾ Aw2 = (1,1,2,1,0)t ཀݙ) A2w2 = 2Aw2−w2),
а܌ dim(Cw2) = 2. җܭ dim(W2) = 3, ၰޕॺך W2 ᔈࣁ Cw2 ќ΋ঁک dimension ࣁ 1 ޑ

cyclic subspace ޑ direct sum. Ԝ cyclic subspace ᔈࣁ eigenvalue ࣁ 1 ޑ eigenvector w3

,ԋ׎܌ ԶЪ w3 ̸∈Cw2 . ڗॺᒧך w3 = (−1,0,0,0,1)t, аऩз܌

P =


1 2 1 1 −1
0 1 0 1 0
0 0 1 2 0
0 0 0 1 0
0 0 0 0 1

 , ߾ P−1AP =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 2 0
0 0 0 0 1


ࣁ A ޑ rational form.

٣ჴ΢ӧ Example 4.4.11 ύ, ղᘐрޑזࡐॺёаך A ޑ rational form. Ӣࣁ χA(x) =

(x2+1)(x−1)3 а܌ A2+I5 ޑ null space໻җ΋ঁ cyclic subspace܌ಔԋ,Ъځ cyclic vector
ޑ annihilator ࣁ x2 +1. Զ µA(x) = (x2 +1)(x−1)2 аҗ܌ Theorem 4.4.10 ,ޕ (A− I5)

2 ޑ

null space ύ΋ۓԖ΋ঁ cyclic subspace ځ cyclic vector ޑ annihilator ࣁ (x−1)2. ΨӢԶ
ޑ໻ഭޕॺך cyclic subspace ځ cyclic vector ޑ annihilator ࣁ x− 1. а܌ A ޑ rational
formࣁԖΟঁ blocksޑ diagonal matrixځύ؂ঁ blockϩձࣁ x2+1, x2−2x+1аϷ x−1

ޑ companion matrix. ΋૓ٰᇥ΋ঁ matrix ޑ rational form ٠όૈ໻җځ characteristic
polynomial ک minimal polynomial ൩ૈዴۓ. όၸךॺёаӈр܌ځԖёૈޑ௃׎. ќ΋
Бय़ rational form ΋ঁࢂ canonical form, Ψ൩ࢂᇥંঁٿତࢂ similar ऩЪ୤ऩѬॺёޑ
аϯԋӕኬޑ rational form. ॺ཮ӧΠ΋࿯૸ፕֹך classical form ϐࡕ再探૸೭٤ፐᚒ.

4.5. Classical Form

྽΋ঁ linear operator ޑ minimal polynomial ёаֹӄϩှԋ΋ԛӭ໨Ԅޑ४ᑈਔ, ନ
ѬؒԖख़ਥߚ (ջ diagonalizable), Ԝ linear operator ޑ rational form ٠όࢂ Jordan form.
Ԝ࿯ύךॺஒᇥܴӵՖќѦᒧڗ cyclic subspace ΋ಔޑ basis, ஒځϯԋ܌ᒏޑ classical
form. ৒࣮ܰрࡐॺך classical form ൩ࢂ Jordan form .௢ቶޑ
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྽ T : V →V ࢂ F-linear,๏ۓ v∈V ,Եቾ T -cyclic subspace Cv. ӵ݀ vޑ T -annihilator
ёаቪԋ µv(x) = p(x)m (೭္ p(x)∈F [x]όሡଷ೛ࣁ irreducible),ӣ៝΋Πऩ deg(p(x))= d,
߾ {v,T (v),T ◦2(v), . . . ,T ◦md−1(v)} ࣁ Cv ΋ಔޑ basis, ᆀࣁ cyclic basis. ॺёаԵቾаΠך
΋ಔཥޑ basis.

Lemma 4.5.1. ଷ೛ T : V →V ࢂ F-linear, ๏ۓ v ∈V . ऩ µv(x) = p(x)m, ύځ p(x) ∈ F [x]

Ъ deg(p(x)) = d, ߾

v T (v) . . . T ◦d−1(v)
p(T )(v) p(T )(T (v)) . . . p(T )(T ◦d−1(v))

...
...

...
pm−1(T )(v) pm−1(T )(T (v)) . . . pm−1(T )(T ◦d−1(v))

(4.7)

ࢂ Cv ΋ಔޑ basis.

Proof. җ µv(x) = p(x)m ޕ dim(Cv) = dm. Ӣࣁ (4.7) ύӅԖ dm ঁϡન, ऩૈ᛾ܴѬॺࣁ
linearly independent over F , ࢂߡѬॺ߾ Cv ΋ಔޑ basis.

ჹܭ 0≤ i≤m−1, 0≤ j ≤ d−1, ऩз hi, j(x) = pi(x)x j, ߾ pi(T )(T ◦ j)(v) = hi, j(T )(v). Ӣ
ࣁ deg(hi, j(x)) = di+ j, ऩޕॺך (i, j) ̸= (i′, j′), ߾ deg(hi, j(x)) ̸= deg(hi′, j′(x)). ඤ言ϐ, ऩ
c0,0, . . . ,ci, j, . . . ,cm−1,d−1 ∈ F όӄࣁ 0, ߾ ∑i, j ci, jhi, j(x) ࢂ F [x] ύ΋ঁ nonzero polynomial.

౜ऩӸӧ΋ಔόӄࣁ ޑ0 {ci, j}٬ள ∑i, j ci, j pi(T )(T ◦ j(v))=OV Ң߄, h(x)=∑i, j ci, jhi, j(x)

೭΋ঁ nonzero polynomial ཮ᅈى h(T )(v) = OV . ᡉฅࡐ deg(h(x)) < dm = deg(µv(x)), ೭
ک annihilator ,က࣬ҟ࣯ۓޑ ள᛾ࡺ (4.7) ύޑϡનࣁ linearly independent. �

Question 4.22. ၂ճҔ T ◦d(v) ∈ Span(v,T (v), . . . ,T ◦d−1(v), p(T )(v)) ٰ᛾ܴ (4.7) ࣁ Cv ޑ

΋ಔ basis.

Example 4.5.2. Եቾ A =


0 −1 0 1
1 0 −1 0
0 1 0 0
0 0 −1 0

,ीᆉள µA(x) = (x2+1)2. Ӣ A2+ I4 ޑ null

space ࣁ N(A2 + I4) = Span((0,1,0,1)t,(0,0,1,0)t), ॺளך R4 = Cv, ύځ v ̸∈ N(A2 + I4), Ъ
µv(x) = (x2 +1)2. ڗа܌ v = (1,0,0,0)t, җ߾ Theorem 4.4.4 ޕ

{v,Av,A2v,A3v}=




1
0
0
0

 ,


0
1
0
0

 ,


−1
0
1
0

 ,


0
−2
0
−1




ࣁ R4 =Cv ΋ಔޑ basis. ฅԶ Lemma 4.5.1 ֋ນךॺ

{v,Av,(A2 + I4)v,(A3 +A)v}=




1
0
0
0

 ,


0
1
0
0

 ,


0
0
1
0

 ,


0
−1
0
−1




ҭࣁ R4 =Cv ΋ಔޑ basis.
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ќѦԵቾ B =

 0 1 −1
−2 3 −2
−1 1 0

, ள µB(x) = (x− 1)2. Ӣ Span((1,1,0)t,(−1,0,1)t) ࣁ

B− I3 ޑ null space, ऩз w = (1,0,0)t, ॺԖך Cw ޑ cyclic basis ࣁ

{w,Bw}=


 1

0
0

 ,

 0
−2
−1

 .

ฅԶ Lemma 4.5.1 ֋ນךॺ

{w,(B− I3)w}=


 1

0
0

 ,

 −1
−2
−1


ҭࣁ Cw ΋ಔޑ basis.

ௗΠٰךॺा探૸ऩճҔ (4.7) ೭΋ಔ basis, ߾ T |Cv ޑ representative matrix .Ֆࣁ ჹ
ܭ 0≤ i≤m−1, 0≤ j ≤ d−1, з vid+ j+1 = pi(T )(T ◦ j(v)). ाԵቾࢂॺ൩ך β = (v1, . . . ,vmd)

೭΋ঁ Cv ޑ ordered basis. ଷ೛ p(x) = xd +ad−1xd−1 + · · ·+a1x+a0, ྽ 1 ≤ k ≤ d−1 ਔ,
ॺԖך T (vk) = T (T ◦k−1(v)) = T ◦k(v) = vk+1. Զ

T (vd) = T (T ◦d−1(v)) = T ◦d(v) = p(T )(v)−ad−1T ◦d−1(v)−·· ·−a1T (v)−a0v

= −a0v1−a1v2−·· ·−ad−1vd +vd+1.

Ψ൩ࢂᇥ [T |Cv ]β ೭΋ঁ matrix 前ޑ d ঁ column ϩձࣁ

0
1
0
...
0
0
0
...
0


,



0
0
1
...
0
0
0
...
0


, . . . ,



0
0
0
...
1
0
0
...
0


,



−a0
−a1
−a2

...
−ad−1

1
0
...
0


.

Ψ൩ࢂᇥ前 d ঁ column ޑԋ׎܌ matrix ࣁ Cp(x)
U
O


೭ኬ׎ޑԄ, ύځ Cp(x) ࣁ d× d ޑ companion matrix of p(x), Զ U ࣁ d× d ޑ matrix
ࣁفӧനѓ΢ځ 1 ࣁдՏ࿼ࣣځ 0. നޑࡕ O ࢂ (m− 2)d× d ޑ zero matrix. ӕ౛྽
id+1≤ k = id+ j+1≤ (i+1)d−1,ךॺԖ T (vk) = T (pi(T )(T ◦ j(v)) = pi(T )(T ◦ j+1(v)) = vk+1.
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Զ྽ k = (i+1)d ਔ

T (v(i+1)d) = T (pi(T )(T ◦d−1(v))) = pi(T )(T ◦d(v))

= pi+1(T )(v)−ad−1 pi(T )(T ◦d−1(v))−·· ·−a1 pi(T )(T (v))−a0 pi(T )(v)

=

{
−a0vid+1−a1vid+2−·· ·−ad−1v(i+1)d +v(i+1)d+1, if i+1 < m;
−a0vmd+1−d−a1vmd+2−d−·· ·−ad−1vmd , if i+1 = m.

ډளࡺ

[T |Cv ]β =



Cp(x)

U Cp(x) O
U

. . .

O . . . Cp(x)
U Cp(x)


.

೭ঁ md×md ંତᆀࣁ the classical matrix associated with p(x)m.

Example 4.5.3. ॺ探૸ӧך Example 4.5.2 ύ, ᒧڗόӕޑ basis ޑள܌ similar matrices.

ճҔ v׎܌ԋޑ cyclic basis,Եቾ P1 =


1 0 −1 0
0 1 0 −2
0 0 1 0
0 0 0 −1

 ߾, P−1
1 AP1 =


0 0 0 −1
1 0 0 0
0 1 0 −2
0 0 1 0


ࣁ µv(x) = (x2 +1)2 = x4 +2x2 +1 ޑ companion matrix. ԶऩԵቾ P2 =


1 0 0 0
0 1 0 −1
0 0 1 0
0 0 0 −1

,

߾ P−1
2 AP2 =


0 −1 0 0
1 0 0 0
0 1 0 −1
0 0 1 0

 ࣁ classical matrix associated with µv(x) = (x2 +1)2. ݙ

ཀ

(
0 −1
1 0

)
ࣁ x2 +1 ޑ companion matrix.

ᜢંܭତ B, җܭ u = (1,1,0)t ∈ N(B− I3) Ъ u ̸∈ Cw, ॺளך R3 = Cw⊕Cu. ౜Եቾ

Q1 =

 1 0 1
0 −2 1
0 −1 0

, ॺԖך Q−1
1 BQ1 =

 0 −1 0
1 2 0
0 0 1

, ࣁ B ޑ rational form. ԶऩԵቾ

Q2 =

 1 −1 1
0 −2 1
0 −1 0

, ॺԖך Q−1
2 BQ2 =

 1 0 0
1 1 0
0 0 1

, ࣁ B ޑ Jordan form.

Question 4.23. ၂ᇥܴ the classical matrix associated with (x−λ )m ൩ࢂ m×m ޑ ele-
mentary Jordan block associated with λ .

ჹܭ΋૓ޑ௃׎, ऩ΋ঁ F-linear operator T : V → V ޑ minimal polynomial µT (x) =

p1(x)m1 · · · pk(x)mk , ճҔ cyclic decomposition theorem (Theorem 4.4.10),

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,
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ύ؂΋ঁځ vi, j ޑ T -annihilator ࣁ µvi, j(x) = pi(x)mi, j ᅈى mi = mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni . Ԝ
ਔऩჹ؂ঁ Cvi, j , ӵڗॺᒧך Lemma 4.5.1 ύ (4.7) ೭ኬ΋ಔ ordered basis, ฅࡕಔӝԋ V

΋ಔޑ ordered basis β , ߾ [T ]β ޑԄ׎аΠࣁ block diagonal matrix

[T ]β =



A1,1
. . .

A1,n1

O . . . O
Ak,1

. . .
Ak,nk


,

ύ؂΋ঁځ Ai, j ࣁ classical matrix associated with µvi, j(x) = pi(x)mi, j . ೭Ψ֋ນךॺҺՖޑ
Бତ೿཮ similar to ೭ኬ׎ԄޑБତ, ࣁॺᆀԜך classical form.

Example 4.5.4. ុۯॺך Example 4.4.11,探૸ Aޑ classical form. ೭္ࣁΑБߡଆך,ـ
ॺݮҔ Example 4.4.11 .಄ဦޑ Ӣ µw1(x) = x2 +1, µw2(x) = (x−1)2 аϷ µw3(x) = x−1, Ե
ቾ Cw1 , Cw2 ک Cw3 ӵ Lemma 4.5.1 ύ (4.7) ೭ኬޑ ordered basis (w1,Aw1), (w2,(A− I5)w2)

аϷ (w3), ԋ׎܌ R5 ޑ order basis. ջऩз

Q =


1 2 1 0 −1
0 1 0 1 0
0 0 1 1 0
0 0 0 1 0
0 0 0 0 1

 , ߾ Q−1AQ =


0 −1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 1 1 0
0 0 0 0 1


ࣁ A ޑ rational form.

Question 4.24. Եቾ square matrix A, ೛ µA(x) = p1(x)m1 · · · pk(x)mk , ύځ pi(x) ޑ౦࣬ࣁ

monic irreducible polynomial. ऩ m1 = m2 = · · · = mk = 1, ၂ᇥܴ A ޑ classical form ൩ࢂ
rational form. ќ΋Бय़, ऩ deg(p1(x)) = deg(p2(x)) = · · · = deg(pk(x)) = 1, ၂ᇥܴ A ޑ

classical form ൩ࢂ Jordan form.

ӧ؃ள rational formаϷ classical formޑၸำύ,ځჴѝाޕၰ؂΋ঁ cyclic vector vi, j

ޑ annihilator pi(x)mi, j , ൩ёаዴځۓ rational form Ϸ classical form. ೭΋ಔ annihilators
࣬྽ޑख़ा, .ကۓޑॺԖаΠך

Definition 4.5.5. ೛ T : V →V ࣁ F-linear operator, Ъ

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύ؂΋ঁځ vi, j ޑ T -annihilator ࣁ µvi, j(x) = pi(x)mi, j ᅈى mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni . ॺᆀך

(p1(x)m1,1 , . . . , p1(x)m1,n1 , . . . , pk(x)mk,1 , . . . , pk(x)mk,nk )

೭΋ಔ polynomials ࣁ T ޑ elementary divisors.
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ӵӧٯ Example 4.4.11 ύ A ޑ elementary divisors ൩ࢂ (x2 +1,(x−1)2,x−1). ाݙཀ
elementary divisors܌ࢂޑࡰԖޑ vi, j ޑ T -annihilators,܌аջ٬Ԗёૈ pi(x)mi, j = pi(x)mi, j′ ,
ΨाஒѬॺ΋΋ӈр. ӵ΋ঁٯ linear operator T : V → V ޑ cyclic decomposition ࣁ
V =Cv⊕Cw⊕Cu ύځ µv(x) = (x+1)2,µw(x) = µu(x) = x+1, ߾ T ޑ elementary divisors ࣁ
((x+1)2,x+1,x+1).

୷ҁ΢, ॺሡाճҔך ker(pi(T )
◦t), ∀ t ∈ N ٰዴۓ T ޑ elementary divisors. όၸךॺ

ёаҗ χT (x) ک µT (x) ளډ T ޑ elementary divisors .ݩёૈ௃ޑ २ӃךॺሡाаΠԖᜢ
elementary divisors .性፦ޑ

Lemma 4.5.6. ೛ T : V →V ࣁ F-linear operator Ъ

(p1(x)m1,1 , . . . , p1(x)m1,n1 , . . . , pk(x)mk,1 , . . . , pk(x)mk,nk )

ࣁ T ޑ elementary divisors, ύځ mi,1 ≥ mi,2 ≥ ·· · ≥ mi,ni, ∀ i ∈ {1, . . . ,k}. ߾

χT (x) = p1(x)m1,1 · · · p1(x)m1,n1 · · · pk(x)mk,1 · · · pk(x)mk,nk ,

µT (x) = p1(x)m1,1 p2(x)m2,1 · · · pk(x)mk,1 .

Proof. җ elementary divisors Ӹӧޕကۓޑ vi, j ∈V ٬ள

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύ؂΋ঁځ vi, j ޑ T -annihilatorࣁ µvi, j(x) = pi(x)mi, j . җ Theorem ॺԖך,4.4.4 χT |Cvi, j
(x) =

µvi, j(x) = pi(x)mi, j , җࡺ Lemma 3.5.5 ள

χT (x) = ∏
i, j

χT |Cvi, j
(x) = ∏

i, j
pi(x)mi, j .

ќѦҗ Theorem 4.4.10, ऩޕॺςך µT (x) = p1(x)m1 p2(x)m2 · · · pk(x)mk , ߾ mi = mi,1,
∀ i ∈ {1, . . . ,k}. ள᛾ࡺ µT (x) = p1(x)m1,1 p2(x)m2,1 · · · pk(x)mk,1 . �

ηᇥܴղᘐٯޑॺճҔаΠך elementary divisors .ݤБޑ

Example 4.5.7. ೛ T : R10 → R10 ࣁ R-linear operator Ъ χT (x) = (x2 + 1)3(x− 1)4 аϷ

µT (x) = (x2+1)2(x−1)2. २Ӄךॺޕၰ (x2+1)2аϷ (x−1)2΋ۓ཮р౜ӧ T ޑ elementary
divisors ύ. όၸ (x2 + 1)2 ό཮р౜ٿԛ. ೭ࢂӢࣁӧ χT (x) ύ (x2 + 1) ԖΟԛБ, а܌
җ Lemma 4.5.6 ໻ᗋԖ΋ঁޕ x2 + 1 ཮р౜. ќ΋Бय़ёૈᗋԖ΋ঁ (x− 1)2 ཮р౜ӧ

elementary divisor ύ, ाόฅ൩ࢂԖঁٿ x−1 ཮р౜. ೭ࢂӢࣁ χT (x) ύ x−1 ԖѤԛБ.
а܌ T ޑ elementary divisors ཮Ԗٿᅿёૈ, ΋ঁࢂ ((x2 +1)2,x2 +1,(x−1)2,(x−1)2). Զ
ќ΋ঁࢂ ((x2 +1)2,x2 +1,(x−1)2,x−1,x−1)).

Կܭ Example 4.5.7 ύ T ޑ elementary divisors ,বᅿёૈࢂۭډ ൩όૈֹӄҗ χT (x)

ک µT (x) .Αۓ،ٰ ԜਔךॺёаԵቾ dim(Ker(T − id)). ऩ dim(Ker(T − id)) = 2 ߄

Ң Ker((T − id)◦2) ёаቪԋঁٿ T -cyclic subspaces ޑ direct sum, ӧ೭ᅿ௃ך׎ॺԖ
((x2 + 1)2,x2 + 1,(x− 1)2,(x− 1)2) ࣁ T ޑ elementary divisors. Զऩ dim(Ker(T − id)) = 3

Ң߄ Ker((T − id)◦2) ёаቪԋΟঁ T -cyclic subspaces ޑ direct sum, ӧ೭ᅿ௃ך׎ॺԖ
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((x2 +1)2,x2 +1,(x−1)2,x−1,x−1) ࣁ T ޑ elementary divisors. Կܭ΋૓ޑ௃׎, ॺ൩ך
Ѹ໪探૸؂΋ঁ Ker(p j

i (T )) .ࡋᆢޑ २ӃךॺԖаΠޑ性፦.

Lemma 4.5.8. ೛ T : V → V ࣁ F-linear operator, v ∈ V ځ T -annihilator ࣁ p(x)m, ځ
ύ p(x) ∈ F [x] ࣁ monic irreducible Ъ deg(p(x)) = d. ჹܭ monic irreducible polynomial
q(x) ∈ F [x], ॺԖך

dim(Ker(ql(T )|Cv)) =


ld, if q(x) = p(x) and 1≤ l ≤ m−1;
md, if q(x) = p(x) and l ≥ m;
0, if q(x) ̸= p(x).

Proof. २ӃԵቾ p(x) = q(x) .ݩ௃ޑ ჹܭ 0 ≤ i ≤ m− 1, 0 ≤ j ≤ d − 1, з vid+ j+1 =

pi(T )(T ◦ j(v)). җ Lemma 4.5.1, ޕॺך β = {v1, . . . ,vmd} ࣁ Cv ΋ಔޑ basis. ջऩ w ∈Cv,
Ӹӧ߾ c1, . . . ,cmd ∈ F ٬ள w = ∑md

k=1 ckvk. ྽ 1≤ l ≤ m−1 ਔ

pl(T )(w) =
m−1

∑
i=0

d−1

∑
j=0

cid+ j+1 pl(pi(T )(T ◦ j(v))) =
m−l−1

∑
i=0

d−1

∑
j=0

cid+ j+1 pl(pi(T )(T ◦ j(v))).

ऩࡺ w ∈ Ker(pl(T )|Cv) = Ker(pl(T ))∩Cv, җ߾ β ࣁ linearly independent ޕ c1 = c2 =

· · ·= c(m−l)d = 0. ள w ∈ Span({v(m−l)d+1, . . . ,vmd}). ৒࣮ܰрࡐ Span({v(m−l)d+1, . . . ,vmd})⊆
Ker(pl(T ))∩Cv, ள᛾ࡺ dim(Ker(pl(T )|Cv)) = md− (m− l)d = ld.

྽ l ≥ m ਔ, Ӣ pl(T )(w) = OV , for all w ∈Cv, ள Ker(pl(T )|Cv) =Cv. ࡺ

dim(Ker(pl(T )|Cv)) = dim(Cv) = md.

