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Chapter 1

Vector Spaces

ARF AP R AL linear algebra #7& #F 30 & 4 % “Vector Space”. # F 2\ i 45

31 vector space 4, i 4p B 5 basis 14 % dimension.

1.1. Definition and Basic Properties

& vector space g E, T A - T EFAPEARE S E (vector). P BV O FF
TR dor B BB EPT. - e B9 4 ittt STUAPL ¥ 4 KA A - B
vector space ¥ ~ % (nF H . 4 i*un\f;u

V(i V s - 28 ~F), £ h~F &S - BEL 4" EREEGFF PN,
FXETF ovweV FRE viweV. YA igRELE G APR LT

- 1 vector space § A& § i - B2yl &

VS1: iz uveV, %% u+v=v+u

VS2: #iZ g u,v,wevV, ”b’ﬁ (u+v)+w=u+(v+w).

VS3: - 714 OcVa&HEi ueV ¥5 Otu=u

VS4: #Z R ueV 2 vH 3 u eV s utu =0.

SFRF g Ak V A 4 i@ E T, A% - B abelian group. # i vector space %
A - B group, v ZEF nqe- B filed chF “iF* 7 (action), i A #T3} ¢ scaler
multiplication. & % 4 & F 5 #F |2 4 T%{;%“IL%"’?- i# vector space V, B Zp 5 — B
fleld F, iz g cnreF M2 veV, rfev ie* 2 TmaZ (AP i®ry), e
Ve

FRIVEREY o+ 2 F7E FF - TP

oW

13L&, VFZRFFAPFPRESNT

VS5: iz & rnseF M% ueV, ¥ 3 r(su)=(rs)u

VS6: iz gk rnseF M% ueV, ¥ 3 (r+sju=ru+tsu.
L

VS7: HZ g reF Nz uwveV ¥ 35 rlu+v)=ru+rv.

I—\I



2 1. Vector Spaces

PUARGEEEEF? 00 VSL~ VS8 e 8 BELF, A kil - B vector
space ¥ A& fASTHT - A TEY. AR T8 BUFH- AT, F- 25 v Px
EA PR A —,:"m‘]:%_?fr. - ’f?\-l]ﬁ“giﬁ—ﬁ"'yd—k ,"__Lﬁ\-x]”ig—]- B Ay UL

FAAPE T EWMT RAF- B RIRV P hAE, a % wF L7 fleld F ¥ ha k.
Glde V P b2 Em A2 AP O k&7, @ FP ez Eimaz® 0kdm. ¥ V
fo F o gmg 4o, - MARES B2 A3 - R0 (2L V =F), 2 EA PR 4 R AR
EAFGEAV=F 83 RV PN FLIT U e F P g Apiein, A0 30 S
RA B APREL R, £3,% - B vector space — T & 3 — I abelian group V % -
B filed F. @9 B2 2 23 V, F d¥aiddeigtis 24TV, F 2 Bivh ol . 54
b+ A E - B vector space 38 P FELP ip i BB A 7B - B foenEAL AP
¥ § E 4V - B over F £ vector space.  FF{ § F 4V 5 F-space.

Example 1.1.1. 2% 4 % — & § & &7 vector space. ™ T 3+ ¥ F % — B filed.

1) 2 F"={(ar,....an) |a; € F}. % &4t 5. % (an,....an),(b1,....by) € F", B

ai,
(a17 ) (b17 7b ):(a1+b1, +b) 12: fté Ez% ’; %%ﬁ F" L_LL J"E/z‘
v LA VSleS4qjibmjdc‘ 0=(0,....0). &g &ip2skF

fe F" eni®* 5. F reF, (ar,...,a,) € F", B r(al,...,an):(al,...,an). » XA
—g digt e F P 8 VS5~ VS8, hipi@ i 2 TAPE F" - B over F

vector space. 4 w|hE_F & ¥ §_over F ¢ vector space. # 4 ¥ #-pL 35 R 5|
men(F) 453 entry & F chmxn Lo enf & f1% 4t @5 22 (F
- B anE B 2 ) AP E M., (F) - B over F &0 vector space.

(2) ¥ B#7F GlL F ¥ ¥kl n 3N APREE L F () =ax"++
ag,8(x) = bpx" + -+ +bo, Bl f(x)+g(x) = (an+ba)x" +---+(ao+bo). # A &iLE
A GEcE F ¥ R Eci n SN A e R T iﬁﬁ . (B =%
BAplp 05 N Apde § T AL KL FEE AP TG B TS R
iR ] t{_tbénj;;_i—fjj‘ﬁ,{id‘ﬁgﬁ’l’l ,mEviEERE VS~ VS84 F reF,
f( ):anx"—{—---—i—ao, £ rf( ):ranx"—l—---—{—rao, Bl fa gt i % 2 A ey 7

b F P =#c | 38 3 p i f 38 ;N §. - B vector space over F. i % P
# 77 & - B vector space. ® A P(F) ¢ 0O (i H =rF).

(3) %~ B & S ¥ et S T F ensdieir ehlk & FS. ¥ reF, f,g € F5,
APEE frgrfEFS i frgise f(s)+gls) 2 rfis—rf(s). &z did ¥
A e FS §- % over F 9 vector space * fE€FS % & f(s)=0,Vs€S 5 FS
¢ 51 0.

Question 1.1. iwit 5 21 % Ezample 1.1.1 ¢ (1) & (8) - B2 (1) o (2) 7 M
7



1.1. Definition and Basic Properties 3

Question 1.2. = V & - B vector space over F, V' &_V - B subgroup ®* F' E_F &
- & subfield. §1* V, F ex&88 {F V' §- B over F & vector space? £ F V & - &

over F' &1 vector space?