Ξऩ p(x) ̸= q(x), җ p(x),q(x) ࣁࣣ monic irreducible ޕ p(x) ᆶ q(x) .ϕ፦ࣁ ౜ऩ
w ∈ Ker(ql(T )|Cv) = Ker(ql(T ))∩Cv, җ w ∈ Cv Ӹӧޕ f (x) ∈ F [x] ٬ள w = f (T )(v), 再җ
w ∈ Ker(ql(T )) ள OV = ql(T )(w) = ql( f (T ))(v). ӢԜҗ µv(x) = p(x)m, ள p(x)m | q(x)l f (x).
ฅԶ p(x) ᆶ q(x) ,ϕ፦ࣁ ளࡺ p(x)m | f (x), ջ w = OV . ள᛾ dim(Ker(ql(T )|Cv)) = 0. �

྽ T : V →V ࣁ linear operator Ъ V =W1⊕·· ·Wk, ύځ Wi ࣁ T -invariant subspace, ߾
Ker(T ) = Ker(T |W1)⊕·· ·⊕Ker(T |Wk). ೭ࢂӢࣁऩ v = w1+ · · ·+wk ∈Ker(T ύځ,( wi ∈Wi,߾
OV = T (v)= T (w1)+ · · ·+T (wk). җܭ T (wi)∈WiЪ V =W1⊕·· ·⊕Wk ࣁ inner direct sum,җ
Proposition 3.4.6 (2) ޕ T (w1) = · · ·= T (wk) = OV . Ψ൩ࢂᇥ wi ∈ Ker(T )∩Wi = Ker(T |Wi),
∀ i = 1, . . . ,k. ౜ऩ

V =Cv1,1⊕·· ·Cv1,n1
⊕·· ·⊕Cvk,1⊕·· ·⊕Cvk,nk

,

ύ؂΋ঁځ vi, j ޑ T -annihilator ࣁ pi(x)mi, j , ؂ঁࣁӢ߾ Cvi′, j ࣁ pi(T )-invariant 再җ
Lemma 4.5.8 ள dim(Ker(pi(T )|Cvi, j

)) = deg(pi(x)), ளࡺ

dim(Ker(pi(T ))) =
ni

∑
j=1

dim(Ker(pi(T )|Cvi, j
)) = ni deg(pi(x)).

ඤ言ϐ, dim(Ker(pi(T )))/deg(pi(x))֋ນךॺ Ker(pmi
i (T )ёаቪԋӭϿঁ T -cyclic subgroup

ޑ direct sum. ӕ౛ऩ mi, j ≥ 2, ߾ dim(Ker(p2
i (T )|Cvi, j

)) = 2deg(pi(x)). Զऩ mi, j ≤ 2, ߾
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dim(Ker(p2
i (T )|Cvi, j

)) = deg(pi(x)). ӢԜ

dim(Ker(p2
i (T ))) =

ni

∑
j=1

dim(Ker(p2
i (T )|Cvi, j

)) = 2(ni− s1)deg(pi(x))+ s1 deg(pi(x)),

ύځ s1 = #{1≤ j ≤ ni | mi, j = 1}. Ψ൩ࢂᇥךॺёҗ

dim(Ker(p2
i (T )))−dim(Ker(pi(T ))) = (ni− s1)deg(pi(x))

ளޕ T ޑ elementary divisors ύԖӭϿঁࣁ pi(x)t ύځ t > 1 ೭ᅿ׎Ԅ. ԶЪךॺޕ T ޑ

elementary divisors ύԖ

s1 = (2dim(Ker(pi(T )))−dim(Ker(p2
i (T ))))/deg(pi(x))

ࣁঁ pi(x). ٩Ԝᜪ௢, ऩз st = #{1≤ j ≤ ni | mi, j = t}, ྽߾ 1≤ l ≤ mi ਔ,

dim(Ker(pl
i(T ))) = (l(ni− (s1 + s2 + · · ·+ sl−1))+ s1 +2s2 + · · ·+(l−1)sl−1)deg(pi(x)).

җࡺ

dim(Ker(pl
i(T ))−dim(Ker(pl−1

i (T )))) = (ni− (s1 + s2 + · · ·+ sl−1))deg(pi(x)) (4.8)

ॺёаஒך s1,s2, . . . ,smi ΋΋؃р.

Proposition 4.5.9. ೛ T : V →V ࣁ F-linear operator Ъ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ
pi(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial. ჹܭ i ∈ {1, . . . ,k}, ྽ 1≤ l ≤ mi ਔ, T

ޑ elementary divisors ύ pi(x)l р౜ޑԛ數ࣁ

1
deg(pi(x))

(
2dim(Ker(pl

i(T )))−dim(Ker(pl−1
i (T )))−dim(Ker(pl+1

i (T )))
)
.

Proof. ճҔ前य़ޑ಄ဦ, T ޑ elementary divisors ύ pi(x)l р౜ޑԛ數ࣁ sl. җԄη (4.8)
྽ޕॺך 1≤ l ≤ mi−1 ਔ

dim(Ker(pl
i(T )))−dim(Ker(pl−1

i (T )))−
(

dim(Ker(pl+1
i (T )))−dim(Ker(pl

i(T )))
)

= (ni− (s1 + s2 + · · ·+ sl−1)− (ni− (s1 + s2 + · · ·+ sl)))deg(pi(x)) = sl deg(pi(x)).

ќѦ྽ l = mi ਔ Ker(pmi
i (T )) = Ker(pmi+1

i (T )) аҗԄη܌ (4.8) ޕ

2dim(Ker(pmi
i (T )))−dim(Ker(pmi−1

i (T )))−dim(Ker(pmi+1
i (T )))

= dim(Ker(pmi
i (T ))−dim(Ker(pmi−1

i (T ))))
= (ni− (s1 + s2 + · · ·+ smi−1))deg(pi(x)) = smi deg(pi(x)),

ள᛾ҁۓ౛. �

җ Proposition 4.5.9, ޕॺளך T ޑ elementary divisors ֹӄҗ Ker(pl
i(T )) ,ۓ،ٰ

೭ک V ޑ basis ᒧڗคᜢ. Ψ൩ࢂᇥόᆅᒧ࡛ڗኬޑ cyclic basis, ޑӕ࣬ډॺ೿཮ளך
elementary divisors. ޑа೿ёаϯԋ࣬ӕ܌ rational form ک classical form. Ψ൩ࢂᇥ
rational form ک classical form ೿ࢂ canonical form. .ॺԖаΠϐ่ፕך

Theorem 4.5.10. ೛ A,B ࣁ n×n matrices. ߾ A ک B ࣁ similar ऩЪ୤ऩ A ک B ёа

ϯԋ࣬ӕޑ rational form ΨऩЪ୤ऩ A ک B ёаϯԋ࣬ӕޑ classical form.
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ӧ Theorem 4.3.9 ၰ྽ޕॺך A ∈ Mn(F) Ъ χA(x) ёаӧ F [x] ύֹӄϩှԋ΋ԛޑ

monic polynomials ,४ᑈޑ ߾ A ޑ transpose At ک A ࣁ similar. ྽ਔךॺΨගډ೭ঁۓ౛
ӧ΋૓ݩރޑΨࢂჹޑ, ౜ӧךॺёа᛾ܴ೭ঁ׳΋૓่݀ޑ.

Theorem 4.5.11. ೛ A ࣁ n×n matrix, ߾ A ޑ transpose At ک A ࣁ similar.

Proof. Ӣ µA(x) = µAt(x). ऩ µA(x) = p1(x)m1 · · · pk(x)mk , ॺ໻ा૸ፕך ∀ i ∈ {1, . . . ,k} ჹ
ܭ 1 ≤ l ≤ mi, pi(x)l р౜ӧ A ޑ elementary divisors р౜ӧܭԛ數฻ޑ At ޑ ele-
mentary divisors .ԛ數ޑ ೭߄Ң A ک At Ԗ࣬ӕޑ elementary divisors, ࣁадॺ܌
similar. ฅԶ pi(x)l р౜ӧ A ޑ elementary divisors ԛ數٩ޑ Proposition 4.5.9 җޕ
dim(Ker(pl−1

i (A))),dim(Ker(pl
i(A))) аϷ dim(Ker(pl+1

i (A))) .ۓ،܌ ԶჹܭҺཀ j ∈N, ॺך
Ԗ

dim(Ker(p j
i (A))) = dim(Ker((p j

i (A))
t)) = dim(Ker(p j

i (A
t))).

.౛ۓள᛾ҁࡺ �

а前ךॺමගډऩ A,B ∈Mn(F) ЪӸӧ΋ঁК F 大ޑ field F̃ ٬ளӧ Mn(F̃) ύ A ∼ B

(ջӸӧ P̃ ∈Mn(F̃) invertible ٬ள B = P̃−1 ·A · P̃), ӧ߾ Mn(F) ύ A∼ B (ջӸӧ P ∈Mn(F)

invertible ٬ள B = P−1 ·A ·P). ೭ঁ٣ჴࢂӢࣁҗ A,B ࣮ԋ Mn(F̃) ޑ matrices ਔѬॺ
ޑ elementary divisors ࣬ӕёа௢ள A,B ࣮ԋ Mn(F) ޑ matrices ਔѬॺޑ elementary
divisors Ψ࣬ӕ. ᛾ܴޑಒ࿯, ൩੮๏大ৎ྽ԋಞᚒΑ.





Chapter 5

Operators on Inner
Product Spaces

ӧ೭΋കύךॺፋፕӧ inner product spaces ύޑ linear operators .性፦ޑ җܭ inner
product spaces К΋૓ vector spaces Ԗ׳ᙦ൤่ޑᄬ, ݩ探૸೭௃ޑుΕ׳ॺёаךа܌
Πޑ linear operators. ޑதҔࢂޑॺፋፕך inner product spaces, ޑа೭΋കύ܌ vector
spaces ࣁࣣ vector space over C ࢂ܈ R.

5.1. Inner Product Spaces

ӧ೭΋࿯ύ, ॺᙁൂϟಏך inner product space .ကϷ୷ҁ性፦ۓޑ २Ӄӣ៝ዕ஼ޑ
Real inner product space.

Definition 5.1.1. з V ΋ঁࣁ vector space over R. ऩڄ數 ⟨ , ⟩ : V ×V →R ᅈىаΠޑ性
፦, ࣁᆀߡ V ΋ঁޑ inner product.

(1) ⟨v,w⟩= ⟨w,v⟩, ∀v,w ∈V .

(2) ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩, ∀u,v,w ∈V and r,s ∈ R.

(3) ⟨v,v⟩ ≥ 0, ∀v ∈V . ԶЪ ⟨v,v⟩= 0 ऩЪ୤ऩ v = OV .

Ԝਔךॺᆀ V ࣁ real inner product space.

Կܭ complex ,׎௃ޑ २Ӄӣ៝, ऩ z ∈ C, ॺҔך z Ң߄ z ޑ conjugate (Ӆ೫ፄ數).

Definition 5.1.2. з V ΋ঁࣁ vector space over C. ऩڄ數 ⟨ , ⟩ : V ×V →C ᅈىаΠޑ性
፦, ࣁᆀߡ V ΋ঁޑ inner product.

(1) ⟨v,w⟩= ⟨w,v⟩, ∀v,w ∈V .

(2) ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩, ∀u,v,w ∈V and r,s ∈ C.

(3) ⟨v,v⟩ ≥ 0, ∀v ∈V . ԶЪ ⟨v,v⟩= 0 ऩЪ୤ऩ v = OV .

105
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Ԝਔךॺᆀ V ࣁ complex inner product space.

,ཀݙ ΋ঁ vector spaceёаԖόӕޑ inner product. ྽ךॺᇥ V ΋ঁࢂ inner product
space, ΋ঁࢌۓॺς๏ךҢ߄ inner product.

Example 5.1.3. ӧ Rn ύךॺۓက

⟨(x1, . . . ,xn),(y1, . . . ,yn)⟩= x1y1 + · · ·+ xnyn,

Ԝࣁ Rn ޑ standard inner product. ӧԜ inner product ϐΠ, ॺᆀך Rn ࣁ n-dimensional
Euclidean space.

ӧ Cn ύךॺۓက

⟨(x1, . . . ,xn),(y1, . . . ,yn)⟩= x1y1 + · · ·+ xnyn,

Ԝࣁ Cn ޑ standard inner product. ӧԜ inner product ϐΠ, ॺᆀך Cn ࣁ n-dimensional
unitary space.

Question 5.1. ଷ೛ V ΋ঁࢂ over C ޑ inner product space. ऩஒ V ࣮ԋࢂ vector space
over R, ցࢂ V ࣁ over R ޑ inner product space?

ཀӧݙ real inner product space ,׎௃ޑ җܭ (1) ,ჹᆀ性ޑ ճҔ (2) ჹܭҺཀޑ
u,v,w ∈V аϷ r,s ∈ R ॺԖך

⟨u,rv+ sw⟩= r⟨u,v⟩+ s⟨u,w⟩.

ӢԜჹҺཀޑ v,v′,w,w′ ∈V аϷ r,r′,s,s′ ∈ R ॺԖך

⟨rv+ r′v′,sw+ s′w′⟩ = r⟨v,sw+ s′w′⟩+ r′⟨v′,sw+ s′w′⟩

= rs⟨v,w⟩+ rs′⟨v,w′⟩+ r′s⟨v′,w⟩+ r′s′⟨v′,w′⟩ (5.1)

όၸӧ complex ,׎௃ޑ җ߾ (1), (2) ჹܭҺཀޑ u,v,w ∈V аϷ r,s ∈ C ॺԖך

⟨u,rv+ sw⟩= ⟨rv+ sw,u⟩= r⟨v,u⟩+ s⟨w,u⟩= r⟨u,v⟩+ s⟨u,w⟩.

ӢԜჹܭҺཀޑ v,v′,w,w′ ∈V аϷ r,r′,s,s′ ∈ C ॺԖך

⟨rv+ r′v′,sw+ s′w′⟩ = r⟨v,sw+ s′w′⟩+ r′⟨v′,sw+ s′w′⟩

= rs⟨v,w⟩+ rs′⟨v,w′⟩+ r′s⟨v′,w⟩+ r′s′⟨v′,w′⟩ (5.2)

ӧ inner productۓޑကύ, ⟨v,v⟩= 0ऩЪ୤ऩ v =OV ,೭΋ঁ性፦ᆀࣁ non-degenerate.
ѬёаዴךߥॺԖаΠϐ性፦.

Lemma 5.1.4. ऩ V ΋ঁࢂ inner product space Ъ v ∈ V ᅈى ⟨v,w⟩ = 0, ∀w ∈ V , ߾
v = OV .

Proof. ѝाᒧڗ w = v, Ԗ߾ ⟨v,v⟩= 0. җࡺ inner product ޕကۓޑ v = OV . �
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Lemma 5.1.4 ֋ນךॺ΋ঁղۓ V ύϡનࢂցࣁ OV .ݤБޑ ౜ऩ v,u ∈ V , ᅈى
⟨v,w⟩= ⟨u,w⟩, ∀w ∈V , җ߾

⟨v−u,w⟩= ⟨v,w⟩−⟨u,w⟩= 0

ளޕ v = u. .性፦ޑॺԖаΠᙁൂՠԖҔךа܌

Corollary 5.1.5. ೛ V ΋ঁࢂ inner product space. ऩ v,u∈V ᅈى ⟨v,w⟩= ⟨u,w⟩, ∀w∈V ,
߾ v = u.

Lemma 5.1.4 ΨёаᔅշךॺΑှ linear operator, аΠޑ性፦ஒٰ཮ࡐԖҔ. ाݙཀ
ӧ real ک complex .όӕޑ

Proposition 5.1.6. ೛ V ΋ঁࢂ inner product space Ъ T : V →V ࣁ linear operator.

(1) ྽ V ΋ঁࢂ real inner product space, ऩ ⟨T (v),w⟩ = 0, ∀v,w ∈ V ߾ T ࣁ zero
mapping.

(2) ྽ V ΋ঁࢂ complex inner product space, ऩ ⟨T (v),v⟩ = 0, ∀v ∈ V ߾ T ࣁ zero
mapping.

Proof. ๏ۓҺཀ v ∈ V , Ӣ ⟨T (v),w⟩ = 0, ∀w ∈ V , җࡺ Lemma 5.1.4 ޕ T (v) = OV . Ӣࣁ
ჹҺཀ v ∈V ࣣԋҥ, ࡺ T = O.

Կܭ complex ,׎௃ޑ ճҔ฻Ԅ (5.2) ჹܭҺཀޑ v,w ∈V аϷ r ∈ C ॺԖך

0 = ⟨T (rv+w),rv+w⟩

= ⟨rT (v)+T (w),rv+w⟩

= rr⟨T (v),v⟩+ r⟨T (v),w⟩+ r⟨T (w),v⟩+ ⟨T (w),w⟩

= r⟨T (v),w⟩+ r⟨T (w),v⟩

྽ךॺϩձ代 r = 1 ک r =
√
−1, ёள ⟨T (v),w⟩+ ⟨T (w),v⟩= 0 ک ⟨T (v),w⟩−⟨T (w),v⟩= 0.

٩Ԝள ⟨T (v),w⟩, ∀v,w ∈V . ޕҗ前य़่ፕࡺ T = O. �

྽ V ΋ঁࢂ inner product space, όᆅࢂ over R ࢂ܈ over C, ޑॺ೿཮ԖаΠך
Cauchy-Schwarz inequality.

Lemma 5.1.7. ଷ೛ V ΋ঁࢂ inner product space over F, ύځ F = R ܈ C. ऩჹܭҺཀ
v ∈V ကۓॺך ∥v∥=

√
⟨v,v⟩, Һཀܭჹ߾ v,w ∈V , ࣣԖ

|⟨v,w⟩| ≤ ∥v∥∥w∥.

ԶЪ |⟨v,w⟩|= ∥v∥∥w∥ ऩЪ୤ऩ v,w ࣁύԖ΋ঁځ OV Ӹӧࢂ܈ r ∈ F ٬ள v = rw.

Proof. ྽ v,w ࣁύԖ΋ঁځ OV , .ၰ฻Ԅԋҥޕ৒ܰࡐ ॺଷ೛ךа܌ v,w ࣣόࣁ OV . ჹ
Һཀܭ r ∈ F , ྽ F ࣁ R ਔճҔԄη (5.1) ॺԖך

0≤ ⟨v− rw,v− rw⟩= ⟨v,v⟩−2r⟨v,w⟩+ r2⟨w,w⟩.
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Ԝਔз r = ⟨v,w⟩/⟨w,w⟩, ॺԖך
⟨v,w⟩2

⟨w,w⟩
≤ ⟨v,v⟩.

྽ F ࣁ C ਔճҔԄη (5.2) ॺԖך

0≤ ⟨v− rw,v− rw⟩= ⟨v,v⟩− r⟨w,v⟩− r⟨v,w⟩+ rr⟨w,w⟩.

Ԝਔз r = ⟨v,w⟩/⟨w,w⟩ ཀݙ) r = ⟨v,w⟩/⟨w,w⟩, Ӣࣁ ⟨w,w⟩ ∈ R), ॺԖך

⟨v,w⟩⟨v,w⟩
⟨w,w⟩

≤ ⟨v,v⟩.

Ӣࣁӧ F = C ਔ ⟨v,w⟩⟨v,w⟩= |⟨v,w⟩|2 ள᛾Ԝࡺ inequality.

നࡕऩ฻Ԅԋҥ߄ҢӸӧ r ∈ F ཮٬ள ⟨v− rw,v− rw⟩= 0 Ԝջ v = rw. �

๏ۓ΋ঁ inner product ϐࡕ, ޑᒏ܌ကۓॺ൩ёаך norm. ೭ࢂӢךࣁॺԖаΠޑ性
፦:

Proposition 5.1.8. ଷ೛ V ΋ঁࢂ inner product space over F (F =R ܈ C). ऩჹܭҺཀ
v ∈V ကۓॺך ∥v∥=

√
⟨v,v⟩, :性፦ޑॺԖаΠך߾

(1) ∥v∥ ≥ 0 ԶЪ ∥v∥= 0 ऩЪ୤ऩ v = OV .

(2) ჹܭҺཀ r ∈ F аϷ v ∈V , ࣣԖ ∥rv∥= |r|∥v∥.

(3) ჹܭҺཀ v,w ∈V , ࣣԖ ∥v+w∥ ≤ ∥v∥+∥w∥.

Proof. (1) ௗҗޔ inner product 性፦ޑ (3) ёள, Զ (2) җԄη (5.1), (5.2) ёள, ךа܌
ॺ໻᛾ܴ (3). җ ⟨v+w,v+w⟩= ⟨v,v⟩+2⟨v,w⟩+ ⟨w,w⟩, аϷ Lemma 5.1.7 ޕॺך

∥v+w∥2 = ⟨v+w,v+w⟩ ≤ ∥v∥2 +2∥v∥∥w∥+∥w∥2 = (∥v∥+∥w∥)2,

ள᛾ ∥v+w∥ ≤ ∥v∥+∥w∥. �

Proposition 5.1.8 (3) ό฻ԄفΟޑᒏ܌ࢂ性፦൩ޑ (triangle inequality). ΋ঁ vector
space V , ऩӸӧ΋ঁڄ數 ∥ ∥ : V → R ᅈى Proposition 5.1.8 ࣁᆀߡΟঁ性፦ޑ normed
linear space, Զڄ數 ∥ ∥ ΋ঁࢂᆀբߡ norm. а΋ঁ܌ inner product space ёаճҔ
Proposition 5.1.8 ޑрۓ܌ norm ٬ϐԋࣁ΋ঁ normed linear space. ќѦԖΑ norm ჹ
Һཀܭ v,w ∈ V , рۓॺёаך v,w ຯᚆޑ (distance) d(v,w) = ∥v−w∥. ԶӸԖ distance
ޑ vector space ࣁॺᆀך metric space. а܌ inner product space Ψ཮ࢂ metric space. ӧ
metric space ύԖΑຯᚆ, ကۓёߡॺך sequence .ԏᔙᆶวණޑ όၸ೭όឦܭҁᖱက܌ा
ፋፕޑፐᚒ, .ॺ൩όӭፋך

Question 5.2. ଷ೛ V ΋ঁࢂ inner product space. ၂ճҔ Proposition 5.1.8 ޑрۓ܌
norm ᛾ܴ parallelogram law, ջჹܭҺཀ v,w ∈V ࣣԖ

∥v+w∥2 +∥v−w∥2 = 2∥v∥2 +2∥w∥2.
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Inner product space όѝᡣךॺளډ metric space, ќ΋ঁख़ाޑ性፦൩ޔࠟࢂ (or-
thogonal) .ۺཷޑ .ကۓޑॺԖаΠך

Definition 5.1.9. ଷ೛ V ΋ঁࢂ inner product space. ऩ v,w ∈ V ᅈى ⟨v,w⟩ = 0, ᆀ߾
v,w ࣁ orthogonal, Ҕ v⊥ w .Ң߄ٰ

ऩ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis ЪჹҺཀ i ̸= j ࣣԖ vi ⊥ v j, ॺᆀך߾ {v1, . . . ,vn} ࣁ
V ΋ಔޑ orthogonal basis. ऩ orthogonal basis ύҺཀޑ vi ࣣᅈى ∥vi∥= 1, ࣁॺᆀϐך V

΋ಔޑ orthonormal basis.

ཀऩݙ ⟨v,w⟩= 0, ߾ ⟨w,v⟩= 0, а܌ v⊥ w ҭ฻ӕܭ w⊥ v.

Question 5.3. ⊥ ΋ঁࣁցࢂ equivalent relation? Ѭ಄ӝব٤ equivalent relation ?చҹޑ

ကऩۓ٩ {w1, . . . ,wn} ࣁ V ΋ಔޑ orthogonal basis, з vi =
1
∥wi∥wi, ߾ {v1, . . . ,vn} ൩

ࢂ V ΋ಔޑ orthonormal basis.

Ԗ΋ಔ orthogonal basis ܈) orthonormal basis) {v1, . . . ,vn} Һཀܭჹࢂߡӳೀޑ v ∈V

ஒޑזࡐॺёаך v ቪԋ {v1, . . . ,vn} ޑ linear combination. ೭ࢂӢࣁऩ v = c1v1 + · · ·+
cnvn, ճҔ߾

⟨v,vi⟩= c1⟨v1,vi⟩+ · · ·+ cn⟨vn,vi⟩= ci⟨vi,vi⟩,

ёள

ci =
⟨v,vi⟩
⟨vi,vi⟩

.

྽ V ࣁ finite dimensional ਔ, ॺёаճҔך Gram-Schmidt orthogonalization process ډפ
V ΋ಔޑ orthogonal basis ܈) orthonormal basis). ӧԜ໻ౣॊ΋Π೭ঁ process.

२ӃҺڗ w1 ∈V \{OV} Ъз v1 = w1. ௗ๱ᒧڗ w2 ∈V \Span({w1}), Ъз

v2 = w2−
⟨w2,v1⟩
⟨v1,v1⟩

v1.

ཀԜਔݙ ⟨v1,v2⟩= 0 Ъ Span({v1,v2}) = Span({w1,w2}). ௗΠٰӵ݀ Span({v1,v2}) =V , ߾
{v1,v2} ൩ࢂ V ΋ಔޑ orthogonal basis. ց߾再ډפ w3 ∈V \Span({w1,w2}), ฅࡕз

v3 = w3−
(
⟨w3,v1⟩
⟨v1,v1⟩

v1 +
⟨w3,v2⟩
⟨v2,v2⟩

v2

)
.

ཀԜਔݙ ⟨v1,v3⟩= ⟨v2,v3⟩= 0 Ъ Span({v1,v2,v3}) = Span({w1,w2,w3}). ӵԜ΋ޔΠѐ, Ψ
൩ࢂᇥډפ wi ∈V \Span({w1, . . . ,wi−1}), ฅࡕз

vi = wi−
(
⟨wi,v1⟩
⟨v1,v1⟩

v1 + · · ·+
⟨wi,vi−1⟩
⟨vi−1,vi−1⟩

vi−1

)
.

ཀԜਔݙ ⟨v1,vi⟩ = · · · = ⟨vi−1,vi⟩ = 0 Ъ Span({v1, . . . ,vi}) = Span({w1, . . . ,wi}). җܭ V ࢂ

finite dimensional, ೭ঁำׇ΋ۓ཮ଶЗ. ҭջډפ {v1, . . . ,vn} ࣁ V ΋ಔޑ orthogonal
basis. 再ԛமፓ, ӧ前य़ၸำύӵ݀ךॺஒ؂ঁ vi ४΢ ∥vi∥−1 ൩ளډ orthonormal basis.
ќ΋Бय़, ऩচҁςԖ V ΋ಔޑ basis {w1, . . . ,wn}, ܭҗ߾ wi ∈V \Span({w1, . . . ,wi−1}), ܌
аޔௗ঺Ҕ΢य़ޑ process, ൩ёаளډ V ΋ಔޑ orthogonal basis.
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྽ W ࢂ V ޑ subspace ਔ, ډפၰёаޕॺך W ′ ࣁ V ޑ subspace ٬ள V =W ⊕W ′,
όၸ಄ӝ೭ঁచҹޑ W ′ ٠ό୤΋. ӧ inner product space ύ, ॺёау΢చҹ٬ளך W ′

.୤΋ࣁ .ကۓޑॺሡाаΠך

Definition 5.1.10. ଷ೛ V ࣁ inner product space, S ࣁ V ΋ঁޑ nonempty subset. з

S⊥ = {v ∈V | ⟨v,w⟩= 0, ∀w ∈ S}.

ॺᆀך S⊥ ࣁ the orthogonal complement of S in V .

Question 5.4. ϙሶࢂ {OV}⊥? ϙሶࢂ V⊥?

ᜢܭ S⊥ .性፦ޑॺԖаΠ൳ঁᙁൂך

Lemma 5.1.11. ଷ೛ V ࣁ inner product space.

(1) ऩ S ࣁ V ޑ nonempty subset, ߾ S⊥ ࣁ V ޑ subspace.

(2) ऩ S1,S2 ࣁ V ޑ nonempty subsets ᅈى S1 ⊆ S2, ߾ S⊥2 ⊆ S⊥1 .

(3) ऩ S ࣁ V ޑ nonempty subset, ߾ S⊥ = Span(S)⊥.

(4) ऩ W ࣁ V ޑ subspace, ߾ W ∩W⊥ = {OV}.

Proof. з V ࣁ inner product space over F (ջ F = C ܈ F = R).

(1) २Ӄۓ٩က OV ∈ S⊥. Ξऩ v1,v2 ∈ S⊥, Һཀܭჹ߾ r,s ∈ F ࣣԖ ⟨rv1 + sv2,w⟩ =
r⟨v1,w⟩+ s⟨v2,w⟩= 0, ∀w ∈ S. ҭջ rv1 + sv2 ∈ S⊥. ள᛾ S⊥ ࣁ V ޑ subspace.

(2) ऩ v ∈ S⊥2 , ҢჹҺཀ߄ w ∈ S2 ࣣԖ ⟨v,w⟩ = 0. ჹҺཀࡺ w ∈ S1 Ӣ S1 ⊆ S2, ޕ
w ∈ S2, ள᛾ v ∈ S⊥1 , ջ S⊥2 ⊆ S⊥1 .

(3) Ӣ S ⊆ Span(S), җࡺ (2) ޕ Span(S)⊥ ⊆ S⊥. ќ΋Бय़, ऩ v ∈ S⊥, ჹҺཀ߾
w ∈ Span(S), ӢӸӧ c1, . . . ,cn ∈ F аϷ w1 . . . ,wn ∈ S ٬ள w = c1w1+ · · ·+cnwn, ך
ॺԖ ⟨w,v⟩= c1⟨w1,v⟩+ · · ·+cn⟨wn,v⟩= 0. ҭջ v ∈ Span(S)⊥, ள᛾ S⊥ ⊆ Span(S)⊥,
ࡺ S⊥ = Span(S)⊥.

(4) ऩ v ∈W ∩W⊥, Ң߄ v⊥ v, ջ ⟨v,v⟩= 0. җࡺ inner product ޕ性፦ޑ v = OV .

�

Question 5.5. ӧ Lemma 5.1.11 (1) ύ S όሡଷ೛ࣁ V ޑ subspace, S⊥ ϝࣁ V ޑ

subspace. Ֆӧࣁ (4) ύሡଷ೛ W ࣁ V ޑ subspace?

Question 5.6. ၂᛾ܴऩ W1,W2 ࣁ V ޑ subspaces, ߾ (W1 +W2)
⊥ =W⊥1 ∩W⊥2 .

྽W ࢂ V ޑ subspaceךॺёаճҔ Gram-Schmidt processډפW ΋ಔޑ orthogonal
basis S = {w1, . . . ,wk}. ԜਔჹҺཀ v ∈V ऩз

ṽ =
⟨v,w1⟩
⟨w1,w1⟩

w1 + · · ·+
⟨v,wk⟩
⟨wk,wk⟩

wk,

ॺԖך ṽ ∈W ԶЪჹҺཀ wi ࣣԖ ⟨v− ṽ,wi⟩ = 0. ӢԜҗ Lemma 5.1.11 (3) ॺளך
v− ṽ ∈ S⊥ = Span(S)⊥ =W⊥. ӢԜךॺԖаΠޑ性፦.
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Proposition 5.1.12. ଷ೛ V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional
subspace. ჹҺཀ v ∈V , Ӹӧ ṽ ∈W ᅈىаΠ性፦.

(1) v− ṽ ∈W⊥

(2) ჹܭҺཀ w ∈W \{ṽ}, ࣣԖ ∥v− ṽ∥< ∥v−w∥.

(3) ∥ṽ∥ ≤ ∥v∥.

Proof. ᒧۓ W ΋ಔޑ orthogonal basis S = {w1, . . . ,wk}, ჹҺཀ v ∈V , ճҔ前य़܌ॊךॺ
Ԗ v− ṽ ∈W⊥. ள᛾ (1).

౜Һڗ w ∈W , җ ṽ−w ∈W , ॺԖך

⟨v−w,v−w⟩= ⟨v− ṽ+ ṽ−w,v− ṽ+ ṽ−w⟩= ⟨v− ṽ,v− ṽ⟩+ ⟨ṽ−w, ṽ−w⟩.

ளࡺ ∥v−w∥ ≥ ∥v− ṽ∥ Ъ฻ဦԋҥऩЪ୤ऩ ⟨ṽ−w, ṽ−w⟩= 0, ջ w = ṽ. ள᛾ (2).

നࡕӢ v− ṽ ∈W⊥ Ъ ṽ ∈W , ள

⟨v,v⟩= ⟨v− ṽ+ ṽ,v− ṽ+ ṽ⟩= ⟨v− ṽ,v− ṽ⟩+ ⟨ṽ, ṽ⟩.

ޕࡺ ∥ṽ∥ ≤ ∥v∥. ள᛾ (3). �

җ Proposition 5.1.12 (2) ޕॺך ṽ ࢂ W ύຯᚆ v നޑ߈, а܌ ṽ ,ޑ୤΋ࢂ ջό཮Ӣ
W ޑ orthogonal basis .όӕ܌όӕԶԖڗᒧޑ ॺ೯தҔך projW (v)ٰ߄Ң ṽ Ъᆀϐࣁ the
projection of v on W . ќѦךॺाமፓջ٬ V όࢂ finite dimensional, ѝाW ࢂ V ޑ finite
dimensional subspace, Proposition 5.1.12 ϝฅԋҥ. όၸऩ W όࢂ finite dimensional, ߾
Proposition 5.1.12 ൩ό΋ۓԋҥΑ.

Question 5.7. ၂᛾ܴ Proposition 5.1.12 ύ ∥ṽ∥= ∥v∥ ࣁкाచҹޑ v ∈W .

౜ჹܭҺཀ v ∈ V , ॺёቪԋך v = v−projW (v)+ projW (v). җܭ v−projW (v) ∈W⊥ Ъ

projW (v) ∈W , ॺளך V =W +W⊥. Ξҗ Lemma 5.1.11 (4), W ∩W⊥ = {OV}, ॺள᛾аΠך
.౛ۓ

Theorem 5.1.13. з V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional subspace.
߾

V =W ⊕W⊥.

੝ձޑ྽ V ҁࢂي finite dimensional, ҺՖޑ subspace Ψࢂ finite dimensional, а܌
Theorem 5.1.13 ჹܭ V ޑҺཀޑ subspace ࣣԋҥ. ౜ऩԵቾ W⊥ ೭ঁ subspace, ॺԖך
V =W⊥⊕ (W⊥)⊥. ցࢂॺԾฅ཮ୢך W = (W⊥)⊥?

Corollary 5.1.14. з V ࣁ inner product space Ъ W ࣁ V ޑ finite dimensional subspace.
߾

(W⊥)⊥ =W.



112 5. Operators on Inner Product Spaces

Proof. ऩ w ∈W , ჹҺཀ߾ v ∈W⊥, Ӣ ⟨w,v⟩= 0, ள w ∈ (W⊥)⊥. ள᛾ W ⊆ (W⊥)⊥. ќ΋
Бय़ऩ v ∈ (W⊥)⊥, २ӃճҔ Theorem 5.1.13, ॺёஒך v ቪԋ v = w+w′, ύځ w ∈W Ъ

w′ ∈W⊥. җܭ v ∈ (W⊥)⊥, ॺԖך ⟨v,w′⟩= 0, ளࡺ

0 = ⟨v,w′⟩= ⟨w,w′⟩+ ⟨w′,w′⟩= ⟨w′,w′⟩.

Ԝջ߄Ң w′ = OV , ޕࡺ v = w ∈W , ջ᛾ள (W⊥)⊥ ⊆W . �

Question 5.8. ၂᛾ܴჹܭ΋૓ inner product space ޑ subspace W (όሡଷ೛ finite
dimensional) ࣣԖ W⊥ =

(
(W⊥)⊥

)⊥.

Question 5.9. ೛ V ࣁ finite dimensional inner product space, S ࣁ V ޑ subset. ၂ୢ
(S⊥)⊥ ཮ࣗࢂሶ? Ξऩ W1,W2 ࣁ V ޑ subspace, ၂᛾ (W1∩W2)

⊥ =W⊥1 +W⊥2

ჹܭ V ঁٿޑ subsets S,S′, ऩჹܭҺཀ v ∈ S,v′ ∈ S′ ࣣԖ ⟨v,v′⟩ = 0, Ҕ߾ S ⊥ S′ ߄ٰ

Ң. ੝ձޑ, ऩ W,W ′ ࣁ V ޑ subspaces Ъ W ⊥W ′, ߾ W ′ ⊆W⊥, ճҔࡺ Lemma 5.1.11 ё
ள W ∩W ′ = {OV}. ౜ऩ W1, . . . ,Wk ࣁ V ޑ subspaces ᅈى V =W1 + · · ·+Wk, ЪჹܭҺཀ
i ̸= j, ࣣԖ Wi ⊥Wj, ߾ V ࣁ W1, . . . ,Wk ޑ direct sum. ࣁॺ੝ձᆀԜך V ΋ᅿޑ orthogonal
direct sum Ъஒ೭ᅿ direct sum Ҕ

V =W1� · · ·�Wk

.Ң߄ٰ ӵ྽ٯ W ࣁ V ޑ finite dimensional subspace, Theorem 5.1.13 ֋ນךॺ

V =W �W⊥.

5.2. Dual Spaces

Dual space کۺཷޑ inner product space ,Ԗ೚ӭ࣬ᜢ性ۺཷޑ ԶЪԖ೚ӭ inner
product space 性፦Ҕޑ dual space ٰඔॊၨࣁమཱ. ॺ੝ձϟಏךаӧ೭΋࿯ύ܌ dual
space.

Definition 5.2.1. ଷ೛ V ΋ঁࢂ vector space over F , ऩ f : V → F ΋ঁࣁ F-linear
transformation, ᆀ߾ f ΋ঁࣁ linear functional on V . ޑԖ܌ linear functional on V ԋ׎

΋ঁ vector space over F , ࣁॺᆀϐך V ޑ dual space, Ҕ V ∗ .Ң߄ٰ

Question 5.10. Եቾ n× n ંତޑ determinant 數ڄ det : Mn(F)→ F аϷ trace 數ڄ
tr : Mn(F)→ F. ব΋ঁࢂ linear functional on Mn(F)?

ӣ៝΋Π๏ۓ V ΋ಔޑ basis, {v1, . . . ,vn} Һཀᒧڗ w1, . . . ,wn ∈W , ޑ୤΋ډפॺёך
linear transformation T : V →W ᅈى T (vi) = wi, ∀ i = 1, . . . ,n. ౜ჹܭҺཀ i = 1, . . . ,n ॺך

Եቾ v∗i : V → F ޑ୤΋ࣁ linear function on V , ᅈى

v∗i (v j) =

{
1, if j = i;
0, if j ̸= i.

.ॺԖаΠ性፦ך
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Theorem 5.2.2. ଷ೛ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis, ߾ {v∗1, . . . ,v∗n} ࣁ V ∗ ΋ಔޑ basis.
੝ձޑ, ॺԖך dim(V ) = dim(V ∗).

Proof. २Ӄ᛾ܴ Span({v∗1, . . . ,v∗n}) = V ∗. Ψ൩ࢂᇥჹܭҺཀ f ∈ V ∗, ࣣӸӧ c1, . . . ,cn ∈ F

ᅈى f = c1v∗1 + · · ·+cnv∗n. җ前ॊ linear transformation ёаҗ basis ,性፦ޑۓ୤΋ዴ܌ ך
ॺ໻ाډפ c1, . . . ,cn ∈ F ٬ள f ک c1v∗1 + · · ·+cnv∗n ӧ؂΋ঁ vi .ॶࣣ࣬ӕڗޑ ฅԶჹ؂ঁ
vi, ॺԖך

(c1v∗1 + · · ·+ cnv∗n)(vi) = c1v∗1(vi)+ · · ·+ cnv∗n(vi) = civ∗i (vi) = ci. (5.3)

аऩз܌ ci = f (vi), ёளߡ f = c1v∗1 + · · ·+ cnv∗n.

ௗ๱᛾ܴ {v∗1, . . . ,v∗n} ࣁ linearly independent. ଷ೛ c1v∗1 + · · ·+ cnv∗n = O ࣁ zero
mapping. ҭջჹҺཀ vi, ࣣԖ (c1v∗1 + · · ·+ cnv∗n)(vi) = 0, җԄηࡺ (5.3) ளޕ ci = 0,
∀ i = 1, . . . ,n. �

๏ۓ V ΋ಔޑ basis {v1, . . . ,vn}, ॺᆀך {v∗1, . . . ,v∗n} ჹᔈࣁ {v1, . . . ,vn} ޑ dual basis.

Question 5.11. ଷ೛ {v1, . . . ,vn} ࣁ V ΋ಔޑ basis, ჹܭ v ∈V , v∗i (v) ?Ֆࣁ

ฅࡽ V ∗ ҭࣁ F-space,ךॺԾฅ཮ୢ V ∗ ޑ dual spaceࣁՖ? ջ (V ∗)∗ (ᆀࣁ V ޑ double
dual space). ကۓ٩ (V ∗)∗ ύޑϡનࣁ linear functional on V ∗. Ψ൩ࢂᇥऩ σ ∈ (V ∗)∗, ߾
σ : V ∗→ F ΋ঁࣁ linear transformation ஒҺཀޑ f ∈V ∗ ଌډ΋ঁ F ॶ. ੝ձޑ, ऩ v ∈V ,
ॺёаԵቾך v̂ : V ∗→ F ჹҺཀࣁကۓځ f ∈V ∗, v̂( f ) = f (v). ाᇥܴ v̂ ∈ (V ∗)∗, ॺѸ໪ך
ᇥܴ v̂ ࣁ linear functional, ջჹܭҺཀ f ,g ∈V ∗ аϷ r,s ∈ F , ॺԖך

v̂(r f + sg) = (r f + sg)(v) = r f (v)+ sg(v) = rv̂( f )+ sv̂(g).

Theorem 5.2.2 ֋ນךॺ྽ V ࢂ finite dimensional ਔ, dim(V ) = dim(V ∗), аҭள܌
dim(V ∗) = dim((V ∗)∗). Ψ൩ࢂᇥ dim(V ) = dim((V ∗)∗). ྽ฅԜਔ V ک (V ∗)∗ ࣁ isomorphic,
٣ჴ΢ךॺёаճҔ v̂ ᄬрࡌ V ک (V ∗)∗ ໔ޑ΋ঁख़ा isomorphism, ࣁॺᆀך V ک (V ∗)∗

ޑ canonical map

Proposition 5.2.3. Եቾ τ : V → (V ∗)∗ ࣁကۓ τ(v) = v̂, ∀v ∈V . ߾ τ ΋ঁࣁ one-to-one
ޑ linear transformation. ੝ձ྽ V ࣁ finite dimensional ਔ, τ ΋ঁࣁ isomorphism.

Proof. २Ӄ᛾ܴ τ ࣁ linear transformation. ೭ࢂӢࣁჹҺཀ v,w ∈V аϷ r,s ∈ F ॺԖך

τ(rv+ sw)( f ) = f (rv+ sw) = r f (v)+ s f (w) = (rτ(v)+ sτ(w))( f ), ∀ f ∈V ∗,

Ԝջ߄Ң τ(rv + sw) ک rτ(v) + sτ(w) ကӧۓࣁ V ∗ ΢ޑӕኬڄ數, ޕࡺ τ(rv + sw) =

rτ(v)+ sτ(w).

ௗ๱᛾ܴ τ ࣁ one-to-one, ջ᛾ܴ Ker(τ) = OV . ౜ଷ೛ v ∈ Ker(τ), ջ τ(v) = v̂ ကۓࣁ
ӧ V ∗ ΢ޑ zero mapping. ҭջჹҺཀ f ∈V ∗ ࣣԖ 0 = v̂( f ) = f (v). ฅԶऩ v ̸= OV , ॺ΋ך
ډפёаۓ f ∈V ∗ ٬ள f (v) ̸= 0. җԜҟ࣯ள᛾ v = OV .
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നࡕऩ V ࣁ finite dimensional,җ τ : V → (V ࣁ∗(∗ one-to-oneаϷ dim(V ) = dim((V ∗)∗),
ள᛾ τ ࣁ onto, ҭջ τ ࣁ isomorphism. �

ӧ dual space ύԖ΋ঁک orthogonal complement ᜪ՟ۺཷޑ, .ॺϟಏӵΠך

Definition 5.2.4. ଷ೛ V ࣁ vector space, S ࣁ V ΋ঁޑ nonempty subset. з

S0 = { f ∈V ∗ | f (v) = 0, ∀v ∈ S}.

ॺᆀך S0 ࣁ the annihilator of S.

Question 5.12. ϙሶࢂ {OV}0? ϙሶࢂ V 0?

ᜢܭ S0 ॺԖаΠ൳ঁᜪ՟ך Lemma 5.1.11 .性፦ޑ

Lemma 5.2.5. ଷ೛ V ࣁ vector space over F.

(1) ऩ S ࣁ V ޑ nonempty subset, ߾ S0 ࣁ V ∗ ޑ subspace.

(2) ऩ S1,S2 ࣁ V ޑ nonempty subsets ᅈى S1 ⊆ S2, ߾ S0
2 ⊆ S0

1.

(3) ऩ S ࣁ V ޑ nonempty subset, ߾ S0 = Span(S)0.

Proof.

(1) २Ӄۓ٩က V ∗ ύޑ zero mapping O ӧ S0. Ξऩ f ,g ∈ S0, Һཀܭჹ߾ r,s ∈ F

ࣣԖ r f + sg(v) = r f (v)+ sg(v) = 0, ∀v ∈ S. ҭջ r f + sg ∈ S0. ள᛾ S0 ࣁ V ∗ ޑ

subspace.

(2) ऩ f ∈ S0
ҢჹҺཀ߄,2 w∈ S2 ࣣԖ f (w) = 0. ჹҺཀࡺ w∈ S1 Ӣ S1 ⊆ S2,ޕ w∈ S2,

ள᛾ f ∈ S0
1, ջ S0

2 ⊆ S0
1.

(3) Ӣ S ⊆ Span(S), җࡺ (2) ޕ Span(S)0 ⊆ S0. ќ΋Бय़, ऩ f ∈ S0, ჹҺཀ߾ w ∈
Span(S), ӢӸӧ c1, . . . ,cn ∈ F аϷ w1 . . . ,wn ∈ S ٬ள w = c1w1 + · · ·+ cnwn, ॺך
Ԗ f (w) = c1 f (w1)+ · · ·+ cn f (wn) = 0. ҭջ f ∈ Span(S)0, ள᛾ S0 ⊆ Span(S)0, ࡺ
S0 = Span(S)0.

�

྽ V ࢂ finite dimensional inner product space, ऩ W ࣁ V ޑ subspace, ߾ Theorem
5.1.13 ֋ນךॺ dim(W⊥) = dim(V )−dim(W ). ᜢܭ annihilator .性፦ޑॺΨԖ࣬ӕך

Proposition 5.2.6. ଷ೛ V =W ⊕U . Ӹӧ΋ঁ߾ isomorphism ϕ : U∗→W 0. ੝ձ྽ V ࣁ

finite dimensional, ޑჹҺཀ߾ subspace W ࣣԖ dim(W 0) = dim(V )−dim(W ).