5T RSP & 3 vector space eh- A AMF. £V I~ B F-space, F £ V &£ d
abelian group g7 chld 7, figim A i JT-‘L“'X Mo E. A AR R VS3 ¢
MERFEO0EV REHNTT veV ¥ 3 V+O—V RSO HF ErE- fI‘u{~Lr;ﬁ Hte
2HEAFE, Vb VS RN T vEV F RV EV #EF vV =0, 2V 4 g5

F v omcrE- L,'j}{ﬂﬁ EEASER IR BN, “f‘i’“ 2 TFAPEF —y RET V. REAPE
BRI ZEAZ A HRNV R BAZ W REG5A- BveV 2 viw=yv, 78
;\‘ ]FE 'g E-F:QW:O.

23 VS5~ VS8, g § BV & F a3 Benier ik, v §IAPER T
Proposition 1.1.2. BX V & - B over F 1 vector space, 3% F T 2} 5 :

(1) xkreF,veV, Rl rv=0 2% r=0 & v=0.

2) HEZ veV, v+ (—1)v=0. #7372, —v=(—1)v.

Proof. () (&) Fr=0, 2P rv=0,4d } 5 9ridha s APEEHEP Ovfv=yv
Rmd VS6 2 VS8 4
OV+v=0v+1lv=(0+1)v=1v=.
wBE. VY -2a, 2 v=0,EFP ;/v=0APEEHEM rO+r0=r0 v . X
md VS3 2 VST7 &
rO+r0=r(0+0)=r0.

(=) % rv=02 r£0,0d F Z- B field w3 r'ecFe#E rir=1 &
d VS5, VS8 2 = m #1755 % v

v=1lv=r(rv)=r'0=0.
=
(2) $17% VS8, VS6 & (1) #r @2 it %, 7
v+ (—l)v=1v+(-1)v=(1—-1)v=0v=0.

Fod v K ""% ENRE — f”L = —V*( l)V.

Question 1.3. X V & - B F-space. §1* Proposition 1.1.2 i% i &P 11T {258 ?
(1) # neF,uveV 2 r£7, a0, Bl ra+v#ru+v.
(2) # reF,veV, Bl —(rv)=(-r)v=r(—v).



4 1. Vector Spaces

1.2. Subspaces

% V - B over F =1 vector space, U Z_V ¢— 2L + & (nonempty subset), ¥ %
AV, F @27 U &~ & over F ¢ vector space, RIF U E_V - B subspace. F
pEA e g % U V- i F-subspace iz ki K553 &_over F ¢ subspace. ¥ ¢ 5 73
gAY U<V k&5 U EV a— i subspace.

eV P EE- B3 subset S € 7 gfru{v e1— B subspace 17 ¥ X BRI
- % §, ¥]5 & & % subspace, § & ¥ - ¥ & § - B abelian group, ~ ﬂ*apﬁa Z 5V
subgroup. 7# ¥ ¥ ¢ § £V ¢ subgroup, # % Question 1.2 ¢ A iy g § 57 - @
- % F-space. FEIMAS - F % 2 - 23 HPR. FTFIFEE S ALV g2 —
#HP I o F ie* 35 m;rh? PUFERL S AV fhsubspace. MG T 2 B %

Proposition 1.2.1. X V & - B over F & vector space * S 3 V ch— i subset. B S &_
V - B F-subspace 2 FEFE S F M T 2

(1) O€es.
(2) #3474 rseFuveS ¥ § rutsves.

Proof. (=) % S #_V s subspace, F] § €.2£%, #&a3 & v & S ¥ . d subspace fhz &
S 4 - B F-space, ved S, F iT* éi3t P 2 Proposition 1.1.2 (1) # Ov=0¢€S. ¥ - =
wE nseFuvesS & S F % 3P HE rusve S, £d S i a3t FHEE rut+sves.

(<)d 1)0eSawSI- B2z & BFP S £~ B F-space, 3V 7 %7 S 4vi 3
Fiiz S, F ie% h3f B4, £ 5%3E VSl ~ VS8 = =, —‘g’igﬁ,p?}“ﬁ? wvesS Fli SCV, %
u,veV £d V E_F-space, i lu=u,lv=v. £ r=1,s=14d (2) F ut+v=1lu+lves, ¥
FE S 2P M. Y HEIE reFues, F10e€8, £ s=1,v=04d (2) #F ru+10€S.
TuO%iVe a1t f&d V i F-space 2 B&KF ru+10=ru, *FFHE S, F iT* chif P
M. BieNPRERHRE VSI~ VS H» § F . d 3 S§CV, VS, VS2 13 VS5 ~ VS8 ¥
Wty Vo "4'?""3%\* PRSP A2 Ra VS3, 5 (1) 28K, VsS4 d w S F
T% 3t B2 2 Proposition 1.1.2 vz g ve S, —-v=(—-1)veS. @& S 5 V - B

O

F-subspace.

Question 1.4. F ues 4 r=1,s=—-1 % v=u, RIH|* Proposition 1.2.1 ¢ (2) v 17
O=1lu+(—lues. 3¢ Fi:ﬁ £ (1) ek ?