Proof. җ direct sum ,性፦ޑ ჹҺཀ v ∈ V , Ӹӧ୤΋ޑ w ∈W,u ∈U ٬ள v = w+u. ࡺ
ჹҺཀ f ∈U∗, ကۓॺך ϕ( f ) : V → F ࣁ ϕ( f )(w+u) = f (u). Ӣ f ࢂ linear functional
ࢗ৒ܰᔠࡐ ϕ( f ) ҭࣁ linear functional, ҭջ ϕ( f ) ∈ V ∗. ќ٩Ԝۓကჹ܌ܭԖ w ∈W ,
Ӣ w = w+OU , ளࡺ ϕ( f )(w) = f (OU) = 0, ҭջ ϕ( f ) ∈W 0. а܌ ϕ : U∗ →W 0 ΋ঁࢂ
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well-defined ޑ function. ৒ܰᡍ᛾ࡐ ϕ ࣁ linear transformation. Ξऩ f ,g ∈U∗ Ъ f ̸= g,
ҢӸӧ߄ u ∈U ٬ள f (u) ̸= g(u), ӢԜ ϕ( f )(u) ̸= ϕ(g)(u), ள᛾ ϕ( f ) ̸= ϕ(g), ҭջ ϕ ࣁ
one-to-one. Կܭ ϕ ࢂ onto ჹҺཀࣁӢࢂচӢޑ f ∈W 0, ॺࣣԖך f (v) = f (w+u) = f (u),
ύځ w∈W,u∈U ᅈى v = w+u. аऩԵቾ܌ f |U ∈U∗,ךॺԖ ϕ( f |U) = f ,ள᛾ ϕ ࣁ onto.

౜ऩ V ࣁ finite dimensional, ჹܭҺཀ subspace W , ॺ೿ёஒך W ΋ಔޑ basis
{w1, . . . ,wk} ᘉ大ԋ V ΋ಔޑ basis {w1, . . . ,wk,u1, . . . ,ul}. ॺԖךа܌ V = W ⊕U , ύځ
U = Span({u1, . . . ,ul}). җ Theorem 5.2.2 аϷ঺Ҕ΢य़่݀ޑ, ॺԖך

dim(W 0) = dim(U∗) = dim(U) = dim(V )−dim(W ).

�

Question 5.13. ၂᛾ܴऩ W1,W2 ࣁ V ޑ subspaces, ߾ (W1 +W2)
0 =W 0

1 ∩W 0
2 . Ξऩ V ࣁ

finite dimensional, ߾ (W1∩W2)
0 =W 0

1 +W 0
2 .

ฅࡽ W 0 ࣁ V ∗ ޑ subspace, ॺΨёаୢך W 0 ޑ annihilator, ջ (W 0)0. ॺԖӵаΠך
ᜪ՟ Corollary 5.1.14 .性፦ޑ

Corollary 5.2.7. ଷ೛ V ΋ঁࢂ finite dimensional vector space, Ъ W ࣁ V ޑ subspace.
Եቾ canonical map τ : V → (V ∗)∗ ࣁကۓ τ(v) = v̂, ∀v ∈V , ߾ τ(W ) = (W 0)0.

Proof. ೛ w∈W Һཀܭჹ߾, f ∈W ॺԖך,0 ŵ( f )= f (w)= 0,ҭջ τ(w)= ŵ∈ (W 0)0. ளޕ
τ(W )⊆ (W 0)0. җ Proposition 5.2.3, ၰޕॺך τ : V → (V ∗)∗ ࣁ one-to-one, ࡺ dim(τ(W )) =

dim(W ). ќ΋Бय़ Proposition 5.2.6 ֋ນךॺ

dim((W 0)0) = dim(V ∗)−dim(W 0) = dim(V )− (dim(V )−dim(W )) = dim(W ).

ޕࡺ dim(τ(W )) = dim((W 0)0), ள᛾ τ(W ) = (W 0)0. �

നךࡕॺٰ探૸ dual space ک inner product space ໔ޑᜢ߯. २ӃךॺሡाаΠۓޑ
က.

Definition 5.2.8. з V,W ࣁ vector spaces over F , ύځ F ࣁ C ܈ R. ऩ T : V →W ಄

ӝჹ܌Ԗ v,v′ ∈ V , r ∈ F ࣣԖ T (v+v′) = T (v)+T (v′) аϷ T (rv) = rT (v), ᆀ߾ T ΋ঁࣁ

conjugate transformation. Ξऩ T ࢂ one-to-one and onto,߾ᆀϐࣁ conjugate isomorphism.

ཀ྽ݙ F = R ਔ, conjugate transformation ൩ࢂ linear transformation. ჴ྽ځ F = C
ਔ conjugate transformation ک linear transformation Ԗ೚ӭ࣬՟ϐೀ, ॺϟಏ൳ঁԖᜢך
conjugate transformation .性፦ޑ

Lemma 5.2.9. ଷ೛ V,W,U ࣁࣣ vector spaces over C. T1 : V →W , T2 : W →U .

(1) ऩ T1,T2 ύԖ΋ঁࢂ linear transformation ќ΋ঁࢂ conjugate transformation, ߾
T2 ◦T1 : V →U ࣁ conjugate transformation.

(2) ऩ T1,T2 ࣁࣣ conjugate transformation,߾ T2◦T1 : V →U ࣁ linear transformation.
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(3) ऩ T1 ࣁ conjugate isomorphism, ߾ T−1
1 : W →V ҭࣁ conjugate isomorphism.

Proof.

(1) ॺ໻᛾ܴך T1 ࣁ conjugate transformation Ъ T2 ࣁ linear transformation ,ݩ௃ޑ
ќ΋௃ݩᜪ՟, ፎԾՉᡍ᛾. ॺሡ᛾ܴჹҺཀך v,v′ ∈V аϷ r,s ∈C ࣣԖ T2 ◦T1(rv+ sv′) =
rT2 ◦T1(v)+ sT2 ◦T1(v′). ٣ჴ΢

T2 ◦T1(rv+ sv′) = T2(rT1(v)+ sT1(v′)) = rT2(T1(v))+ sT2(T1(v′)) = rT2 ◦T1(v)+ sT2 ◦T1(v′).

ࡺ T2 ◦T1 ࣁ conjugate transformation.

(2) ऩ T1,T2 ࣁࣣ conjugate transformation, ॺ᛾ܴჹҺཀך v,v′ ∈V аϷ r,s ∈C ࣣԖ
T2 ◦T1(rv+ sv′) = rT2 ◦T1(v)+ sT2 ◦T1(v′). ٣ჴ΢

T2 ◦T1(rv+ sv′) = T2(rT1(v)+ sT1(v′)) = (r)T2(T1(v))+(s)T2(T1(v′)) = rT2 ◦T1(v)+ sT2 ◦T1(v′).

ࡺ T2 ◦T1 : V →U ࣁ linear transformation.

(3)ऩ T1 ࣁ conjugate isomorphism,Ӣ T1 ࣁ one-to-one and onto, T−1
1 : W →V ӸӧЪᅈ

ى T1(T−1
1 (w)) = w, ∀w∈W . ౜ჹܭҺཀ w,w′ ∈W аϷ r,s∈C,ךॺԖ T1(T−1

1 (rw+sw′)) =
rw+ sw′ аϷ

T1(rT−1(w)+ sT−1(w′)) = (r)T1(T−1(w))+(s)T1(T−1(w′)) = rw+ sw′,

ளࡺ T1(T−1(rw+ sw′)) = T1(rT−1(w)+ sT−1(w′)). Ӣࣁ T1 ࣁ one-to-one, Ԝջ߄Ң

T−1(rw+ sw′) = rT−1(w)+ sT−1(w′).

ள᛾ࡺ T−1
1 ҭࣁ conjugate isomorphism. �

౜ऩ V ࣁ inner product space over F , ๏ۓ v ∈V , ԵቾаΠڄ數 ρ(v) : V → F ࣁကۓ

w 7→ ⟨w,v⟩, (ջ ρ(v) = ⟨ · ,v⟩) ߾ ρ(v) ࣁ linear functional on V , ҭջ ρ(v) ∈V ∗. а܌ ρ ๏
Αךॺ΋ঁவ V ډ V ∗ ޑ mapping. ౜ჹܭҺཀ v,v′ ∈V , ॺԖך

ρ(v+v′)(w) = ⟨w,v+v′⟩= ⟨w,v⟩+ ⟨w,v′⟩= ρ(v)(w)+ρ(v′)(w), ∀w ∈V.

ளޕ ρ(v+v′) = ρ(v)+ρ(v′) in V ∗. ќѦऩ r ∈ F , ߾

ρ(rv)(w) = ⟨w,rv⟩= r⟨w,v⟩= rρ(v)(w), ∀w ∈V.

ளޕ ρ(rv) = rρ(v) in V ∗. .౛ۓޑॺԖаΠך

Proposition 5.2.10. ೛ V ࣁ finite dimensional inner product space. Եቾ ρ : V →V ∗ ۓ

ကࣁ ρ(v) = ⟨ · ,v⟩, ߾ ρ ࣁ conjugate isomorphism.

Proof. ޕॺςך ρ ࣁ conjugate transformation, а໻ा᛾ܴ܌ ρ ࣁ one-to-one and onto.

२Ӄ᛾ܴ ρ ࣁ one-to-one. ଷ೛ v,v′ ∈ V ᅈى ρ(v) = ρ(v′), Ԝջ߄Ң ⟨w,v⟩ = ⟨w,v′⟩,
∀w ∈V . ฅԶ Corollary 5.1.5 ֋ນךॺԜջ߄Ң v = v′, ள᛾ ρ ࣁ one-to-one.
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Կܭ ρ ࢂ onto, ۓॺ२Ӄᒧך V ΋ಔޑ orthonormal basis {v1, . . . ,vn}. ჹҺཀ f ∈V ∗,
Եቾ v = f (v1)v1 + · · ·+ f (vn)vn. ߾

ρ(v)(vi) = ⟨vi, f (v1)v1 + · · ·+ f (vn)vn⟩= ⟨vi, f (vi)vi⟩= f (vi), ∀ i ∈ {1, . . . ,n}.

Ψ൩ࢂᇥ f ک ρ(v) ӧ {v1, . . . ,vn} ೭΋ಔ basis ,ॶࣣ࣬ӕڗޑ ҭջ f = ρ(v). ள᛾ ρ ࣁ
onto. �

ࣁཀӢݙ ρ ࣁ conjugate isomorphism, җ Lemma 5.2.9 ޕ ρ−1 : V ∗→V ҭࣁ conjugate
isomorphism.

Question 5.14. ӧ Proposition 5.2.10ύёаճҔ ρ : V →V ∗ ࣁ one-to-oneаϷ dim(V ) =

dim(V ∗) ٰᇥܴ ρ : V →V ∗ ࣁ onto ༏?

Example 5.2.11. Եቾ Rn ΢ޑ standard inner product, з {e1, . . . ,en} ࣁ Rn ޑ standard
basis. ऩ v = x1e1+ · · ·+xnen ∈Rn, ߾ ρ(v)(ei) = ⟨ei,v⟩= xi. Ψ൩ࢂᇥऩз ρ(v) = f ∈ (Rn)∗,
߾ f (ei) = xi, ∀ i ∈ {1, . . . ,n}. ϸၸٰ, ऩ f ∈ (Rn)∗, ߾ ρ−1( f ) = f (e1)e1 + · · ·+ f (en)en.

Եቾ Cn ΢ޑ standard inner product, з {e1, . . . ,en} ࣁ Cn ޑ standard basis. ऩ
v = z1e1 + · · ·+ znen ∈ Cn, ߾ ρ(v)(ei) = ⟨ei,v⟩ = zi. Ψ൩ࢂᇥऩз ρ(v) = f ∈ (Cn)∗, ߾
f (ei) = zi, ∀ i ∈ {1, . . . ,n}. ϸၸٰ, ऩ f ∈ (Cn)∗, ߾ ρ−1( f ) = f (e1)e1 + · · ·+ f (en)en.

5.3. Transpose and Adjoint

ᗨฅаךࡕॺᜢЈࢂޑ linear operator, όၸԖᜢܭ transpose ک adjoint ,性፦ޑ Ҕ
΋૓ޑ linear transformation ၨ৒࣮ܰр. ޑ΋૓ࢂޑॺԵቾךа೭΋࿯ύ܌ linear
transformation. ๏ۓ΋ঁ linear transformation T : V →W , ӧ dual spaces W ∗,V ∗ ΢ךॺ

ёаۓက T ޑ transpose, Զऩ V,W ࣁ inner product space, ကۓॺΨёаך T ޑ adjoint.
ॺஒ探૸ך transpose ک adjoint ϐ໔ޑᜢ߯.

२Ӄךॺ探૸΋ঁ linear transformation T : V →W ޑ transpose, ύځ V,W ࣁࣣ vector
space over F . 再ԛமፓԖᜢ T ޑ transpose όሡଷ೛ V,W ࣁ inner product space ԶЪΨ
όሡଷ೛ࣁ finite dimensional. ౜ჹܭҺཀ f ∈W ∗, җܭ T, f ࣁࣣ linear transformation,
а܌ f ◦T : V → F ҭࣁ linear transformation. Ψ൩ࢂᇥ f ◦T ∈ V ∗. က΋ঁۓॺёךа܌
mapping T t : W ∗→ V ∗, ࣁကۓځ T t( f ) = f ◦T , ∀ f ∈W ∗. ٩Ԝۓက, ჹܭҺཀ f ,g ∈W ∗,
r,s ∈ F ॺԖך

T t(r f + sg) = (r f + sg)◦T = r( f ◦T )+ s(g◦T ) = rT t( f )+ sT t(g),

ޕࡺ T t : W ∗→V ∗ ࣁ linear transformation. ॺᆀך T t ࣁ T ޑ transpose. ကۓ٩ T ک T t

,ࣁᜢ߯ޑ ჹҺཀ v ∈V , f ∈W ∗ ॺԖך

f (T (v)) = T t( f )(v).

ௗΠٰךॺӈр transpose .୷ҁ性፦ޑ

Proposition 5.3.1. ೛ V,W,U ࣁࣣ vector space over F.
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(1) ऩ r,s ∈ F Ъ T1 : V →W , T2 : V →W ࣁࣣ linear transformations, ߾

(rT1 + sT2)
t = rT t

1 + sT t
2 .

(2) ऩ T1 : V →W , T2 : W →U ࣁࣣ linear transformations, ߾

(T2 ◦T1)
t = T t

1 ◦T t
2 .

(3) (idV )
t = idV ∗, ੝ձӦ, ऩ T : V →W ࣁ isomorphism, ߾ T t : W ∗→V ∗ ҭࣁ isomor-

phism Ъ
(T t)−1 = (T−1)t.

Proof.

(1) ჹܭҺཀ f ∈W ∗, Ӣࣁ f ࣁ linear, ॺԖך

(rT1 + sT2)
t( f ) = f ◦ (rT1 + sT2) = r( f ◦T1)+ s( f ◦T2) = rT t

1( f )+ sT t
2( f ) = (rT t

1 + sT t
2)( f ).

ள᛾ (rT1 + sT2)
t = rT t

1 + sT t
2 .

(2) Ӣࣁ T2 ◦T1 வࣁ V ډ U ޑ linear transformation, а܌ (T2 ◦T1)
t வࣁ U∗ ډ V ∗ ޑ

linear transformation. ౜ჹҺཀ f ∈U∗, ॺԖך

(T2 ◦T1)
t( f ) = f ◦ (T2 ◦T1) = ( f ◦T2)◦T1 = T t

1( f ◦T2) = T t
1(T

t
2( f )) = T t

1 ◦T t
2( f ).

ள᛾ (T2 ◦T1)
t = T t

1 ◦T t
2 .

(3) ჹܭҺཀ f ∈V ∗, ॺԖך (idV )
t( f ) = f ◦ idV = f , а܌ (idV )

t = idV ∗ . ౜ऩ T : V →W

ࣁ isomorphism, ॺԖך T−1 ◦T = idV Ъ T ◦T−1 = idW . җࡺ (2) ள

idV ∗ = (idV )
t = T t ◦ (T−1)t, idW ∗ = (idW )t = (T−1)t ◦T t,

ள᛾ T t ࣁ isomorphism Ъ (T t)−1 = (T−1)t. �

аΠ่݀֋ນךॺ΋ঁ linear transformation ځ kernel ک image ځک transpose ޑ
kernel ᆶ image ϐ໔ޑᜢ߯. ೭ঁ่݀ჹҺཀޑ vector space ࣣԋҥ, όၸךॺ໻探૸
finite dimensional .׎௃ޑ

Proposition 5.3.2. ଷ೛ V,W ࣁࣣ finite dimensional vector space, T : V →W ࣁ linear
transformation, T t : W ∗→V ∗ ځࣁ transpose. ߾

Ker(T t) = Im(T )0, Im(T t) = Ker(T )0.

Proof. ଷ೛ f ∈ Ker(T t), ջ T t( f ) = f ◦T = O in V ∗. ೭߄ҢჹҺཀ v ∈V , ࣣԖ T t( f )(v) =
f (T (v)) = 0. ள f ∈ {T (v) | v ∈V}0 = Im(T )0. ϸϐ, ऩ f ∈ Im(T )0, ҢჹҺཀ߄ v ∈V , ࣣԖ
f (T (v)) = 0, ҭջ T t( f ) = O in V ∗, ள᛾ f ∈ Ker(T t).

ќ΋Бय़, ଷ೛ f ∈ Im(T t), ջӸӧ g ∈W ∗ ٬ள f = T t(g) = g◦T . ჹҺཀࡺ v ∈ Ker(T ),
ॺԖך f (v) = g(T (v)) = g(OW ) = 0. Ψ൩ࢂᇥ f ∈ Ker(T )0, ள᛾ Im(T t) ⊆ Ker(T )0. ౜Ӣ
T t : W ∗→V ∗ ࣁ linear transformation, ճҔ Theorem 5.2.2 ॺԖך

dim(Im(T t)) = dim(W ∗)−dim(Ker(T t)) = dim(W )−dim(Ker(T t)).
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再җ Ker(T t) = Im(T )0 аϷ Proposition 5.2.6 ޕ

dim(Ker(T t)) = dim(Im(T )0) = dim(W )−dim(Im(T )),

ளࡺ

dim(Im(T t)) = dim(Im(T )).

ԶӢ T : V →W ࣁ linear transformation, ޕࡺ dim(Ker(T )) = dim(V )− dim(Im(T )), 再җ
Proposition 5.2.6 ޕ

dim(Ker(T )0) = dim(V )−dim(Ker(T )) = dim(Im(T )).

ளࡺ dim(Im(T t)) = dim(Ker(T )0), ள᛾ Im(T t) = Ker(T )0. �

Question 5.15. ӧ Proposition 5.3.2 ၰޕॺך᛾ܴύޑ dim(Im(T t)) = dim(Im(T )). ցࢂ

dim(Ker(T t)) = dim(Ker(T ))?

ฅࡽ T t : W ∗→V ∗ Ψࢂ linear transformation, ॺԾฅΨ཮ѐԵቾך T t ޑ transpose, Ψ
൩ࢂ (T t)t : (V ∗)∗→ (W ∗)∗. ӣ៝΋Π྽ V ࣁ finite dimensional, ॺԖ΋ঁך isomorphism
τV : V → (V ∗)∗, ჹҺཀࣁကۓ v ∈V , τV (v) = v̂ ύځ v̂( f ) = f (v), ∀ f ∈V ∗. კޑॺԖаΠך
Ң:

V T−−−−−−→ WyτV

yτW

(V ∗)∗
(T t)t

−−−−−−→ (W ∗)∗

౜ჹܭҺཀ v ∈ V , ॺԖך (T t)t(τV (v)) = v̂◦T t ∈ (W ∗)∗. Ψ൩ࢂᇥჹܭҺཀ f ∈W ∗, ך
ॺԖ

(T t)t(τV (v))( f ) = v̂◦T t( f ) = v̂( f ◦T ) = f ◦T (v) = f (T (v)).

ќ΋Бय़ T (v) ∈W , а܌ τW (T (v)) = T̂ (v) ∈ (W ∗)∗. Ψ൩ࢂᇥჹܭҺཀ f ∈W ∗, ॺԖך

τW (T (v))( f ) = T̂ (v)( f ) = f (T (v)).

ள᛾ (T t)t(τV (v)) = τW (T (v)), ∀v ∈V , ҭջ

(T t)t ◦ τV = τW ◦T.

΋ঁࣁॺ᛾ܴΑ΢य़ٗঁკҢך commutative diagram. 再у΢ τV ࣁ isomorphism, ࡺ
τ−1

V : (V ∗)∗→V Ӹӧ (ҭࣁ isomorphism). .ॺԖаΠϐ่݀ך

Proposition 5.3.3. ଷ೛ V,W ࣁࣣ finite dimensional vector space, T : V →W ࣁ linear
transformation. з τV аϷ τW ϩձࣁ V,(V ∗)∗ аϷ W,(W ∗)∗ ϐ໔ޑ canonical map. ߾

(T t)t = τW ◦T ◦ τ−1
V .

ॺाΑှ΋ঁך Linear transformation T : V →W ک T ޑ transpose T t : W ∗→V ∗ ϩձ

ჹᔈډ V,W ޑ ordered basis Ϸځ dual basis ޑ representative matrix ϐ໔ޑᜢ߯.
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Proposition 5.3.4. з β = (v1, . . . ,vn),γ = (w1, . . . ,wm) ϩձࣁ V,W ޑ ordered basis Ъ
з β ∗ = (v∗1, . . . ,v∗n),γ∗ = (w∗1, . . . ,w∗m) ϩձ࣬ࣁჹᔈޑ dual basis ಔԋ܌ V ∗,W ∗ ޑ ordered
basis. ๏ۓ΋ঁ Linear transformation T : V →W , ॺԖך

β ∗ [T
t]γ∗ =γ [T ]tβ .

Proof. Ӣࣁ T t(w∗i ) = w∗i ◦T ∈V ∗, ऩ w∗i ◦T = c1,iv∗1 + · · ·+ cn,iv∗n, ကۓ٩߾

c j,i = w∗i ◦T (v j) = w∗i (T (v j)).

ऩࡺ T (v j) = d1, jw1 + · · ·+ dm, jwm, ߾ c j,i = di, j. ฅԶԜೀ c j,i ࣁ β ∗ [T t]γ∗ ޑ ( j, i)-th entry,
Զ di, j ࣁ γ [T ]β ޑ (i, j)-th entry, ள᛾ β ∗ [T t]γ∗ =γ [T ]tβ . �

җ Proposition ॺёஒ΋ঁך,5.3.4 linear transformationޑ transposeک΋ঁ matrixޑ
transpose ࣬ೱ่. ॺёаஒך Proposition 5.3.1, 5.3.2, 5.3.3 ඤԋԖᜢ matrix ޑ transpose
.性፦ޑ

Question 5.16. з β = (v1, . . . ,vn),γ = (w1, . . . ,wm) ϩձࣁ V,W ޑ ordered basis Ъз
β̂ = (v̂1, . . . , v̂n), γ̂ = (ŵ1, . . . , ŵm) ϩձࣁ (V ∗)∗,(W ∗)∗ ޑ ordered basis, ύځ v̂i = τV (vi), ŵ j =

τW (w j) (τV : V → (V ∗)∗, τW : W → (W ∗)∗ ࣁ canonical maps.) ፎճҔ Proposition 5.3.3,
5.3.4 ᛾ܴ

(γ [T ]tβ )
t =γ̂ [(T t)t]β̂ =γ [T ]β .

ௗΠٰךॺा探૸ࢂޑ΋ঁ linear transformation T : V →W ޑ adjoint. 再ԛமፓ
adjoint ሡाࢂကۓޑ V,W ࣁࣣ finite dimensional inner product spaces. ӣ៝΋Π, ӧԜਔ
ॺԖך ρV : V →V ∗, ρW : W →W ∗ ࣁကۓ ρV (v) = ⟨ · ,v⟩,∀v∈V аϷ ρW (w) = ⟨ · ,w⟩,∀w∈W

Ъ ρV ,ρW ࣁࣣ conjugate isomorphism. ကۓॺך T ޑ adjoint T ∗ : W →V ࣁ

T ∗ = ρ−1
V ◦T t ◦ρW .

ඤ言ϐჹҺཀ w ∈W , ॺԖך

T ∗(w) = ρ−1
V ◦ρW (w)◦T = ρ−1

V (⟨T (·),w⟩).

җ Lemma 5.2.9 (1) ޕॺך T t ◦ρW : W → V ∗ ࣁ conjugate transformation, 再җࡺ Lemma
5.2.9 (2) ள T ∗ : W →V ࣁ linear transformation. ޑॺԖаΠך commutative diagram.

V T ∗←−−−−−− WyρV

yρW

V ∗ T t

←−−−−−− W ∗

Theorem 5.3.5. ଷ೛ V,W ࣁࣣ finite dimensional inner product space, T : V →W ࣁ

linear transformation. ߾ T ޑ transpose T ∗ : W →V , ޑ୤΋ࣁ linear transformation ᅈى

⟨T (v),w⟩= ⟨v,T ∗(w)⟩, ∀v ∈V,w ∈W.
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Proof. ޕॺςך T ∗ ࣁ linear transformation. ౜ჹҺཀ w ∈W , ॺԖך ρV (T ∗(w)) ∈V ∗ ᅈ

ჹҺཀى v ∈V , ࣣԖ ρV (T ∗(w))(v) = ⟨v,T ∗(w)⟩. ќ΋Бय़ ρV (T ∗(w)) = T t ◦ρW (w), ԶჹҺ
ཀ v ∈V , ࣣԖ T t ◦ρW (w)(v) = ⟨T (v),w⟩. ள᛾ ⟨T (v),w⟩= ⟨v,T ∗(w)⟩

Կܭ୤΋性, ଷ೛ T ′ : W →V ҭᅈى ⟨T (v),w⟩= ⟨v,T ′(w)⟩, ∀v ∈V,w ∈W , ჹҺཀޕ߾
v ∈V,w ∈W ࣣԖ ⟨v,T ∗(w)⟩= ⟨v,T ′(w)⟩. җ Proposition 5.1.6 ள᛾ T ′ = T ∗. �

ाݙཀ Theorem 5.3.5 ύѰԄޑ inner product ࢂ W ޑ inner product, ѓԄࣁ V ޑ

inner product. ྽΋ঁ linear transformation T : V →W ࡭ߥ inner product, ҭջ

⟨T (v),T (v′)⟩= ⟨v,v′⟩, ∀v,v′ ∈V.

ԾฅԖࡐॺך T ࣁ one-to-one. ೭ࢂӢࣁऩ v ∈ Ker(T ), ߾ ⟨v,v⟩ = ⟨T (v),T (v)⟩ = 0, ள
᛾ v = OV . ऩࡺ dim(W ) = dim(V ), ߾ T ࣁ isomorphism, ޑॺᆀ೭ኬך isomorphism ࣁ
inner product isomorphism. Ԝਔ linear transformation T−1 : W →V Ψ཮ࢂ inner product
isomorphism. ೭ࢂӢࣁ

⟨T−1(w),T−1(w′)⟩= ⟨T (T−1(w)),T (T−1(w′))⟩= ⟨w.w′⟩, ∀w,w′ ∈W.

ॺԖаΠղᘐך inner product isomorphism .ݤБޑ

Corollary 5.3.6. ଷ೛ V,W ࣁ finite dimensional inner product spaces, T : V →W ࣁ linear
transformation Ъ T ∗W →V ځࣁ adjoint. ޑ฻ሽࣁаΠ௶ॊ߾ (equivalent).

(1) T ࣁ inner product isomorphism.

(2) T ࣁ isomorphism Ъ T−1 = T ∗.

Proof. (1)⇒ (2): ჹܭҺཀ v ∈V,w ∈W , ॺԖך

⟨T (v),w⟩= ⟨T (v),T (T−1(w))⟩= ⟨v,T−1(w)⟩.

ճҔࡺ Theorem 5.3.5 Ԗᜢ adjoint ୤΋性ள᛾ޑ T−1 = T ∗.

(2)⇒ (1): ჹܭҺཀ v,v′ ∈V , ࣣԖ

⟨T (v),T (v′)⟩= ⟨v,T ∗(T (v′))⟩= ⟨v,T−1(T (v′))⟩= ⟨v,v′⟩.

ࡺ T ࣁ inner product isomorphism. �

ௗΠٰךॺӈр adjoint .୷ҁ性፦ޑ

Proposition 5.3.7. ೛ V,W,U ࣁࣣ finite dimensional inner product space over F.

(1) ऩ r,s ∈ F Ъ T1 : V →W , T2 : V →W ࣁࣣ linear transformations, ߾

(rT1 + sT2)
∗ = rT ∗1 + sT ∗2 .

(2) ऩ T1 : V →W , T2 : W →U ࣁࣣ linear transformations, ߾

(T2 ◦T1)
∗ = T ∗1 ◦T ∗2 .
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(3) id∗V = idV , ੝ձӦ, ऩ T : V →W ࣁ isomorphism, ߾ T ∗ : W →V ҭࣁ isomorphism
Ъ

(T ∗)−1 = (T−1)∗.

(4) ऩ T : V →W ࣁ linear transformation, ߾

(T ∗)∗ = T.

Proof.

(1) ჹܭҺཀ v ∈V,w ∈W , ճҔ inner product ॺԖך性፦ޑ

⟨(rT1 + sT2)(v),w⟩= r⟨T1(v),w⟩+s⟨T2(v),w⟩= r⟨v,T ∗1 (w)⟩+s⟨v,T ∗2 (w)⟩= ⟨v,(rT ∗1 + sT ∗2 )(w)⟩.

җࡺ adjoint ୤΋性ள᛾ޑ (rT1 + sT2)
∗ = rT ∗1 + sT ∗2 .

(2) Ӣࣁ T2 ◦T1 வࣁ V ډ U ޑ linear transformation, а܌ (T2 ◦T1)
∗ வࣁ U ډ V ޑ

linear transformation. ౜ჹҺཀ v ∈V,u ∈U , ॺԖך

⟨(T2 ◦T1)(v),u⟩= ⟨T2(T1(v)),u⟩= ⟨T1(v),T ∗2 (u)⟩= ⟨v,T ∗1 (T ∗2 (u))⟩= ⟨v,T ∗1 ◦T ∗2 (u)⟩.

җࡺ adjoint ୤΋性ள᛾ޑ (T2 ◦T1)
∗ = T ∗1 ◦T ∗2 .

(3) ჹܭҺཀ v,v′ ∈ V , ॺԖך ⟨v,v′⟩ = ⟨idV (v),v′⟩ = ⟨v, id∗V (v′)⟩, аճҔ܌ Corollary
5.1.5 ள᛾ id∗V (v′) = v′, ∀v′ ∈ V . ҭջ id∗V = idV . ౜ऩ T : V →W ࣁ isomorphism, ॺԖך
T−1 ◦T = idV Ъ T ◦T−1 = idW . җࡺ (2) ள

idV = id∗V = T ∗ ◦ (T−1)∗, idW = id∗W = (T−1)∗ ◦T ∗,

ள᛾ T ∗ ࣁ isomorphism Ъ (T ∗)−1 = (T−1)∗.

(4) Ӣ T ∗ : W →V ࣁ linear transformation, ჹҺཀ v ∈V,w ∈W ॺԖך

⟨T ∗(w),v⟩= ⟨w,(T ∗)∗(v)⟩.

ќ΋Бय़

⟨w,T (v)⟩= ⟨T (v),w⟩= ⟨v,T ∗(w)⟩= ⟨T ∗(w),v⟩,

ޕॺளך (T ∗)∗(v) = T (v), ∀v ∈V . ள᛾ (T ∗)∗ = T. �

Question 5.17. ၂ճҔ adjoint က᛾ܴۓޑ Proposition 5.3.7.

ௗΠٰ, ॺٰ࣮΋ঁך linear transformation ځک adjoint Ѭॺޑ kernel ک image ϐ໔
.ᜢ߯ޑ

Proposition 5.3.8. ଷ೛ V,W ࣁ finite dimensional inner product spaces, T : V →W ࣁ

linear transformation Ъ T ∗ : W →V ځࣁ adjoint. ߾

(1) Ker(T ∗) = Im(T )⊥ Ъ Im(T ∗) = Ker(T )⊥.

(2) T is one-to-one ऩЪ୤ऩ T ∗ is onto. T is onto ऩЪ୤ऩ T ∗ is one-to-one.

(3) Ker(T ∗ ◦T ) = Ker(T ) Ъ Ker(T ◦T ∗) = Ker(T ∗).

(4) Im(T ∗ ◦T ) = Im(T ∗) Ъ Im(T ◦T ∗) = Im(T ).
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Proof.

(1) ೛ w ∈ Ker(T ∗), ջ T ∗(w) = OV , ԜਔჹҺཀ v ∈V , ॺԖך

⟨T (v),w⟩= ⟨v,T ∗(w)⟩= ⟨v,OV ⟩= 0,

ள᛾ w ∈ Im(T )⊥. ϸϐ, ऩ w ∈ Im(T )⊥, ჹҺཀ߾ v ∈ V ࣣԖ 0 = ⟨T (v),w⟩ = ⟨v,T ∗(w)⟩.
җࡺ Lemma 5.1.4 ள᛾ w ∈ Ker(T ∗). ќ΋Бय़, ऩ v ∈ Im(T ∗), ҢӸӧ߄ w ∈W ٬ள

v = T ∗(w). ჹҺཀࡺ v′ ∈ Ker(T ), ࣣԖ ⟨v′,v⟩ = ⟨v′,T ∗(w)⟩ = ⟨T (v′),w⟩ = ⟨OW ,w⟩ = 0, ջ
v ∈ Ker(T )⊥. ள᛾ Im(T ∗)⊆ Ker(T )⊥. നࡕճҔ Ker(T ∗) = Im(T )⊥ ள

dim(Im(T ∗)) = dim(W )−dim(Ker(T ∗)) = dim(W )−dim(Im(T )⊥)

= dim(W )− (dim(W )−dim(Im(T ))) = dim(Im(T ))

ΞӢ dim(Ker(T )⊥) = dim(V )− dim(Ker(T )) = dim(Im(T )) ள dim(Im(T ∗)) = dim(Ker(T )⊥)

ள᛾ࡺ Im(T ∗) = Ker(T )⊥.

(2) ऩ T is one-to-one, ߾ Ker(T ) = {OV}. җࡺ (1) ޕ Im(T ∗) = Ker(T )⊥ = {OV}⊥ =V ,
ள᛾ T ∗ ࣁ onto. ϸϐ, ऩ T ∗ ࣁ onto, ள Ker(T )⊥ =V , җ Corollary 5.1.14 ޕ

Ker(T ) = (Ker(T )⊥)⊥ =V⊥ = {OV}.

ள᛾ T ࣁ one-to-one. ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ ளޕ T ∗ ࣁ one-to-one ऩЪ୤ऩ
(T ∗)∗ = T ࣁ onto.

(3) ॺԖךᡉܴࡐ Ker(T )⊆ Ker(T ∗ ◦T ). ౜ऩ v ∈ Ker(T ∗ ◦T ), ߾

⟨T (v),T (v)⟩= ⟨v,T ∗(T (v))⟩= ⟨v,OV ⟩= 0.

ள᛾ T (v) = OW , ջ v ∈Ker(T ). ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ 再ճҔ (T ∗)∗ ள Ker(T ◦T ∗) =

Ker(T ∗).

(4) ॺԖךᡉܴࡐ Im(T ∗ ◦T )⊆ Im(T ∗). ฅԶҗ (3) ॺԖך

dim(Im(T ∗ ◦T )) = dim(V )−dim(Ker(T ∗ ◦T )) = dim(V )−dim(Ker(T )) = dim(Ker(T )⊥),

再җ (1) Im(T ∗) = Ker(T )⊥ ளޕ dim(Im(T ∗ ◦T )) = dim(Im(T ∗)), ᛾ள Im(T ∗ ◦T ) = Im(T ∗).
ճҔԜ่݀ஒ T Ҕ T ∗ ,代ڗ ள᛾ Im(T ◦T ∗) = Im(T ). �

Question 5.18. ၂᛾ܴ Ker(T ) = Im(T ∗)⊥ Ъ Im(T ) = Ker(T ∗)⊥.

ჹܭ T : V →W ޑѬک adjoint T ∗ : W →V ޑ representative matrix ྽ฅԖ΋ޑۓᜢ߯,
җܭ adjointک inner productԖᜢ,܌а V,W ޑᒧ܌ ordered basisᔈΨाک inner product
Ԗᜢ. ٣ჴ΢ऩϩձڗ V Wک ޑ orthonormal basis܌ಔԋޑ ordered basis β = (v1, . . . ,vn)

ک γ = (w1, . . . ,wm), Ъ T (vi) = c1,iw1 + · · ·+ cm,iwm, ကۓ٩߾ γ [T ]β ޑ ( j, i)-th entry ࣁ c j,i.
ฅԶӢ {w1, . . . ,wm} ࣁ W ޑ orthonormal basis, ॺԖך c j,i = ⟨T (vi),w j⟩= ⟨vi,T ∗(w j)⟩. ќ
΋Бय़ऩ T ∗(w j) = d1, jv1 + · · ·+dn, jvn, ߾ β [T ∗]γ ޑ (i, j)-th entry ࣁ

di, j = ⟨T ∗(w j),vi⟩= ⟨vi,T ∗w j⟩= c j,i.
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Ψ൩ࢂᇥ β [T ∗]γ ஒࢂ γ [T ]β Ӄڗ transpose 再ஒ؂ঁ entry ځڗ conjugate Զள. ॺԖаך
Πۓޑက.

Definition 5.3.9. ଷ೛ A∈Mm×n(C)Ъ B∈Mn×m(C). ჹ܌Ԗ 1≤ i≤ n, 1≤ j≤m,з a j,i ࣁ

A ޑ ( j, i)-th entry Ъ bi, j ࣁ B ޑ (i, j)-th entry. ऩ bi, j = a j,i, ∀ i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m},
ᆀ߾ B ࣁ A ޑ adjoint Ъа A∗ .Ң߄ٰ

ाݙཀ, ٩Ԝۓက (A∗)∗ = A, Ъऩ A ∈Mm×n(R), ߾ A∗ = At. Ξ٩Ԝۓက, ॺԖаΠϐך
่݀.

Proposition 5.3.10. ଷ೛ V,W ࣁ finite dimensional inner product space, Ъϩձᒧڗ V

ک W ޑ orthonormal basis ޑಔԋ܌ ordered basis β = (v1, . . . ,vn) ک γ = (w1, . . . ,wm). ऩ
T : V →W ࣁ linear transformation Ъ T ∗ : W →V ࣁ T ޑ adjoint, ߾

β [T
∗]γ = (γ [T ]β )

∗.

җ Proposition 5.3.10, ॺёஒ΋ঁך linear transformation ޑ adjoint ΋ঁک matrix ޑ
adjoint ࣬ೱ่. ॺёаஒך Proposition 5.3.7, 5.3.8 ඤԋԖᜢ matrix ޑ adjoint .性፦ޑ

ќѦाݙཀࢂޑӧ Theorem 5.3.5 ύךॺமፓ΋ঁ linear transformation ޑ adjoint ࢂ
୤΋ޑ, ೭ࢂӧ๏ۓ΋ঁ inner product .చҹϐΠޑ ӧόӕޑ inner product ϐΠ, ΋ঁ
linear transformation ཮Ԗόӕޑ adjoint, .ηٯޑॺ࣮аΠך

Example 5.3.11. Եቾ T : R3→ R3 ࣁကۓ

T (x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

Եቾ R3 ΢ঁٿ inner products ⟨ , ⟩ аϷ ⟨⟨ , ⟩⟩, ύځ ⟨ , ⟩ ࣁ standard inner product, ջ

⟨(x1,x2,x3),(y1,y2,y3)⟩= x1y1 + x2y2 + x3y3.

Զ ⟨⟨ , ⟩⟩ ࣁကۓޑ

⟨⟨(x1,x2,x3),(y1,y2,y3)⟩⟩= x1y1 +
1
4

x2y2 + x3y3.

ऩԵቾ R3 ࣁ standard inner product space, ߾ ε = {(1,0,0),(0,1,0),(0,0,1)} ࣁ R3 ޑ

΋ಔ ordered orthonormal basis. Ԝਔ [T ]ε =

 4 1 2
4 4 4
2 1 4

, җࡺ Proposition 5.3.10 ள

[T ∗]ε =

 4 4 2
1 4 1
2 4 4

, ջԜਔ T ∗(x1,x2,x3) = (4x1 +4x2 +2x3,x1 +4x2 + x3,2x1 +4x2 +4x3).

ऩԵቾ R3 аࣁ ⟨⟨ , ⟩⟩ ࣁ inner product ޑ inner product space, ڗё߾

β = {(1,0,0),(0,2,0),(0,0,1)}
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ࣁ R3 ΋ಔޑ ordered orthonormal basis. Ԝਔ [T ]β =

 4 2 2
2 4 2
2 2 4

, җ Proposition 5.3.10

ள [T ∗]β =

 4 2 2
2 4 2
2 2 4

, Ԝਔޕࡺ T ∗ = T , ջ

T ∗(x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

5.4. The Adjoint of Linear Operators

೭΋࿯ύךॺ੝ձा探૸΋ঁ linear operator T : V → V ޑ adjoint. ॺΨ཮探૸΋ך
٤੝ձޑ operator ޑ adjoint. ޑаҁ࿯ύ܌ vector space V ҉ᇻࢂ΋ঁ finite dimensional
inner product space over F , ύځ F = C ܈ F = R.

྽ T : V → V ࣁ linear operator, ځ߾ adjoint T ∗ : V → V ҭࣁ linear operator. а܌
ჹҺཀ f (x) ∈ F [x], f (T ∗) ҭԖۓကЪࣁ linear operator. ॺჹҺཀך f (x) ∈ F [x], f (T ) ޑ

adjoint .ՖԖᑫ፪ࣁ २Ӄऩ f (x) = cnxn + · · ·+c1x+c0, ကۓॺך f (x) = cnxn + · · ·+c1x+c0,

.ԖаΠ่݀߾

Lemma 5.4.1. ऩ T : V →V ࣁ linear operator, ჹҺཀ߾ f (x) ∈ F [x] ࣣԖ

( f (T ))∗ = f (T ∗).

Proof. २Ӄҗ Proposition 5.3.7(2) ޕ (T ◦n)∗ = (T ∗)◦n. ऩࡺ f (x) = cnxn + · · ·+ c1x+ c0, ߾
再җ Proposition 5.3.7(1)(3) ள᛾

( f (T ))∗ = (cnT ◦n + · · ·+ c1T + c0idV )
∗ = cn (T ◦n)∗+ · · ·+ c1 T ∗+ c0 id∗V

= cn (T ∗)
◦n + · · ·+ c1 T ∗+ c0 idV = f (T ∗).

�

җ Proposition 5.3.10 аϷ Lemma 5.4.1, ډॺଭ΢ёаளך T ک T ∗ ޑ characteristic
polynomials χT (x) ک χT ∗(x) ϐ໔ޑᜢ߯, аϷѬॺޑ minimal polynomials µT (x) ک µT ∗(x)

ϐ໔ޑᜢ߯.

Lemma 5.4.2. ऩ T : V →V ࣁ linear operator, ߾

χT ∗(x) = χT (x) and µT ∗(x) = µT (x).

Proof. җܭ characteristic polynomial ᆶ ordered basis ,คᜢڗᒧޑ ڗॺ੝ձᒧךа܌
V ΋ಔޑ orthonormal basis ޑಔԋ܌ ordered basis β . җ Proposition 5.3.10 ޕ [T ∗]β =

([T ]β )∗, ளࡺ χT ∗(x) = χT (x).

җminimal polynomialۓကޕ µT (T )=O,ࡺҗ Lemma 5.4.1,ள µT (T ∗)= (µT (T ))∗=O,
ޕࡺ µT ∗(x) | µT (x). ӕ౛җ (T ∗)∗= T ,ள µT (x) | µT ∗(x),再ஒٿᜐӭ໨Ԅ߯ޑ數ڗ conjugate
ள µT (x) | µT ∗(x). ள᛾ µT ∗(x) = µT (x). �
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Ԗᜢ linear operator ޑ decomposition, നख़ाࢂߡޑ T -invariant subspace. ౜ऩ W ࣁ

T -invariant subspace, ॺԾฅ཮ୢך W ࣁցࢂ T ∗-invariant subspace. ΋૓ٰᇥ೭ό΋ۓ
ჹ, ՠךॺԖаΠϐ่݀.

Lemma 5.4.3. ऩ T : V →V ࣁ linear operator, ߾ W ⊆V ࣁ T -invariant subspace ऩЪ୤
ऩ W⊥ ⊆V ࣁ T ∗-invariant subspace.

Proof. ଷ೛W ࣁ T -invariant,ाᇥܴW⊥ࣁ T ∗-invariant,൩ࢂाᇥܴჹҺཀ w′ ∈W⊥ࣣԖ

T ∗(w′) ∈W⊥. ฅԶऩ w ∈W , җ߾ T (w) ∈W аϷ w′ ∈W⊥, ள ⟨w,T ∗(w′)⟩= ⟨T (w),w′⟩= 0.

Ԝջ᛾ܴ T ∗(w′) ∈W⊥, ࡺ W⊥ ࣁ T ∗-invariant.

ϸϐ, ऩ W⊥ ࣁ T ∗-invariant, ᛾܌җ΢य़߾ (W⊥)⊥ = W ࣁ (T ∗)∗-invariant, ջ T -
invariant. �

๏ۓ΋ঁ inner product space V , Ϸځ subspace W , നޔௗޑ decomposition ࣁ V =

W �W⊥. а྽܌ W ࣁ T -invariant ਔ, ցࢂॺԾฅ཮ୢך W⊥ ҭࣁ T -invariant. ճҔ
Lemma 5.4.3, ೭খӳӣเΑՖਔ W ҭࣁ T ∗-invariant.

Corollary 5.4.4. ଷ೛ T : V → V ࣁ linear operator Ъ W ⊆ V ࣁ T -invariant subspace.
߾ W⊥ ࣁ T -invariant subspace ऩЪ୤ऩ W ࣁ T ∗-invariant subspace. ќѦऩ W ࣁ

T -invariant ک T ∗-invariant, ߾
(T |W )∗ = T ∗|W .

Proof. җ Lemma 5.4.3, ޕॺך W⊥ ࣁ T -invariant ฻ሽܭ W = (W⊥)⊥ ࣁ T ∗-invariant. Ԝ
ਔჹҺཀޑ w,w′ ∈W ࣣԖ

⟨T |W (w),w′⟩= ⟨T (w),w′⟩= ⟨w,T ∗(w′)⟩= ⟨w,T ∗|W (w′)⟩,

ள᛾ (T |W )∗ = T ∗|W . �

ௗΠٰךॺ探૸൳ঁ੝ਸޑ linear operator Ϸځ adjoint ໔ޑᜢ߯. २Ӄӣ៝ऩ
V =W1⊕W2, ჹҺཀ߾ v ∈V , ࣣӸӧ୤΋ޑ w1 ∈W1, w2 ∈W2 ٬ள v = w1 +w2. Ԝਔךॺ
ကۓ πW1,W2 : V → V , ࣁ πW1,W2(v) = w1. ॺᆀך πW1,W2 ࣁ projection on W1 along W2. ाݙ
ཀ, ऩ V =W1⊕W ′2, ύځ W2 ̸=W ′2, ߾ πW1,W2 ̸= πW1,W ′2

.