Questlon 1.5. XV & - % F-space, * S AV ch— B2z 3 &. FEPE SHI* V b
FBEIHFO2 A V, F enier o EHHPean Pl S IV eh— B F-subspace. — #& k3
— B abelian group v 22T 3 B E AR FE 2T 3P F - 'I‘;«g X2 B abelian group

7 subgroup. R @ f vector space w it fFAS L P S € AV e subgroup ¥t ¢

41* Proposition 1.2.1, # TF“ %%75“‘ % ¥ %% - B vector space ehz2t% F B H F L H sub-
space. ¥ R ¥s b - BH L E2 HFE H F L vector space, £ A VS ~ VS8 iz 5 B, %
WE L Aov A& 73 % B vector space, FRAEATE W& A TR P T}-f” %7,



1.2. Subspaces 5

Example 1.2.2. m 7 AP £ 8B 4 Example 1.1.1 # &0 vector space T if* &7 subspace.

(1) % cp,....,cn € F. E={(ay,...,an) € F" | c1a1 +---+cpa, =0}, &_F" eh- B
subspace. E ¥ * cixi+- 4o, =0 K& 7. 8PP @ F A F" ? R X o+
Aty =b R F TR R & F L F" 0 hyperplane. 7 i 3 b =0 pFeh
hyperplane ¥ - B F-space.

(2) PAF) ¥ % s dic] 5 290 n 1 eh % 5 25 d chh & % Py (F), - @ sub-
space. ¥ LT AeF, & A={f(x)eP,(F)|f(A)=0} » &_P,(F) 1 subspace.
Fult P(F)? ¥8% 5 0 emft & (4 A =0) £- B subspace.

(3) 2T TCS, F5% eth3+ g & {feF5|f(t)=0,vt €T} ¥ - & subspace.

%2~ B over F ¢h vector space V, {x% % # V 4v {0} ¥ 5 H subspace. & B
subspace fi- = V & trivial subspace. & V ¢ 3 H i 7 F-subspace, 3% § 2488 F i ] *

iz subspace ¥ 3| { % ¢ F-subspace. B LG T 25

Proposition 1.2.3. & V & - & wvector space over F ® U,W % V & subspace, F| UNW

= ®_V & subspace.

Proof. % i {]* Proposition 1.2.1 kM. 5 £F 5 UW ¥ & V i subspace, 3% i 3
OcU X 0cW,&{F0cUNW. ¥t rnseF 2 uveUNW, Bld u,velU % ra+sveU.
I ru4sveW i ra+sve UNW. O

Question 1.6. V & - & wvector space over F. % I % — % index set, ® ¥t>>E % iel, V;
w » V i subspace. A_F (i Vi » AV 0 subspace?

Arfep RERETE VW L V i F-subspace, » ¢ i ff UUW 7= 5 V 1 F-subspace.
- AR EI Hn Gl4c R2 ¢ L ={(rn0)|reR}, Ly ={(0,5) | s€R} ¥ & R? e
subspace. F1% (1,0) € Ly, (0,1) € Ly #7124 (1,0),(0,1) € Ly ULy, 2 &_(1,1)=(1,0)4(0,1) &
LiULy, #c% LyUL, * #_R? cr1subspace. £% + ¥ F ¥ -  infinite field p¥, & g 0T
T

Theorem 1.2.4. 3% F #_— B infinite field ® V ¥ - B F-space. & Vi,...,V, 5 V &
nontrivial F-subspaces, ] ViU---UV, #V.

Proof. A 4% F &2, BEXR V=ViU---UV,. Vi CWVU---UV,, BI7 %V P
V=VWU---UV,. &% 4% - NP 3K V1,¢_V2U UV, FPF ueV\VhUu---UYV,
(2‘7'"116‘/1 e U¢V2U'“Uvn) ~ VgV, O VEV\Vl YR

S={ra+v|rer}.

iﬁ‘*r;ér’ Al ra+v#ra+v (R ¢ % (r—r)Ju=0,
4_infinite field 4w S 3 & 5 % B~ 4.

N

3
Et)
=

=

I

o

lsx
X
R
N—
il
=
o



6 1. Vector Spaces

ETRAP G S E-BV, BEEG I OBERAE. o utveV, FlrueVy, d
Vi #_F-subspace ¥ (¥ veV| frg 4~ v iP5 5, sear SNV =0. ¥ - 3 5, § 2<i<n,
Futr£r @@ ra+veV, ¥ Fu+veV, Bld V; & F-subspace & (r—rJueV;, ¥
ueV,CVhU---UV,. & aaugB4pi ’i i SfeE BV, B - BERAE. S i}u
AFREE SAVIU---UV,) B 5 &5 n—l BE. mFV H - B F-space, 4 u,veV v {#
SCV. #72,V=VU---UV, DBExRLFAP SN(VIU---UV,)=SNV=S &7 &5 % B
EL BRI ki ’ﬁ;’—fti‘r'V:VlLJ-“UVn FF R oA U

£ ;3 % Theorem 1.2.4 & F ¥ — B finite field, |7 - T+ . ¥4 d L 2BV vx F
&_— # infinite field, B]- T over F 1 vector space ¥ & B & & 3 B % e subspaces 8% &
- &% ¢ &~ B F-space (%2 11T Questions).

Question 1.7. % F ¥ - & finite field, :#35 1= B Theorem 1.2.4 eF .

B

Question 1.8. kX V #_- B over infinite field F 1 vector space ® Vi,...,V, % V &
2k
EES

F-subspaces. 75 ¥ 1 —JF:] ' Theorem 1.2.4 #3734 ViU---UV, % § &~ B F-space f
tie{l,...,n} BEV;CV, Vje{l,...,n}.