Question 5.19. ӵ΢܌ॊ, πW2,W1(v) ?Ֆࣁ ٠ᇥܴऩ V = W1⊕W2 = W1⊕W ′2 ՠ W2 ̸= W ′2
߾ πW1,W2 ̸= πW1,W ′2

.

྽V ࢂ finite dimensional inner product space,ךॺёҗV =W1⊕W2௢ளV =W⊥1 ⊕W⊥2 .
೭ࢂӢࣁऩ w ∈W⊥1 ∩W⊥2 , ჹҺཀ߾ v ∈V , ॺԖך v = w1 +w2, ύځ w1 ∈W1,w2 ∈W2, ࡺ
ள ⟨v,w⟩= ⟨w1,w⟩+ ⟨w2,w⟩= 0. җ Lemma 5.1.4 ளޕ w = OV . 再җ

dim(W⊥1 +W⊥2 ) = dim(W⊥1 )+dim(W⊥2 ) = dim(W2)+dim(W1) = dim(V ),

ள᛾ V =W⊥1 ⊕W⊥2 . ճҔԜךॺёаளډ πW1,W2 ޑ adjoint π∗W1,W2
.
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Proposition 5.4.5. ऩ V =W1⊕W2, ߾ V =W⊥1 ⊕W⊥2 Ъ

π∗W1,W2
= πW⊥2 ,W⊥1

.

Proof. 前य़ςޕ V = W⊥1 ⊕W⊥2 , ჹҺཀࡺ v,v′ ∈ V , Ӹӧޕॺך w1 ∈W1,w2 ∈W2 аϷ

w′1 ∈W⊥1 ,w′2 ∈W⊥2 ᅈى v = w1 +w2,v′ = w′1 +w′2. Ԝਔ

⟨πW1,W2(v),v
′⟩= ⟨w1,w′1 +w′2⟩= ⟨w1,w′2⟩.

ќ΋Бय़

⟨v,πW⊥2 ,W⊥1
(v′)⟩= ⟨w1 +w2,w′2⟩= ⟨w1,w′2⟩.

ள᛾ ⟨πW1,W2(v),v′⟩= ⟨v,πW⊥2 ,W⊥1
(v′)⟩, ∀v,v′ ∈V , ջ π∗W1,W2

= πW⊥2 ,W⊥1
. �

ၰӧޕॺך inner product spaceύനதҔޑ decomposition൩ࢂ V =W�W⊥. Ԝਔךॺ
ᆀ projection πW,W⊥ ࣁ orthogonal projection on W . ,ߡΑБࣁ аךࡕॺ೿཮ע orthogonal
projection on W Ҕ πW Ң߄ٰ (ӢࣁѬ໻ک W Ԗᜢ). ճҔ Proposition 5.4.5, ॺଭ΢Ԗך
аΠϐ่݀.

Corollary 5.4.6. ೛ V ࢂ finite dimensional inner product space Ъ W ځࣁ subspace. з
πW : V →V ࣁ orthogonal projection on W , ߾ πW = π◦2W Ъ π∗W = πW .

Proof. ჹҺཀ v ∈V , ॺԖך v = w+w′, ύځ w ∈W,w′ ∈W⊥, ࡺ

π◦2W (v) = πW (πW (v)) = πW (πW (w+w′)) = πW (w) = πW (v),∀v ∈V.

ள᛾ πW = π◦2W . ќ΋Бय़, ճҔ Proposition 5.4.5 аϷ (W⊥)⊥ =W , ॺԖך

π∗W = π∗W,W⊥ = π(W⊥)⊥,W⊥ = πW,W⊥ = πW .

�

Question 5.20. ၂᛾ܴჹҺཀ v ∈V , πW ൩ࢂ Proposition 5.1.12 ύගޑ projection projW .

΋ঁ linear operator T : V →V ऩᅈى T ◦2 = T , ࣁᆀ߾ idempotent. җ Corollary 5.4.6
ޑၰҺՖޕॺך᛾ܴޑ projection ࣁࣣ idempotent (όሡ orthogonal projection ϐଷ೛).
Կܭ T ∗ = T ,性፦ޑ ࣁॺᆀך self-adjoint. ΋૓ޑ projection ό཮ࢂ self-adjoint, ନߚѬ
ࢂ orthogonal projection, ೭ࢂҗךܭॺԖΠ่݀.

Proposition 5.4.7. ଷ೛ T : V →V ࣁ linear transformation ᅈى T ◦2 = T , ࣁΠӈ௶ॊ߾
฻ሽ:

(1) T ࣁ orthogonal projection.

(2) T ∗ = T .

(3) Ker(T ) = Im(T )⊥.

(4) Im(T ) = Ker(T )⊥.
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Proof. २Ӄךॺᇥܴऩ T ࣁ idempotent (ջ T ◦2 = T ), ߾ T = πIm(T ),Ker(T ). ೭ሡӃ᛾ܴ
V = Im(T )⊕Ker(T ). ٣ჴ΢ dim(V ) = dim(Im(T ))+dim(Ker(T )), аѝा᛾ܴ܌

Im(T )∩Ker(T ) = {OV},

җ߾ Im(T )+Ker(T ) ⊆ V , ёள V = Im(T )⊕Ker(T ). ฅԶऩ v ∈ Im(T ), ҢӸӧ߄ w ∈ V

٬ள v = T (w), җࡺ T ◦2 = T , ள T (v) = T ◦2(w) = T (w) = v. ऩ再у΢ v ∈ Ker(T ) ёள

v = T (v) = OV . ౜ςޕ V = Im(T )⊕Ker(T ), ჹҺཀࡺ v, ࣣӸӧ w ∈ Im(T ),w′ ∈ Ker(T ) ٬

ள v = w+w′. ёள T (v) = T (w)+T (w′) = T (w). ՠ前य़ςޕऩ w ∈ Im(T ), ߾ T (w) = w,
ޕࡺ T (v) = w. Ԝک projection on Im(T ) along Ker(T ) ջ πIm(T ),Ker(T ) ჹ v ,բҔ࣬ӕޑ ࡺ
ள᛾ T = πIm(T ),Ker(T ).

౜җ Corollary 5.1.14, ၰޕॺך Ker(T ) = Im(T )⊥ ऩЪ୤ऩ Im(T ) = Ker(T )⊥ (ջ
(3)⇔ (4)). ԶΞऩ Ker(T ) = Im(T )⊥ ߾ πIm(T ),Ker(T ) = πIm(T ),Im(T )⊥ , ள᛾ T = πIm(T ),Ker(T ) ࣁ

orthogonal projection (ջ (3)⇒ (1)). Ξऩ T ࣁ orthogonal projection, җ߾ Corollary 5.4.6
ޕ T ∗ = T (ջ (1)⇒ (2)). നࡕճҔ Proposition 5.3.8(1) ऩޕ T ∗ = T , ߾ Im(T ) = Ker(T )⊥

(Ъ Ker(T ) = Im(T )⊥) (ջ (2)⇒ (3)(4)) ள᛾ҁۓ౛. �

΋૓ٰᇥ, ॺёаஒ΋ঁך finite dimensional inner product space ቪԋ orthogonal
direct sum V = W1� · · ·�Wk, Ԝਔ W⊥i = ⊕ j ̸=iWj. ऩз πi ࣁ orthogonal projection on Wi

(ջ πi = πWi), ৒࣮ܰрࡐ߾

π1 + · · ·+πk = idV .

ࣁॺᆀԜך orthogonal resolution of the identity. ॺԖךཀԜਔݙ π◦2i = πi, π∗i = πi аϷ྽

i ̸= j ਔ, πi ◦π j = O. ٣ჴ΢, .ॺԖаΠϐ่݀ך

Lemma 5.4.8. ଷ೛ V ࣁ finite dimensional inner product spaceЪW1,W2 ࣁ V ޑ subspace.
з π1,π2 ϩձࣁ orthogonal projection on W1,W2. :฻ሽࣁΠӈ߾

(1) W1 ⊥W2.

(2) π1 ◦π2 = O.

(3) π2 ◦π1 = O.

Proof. ჹܭҺཀ v∈V ,җܭ π1(v)∈W1,ࡺऩW1⊥W2,߾ π1(v)∈W⊥2 . ள᛾ π2(π1(v))=OV ,
∀v ∈V ջ π1 ◦π2 = O. ӕ౛ёள π2 ◦π1 = O.

౜ჹҺཀ w1 ∈W1,w2 ∈W2, ॺԖך ⟨w1,w2⟩= ⟨π1(w1),π2(w2)⟩= ⟨w1,π∗1 (π2(w2))⟩. Ӣ π1

ࣁ orthogonal projection, җ Corollary 5.4.6 ޕ π∗1 = π1. ऩࡺ π1 ◦ π2 = O, ߾ ⟨w1,w2⟩ =
⟨w1,OV ⟩= 0, ள᛾ W1 ⊥W2. ӕ౛ऩ π2 ◦π1 = O ҭёள W1 ⊥W2. �

ӣ៝ၸѐךॺගၸ, ऩჹܭ linear operator T : V → V , ډפॺёаך V ΋ಔޑ basis
җࢂ T ޑ eigenvectors ,ಔԋ܌ Ң߄߾ T ࢂ diagonalizable. ੝ձޑ, ऩӸӧ΋ಔ T ޑ

eigenvectors ԋ׎ V ΋ಔޑ orthogonal basis ܈) orthonormal basis), .ကۓޑॺԖаΠך߾
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Definition 5.4.9. ଷ೛ V ΋ঁࢂ finite dimensional inner product space over F Ъ T : V →V

ࣁ linear operator. ऩӸӧ΋ಔ T ޑ eigenvectors ԋ׎ V ΋ಔޑ orthogonal basis ܈)
orthonormal basis), ॺᆀך߾ T ࣁ unitary diagonalizable (྽ F =R ਔ, Ԗޑਜ཮੝ձᆀ T

ࣁ orthogonal diagonalizable).

྽ Aࢂ΋ঁ n×n matrix over F ,ऩԵቾ Fn ΢ޑ standard inner product,Ӹӧ΋ಔ Aޑ

eigenvectors ࣁ Fn ΋ಔޑ orthogonal basis ܈) orthonormal basis), ॺᆀך߾ A ࣁ unitary
diagonalizable (྽ F = R ਔ, Ԗޑਜ཮੝ձᆀ A ࣁ orthogonal diagonalizable).

ӧԜ੝ձᇥܴ,྽΋ঁ matrix Aࣁ unitary diagonalizableਔ,ӧ F =Cޑ௃ݩջ߄ҢӸ
ӧ΋ঁ matrix P ᅈى P∗ = P−1 ٬ள P∗AP ΋ঁࣁ diagonal matrix. ೭ኬંޑତ P җٗࢂ

٤ eigenvectors ޑԋ܌ orthonormal basis ,ޑಔԋ܌ ࣁॺᆀך unitary matrix. Զӧ F = R
,ݩ௃ޑ ҢӸӧ΋ঁ߄ matrix P ᅈى Pt = P−1 ٬ள PtAP ΋ঁࣁ diagonal matrix. ೭ኬ
ତંޑ P җٗ٤ࢂ eigenvectors ޑԋ܌ orthonormal basis ,ޑಔԋ܌ ࣁॺᆀך orthogonal
matrix. ೭൩ࢂ unitary diagonalizable ܈) orthogonal diagonalizable) Ӝᆀޑҗٰ. ΑБࣁ
,ـଆߡ ॺόѐ୔ϩך unitary diagonalizable ܈ orthogonal diagonalizable, ΋ࡓҔ unitary
diagonalizable ٰᆀϐ. ௗΠٰךॺٰ探૸ unitary diagonalizable linear operator .੝性ޑ

Proposition 5.4.10. ଷ೛ V ΋ঁࢂ finite dimensional inner product space over F Ъ

T : V →V ࣁ linear operator. .ޑ฻ሽࢂΠӈ߾

(1) T ࣁ unitary diagonalizable.

(2) Ӹӧ࣬౦ λ1, . . . ,λk ∈ F ٬ள V = Eλ1 � · · ·�Eλk , ύځ Eλi, ࣁ λi ޑ eigenspace, ջ
Eλi = {v ∈V | T (v) = λiv}.

(3) Ӹӧ λ1, . . . ,λk ∈ F ٬ள T = λ1π1 + · · ·+λkπk, ύځ πi ࣁ orthogonal projection Ъ
ᅈى πi ◦π j = O, ∀ i ̸= j.

Proof. ଷ೛ T ࣁ unitary diagonalizable, ଷ೛ {v1, . . . ,vn} ࣁ T ΋ಔޑ eigenvectors ಔ܌
ԋޑ orthogonal basis. ஒځ፾྽ख़௨٬ள࣬ӕ eigenvalue ޑ eigenvectors ᘍӧ΋ଆ, ך
ॺଷ೛ v1, . . . ,vl1 ࣁ eigenvalue ࣁ λ1 ޑ eigenvectors, vl1+1, . . . ,vl2 ࣁ eigenvalue ࣁ λ2 ޑ

eigenvectors, ٩Ԝᜪ௢ ύ؂ঁځ) λi ࣣ࣬౦). ॺाᇥܴך Wi = Span({vli−1+1, . . . ,vli}) ฻ܭ
Eλi . ٣ჴ΢ Wi ⊆ Eλi , Ξҗ T ࣁ diagonalizable ޕ V = Eλ1⊕·· ·⊕Eλk . ॺԖך

dim(V ) = dim(W1)+ · · ·+dim(Wk)≤ dim(Eλ1)+ · · ·+dim(Eλk) = dim(V ),

ள᛾ dim(Wi) = dim(Eλi), ջ Wi = Eλi . ,ޑԾฅࡐ ჹܭ i ̸= j ॺԖך Wi ⊥ Wj, ள᛾ࡺ
V = Eλ1 � · · ·� Eλk . ϸϐ, ऩ V = Eλ1 � · · ·� Eλk , Եቾ؂ঁ߾ Eλi ΢ޑ΋ಔ orthogonal
basis, җܭ೭٤ Eλi ΢ޑ orthogonal basis ёಔԋ V ΋ಔޑ orthogonal basis, Ъࣣࣁ T ޑ

eigenvectors. ள᛾ (1)⇔ (2).

౜ऩ V = Eλ1� · · ·�Eλk , ჹҺཀ߾ v ∈V , ॺԖך v = v1 + · · ·+vk, ύځ vi ∈ Eλi . Ԝਔз
πi ࣁ orthogonal projection on Eλi , җ߾ Lemma 5.4.8 ޕ πi ◦π j = O, ∀ i ̸= j Ъ

(λ1π1 + · · ·+λkπk)(v) = λ1v1 + · · ·λkvk = T (v1)+ · · ·+T (vk) = T (v1 + · · ·+vk) = T (v).
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ள᛾ T = λ1π1 + · · ·+λkπk, ࡺ (2)⇒ (3).

ϸϐ, ऩ T = λ1π1 + · · ·+ λkπk, з Im(πi) = Wi, җ߾ πi ◦ π j = O, ∀ i ̸= j ޕ Wi ⊥Wj,
∀ i ̸= j. Եቾ βi ࣁ Wi ΋ಔޑ orthogonal basis, Ъз W = W1� · · ·�Wk. ऩ W = V , ߾
β = ∪k

i=1βi ࣁ V ΋ಔޑ orthogonal basis, ЪჹҺཀ v ∈ βi, җܭ v ∈Wi ྽ j ̸= i, ॺך
Ԗ π j(v) = π j(πi(v)) = OV . ࡺ T (v) = λiv, ҭջ v ࣁ T ޑ eigenvector. Զऩ V ̸= W , з
Wk+1 =W⊥,Ԝਔ V =W1� · · ·�Wk�Wk+1. ऩ再ڗ βk+1 Wk+1ࣁ ΋ಔޑ orthogonal basis,߾
β =∪k+1

i=1 βi ࣁ V ΋ಔޑ orthogonal basis. Ξჹܭ v∈ βk+1 ॺԖך v∈W⊥i , ∀ i∈ {1, . . . ,k},ࡺ
πi(v) = 0ள T (v) = OV = 0v,ջ vࣁ T ޑ eigenvector. ள᛾ β ࣁ V ΋ಔޑ orthogonal basis
Ъ β ύޑϡનࣣࣁ T ޑ eigenvector, ջ T ࣁ unitary diagonalizable. ள᛾ (3)⇒ (1). �

җ Proposition ၰऩޕॺך5.4.10 T :V→V ࣁ unitary diagonalizable,߾Ӹӧ λ1, . . . ,λk ∈
F аϷ orthogonal projections π1, . . . ,πk ٬ள T = λ1π1 + · · ·+λkπk, ೭ᆀࣁ T ޑ spectral
resolution. Ԝਔҗ Proposition 5.3.7 ள

T ∗ = λ1π∗1 + · · ·+λkπ∗k = λ1π1 + · · ·+λkπk.

再җ πi ◦π j = O, ∀ i ̸= j Ъ πi
◦2 = πi ள

T ∗ ◦T = λ1λ1π1 + · · ·+λkλkπk = T ◦T ∗.

಄ӝ T ∗ ◦T = T ◦T ∗ ޑ linear operator T ᆀࣁ normal operator, ೭ךࢂॺΠ΋࿯܌ा探૸
.ፐᚒޑ

Question 5.21. ၂᛾ܴऩ n×n matrix A ࣁ unitary diagonalizable, ߾ A∗A = AA∗.

5.5. Normal Operators

ॺஒ探૸ך normal operator .性፦ޑ җךܭॺ探૸ޑ normal operator ကӧۓࣁ over
F (F = C ܈ F = R) ޑ finite dimensional inner product space. ޑаҁ࿯ύ܌ vector space
΋ࢂۓ finite dimensional inner product space Ъځ over ޑ field ࣁ C ܈ R, ॺ൩ό再ᙧך
௶.

Definition 5.5.1. ೛ T : V →V ࣁ linear operator, ऩ T ᅈى T ∗ ◦T = T ◦T ∗, ᆀ߾ T ΋ࣁ

ঁ normal operator.

೛ A ΋ঁࣁ n×n matrix, ऩ A ᅈى A∗A = AA∗, ᆀ߾ A ΋ঁࣁ normal matrix.

Question 5.22. ΋ঁ orthogonal projection ࣁցࢂ normal?

२Ӄךॺᢀჸёаҗ΋ঁ normal operator ள׳ډӭޑ normal operator.

Lemma 5.5.2. ଷ೛ T : V →V ࣁ normal operator.

(1) T ∗ ҭࣁ normal operator.

(2) ऩ W,W⊥ ࣁࣣ T -invariant, ߾ T |W ҭࣁ normal operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ normal operator.
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(4) ჹҺཀ f (x) ∈ F [x], f (T ) ҭࣁ normal operator.

Proof. (1) җ (T ∗)∗ = T , ёள T ∗ ҭࣁ normal.

(2) җ Corollary 5.4.4, Ԝਔޕॺך W ҭࣁ T ∗-invariant Ъ (T |W )∗ = T ∗|W . ࡺ

(T |W )∗ ◦T |W = T ∗|W ◦T |W = (T ∗ ◦T )|W = (T ◦T ∗)|W = T |W ◦ (T |W )∗.

(3) җ Proposition 5.3.7, Ԝਔޕॺך (T−1)∗ = (T ∗)−1, ࡺ

(T−1)∗ ◦T−1 = (T ∗)−1 ◦T−1 = (T ◦T ∗)−1 = (T ∗ ◦T )−1 = T−1 ◦ (T−1)∗.

(4) ऩ f (x) = cnxn + · · ·+ c1x+ c0, ߾ f (T ) = cnT ◦n + · · ·+ c1T + c0idV Ъҗ Lemma 5.4.1
ޕ f (T )∗ = cn(T ∗)

◦n + · · ·+ c1T ∗+ c0idV . ౜Ӣ ciT ◦i ◦ f (T )∗ = ci ∑n
j=0 c jT ◦i ◦ (T ∗)◦ j, ёள

f (T )◦ f (T )∗ = ∑
i, j

cic jT ◦i ◦ (T ∗)◦ j.

ӕ౛

f (T )∗ ◦ f (T ) = ∑
i, j

c jci(T ∗)
◦ j ◦T ◦i.

٩ଷ೛ࡺ T ◦T ∗ = T ∗ ◦T , ޕ T ◦i ◦ (T ∗)◦ j = (T ∗)◦ j ◦T ◦i, ள᛾ f (T )◦ f (T )∗ = f (T )∗ ◦ f (T ). �

ௗΠٰךॺ探૸ normal operator ,性፦ޑ ӧ೭΋࿯ךॺӃ探૸΋٤ӧ F = C ک F = R
ਔ೿཮ჹޑ性፦, Π΋࿯ךॺӧϩձଞჹ F = C ک F = R ٰ探૸ঁձޑ性፦.

२Ӄҗ normal ကۓޑ (ջ T ◦T ∗ = T ∗ ◦T ), ჹҺཀ v,w ∈V , ॺԖך

⟨T (v),T (w)⟩= ⟨v,T ∗(T (w))⟩= ⟨v,T (T ∗(w))⟩= ⟨T ∗(v),T ∗(w)⟩.

ӢԜჹҺཀ v ∈V ёள

∥T (v)∥2 = ⟨T (v),T (v)⟩= ⟨T ∗(v),T ∗(v)⟩= ∥T ∗(v)∥2.

ள᛾аΠ性፦.

Lemma 5.5.3. ଷ೛ T : V →V ࣁ normal operator, ჹҺཀ v,w ∈V .性፦ޑॺԖаΠך

⟨T (v),T (w)⟩= ⟨T ∗(v),T ∗(w)⟩ and ∥T (v)∥= ∥T ∗(v)∥.

౜ऩ v ∈ Ker(T ), Ӣ߾ ∥T (v)∥ = ∥OV∥ = 0, ճҔ Lemma 5.5.3 ёள ∥T ∗(v)∥ = 0, ҭջ
T ∗(v) = OV . Ψ൩ࢂᇥ v ∈ Ker(T ∗), ள᛾ Ker(T )⊆ Ker(T ∗). ӕ౛ёள Ker(T ∗)⊆ Ker(T ), ࡺ
ޕ Ker(T ) = Ker(T ∗). ٣ჴ΢җ Proposition 5.3.8, .ॺёளΠӈ性፦ך

Lemma 5.5.4. ଷ೛ T : V →V ࣁ normal operator, .性፦ޑॺԖаΠך߾

Ker(T ) = Ker(T ∗), Im(T ) = Im(T ∗), and Ker(T )∩ Im(T ) = {OV}.

Proof. Ӣ T ∗ ◦T = T ◦T ∗, җ Proposition 5.3.8 ޕ

Ker(T ) = Ker(T ∗ ◦T ) = Ker(T ◦T ∗) = Ker(T ∗),

Im(T ) = Im(T ◦T ∗) = Im(T ∗ ◦T ) = Im(T ∗).
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җԜ再ճҔ Proposition 5.3.8 ޑޕ܌ Ker(T ∗) = Im(T )⊥, ள

Ker(T ) = Ker(T ∗) = Im(T )⊥.

ள᛾

Ker(T )∩ Im(T ) = Im(T )⊥∩ Im(T ) = {OV}.

�

ճҔ Lemma 5.5.4, ܭᜢډॺଭ΢ளך normal operator .性፦ޑதख़ाߚ

Corollary 5.5.5. ଷ೛ T : V →V ࣁ normal operator, .性፦ޑॺԖаΠך߾

(1) v∈V ࢂ T ޑ eigenvectorЪځ eigenvalueࣁ λ ऩЪ୤ऩ v∈V ࢂ T ∗ ޑ eigenvector
Ъځ eigenvalue ࣁ λ .

(2) ჹҺཀ m ∈ N, Ker(T ◦m) = Ker(T ).

(3) ऩ v,w ∈V Ъ µv(x) ک µw(x) ࣁ relatively prime (ϕ፦), ߾ v⊥ w.

Proof. (1) ၰޕॺך T ޑ eigenvalue ࣁ λ ޑ eigenvector ࣁ Ker(T −λ idV ) ύޑ nonzero
element, Զ T ∗ ޑ eigenvalue ࣁ λ ޑ eigenvector ࣁ Ker(T ∗−λ idV ) ύޑ nonzero element.
җ Lemma 5.5.2(4) ޕॺך T −λ idV ҭࣁ normal operator, җࡺ Lemma 5.5.4 ޕ

Ker(T −λ idV ) = Ker((T −λ idV )
∗) = Ker(T ∗−λ id∗V ) = Ker(T ∗−λ idV ).

᛾ள eigenvalue ࣁ λ ޑ T ޑ eigenvector ൩ࢂ eigenvalue ࣁ λ ޑ T ∗ ޑ eigenvector.

(2) २Ӄ᛾ܴ Ker(T ◦2) = Ker(T ). ޑᡉܴࡐ Ker(T ) ⊆ Ker(T ◦2). ౜ऩ v ∈ Ker(T ◦2), ߾
Ӣ T (v) ∈ Ker(T ) Ъ T (v) ∈ Im(T ). җ Lemma 5.5.4 ёள T (v) = OV , ޕࡺ v ∈ Ker(T ). ջ
Ker(T ◦2)⊆ Ker(T ), ள᛾ Ker(T ◦2) = Ker(T ).

ௗ๱ճҔ數學ᘜયݤ, ऩ v ∈ Ker(T ◦m), җ߾ T ◦m−1(v) ∈ Ker(T )∩ Im(T ), ள T ◦m−1(v) =
OV , ջ v ∈ Ker(T ◦m−1). ٩ᘜયଷ೛, ள v ∈ Ker(T ◦m−1) = Ker(T ). ள᛾ Ker(T ◦m) = Ker(T ).

(3) җ µv(x) ک µw(x) ϕ፦ޕӸӧ f (x),g(x) ∈ F [x] ٬ள f (x)µv(x)+g(x)µw(x) = 1. җԜ
ள

v = f (T )◦µv(T )(v)+g(T )◦µw(T )(v) = g(T )◦µw(T )(v).

ќ΋Бय़, җ g(T ) ◦ µw(T )(w) = OV ޕ w ∈ Ker(g(T ) ◦ µw(T )), Ξҗ Lemma 5.5.2(4) ޕ
g(T )◦µw(T ) ҭࣁ normal operator, 再җࡺ Lemma 5.5.4 ޕ w ∈ Ker((g(T )◦µw(T ))∗), ҭջ
(g(T )◦µw(T ))∗(w) = OV . നࡕҗ adjoint ޕ性፦ޑ

⟨v,w⟩= ⟨g(T )◦µw(T )(v),w⟩= ⟨v,(g(T )◦µw(T ))∗(w)⟩= ⟨v,OV ⟩= 0.

�

ӣ៝྽ T : V →V ࢂ linear operator, ޑᒏ܌ॺԖך primary decomposition theorem, Ψ
൩ࢂᇥऩ µT (x) = p1(x)m1 · · · pk(x)mk , ύځ m1, . . . ,mk ∈ N Ъ p1(x), . . . , pk(x) ∈ F [x] ޑ౦࣬ࣁ

monic irreducible polynomial,߾ V =W1⊕·· ·⊕Wk,ځύWi = Ker(pi(T )◦mi). ྽ T ࣁ normal
operator ਔ, ځ primary decomposition ԖаΠ੝ਸ׎ޑԄ.
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Proposition 5.5.6. ଷ೛ T : V → V ࣁ normal operator, ߾ µT (x) = p1(x) · · · pk(x), ύځ
p1(x), . . . , pk(x) ∈ F [x] ޑ౦࣬ࣁ monic irreducible polynomial. ऩჹ܌Ԗ i = 1, . . . ,n з

Wi = Ker(pi(T )), ߾
V =W1� · · ·�Wk.

Proof. ଷ೛ µT (x) = p1(x)m1 · · · pk(x)mk . ճҔ Lemma 5.5.2(4) ޕॺך pi(T ) ҭࣁ normal
operator, җࡺ Corollary 5.5.5(2) ޕ Wi = Ker(pi(T )◦mi) = Ker(pi(T )). ඤ言ϐჹҺཀ i =

1, . . . ,k, ࣣԖ µT |Wi
(x) = pi(x), ள᛾

µT (x) = µT |Wi
(x) · · ·µT |Wk

(x) = p1(x) · · · pk(x).

౜ऩ i ̸= j, Ӣ µT |Wi
(x) = pi(x) ک µT |Wj

(x) = p j(x) ࣁ relatively prime, ჹҺཀ wi ∈Wi,
w j ∈Wj Ӣ µwi(x) | pi(x) ک µw j(x) | p j(x), ޕ µwi(x) ک µw j(x) ࣁ relatively prime. ճҔ
Corollary 5.5.5(3), ޕ wi ⊥ w j, ள᛾ Wi ⊥Wj, ޕࡺ V =W1� · · ·�Wk. �

ௗΠٰךॺϟಏٿᅿ੝ձޑ normal operator.

Definition 5.5.7. ଷ೛ T : V → V ࣁ linear operator. ऩ T ∗ = T , ᆀ߾ T ࣁ self-adjoint
operator. ऩ T ∗ =−T , ᆀ߾ T ࣁ skew-adjoint operator.

ऩ΋ঁ n×n matrix A ᅈى A = A∗, ᆀ߾ A ࣁ self-adjoint matrix. ऩ A =−A∗, ᆀ߾ A

ࣁ skew-adjoint matrix.

ཀӧݙ A∈Mn(R)ޑ௃׎,྽ Aࣁ self-adjoint matrix (ջ At = A)΋૓Ψᆀࣁ symmetric
matrix. Զ྽ A ࣁ skew-adjoint matrix (ջ At = −A) ΋૓Ψᆀࣁ skew-symmetric matrix.
ӧ A ∈Mn(C) ,׎௃ޑ Ԗޑਜஒ self-adjoint ᆀࣁ Hermitian Զஒ skew-adjoint ᆀࣁ skew-
Hermitian.

ޑᡉܴࡐ self-adjoint operator ک skew-adjoint operator ࣁࣣ normal operator. ॺමך
ӧ΢΋࿯ϟಏၸ self-adjoint operator. ٣ჴ΢੝ձϟಏ೭ٿᅿ normal operator ԖаࣁӢࢂ
Πख़ाޑ性፦.

Proposition 5.5.8. ଷ೛ T : V → V ࣁ linear operator. Ӹӧ୤΋ޑ self-adjoint operator
T1 : V →V аϷ୤΋ޑ skew-adjoint operator T2 : V →V ᅈى T = T1 +T2. ੝ձޑ, ॺԖך
T ࣁ normal operator ऩЪ୤ऩ T1 ◦T2 = T2 ◦T1.

Proof. ऩ T1 ࣁ self-adjoint, T2 ࣁ skew-adjoint Ъ T1 +T2 = T . җ߾ Proposition 5.3.7(1)
ޕ T ∗ = T ∗1 +T ∗2 = T1−T2, ள T1 =

1
2(T +T ∗), T2 =

1
2(T −T ∗). .ள᛾୤΋性ࡺ ќ΋Бय़ऩ

T1 =
1
2(T +T ∗), T2 =

1
2(T −T ∗), җ߾ Proposition 5.3.7(1) ள T ∗1 = T1, T ∗2 =−T2. ҭջ T1 ࣁ

self-adjoint, T2 ࣁ skew-adjoint Ъ T1 +T2 = T . .ள᛾Ӹӧ性ࡺ

౜җ

T ◦T ∗ = (T1 +T2)◦ (T1−T2) = T1
◦2−T1 ◦T2 +T2 ◦T1−T2

◦2,

T ∗ ◦T = (T1−T2)◦ (T1 +T2) = T1
◦2 +T1 ◦T2−T2 ◦T1−T2

◦2.

ள T ◦T ∗ = T ∗ ◦T ऩЪ୤ऩ T1 ◦T2 = T2 ◦T1. �
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ک normal operator ,΋ኬݩ௃ޑ ޑӭ׳ډॺٰ࣮࣮ӵՖёளך self-adjoint operator.

Lemma 5.5.9. ଷ೛ T : V →V , T1 : V →V ࣁ self-adjoint operator.

(1) T +T1 ҭࣁ self-adjoint operator.

(2) ऩ W ࣁ T -invariant, ߾ T |W ҭࣁ self-adjoint operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ self-adjoint operator.

(4) ჹҺཀ f (x) ∈ R[x], f (T ) ҭࣁ self-adjoint operator.

Proof. (1) Ӣ (T +T1)
∗ = T ∗+T ∗1 = T +T1, ࡺ T +T1 ࣁ self-adjoint operator.

(2) җ T = T ∗ ள W ҭࣁ T ∗-invariant, җࡺ Corollary 5.4.4, ள (T |W )∗ = T ∗|W = T |W .

(3) җ Proposition 5.3.7(3) ޕ (T−1)∗ = (T ∗)−1 = T−1, ࡺ T−1 ࣁ self-adjoint.

(4) җ Lemma 5.4.1 ޕ ( f (T ))∗ = f (T ∗) = f (T ). ՠ f (x) ∈ R[x], Ԗࡺ f (x) = f (x), ள᛾
f (T ) ࣁ self-adjoint operator. �

Question 5.23. ऩ T : V → V , T1 : V → V ࣁ normal operator, ցࢂ T +T1 ҭࣁ normal
operator?

Question 5.24. ଷ೛ T : V → V ࣁ self-adjoint operator Ъ f (x) ∈ F [x]. ၂᛾ܴ f (T ) ࣁ

self-adjoint operator ऩЪ୤ऩ µT (x) | f (x)− f (x).

ᜢܭ self-adjoint operator .性፦ޑॺԖаΠख़ाך

Lemma 5.5.10. ଷ೛ T : V → V ࣁ self-adjoint operator. ऩ λ ࣁ T ޑ eigenvalue, ߾
λ ∈ R.

Proof. Ӣ T ࣁ normal, җ Corollary 5.5.5(1) ,ޕ ऩ v ∈V ܭჹ࣬ࣁ λ ޑ T ޑ eigenvector,
ջ T (v) = λv,߾ vҭ࣬ࣁჹܭ λ ޑ T ∗ ޑ eigenvector,ջ T ∗(v) = λv. ՠҗ T ࣁ self-adjoint
ϐଷ೛, ॺԖך T (v) = T ∗(v), ҭջ λv = λv. җࡺ v ̸= OV , ளޕ λ = λ , ջ λ ∈ R. �

Կܭ skew-adjoint operator, کॺΨԖך self-adjoint ࣬ᜪ՟ޑ性፦. аΠӢ᛾ܴک
Lemma 5.5.9 ࣬՟, .ॺ൩ό再᛾ܴך

Lemma 5.5.11. ଷ೛ T : V →V , T1 : V →V ࣁ skew-adjoint operator.

(1) T +T1 ҭࣁ skew-adjoint operator.

(2) ऩ W ࣁ T -invariant, ߾ T |W ҭࣁ skew-adjoint operator.

(3) ऩ T ࣁ isomorphism, ߾ T−1 ҭࣁ skew-adjoint operator.

Question 5.25. ଷ೛ T : V → V ࣁ skew-adjoint operator. ցჹҺཀࢂ f (x) ∈ R[x], f (T )

ҭࣁ skew-adjoint operator?

ᜢܭ skew-adjoint operator .性፦ޑॺԖаΠख़ाך
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Lemma 5.5.12. ଷ೛ T : V →V ࣁ skew-adjoint operator. ऩ λ ࣁ T ޑ eigenvalue, ߾ λ
ޑ real part (ჴ೽) ࣁ 0.

Proof. Ӣ T ࣁ normal, җ Corollary 5.5.5(1) ,ޕ ऩ v ∈V ܭჹ࣬ࣁ λ ޑ T ޑ eigenvector,
ջ T (v) = λv, ߾ v ҭ࣬ࣁჹܭ λ ޑ T ∗ ޑ eigenvector, ջ T ∗(v) = λv. ՠҗ T ࣁ skew-
adjoint ϐଷ೛, ॺԖך T ∗(v) =−T (v), ҭջ −λv = λv. җࡺ v ̸= OV , ளޕ λ +λ = 0, ջ λ
ϐჴ೽ࣁ 0. �

΢य़܌ගԖᜢ normal operator, self-adjoint operator аϷ skew-adjoint operator 性ޑ
፦೿ёа঺Ҕӧ࣬ჹᔈޑ normal matrix, self-adjoint matrix аϷ skew-adjoint matrix. ٯ
ӵҺཀޑ n×n matrix ೿ёа୤΋ቪԋ΋ঁ self-adjoint matrix ΋ঁک skew-adjoint matrix
ϐک. ೭٤ፎ大ৎԾՉᙯඤ, .ॺ൩ό再ᙧॊΑך

5.6. The Spectral Theorem

೭΋࿯ύךॺஒ over C ک over R ,ϩ໒૸ፕݩ௃ޑ ຾Զ௢Ꮴр normal operator ޑ
spectral theorem.

5.6.1. Normal Operator over C. २ӃךॺԵቾ V ࣁ finite dimensional inner product
space over C Ъ T : V →V ࣁ normal operator .׎௃ޑ ԜਔӢ C ࣁ algebraically closed, ך
ॺёаஒ T ޑ minimal polynomial ֹӄϩှ. ҭջӸӧ λ1, . . . ,λk ∈ C аϷ m1, . . . ,mk ∈ N
٬ள µT (x) = (x−λ1)

m1 · · ·(x−λk)
mk . ٩Ԝ, ճҔ Proposition 5.5.6 ډॺёаளך over C ޑ

normal operator ޑ spectral theorem.

Theorem 5.6.1 (Spectral Theorem: complex case). ଷ೛ V ࣁ finite dimensional inner
product space over C Ъ T : V →V ࣁ linear operator. ߾ T ࣁ unitary diagonalizable ऩЪ
୤ऩ T ࣁ normal operator.

Proof. җ Proposition 5.4.10 ၰऩޕॺך T ࣁ unitary diagonalizable ߾ T ࣁ normal
operator.

౜ଷ೛ T ࣁ normal operator җ Proposition 5.5.6, ள µT (x) = (x− λ1) · · ·(x− λk), ځ
ύ λ1, . . . ,λk ∈ C ,౦࣬ࣁ Ъ V = W1� · · ·�Wk, ύځ Wi = Ker((T − λiidV )) = Eλi ࣁ λi ޑ

eigenspace, ள
V = Eλ1� · · ·�Eλk ,

җࡺ Proposition 5.4.10 ޕ T ࣁ unitary diagonalizable. �

Եቾ Cn ΢ޑ standard inner product, ճҔ Theorem 5.6.1, ޑԄ׎ତંډॺଭ΢ளך
spectral theorem.

Corollary 5.6.2. ଷ೛ A ∈Mn(C). ߾ A ࣁ normal matrix (ջ AA∗ = A∗A) ऩЪ୤ऩӸӧ

unitary matrix P ∈Mn(C) (ջ P−1 = P∗) ٬ள P∗AP ࣁ diagonal matrix.

Ԗᜢډॺଭ΢ளך self-adjoint operatorаϷ skew-adjoint operatorޑ spectral theorem.
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Corollary 5.6.3. ଷ೛ V ࣁ finite dimensional inner product space over C Ъ T : V → V

ࣁ linear operator. .ॺԖаΠ性፦ך

(1) T ࣁ self-adjoint operatorऩЪ୤ऩ T ࣁ unitary diagonalizable Ъ T ޑ eigenvalue
.ჴ數ࣁࣣ

(2) T ࣁ skew-adjoint operatorऩЪ୤ऩ T ࣁ unitary diagonalizableЪ T ޑ eigenvalue
ࣁჴ೽ޑ 0.

Proof. ճҔ Theorem 5.6.1, Lemma 5.5.10 ॺளऩך T ࣁ self-adjoint operator ߾ T ࣁ

unitary diagonalizable Ъ T ޑ eigenvalue .ჴ數ࣁࣣ ϸϐऩ T ࣁ unitary diagonalizable Ъ
T ޑ eigenvalue ,ჴ數ࣁࣣ җ߾ Proposition 5.4.10 Ӹӧޕ λ1, . . . ,λk ∈ R аϷ orthogonal
projections πi ٬ள T = λ1π1 + · · ·+λkπk. Ԝਔ T ∗ = λ1π∗1 + · · ·+λkπ∗k ЪӢ π∗i = πi, ள᛾
T ∗ = T . ӕ౛ё᛾ள skew-adjoint ,׎௃ޑ ӧԜౣၸ. �

Question 5.26. ऩ T : V → V ࣁ self-adjoint, ߾ χT (x),µT (x) ?Ԅ׎Ֆᅿࣁ ऩ T : V → V

ࣁ skew-adjoint, ߾ χT (x),µT (x) ?Ԅ׎Ֆᅿࣁ

ӕኬךޑॺΨԖ self-adjoint matrix ک skew-adjoint ࣬ჹᔈ่݀ޑ.

Corollary 5.6.4. ଷ೛ A ∈Mn(C). .ॺԖаΠ性፦ך

(1) A∗ = A ऩЪ୤ऩӸӧ unitary matrix P ∈Mn(C) ٬ள

P∗AP =

 γ1 O
. . .

O γn

 ,

ύځ γ1, . . . ,γn ∈ R.

(2) A∗ =−A ऩЪ୤ऩӸӧ unitary matrix P ∈Mn(C) ٬ள

P∗AP =

 γ1 O
. . .

O γn

 ,

ύځ γ1, . . . ,γn ࣁჴ೽ޑ 0.

ཀݙ Corollary 5.6.4 ύ γ1, . . . ,γn όѸ࣬౦. ќѦӧ skew-adjoint ׎௃ޑ γi ࣁჴ೽ޑ 0

΋૓ᆀࣁ purely imaginary number (પ຀數), όၸ೭္ γi Ԗёૈࣁ 0.

5.6.2. Normal operator over R. ӧ over C ډॺҔךݩ௃ޑ C ࣁ algebraically closed,
җܭ R[x] ύޑ irreducible polynomial, ԖёૈࢂΒԛޑ, ӢԜךॺሡाҔځдޑБݤೀ౛
over R .׎௃ޑ ଷ೛ V ࣁ over R ޑ finite dimensional inner product space, २Ӄݙཀӧ
Ԝ௃׎ T : V → V ࣁ normal operator ٠ό΋ࣁۓ unitary (orthogonal) diagonalizable. ٣
ჴ΢җ Proposition 5.4.10 ၰऩޕॺך T ࣁ unitary diagonalizable, Ӹӧ߾ λ1, . . .λk ∈ R Ъ
π1, . . . ,πk ࣁ orthogonal projection ٬ள T = λ1π1 + · · ·+λkπk. ԜਔӢ

T ∗ = λ1π∗1 + · · ·+λkπ∗k = λ1π1 + · · ·+λkπk = T,
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ளޕ T Ѹࣁ self-adjoint operator. ٣ჴ΢ךॺԖаΠϐ่݀.

Theorem 5.6.5. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V →V ࣁ

linear operator, ߾ T ࣁ unitary diagonalizable ऩЪ୤ऩ T ࣁ self-adjoint operator.

Proof. 前य़ςޕऩ T ࣁ unitary diagonalizable ߾ T ࣁ self-adjoint operator. ౜ଷ೛ T ࣁ

self-adjoint operator, Ӣ T ࣁ normal, җࡺ Proposition 5.5.6 ޕ µT (x) = p1(x) · · · pk(x), ځ
ύ p1(x), . . . , pk(x) ޑ౦࣬ࣁ monic irreducible polynomial in R[x], Ъ V =W1� · · ·�Wk, ځ
ύ Wi = Ker(pi(T )). Ԗ܌ॺటᇥܴჹך i = 1, . . . ,k, pi(x) ޑ΋ԛࣁࣣ polynomial, ջӸӧ
λi ∈ R ٬ள pi(x) = x−λi. Ԝջள᛾ Wi = Eλi ࣁ λi ޑ eigenspace, ջ V = Eλ1� · · ·�Eλk , ࡺ
җ Proposition 5.4.10 ޕ T ࣁ unitary diagonalizable.

౜Һڗ V ΋ಔޑ orthonormal basis ޑಔԋ܌ ordered basis β = (v1, . . . ,vn). җ T = T ∗

аϷ Proposition 5.3.10 ޕ [T ]∗β = [T ∗]β = [T ]β , ҭջ [T ]β ࣁ self-adjoint matrix in Mn(R).
྽ฅ [T ]β ࣮ԋ Mn(C) ޑ matrix ҭࣁ self-adjoint, ঺Ҕࡺ Corollary 5.6.4(1), Ӹӧޕॺך
γ1, . . . ,γn ∈ R ٬ள

χ[T ]β (x) = χT (x) = (x− γ1) · · ·(x− γn).

ҭջ χT (x) ёаֹӄϩှԋ R[x] ύޑ΋ԛӭ໨Ԅޑ४ᑈ, җࡺ µT (x) | χT (x), ள᛾Ӹӧ
λi ∈ R ٬ள pi(x) = x−λi. �

ܭԖᜢډॺଭ΢ளך symmetric matrix ࣬ჹᔈޑ性፦.

Corollary 5.6.6. ଷ೛ A ∈Mn(R), ߾ At = A ऩЪ୤ऩӸӧ orthogonal matrix P ∈Mn(R)
(ջ P−1 = Pt) ٬ள PtAP ࣁ Mn(R) ύޑ diagonal matrix.

ௗΠٰךॺ探૸ over R ޑ skew-adjoint operator.

Lemma 5.6.7. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V ࣁ

linear operator, ߾ T ࣁ skew-adjoint ऩЪ୤ऩჹҺཀ v ∈V ࣣԖ ⟨T (v),v⟩= 0.

Proof. २Ӄமፓ over R ޑ inner product Ԗჹᆀ性, ջ ⟨v,w⟩ = ⟨w,v⟩, ∀v,w ∈ V . ౜ଷ೛
T ∗ =−T , ჹҺཀ߾ v ∈V ࣣԖ

⟨T (v),v⟩= ⟨v,T ∗(v)⟩= ⟨v,−T (v)⟩=−⟨T (v),v⟩,

ள᛾ ⟨T (v),v⟩= 0.

ϸϐ, ऩჹҺཀ v ∈V ࣣԖ ⟨T (v),v⟩= 0, ჹҺཀ߾ v,w ∈V , ॺԖך

0 = ⟨T (v+w),v+w⟩= ⟨T (v),w⟩+ ⟨T (w),v⟩.

ளޕჹҺཀ v,w ∈V ࣣԖ

⟨T (v),w⟩=−⟨T (w),v⟩= ⟨v,−T (w)⟩,

ճҔ adjoint ୤΋性ޑ (Theorem 5.3.5) ள᛾ T ∗ =−T . �
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྽ T ࣁ skew-adjoint, ଷ೛ x− λ ∈ R[x] ࢂ µT (x) ,΋ԛӢԄޑ ջ λ ∈ R ࣁ T ΋ޑ

ঁ eigenvalue. з v ∈ V ܭჹ࣬ࣁ λ ޑ eigenvector, ջ T (v) = λv. җ Lemma 5.6.7 ޕ
0 = ⟨T (v),v⟩= ⟨λv,v⟩= λ ⟨v,v⟩. җܭ v ̸= OV , ளޕ λ = 0. Ψ൩ࢂᇥ x ࢂ µT (x) ୤΋ёૈޑ

ჴ߯數΋ԛӢԄ. ٣ჴ΢ךॺԖаΠ่݀.