— 4r R BEE R — B vector space P f- & subspaces ¥t 8 E ¥ 4 - 7 ¥ - B vector

space, e g 2P v i - B @ 7 i subspaces 7 vector space. PR & LT T K.

Definition 1.2.5. 3% V 3 - B over F & vector space ¥ Vi,...,V, 5 V &1 F-subspaces.

2 X

L&

["E‘I

B3 EH T3 R A e ¥4 8 i subspaces T_& vk,

(m\:\v

lE'

Question 1.9. % V &~ ® F-space @ W A_V i subspace, & & W+W ¢ &+ A7

% PR R, PR T

Proposition 1.2.6. B3X&X V 5 - B over F ¢ vector space ®* Vi,...,V, & V & subspaces.
Bl Vi+---+V, 2_V &7 subspace.

Proof. 71O eV, for 1<i<n, &« OeVi+---+V,. ¥- a5, F w,v,eV,rscF 7V, &
F-subspace, #& ru;+sv; € V;, 7& %

r(wp -4 u,) +5(vi+ o v) = (ra sV oo (1 +5v) €V 4V
#d Proposition 1.2.1 ## V;+---+V, Z_V & subspace. O
Question 1.10. B&X V i - B over F &1 vector space ® U,W % V &1 subspaces. %%

Foig UNW AV ¢ & 23U 2 ¢ 33 W B 0 subspace. m HBEV P ¢ 7 U =
W B | £1 subspace?

3
¢ 7



1.3. Spanning Sets 7

1.3. Spanning Sets

AP 4 % linear combination shiE 4, i@ 5138 ¥ — 817 I| subspace 77 .

Definition 1.3.1. £ V ¥ - i over F # vector space * £ S % V eh— B2t 3 &, &
VEV BREV=rVi+-+rV,, 27 rneF ¥ v;eS, BlF v ES eh- B linear combination.

% Span(S) k4 75 %73 S 0 linear combination #7= ek & .

L1 {, it S E - B infinite set, # — & S linear combination ® £ 3|5 15 B S »

FUEBAE. G enE €% S - B linear combination * v=Y,grgu izt k&7, 7 iE
WERM AL TR ry€F 2 WG F U5 B ry 2330, F 4 E v=Yiegrull = Yyegsull, 2
"3 R BueS G ry#se, PFE v B S S 0 linear combination H & jF “7 vE- 7

Question 1.11. ¢ T & i 7 1% F CSCV, B Span(S') C Span(S) *5 ¢ - L kw#-§ £
H - 2E G Vg iei® Span(S) ¥ ). ﬁtﬂ,—ﬁ oS¢ AHVIE A E 4 72 &7 Span(S)
,’%‘,J vz 9

= S E2Z2 a0 TP welS, Flow=0 =+ O & - # § ¢ linear combination. =
O cSpan(S). ¥ *tE u=ru;+---+ryuy, v=1sVi+ - +85uVy %S 7 linear combination
(E:"’ ri,Sj € F * u;,v; € S), % %ﬁmﬁ‘f‘fii r,seF,
ra+sv = r(riap+- 4 rw) +s(sivi+ -+ S Vm)
= (rrp)up 4 (rrp)u, + (ss1) Vi + -+ (550) Vi

» #_S ¢ linear combination. #7144 * Proposition 1.2.1 3% i 5 T 2 %% .

Lemma 1.3.2. & V & - B over F ¢ vector space ® § 5 V en— B 2t3 3+ & R Span(S)

= V - i subspace.

# X Span(S) #_ - B F-subspace #% i if fL2 % the subspace spanned by S. % §F *
Span(S) .V ¢ ¢ 3 § & | ¢ subspace.
Proposition 1.3.3. & V ¥ - B over F ¢ vector space £ § 5 V eh— B2+ &, 7
Span(S) = ﬂ W,
SCW, W<V

TR W EF RV PG & 7 S i subspaces.

Proof. # *d Lemma 1.3.2 # Span(S) i&{— ®e 7z S chsubspace, T4 p A
Span(S)2 [ W.
SCW, W<V
¥->*a% WAV dgrsubspace * SCW R|iZB~ veSpan(S), Flv=rivi+---+r,v, £°
reEF, v;ESCW, ted W % subspace {8 ve W, 7= T Span(S) CW (#* ¥ % 7= Span(S) H_
V ¢ & 7 S & | e subspace). F]H

Span(S) C ﬂ W,
SCW, W<V
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e O

% S=0,Fls*5 $ &% ¢ 737 E, Proposition 1.3.3 ¢ 3 &%K/Q%A—E‘E'“r“ﬁ V e
subspaces 1% #, 4 2 {O}. “r§ § L% B £, A Rk Span(s) = {0},

Question 1.12. BX V i — B over F & vector space £ Vi,...,V, & V &0 subspaces. %
7 % 7 4 Span(V;) =V;. wi dvig Span(ViU---UV,) & g 2

w o Question 1.11 ¥ A PR Fl- B kM-S £4 - B2 F 5 7 § 2 17 Span(S) %] .
WTEARTEA S Y EHTE A% A % € 7 Span(S) ).

Corollary 1.3.4. £ V % - B wvector space over F ¥ §' CSCV. R Span(S) = Span(S’)
F e S\ S CSpan(s).

Proof. (=) F1S\S'CS &x&p AF S\ CSpan(S). #&d % #% Span(S) = Span(S’) ¥ ¥
S\ S C Span(S’).

(<) 4 §CS ¥ # Span(S') C Span(S), F] 2 i & & P Span(S) C Span(S’). % 4
oA PR 2P SCSpan(S) V. i€ F i Lemma 1.3.2 £ % i Span(S') £.- B
subspace of V, # % § & % ** Span(S’) |4 Proposition 1.3.3 ¥ {¥ Span(S) C Span(§’). # @
Hizd veS, A3 vesS & veS\S. gvesS &THP AT veSpan(S); m & veS\S
% ik 4 3 veSpan(S'). w4 §C Span(S'), Fl@ ## Span(S) = Span(¥’). O

FulE, § VA~ B Fspace, @ § £V 0+ L% & Span(S) =V, I S LV - B
spanning set. &t TERXF b wiEE SCYCV, ¥ § AV & spanning set, B & » LV

£ spanning set.

Example 1.3.5. # ﬂ“%%r} Example 1.1.1 7 vector spaces, # 11T i % B 7k & ¢ spanning
sets.
() & F"* Yk e=(0,...,1,...,0), 27 1 £ % i Bzl H&=3L0 R
e,...,e,} #_F" & -  spanning set.
{er,....en} panning
(2) B P(F) ® 153 ~ 2% 7% g+ F+aix+ay X7, B? g eF, #711
{1,x,...,x"} &_P,(F) - i spanning set.
(3) & FS ¢ @B AcS Tk fLekFs 3
I, s=2A;
R Iy
% S ¥ - B finite set BF, {f; |A €S} & FS ¢h— B spanning set. # i&§ S &
infinite set P&, LE,T%Z oo A Fl5 & vector space P AP Y g G LI BAZ
tode (£ 355 B A FAp4e § F fcac# AehR AL, & § % 7 3] “Topology”, 7 £- 4

Question 1.13. %t it FS o35, £ S £ B infinite set, Span({f, | A € S}) £+ A7
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1.4. Linear Independence

A0 A 2 linear independence s 4, 7 5 0 WA <~ RBHEF T a0 g 4 R, AP
d linear dependence s#% 4 115 . ¥ § + Linear independence fr spanning set 2. & § 3*

SAPE e K < REY M E - B REPFR A o - SRR HRE.

Definition 1.4.1. £ V ¥ - i over F i vector space ¥ £ S 53 V eh— B2 3 &, &
FveS B veSpan({weS|w#v}), RIF S 5 linearly dependent. & 2., RIF S %

linearly independent.

BERENPERFEE F0eS, B S - T A linearly dependent. F15 O - T § &

ix @ &0 subspace *® .

Question 1.14. & " F_& %4 "g e §SCS"CV, a S &_linearly independent, B] S &_
linearly independent ¥% ¢ (or % S &_ linearly dependent, ®| S" &_ linearly dependent) #
B S & linearly independent, S" * — F_&_ linearly independent. + TI‘L HAH - B linearly
independent fhE & 547 A FZ {6 F F i 2 linearly dependent. & 4v > Bk F A i

#¥ linearly independent ¥ ?

Linear dependence 3§ ™ & % g ik

“mjn

Proposition 1.4.2. 4 V & - B over F &1 vector space * S 2 V &— @t 3 &, g S
E_linearly dependent & 2 &% % = Vi,...,Vv, €S M E r,....r,€F, 27 i3 v; F R A
2 5 0% v+ +rv,=0.

Proof. (=) ¢ S &_linearly dependent i3 & v; €S /& )ivl € Span({we S |w#v;}), ™=
TRV, .V, ES AR EAEN VYV NE . €F ¥R A 0@ EF vi=nvyt v,
w7 (=1)vi+rva+--+rv, =0.

(<) B ie{l,....n},v;eS ¥HEX neF 22 5 0#EF rnvi+-+rv,=0, B
vi = (—rary v+ (=1 v, € Span({w e S| w# v }), 7 % S 5 linearly dependent. [

#F2- T Proposition 1.4.2 ¥ % vi,...,v, * iZF O, Bl ¢ 3 n>2, FR[E r #0,
g%-ffl rnvi=0nm P vi = 0.

¥ ¢ linear independence » 3 ™ & i chy 2

Proposition 1.4.3. £ V ¥ - B over F ¢ vector space ® S 5 V - B2zt 3 4. p] S
A_linearly independent % * *&% Span(S) » B hAF ¥y HirE- 3 2B S ¥ ~F o

linear combination.

Proof. (=) A% F @2 @#P 25— . g AF v=0F @& 73, FFhr,... nec
F>% %3 0% v,...,.v, €S #®& rivi+---+nrv,=0. d Proposition 1.4.2 5 2 §
= linearly independent 484 5. ¥ - > % % veSpan(S) ¥ v#O0 7 A fAH 2, i3
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I

FlyeoosFny St Sm €F (B9 328 155 %3 5 0) U E v,V Wi,..., W, €5 (H ¢ %
Vi,V ?7&11—? Wi, Wy, B AP ) 8 18
V=rvVi+- o+ rmVy=81Wi+ -+ 5,Wp.
CRFRAFLEAPBEXR: vi=w,...,.ik=w T Hshv,w; #pE. A F
O = (ri —s1)Vi+-+ (" —Sk)Vi + g1 Vip 1+ + Vi + Sk 1 W1+ -+ S W

REEARZER, F hk=n=m, BI%F FB r#s; anBEEFGLTF k<n (PP g #0);
& k<m (B PF sp #£0). F]Ptd Proposition 1.4.2 #vpt ¥2 § % linearly independent 4p 4
B, .

(<) BBEXRHFETL veS FlveSpan(S) & v=1v qcd v B = § ¥ = % 7 linear
combination % = &~ f&, ¥ v Span({we S|wHv}), L& TEF S 5 linearly
independent.