Corollary 5.6.8. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ nonzero skew-adjoint operator. ऩ T ࣁ isomorphism, Ӹӧ߾ b1, . . . ,bk ∈ R ࣣ࣬౦Ъό
ࣁ 0 ٬ள µT (x) = (x2 +b2

1) · · ·(x2 +b2
k). ऩ T όࢂ isomorphism, Ӹӧ߾ b1, . . . ,bk ∈ R ࣣ࣬

౦Ъόࣁ 0 ٬ள µT (x) = x(x2 +b2
1) · · ·(x2 +b2

k).

Proof. ޕॺςך µT (x) ӧ R[x] ύёૈޑ΋ԛӢԄࣁ x. ౜ӧԵቾ µT (x) ӧ R[x] ύёૈޑ
Βԛ፦ӢԄ. ଷ೛ x2 + rx+ s ∈R[x], ࣁ µT (x) .΋ঁΒԛ፦ӢԄޑ җ߾ cyclic decomposition
theorem Ӹӧޕ v ∈V ᅈى µv(x) = x2 + rx+ s. җ Lemma 5.6.7, ޕॺך ⟨T ◦2(v),T (v)⟩= 0.
Ξ T ◦2(v) =−rT (v)− sv, ளࡺ

0 = ⟨−rT (v)− sv,T (v)⟩=−r⟨T (v),T (v)⟩− s⟨v,T (v)⟩=−r⟨T (v),T (v)⟩.

ฅԶ T (v) ̸= 0 (ց߾ µv(x) | x),ࡺள r = 0. ԶΞऩ s≤ ߾,0 x2+sόࣁ irreducible polynomial,
ޕࡺ s > 0. ளޕ µT (x) ୤΋ёૈޑΒԛ፦ӢԄࣁ x2 +b2 ύځ b ̸= 0 ೭ኬ׎ޑԄ.

౜ऩ T ࣁ isomorphism, ջ Ker(T ) = {OV}, ளޕ x όёૈࣁ µT (x) .ӢԄޑ ࡺ µT (x)

ѝԖΒԛޑ፦ӢԄ, Ξҗ Proposition 5.5.6 ޕ µT (x) ,፦ӢԄό཮ख़ፄр౜ޑ ᛾ளӸӧ
b1, . . . ,bk ∈ R ࣣ࣬౦Ъόࣁ 0 ٬ள µT (x) = (x2 +b2

1) · · ·(x2 +b2
k). Զऩ T όࢂ isomorphism,

ջ dim(Ker(T ))> 0, ளޕ x Ѹࣁ µT (x) ,ӢԄޑ ᛾ளӸӧ b1, . . . ,bk ∈ R ࣣ࣬౦Ъόࣁ 0 ٬

ள µT (x) = x(x2 +b2
1) · · ·(x2 +b2

k). �

ऩ T ࣁ skew-adjoint operatorЪ p(x)ࢂ µT (x)ޑ፦ӢԄ, зW = Ker(p(T ))җ primary
decomposition theorem, ॺሡाΑှך T |W . ྽ p(x) = x ਔ, W = Ker(T ) Ԝਔ T |W ࣁ zero
mapping. ໻ाԵቾࡺ p(x) = x2 + b2, b ̸= 0 .׎௃ޑ Ԝਔ W = Ker(T ◦2 + b2idV ), ࣁ T -
invariant, җࡺ Lemma 5.5.11(2), T |W ҭࣁ skew-adjoint. ΞԜਔ µT |W (x) = x2 +b2, ךа܌
ॺ໻ाԵቾаΠϐ௃׎.

Lemma 5.6.9. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ skew-adjoint operator. ଷ೛ µT (x) = x2 + b2 ύځ b ̸= 0, Ӹӧ߾ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M O

. . .
O M

 , ύMځ =

(
0 −b
b 0

)
. (5.4)

Proof. Һڗ v ∈V Ъ ∥v∥= 1. Ӣ T ◦2 +b2idV = O, ॺԖך T (T (v)) =−b2v. Եቾ T -cyclic
subspace W = Span({v,T (v)}). Ӣ

∥T (v)∥2 = ⟨T (v),T (v)⟩= ⟨v,T ∗(T (v))⟩= ⟨v,−T (T (v))⟩= ⟨v,b2v⟩= b2.
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з v′ = 1
b T (v). җ Lemma 5.6.7 ޕ ⟨v′,v⟩ = 1

b⟨T (v),v⟩ = 0. ࡺ β1 = (v,v′) ࣁ W ΋ঁޑ

ordered orthonormal basis. Ӣ

T (v) = bv′, T (v′) =
1
b

T (T (v)) =−bv,

ॺளך

[T |W ]β1 =

(
0 −b
b 0

)
.

౜Եቾ V =W �W⊥. Ӣ W ࣁ T -invariant, җ Lemma 5.4.3 ޕ W⊥ ࣁ T ∗-invariant. ՠ
T ∗ =−T , ޕࡺ W⊥ ҭࣁ T -invariant. 再җ Lemma 5.5.11 ޕ T |W⊥ ҭࣁ skew-adjoint. ౜Ӣ
µT |W⊥ (x) | µT (x), ள µT |W⊥ (x) = 1 ܈ µT |W⊥ (x) = x2 + b2. ऩ µT |W⊥ (x) = 1, Ң߄ W⊥ = {OV},
ҭջ߄Ң V =W , ள᛾ҁۓ౛. ऩ µT |W⊥ (x) = x2 +b2, ډפݤॺё঺Ҕ數學ᘜયך߾ W⊥ ޑ

΋ಔ ordered orthonormal basis β2 ٬ள [T |W⊥ ]β2 ӵࣁ (5.4) ޑ block diagonal matrix. Ԝਔ
ஒ β1,β2 ӝಔԋ V ΋ಔޑ ordered orthonormal basis β , ߾ [T ]β ջ؃܌ࣁ. �

Example 5.6.10. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V → V

ࣁ skew-adjoint operator. ऩ χT (x) = (x2 +2)2, җ߾ Proposition 5.5.6 ޕ µT (x) = x2 +2. ࡺ
җ Lemma 5.6.9 Ӹӧޕ V ΋ಔޑ ordered orthonormal basis β ٬ள

[T ]β =


0 −

√
2 0 0√

2 0 0 0
0 0 0 −

√
2

0 0
√

2 0

 .

Question 5.27. ଷ೛ V ࣁ finite dimensional inner product space over R Ъ T : V →V ࣁ

skew-adjoint operator. ऩςޕ µT (x) = x2 +b2 ύځ b ̸= 0, ၂ᇥܴ dim(V ) Ѹࣁଽ數.

ჹܭ΋૓ޑ over R ޑ skew-adjoint operator T : V → V , җ Proposition 5.5.6 ޕ V =

W1� · · ·�Wk, ύځ Wi = Ker(T ) ܈ Wi = Ker(T ◦2 + b2idV ). ऩ Wi = Ker(T ), Ӣ T |Wi ࣁ zero
mapping, Һڗ Wi ΋ಔޑ ordered orthonormal basis βi, ࣣ཮٬ள [T |Wi ]βi ࣁ zero matrix.
Զऩ Wi = Ker(T ◦2 +b2idV ), җ Lemma 5.6.9 ډפॺёаך Wi ΋ಔޑ ordered orthonormal
basis βi, ٬ள [T |Wi ]βi ӵࣁ (5.4) ޑ block diagonal matrix. җܭ೭٤ β1, . . . ,βk ёаಔԋ V

΋ಔޑ orthonormal ordered basis, .ॺԖаΠϐ่݀ך

Theorem 5.6.11. ଷ೛ V ࣁ finite dimensional inner product space over R. ߾ T : V →V

ࣁ skew-adjoint operator ऩЪ୤ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ࣁ

аΠޑ block diagonal matrix

[T ]β =


M1 O

. . .
O Ml

 , ύMiځ =

(
0 −bi
bi 0

)
,bi ̸= Mi܈0 = 0. (5.5)

Proof. ऩ T : V →V ࣁ skew-adjoint operator җ前य़ޑᇥܴךॺޕӸӧ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ӵࣁ (5.5) ޑ block diagonal matrix.
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ϸϐ, ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ӵࣁ (5.5) ޑ block
diagonal matrix, җ߾ Proposition 5.3.10 ޕ

[T ∗]β = [T ]∗β =


M∗1 O

. . .
O M∗l

 ,

ύځ M∗i =

(
0 bi
−bi 0

)
= −Mi ܈ M∗i = 0 = −Mi. ඤ言ϐ, [T ∗]β = −[T ]β = [−T ]β , ள᛾

T ∗ =−T . �

җ Theorem ܭԖᜢډॺёளך,5.6.11 skew-adjoint matrixޑ性፦. Ψ൩ࢂᇥ A∈Mn(R)
ᅈى At = −A ऩЪ୤ऩӸӧ orthogonal matrix P ∈Mn(R) ٬ள PtAP ӵࣁ (5.5) ޑ block
diagonal matrix.

Question 5.28. ଷ೛ A ∈Mn(R) Ъ At = −A. ऩςޕ χA(x) = x3(x2 + 1)(x2 + 2)2, ၂ቪΠ
ӵ (5.5) ޑ block diagonal matrix B ٬ள A ∼ B. ၂ቪΠ A ޑ rational form ܈) classical
form). Ֆࣁ A ޑ rational form όࢂ skew-symmetric?

നךࡕॺٰ探૸΋૓ over R ޑ normal operator. ऩ T : V →V ࣁ normal operator, ߾
җ Proposition ॺԖך5.5.6 V =W1� · · ·�Wk,ځύWi = Ker(pi(T ))Ъ pi(x)∈R[x]ࣁ monic
irreducible polynomial. ޕॺך R[x] ύޑ monic irreducible polynomial ໻ԖаΠٿᅿ׎Ԅ,
ջ x−λ , λ ∈ R, аϷ (x− a)2 + b2, a,b ∈ R Ъ b ̸= 0. ऩ pi(x) = x−λ , ߾ Wi = Ker(pi(T ))

ࣁ eigenvalue ࣁ λ ޑ eigenspace. ॺ໻ा探૸ךа܌ pi(x) = (x−a)2 +b2 .׎௃ޑ ཀҗݙ
ܭ W⊥i =� j ̸=iWj Ъ Wj ࣁࣣ T -invariant, ள W⊥i ҭࣁ T -invariant. җࡺ Lemma 5.5.2(2) ޕ
T |Wi ҭࣁ normal operator. ΞԜਔ µT |Wi

(x) = (x−a)2 +b2, .׎ॺ໻ाԵቾаΠϐ௃ךа܌

Lemma 5.6.12. ଷ೛ V ࣁ finite dimensional inner product space over R, T : V → V ࣁ

normal operator Ъ µT (x) = (x− a)2 + b2 ύځ b ̸= 0. з T = T1 +T2, ύځ T1 : V → V ࣁ

self-adjoint operator, T2 : V →V ࣁ skew-adjoint operator. ߾

(1) T2 ࣁ isomorphism.

(2) µT1(x) = x−a.

(3) µT2(x) = x2 +b2.

Proof. Proposition 5.5.8 ֋ນךॺ T1,T2 ѸӸӧЪ୤΋. Ξ T ࣁ normal ࡺ T1 ◦T2 = T2 ◦T1.

(1) ॺѝा᛾ܴך Ker(T2) = {OV}, ёளߡ T2 ࣁ isomorphism. ౜ଷ೛ Ker(T2) ̸= {OV}
ЪзW = Ker(T2). җ T1 ◦T2 = T2 ◦T1 ჹҺཀޕ w∈W , T2(T1(w)) = T1(T2(w)) = T1(OV ) = OV .
ҭջ T1(w) ∈ Ker(T2) =W , ள᛾ W ࣁ T1-invariant. ΞჹҺཀ w ∈W , ࣣԖ

T (w) = T1(w)+T2(w) = T1(w),ջ T |W = T1|W .

җ Lemma 5.5.9 ޕ T1|W ࣁ self-adjoint, ࡺ T |W ࣁ self-adjoint. ฅԶ µT |W (x) | µT (x) Ъ

µT |W (x) ̸= 1 (ց߾ W = {OV}), җ (x−a)2 +b2 (b ̸= 0) ӧ R[x] ύࣁ irreducible ள µT |W (x) =



5.6. The Spectral Theorem 141

µT (x) = (x− a)2 + b2. ќ΋Бय़җ T |W ࣁ self-adjoint, Theorem 5.6.5 ֋ນךॺ T |W ࣁ
unitary-diagonalizable, Ԝջ߄Ң µT |W (x) ёаϩှԋ R[x] ύ΋ԛӭ໨Ԅޑ४ᑈ. җԜҟ࣯
ள᛾ W = Ker(T2) = {OV}.

(2) җ T1 ◦T2 = T2 ◦T1 ள

T ◦2 = (T1 +T2)◦ (T1 +T2) = T1
◦2 +2T1 ◦T2 +T2

◦2.

ӕ౛җ T ∗ = T ∗1 +T ∗2 = T1−T2, ள (T ∗)◦2 = T1
◦2−2T1 ◦T2 +T2

◦2, ᆶ΢Ԅ࣬෧ள

T ◦2− (T ∗)◦2 = 4T1 ◦T2. (5.6)

ќ΋Бय़, җ Lemma 5.4.2 ޕ µT ∗(x) = µT (x) = (x−a)2 +b2, ޕࡺ

T ◦2 = 2aT − (a2 +b2)idV , (T ∗)◦2 = 2aT ∗− (a2 +b2)idV .

࣬෧ள

T ◦2− (T ∗)◦2 = 2a(T −T ∗) = 4aT2. (5.7)

җ฻Ԅ (5.6), (5.7) ள 4T1 ◦T2 = 4aT2, җ (1) ޕ T−1
2 Ӹӧ, ᜐᆶٿஒ前य़฻Ԅࡺ T−1

2 ӝԋள

T1 = a idV . ջ T1−a idV = O, ᛾ள µT |1(x) = x−a.

(3) җ (2) ޕ T2 = T −a idV , ࡺ

T2
◦2 = (T −a idV )

◦2 = T ◦2−2aT +a2idV = (2aT − (a2 +b2)idV )−2aT +a2idV =−b2idV ,

ջ T2
◦2 +b2idV = O. җ b ̸= 0, x2 +b2 ӧ R[x] ύࣁ irreducible, ள᛾ µT2(x) = x2 +b2. �

ӧ Lemma 5.6.12 ύ, Ӣ T2 ࣁ skew-adjoint Ъ µT2(x) = x2 +b2, җ Lemma 5.6.9 Ӹӧޕ
V ΋ಔޑ ordered orthonormal basis β ٬ள [T2]β ӵࣁ (5.4) ޑ block diagonal matrix. Զ
T1 = a idV , ऩࡺ dim(V ) = n, ߾ [T1]β = aIn. җࡺ [T ]β = [T1 +T2]β = [T1]β +[T2]β ॺԖаΠך

ϐ่݀.

Corollary 5.6.13. ଷ೛ V ࣁ finite dimensional inner product space over R, T : V →V ࣁ

normal operator. ऩ µT (x) = (x−a)2 +b2 ύځ b ̸= 0 Ӹӧ߾ V ΋ಔޑ ordered orthonormal
basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M O

. . .
O M

 , ύMځ =

(
a −b
b a

)
. (5.8)

Example 5.6.14. ଷ೛ V ࣁ finite dimensional inner product space over RЪ T : V →V ࣁ

normal operator. ऩ χT (x) = (x2 +4x+6)2, җ߾ Proposition 5.5.6 ޕ µT (x) = x2 +4x+6 =

(x+2)2 +2. җࡺ Corollary 5.6.13 Ӹӧޕ V ΋ಔޑ ordered orthonormal basis β ٬ள

[T ]β =


−2 −

√
2 0 0√

2 −2 0 0
0 0 −2 −

√
2

0 0
√

2 −2

 .
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ჹܭ΋૓ޑ over R ޑ normal operator T : V → V , җ Proposition 5.5.6 ޕ µT (x) =

p1(x) · · · pk(x)q1(x) · · ·ql(x), ύځ p1(x), . . . , pk(x) ∈ R[x] ޑ౦࣬ࣁ monic irreducible poly-
nomial of degree 2, q1(x), . . . ,ql(x) ∈ R[x] ޑ౦࣬ࣁ monic polynomial of degree 1. з
Wi = Ker(pi(T )), E j = Ker(q j(T )), ߾

V =W1� · · ·�Wk�E1� · · ·�El.

җܭ E j = Ker(q j(T ࣁ(( T ΋ঁޑ eigenspace,Һڗ E j ΋ಔޑ ordered orthonormal basis β ′j,
ࣣ཮٬ள [T |E j ]β ′j ࣁ diagonal matrix. ԶӢ pi(x)ࣁ (x−a)2+b2 ԄЪ׎ޑ T |W j ϝࣁ normal,
Ξ µT |Wi

(x) = pi(x), җ Corollary 5.6.13 ډפॺёаך Wi ΋ಔޑ orthonormal ordered basis
βi, ٬ள [T |Wi ]βi ӵࣁ (5.8) ޑ block diagonal matrix. җܭ೭٤ β1, . . . ,βk,β ′1, . . . ,β ′l ёаಔ
ԋ V ΋ಔޑ ordered orthonormal basis, ॺԖаΠԖᜢך over R ޑ spectral theorem.

Theorem 5.6.15 (Spectral Theorem: real case). ଷ೛ V ࣁ finite dimensional inner product
space over R. ߾ T : V →V ࣁ normal operatorऩЪ୤ऩӸӧ V ΋ಔޑ ordered orthonormal
basis β ٬ள [T ]β ޑаΠࣁ block diagonal matrix

[T ]β =


M1 O

. . .
O Ml

 , ύMiځ =

(
ai −bi
bi ai

)
,bi ̸= Mi܈0 = λi. (5.9)

Proof. ऩ T : V → V ࣁ normal operator җ前य़ޑᇥܴךॺޕӸӧ V ΋ಔޑ ordered
orthonormal basis β ٬ள [T ]β ӵࣁ (5.9) ޑ block diagonal matrix.

ϸϐ, ऩӸӧ V ΋ಔޑ ordered orthonormal basis β ٬ள [T ]β ӵࣁ (5.9) ޑ block
diagonal matrix, җ߾ Proposition 5.3.10 ޕ

[T ∗]β = [T ]∗β =


M∗1 O

. . .
O M∗l

 ,

ύځ M∗i =

(
ai bi
−bi ai

)
܈ M∗i = λi = Mi. җܭ MiM∗i = M∗i Mi, ёள [T ]β [T ∗]β = [T ∗]β [T ]β ,

ள᛾ T ◦T ∗ = T ∗ ◦T . �

җ Theorem 5.6.15, ܭԖᜢډॺёளך normal matrix .性፦ޑ Ψ൩ࢂᇥ A ∈Mn(R) ᅈ
ى AtA = AAt ऩЪ୤ऩӸӧ orthogonal matrix P ∈ Mn(R) ٬ள PtAP ӵࣁ (5.9) ޑ block
diagonal matrix.

Question 5.29. ଷ೛ A ∈Mn(R) Ъ AtA = AAt. ऩςޕ

χA(x) = (x2 +1)(x2 +4x+6)2(x+1)2(x2−2),

၂ቪΠӵ (5.9) ޑ block diagonal matrix B ٬ள A∼ B. ၂ቪΠ A ޑ rational form. Ֆࣁ A

ޑ rational form όࢂ normal?
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നךࡕॺ੝ձ଺аΠޑගᒬ. ΋ঁ linear operator T : V →V ࣁցࢂ diagonalizable, ک
V ࣁցࢂ inner product spaceคᜢ. ՠ T ࣁցࢂ unitary diagonalizable൩ک inner product
ԖᜢΑ. Ψ൩ࢂᇥ V Ҕόӕޑ inner product, ό཮ׯᡂ T ࣁցࢂ diagonalizable ,性፦ޑ ՠ
Ԗёૈׯᡂࢂځցࣁ unitary diagonalizable .性፦ޑ .ηٯޑॺԖаΠך

Example 5.6.16. ӧ Example 5.3.11 ύךॺԵቾ T : R3→ R3 ࣁကۓ

T (x1,x2,x3) = (4x1 + x2 +2x3,4x1 +4x2 +4x3,2x1 + x2 +4x3).

аϷ R3΢ঁٿ inner products ⟨ , ⟩аϷ ⟨⟨ , ⟩⟩. ᙁൂޑीᆉךॺள T ޑ eigenvaluesࣁ ک2 8

Ъځჹᔈޑ eigenspacesϩձࣁ E2 = Span({(1,−2,0),(1,0,−1)})аϷ E8 = Span({(1,2,1)}).

ऩԵቾ R3 ࣁ standard inner product space,Ԝਔ T ̸= T ∗ ࡺ T όࢂ self-adjoint operator.
җ Theorem 5.6.5 ޕ T ӧ standard inner product ⟨ , ⟩ ϐΠόࢂ unitary diagonalizable. ٣
ჴ΢ ⟨(1,−2,0),(1,2,1)⟩ = −3 ̸= 0, ޕ E2 * E⊥8 . ՠӢ T ϝࣁ diagonalizable, ҭջ T ޑ

minimal polynomial µT (x) ёቪԋ΋ԛ monic polynomial ४ᑈޑ (٣ჴ΢ךॺԖ µT (x) =

(x−2)(x−8)). ٩ԜךॺёճҔ Theorem 5.6.15 ளޕ T ӧ standard inner product ϐΠό
ࢂ normal operator. ٣ჴ΢җ Example 5.3.11 Ԝਔޕ

[T ∗ ◦T ]ε = [T ∗]ε [T ]ε =

 4 4 2
1 4 1
2 4 4

 4 1 2
4 4 4
2 1 4

=

 36 22 32
22 18 22
32 22 36

 ,

Զ

[T ◦T ∗]ε = [T ]ε [T ∗]ε =

 4 1 2
4 4 4
2 1 4

 4 4 2
1 4 1
2 4 4

=

 21 28 17
28 48 28
17 28 21

 ,

Եቾ R3 аࣁ ⟨⟨ , ⟩⟩ ࣁ inner product ޑ inner product space ਔ, ॺளך T ∗ = T , ҭջ
T ࣁ self-adjoint operator, җࡺ Theorem 5.6.5 ޕ T ӧԜ inner product ϐΠࣁ unitary
diagonalizable. ٣ჴ΢җ ⟨⟨(1,−2,0),(1,2,1)⟩⟩ = 0 аϷ ⟨⟨(1,0,−1),(1,2,1)⟩⟩ = 0 ளԜਔ

E2 ⊥ E8. ճҔ Gram-Schmidt’s process ډפ E2 ΋ಔޑ orthogonal basis, :ၸำӵΠځ з
v1 = (1,−2,0),w2 = (1,0,−1), ڗ߾

v2 = w2−
⟨⟨w2,v1⟩⟩
⟨⟨v1,v1⟩⟩

v1 = (1,0,−1)− 1
2
(1,−2,0) = (

1
2
,1,−1),

ёள ⟨⟨v1,v2⟩⟩= 0, ࡺ {(1,−2,0),(1
2 ,1,−1),(1,2,1)} ࣁ T ޑ eigenvectors Ъࣁ R3 ӧ ⟨⟨ , ⟩⟩

ϐΠޑ΋ಔ orthogonal basis.