O

& ;3 &, linearly dependent v linearly independent &_7 & 3 4 cff %, Vi 2 8.5 7 4%
it * i % Propositions 1.4.2,1.4.3 ~ B, 2 F v P EApk cn. bl4cR FP - B & & 4 _linearly
independent, =¥ 14 * F ;% & K v A linearly dependent, Xt 41 * Proposition 1.4.2
#r4p. Y- >0 %7 - BE & & linearly independent, i% fj!';? 241 * Proposition
1.4.3 # 2 eiwi— (2 kg 8 & 4p B 2 BT

Question 1.15. & %41 * Proposition 1.4.2 4= Proposition 1.4.3 *#F M S={v,...,V,}
#_ linearly independent % # >+

nvi+--+rnv,=0=r=---=r,=0.
Question 1.16. % S &_linearly dependent ® O &€ S, Proposition 1.4.3 2 33 5 - B
Span(S) PR g A (R F) 2 2R A S ¢ AR linear combination. TRg 70 f

), R F - B Span(S) P A AYEF A (L F) B S AR
combination 5 ? % 3§ F &~ & infinite field ¥, 5 - i Span(5) * ch= A 54§ &5 5

2B S ¢ ~F g linear combination.

w5 Question 1.14 # A i 3% F| - #& K #— B linearly independent set § % 4c— & =
%7 7 g e S %= linearly dependent. ™ T 3w ¥ 4 - i linearly independent set
Z
£

Se Rt % (5 ¢ if-3F linearly independent.

Corollary 1.4.4. £ V i — & wector space over F * SCS"CV. B S &_ linearly
independent & ¥ vi% S fv S"\S % & linearly independent ® Span(S)NSpan(S”\S) ={0}.

Proof. (=) F1SCS"CV i 2 &% §” 4_linearly independent p #X S'fr S"\S ¥ % linearly
independent. 4 % 73 % v € Span(S)NSpan(S”\S) ¥ v#£O, T & T % e i, 0,81, S €
F #3502 vi,....v, €8, wi,...,w,, € S"\S i¢ ¥ V:Z,‘:ﬂ’iVi:Zj:lSjo- 7
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veSpan(S”) e § A &8 & §” ¢ <% & linear combination 7% %, d Proposition 1.4.3 4
e g% hnearly independent 404 . ¥ # 7% Span(S )ﬂSpan(S”\S) ={0}.

(<) f1* F 2, % S &_linearly dependent, ¢ Proposition 1.4.2 7% & ry,...,r € F
2FE 02 v, v, eSS #E v+ v, =0 F1 Sz §N\S ¥ 2 hnearly
independent, Proposition 1.4.2 2 F A izt v, 2 ¥t 23 A S ¢ % 27w 2% & 5\S
PO E AR, APEBERX VL.,V ES T Vg,V €S'\S. #T 2 v+ 4
FiVin = (—=Fms1) Vg1 + -+ + (—=7n) Vs € Span(S) N Span(S”\ S). @ ri,...,rm ¥ 3 5 02

Vi,...,V;m = linearly independent (%] S 5 linearly independent) d Proposition 1.4.3
FIVI+ -+ Vi # O, 78 9 Span(S) N Span(S”\ S) # {O}. &3 F 2 72 1§ & linearly
independent. U

R linearly independent enin] 3+ | 2 i 2% % %% & Example 1.3.5 » 4 % &0 spanning
set 3% &_ linearly independent. * @i & ¥4 & spanning set — {{J' 4_ linearly inde-
pendent. H4e & R" cfFiw {e),ey,...,e,,e; +e} » F_ R" 7 spanning set, 7 i E)I* LA A OE_

linearly independent 7
1.5. Basis and Dimension

% vector spaceV ® i—- BF B L& S L/, it S &= 5 V &1 spanning set, # i§
= S+~ < pF, ~ ¥ it # ¥_linearly independent. Basis ih—fx'-\nﬁ—#fl e iz few, APy
T2EA.

Definition 1.5.1. 4 V &_- i vector space over F * SCV. ¥ Span(S)=V * § &_
linearly independent P, ' P4 § % V - % basis.

T T K, NPT frsg Example 1.3.5 ¢ /i % {ey,...,e,} i&{ F" - % basis;
A {lx,...,x"} T‘L{Pn e0- % basis; m § S 4— B finite set FF, {f | X € S} TI.%{FS
£h— % basis.
Question 1.17. i 2 & 4| * % — & & Proposition, i% it -ﬁ ISV eh- 8 basis F i3

WER VP AR - B § ¢ % F a7 [linear combination v§ ?
Question 1.18. & S'CSCS" ¥ S &V - = basis, 78A S8 5 ¥ i £V - = basis

W5 ¢ Ui g 1t P Span(S) #V @ S - A linearly dependent ¥§ ¢

d - B Question # P 4rig 5 § £V - ‘e basis, B| 7 € 7 H # & spanning set §
¢ FWS ¥ -3 v2 €73 2 chlinearly independent set § ¢ 7 S. & B @ E
S AR, FF AP TS
Proposition 1.5.2. 4 V % - B wector space over F £ SCV. 35 1T i B 0%,
(1) S &_V - = basis.

(2) S _V - B spanning set, ® ¥ 2 & S CS ¥ 3 Span(§)#V.
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(3) S &_linearly independent * ¥z % §" 2 S ly S" % linearly dependent.

Proof. s imsgp (1)(2) L% § e, 2P (1)(3) 5 % 4.

(1)=(2)) 71 S - = basis d &4 S _V - % spanning set. T § C S, 4] *
F i K Span(S) =V. B veS\S ¥ @ veV =Span(s) CSpan({we S |w#v}. M
# § % linearly independent 4p 4 §, < ¥ Span(S’) #V.

((2) = (1)) 1= 4= S 5 spanning set, & # & P @& %P S 5 linearly independent
ﬂ * FZx, B& S 5 linearly dependent, 3 A veS & A ve Span(S\{V}) ¥ &

=S\{v}. B S\S ={v}, ¢ Corollary 1.3.4 & Span(S’) =Span(S)=V, e F S CS, &

(2) e 3% AR 4 ’ﬁ, # ¥ S % linearly independent.

((1)=(3)) #1 S - % basis ¢ T&* S 5 linearly independent. =2 §”" DS, 1% &
%% Bk §” % linearly independent. B~ ve S'\S ¥ ¥ v Span(S). ¥ S 5V en

ri

spanning set 4p % §, &8 §” % linearly dependent.

((3)=1(1)) #1& & § % linearly independent kETEHNPERFEP S 5 V e spanning
set. I* K &2, 3K Span(S) AV %, #FF e veV & X v¢Span(S) (7 % Span({v})U
Span(S) ={0}). &% g " =SU{v}. 7 S”\S: {v}, ¢ Corollary 1.4.4 = §" % linearly
independent, fe %] 8" 2§, pt &7 (3) ehwi e Apd F, wWHE S 5 V 0 spanning set.

(I

BAHEEY AL 303 - 4 finite set 7 basis 7 vector space, # i F 1T 2 K.

Definition 1.5.3. &3k V ¥~ B vector space over F. & V ={0} & &35 &~ B finite set
SCF #_V & ‘& basis, B v % — B finite dimensional F-space.

AR AP RNV ={0} &R FRAN, 2 & %A Span(0) = {O}, #rrL AR
2% 0 5 {O} ch basis. i & HiEhix|F F", P(F) 22 % S &_finite set 0 FS % %
finite dimensional vector space over F. % i & «Jffr LR e F 2_F - B subfield, # & 4%
- B F-space ¥ 5§ = & F'-space, FJ¢* fpt fin— €& 53 & over vi- & filed % finite
dimensional, %1% 3 ¥ & -  finite dimensional F-space # 4&_finite dimensional F’-space.
b|4e R" §_finite dimensional R-space #r % &_finite dimensional Q-space.

# i & Definition 1.5.1 ¢ ¥ & 7 #® 3} vector space £ basis, & 3 @23 2 FF3H L F
- i# vector space — F_§ F — % basis. T/ ik P w0 ¥ & - B vector space ¥ # A_finite
dimensional B3 ¥ it ¥ X3 basis & £ F basis & £ #7F & basis ¥ % infinite set. ¥ F =
v%‘ dEFA Tt,q\;ﬁ.,i\ ¥ LEP AT 0 vector space ‘,‘5’3 € 7 basis, 2 BT TREP & W I

L

#73} Zorn’s lemma. d 38 NPT 32 finite dimensional vector space ﬁ 4y b “)% ag
FE7 i F1® Zorn’s lemma # F_{% % % 7 fF. T AP aEG RS 58 B B - KB

finite dimensional “F35; & = K ehd - &nFa. % - ) FAp g é‘_-\ﬁ, L M

mﬁ&{%; ¢ vector space ¥ € F basis. (* FF M ERBLTEEF AR ES - £).
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1.5.1. Finite Dimensional Case. § V &_finite dimensional vector space, & % & 4_%

— 1% finite set % V - 2 basis. § # € 7 — & infinite set » &V - % basis *1? ¥ %
3 ¢ch 9 LiepFigs - Bad V ihbasis i &40 Pehaid BlcEApl ch 1T A
R pJRie- BRI 507 4R Lz~ B finiteset S, 4% #(S) k&7 S¥? L&
i B,

Lemma 1.5.4. £ V & - B wvector space over F ® B3*% SCV & - B finite set 7% &_
Span(S)=V. & S CV ® #)>#(S), Bl §' % linearly dependent.

Proof. £ S={vi,...,v,}, S={uy,...,u,} £ 7 m>n. 1% F i AP EXS 5 linearly

independent.

d 3 Span(S) =V, &Fter,...,meF @8 wy=rvi+--+rv, FEX S ;i linearly
independent, A P& r,....r 2 25 0. (BRI r=-=r,=0 ¢ %R O0=u €8, A Y

/T}V'* ¢ ©_linearly independent 7 .) F]gt 7 % — L4 SRRy £0, B pF
v = rfl(ln —ruy — - —r,V,) € Span({uy, va,..., v, }).
#41* Corollary 1.3.4 =

Span({uy,va,...,v,}) = Span({uy,vy,va,...,v,}) = V.

EF* wpeSpan({uy,vy,...,vp}) &F sy, EF @ 7 up =51V +soup+- - +5,U,.
324 * S % linearly independent e, # sp,...,8, 2 25 0. (BFRIE s2=---=5,=0,

A1 uy = sju; € Span({u; }), 78 A § ;I;J ¢ #_linearly independent 7 .) #& 7 % - 4+ 3t
PR 52 #0, ppF

\ s{l(uz —S1Up = 83V3 =+ = $,Vn) € Span({ug, w2, V3,V }).
#41* Corollary 1.3.4 4=

Span({u;,uy,vs,...,v,}) = Span({u;,up,va,...,v,}) =V.

BH R, AP E v, v, REFEER, T u B v up B vy, L Aot
- BT 3. A1 gk F &’rﬁ’;ﬁ 2, AP ER k<n ® Span({uy,..., W, Vigg,...,Vup) =V, B &
Powy REBEAFTORB V. Aok G i A PE R, EF 18 wyy =
g+ U+t Vi1 o 1V F1% ST 5 linearly independent K, fiig, ..., 0 7
D5 00 JwP A - B NP fy #0, $PF

Vir1 = tklll(wcﬂ —tu) — - — U — g2 Viio - — 1y V) € Span({uy, ..., W1, Vig2, ..., Vi }).
#41* Corollary 1.3.4 4=
Span({uy, ..., W1, Viq2,..., Vo)) = Span({uy, ..., W, Ugp1, Vigr,...,Va}) =V,

&?ﬁﬁ.&p;ﬁ%g&;ﬁ P, ¥ 4ept - BT E DR vy, EERE T E

Span({uy,...,u,}) =V. 7 4ot - * € ¢ & u,yy € Span({uy,...,u,}) # &2 § % linearly

1L Y,

independent #p 4 f, ¥ 8’ % % linearly dependent. U
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Question 1.19. & Lemma 1.5.4 * £ # S 5 spanning set #x 5 linearly dependent, %
S'CV, mE1@ S ¥kt M3 spanning set W E G E_E B2
F

Lemma 1.5.4 £ 3 B finite dimensional vector space 4p % &€ & chT 2, v 437 A - B
linearly independent set e % B # 7 ¥ 3 % 3t - & spanning set e % B#c. AP G
TABER Y.

Theorem 1.5.5. B3& V £ - B finite dimensional vector space. & S & V - %2 basis,

Pl S - B finite set. ¥ ¢t § 75 V eh- & basis, B #(S) =#(5).

Proof. i V % finite dimensional vector space 2. B3, i & {vy,...,V,} & V &— % basis.
AP Span({vy,...,v,}) =V.

£ % S % V en- ' basis ¥ 5 infinite set, d ** § 5 linearly independent, S iz i@
subset 7% % linearly independent. # iZ P wy,...,u,y; €S, {uy,...,u,11} €S 7 5 linearly
independent, 4 P 8 Lemma 1.5.4 4p4% 7, ¥+ § % % finite set.

B S, % 5 Ve 2 basis, d * Span(S)=V ¥ §' % linearly independent, Lemma
1.5.4 £ 70 #(S) > #(S'). F3d Span(S)=V 12 %2 S % linearly independent, ¥
#(S) <#(S'). &=1E7E #(S) =#(5). O

d Theorem 1.5.5 “v— i finite dimension vector space T #1i% — % basis e+ % I #&_

Bl FPh A T 2 T

Definition 1.5.6. 4 V % - B finite dimensional vector space over F. & S & V - &

basis £ #(S) =n, BIFL V over F 1 dimension = n, 3= dim(V) =n.

ot XA A AL 0 5 {O) i basis, & dim({0}) =0.
AR, N PHEF V g over 2 B field 57 vector space fF, 2 dimension fI!rL? T
Loy AR A pE, AP dimp(V) k53 A over F ¢ dimension. &4eif #c C

-

= £_over C & over R ¢ vector space, @ #4735 dimc(C) =1 2 dimg(C) =2.

‘:m\\

Question 1.20. =i dimp(F"), dimg(P,(F)) 4 %2 dimp(FS) (S 5 finite set) % @ v§ ?
X % S % dnfinite set, 4viw P FS 2 £_ finite dimensional F-space?

Question 1.21. & V % finite dimensional F-space ® 4 dim(V)=n. % §'CV % linearly
independent 2 S§" CV 5 V - B spanning set, B] #(S') fo #(S") & n O 2 5 0 7

v

41* dimension #' * ¥ #- Proposition 1.5.2 it 5 12 7F 53¢,
Corollary 1.5.7. £ V 5 - & finite dimensional vector space over F ¥ §' CV. 3\ i3 12
T g,
(1) S &V - = basis.

(2) S Z_V - B spanning set * #(S)=dim(V).
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(3) S &_linearly independent = #(S) = dim(V).

Proof. £ dim(V)=n. & S &V - ' basis, & T & S 5 V & spanning set * S 3
linearly independent. * d dimension ez & #(S) =dim(V). & (1)=(2) * (1) = (3).

(2)= (1): $E4 S'CS, 24 #(S') <#(S)=n. % Span() =V, ¢ Lemma 1.5.4 4=
FanBAEIhE L% 37 a5 linearly mdependent & dim(V)=n4p3 . v
Span(§’) #V %]t d Proposition 1.5.2 ((2) = (1)) @& S 5 V - = basis.

()= (1): $iEd & 28, A4 #(S")>#S)=n. A dim(V)=n 47V Gh- B} n
¥ ~ % ¢ spanning set, ¥ Lemma 1.5.4 &= §” & % linearly dependent. F]# ¢ Proposition
1.52((3)=(1)) #& S & V &1 ‘& basis. O

% V &_- % finite dimensional F-space, m W €_V 1 nontrivial F-subspace, . % W
» &_finite dimensional F-space *¢?7 &3 %, 7% it 2 &% * Lemma 1.54 kw ¥ &
R, F15 AP 72 a0 d F W 3 basis, 2 2 % 11 4] * Proposition 1.5.2 118 % § o4 4 i
fRiA-s B A AR

AP W oeh basis €% e f& Si={vi}, 7 vieW * vi#£0. &% & S
4_linearly independent. % Span(S;) = RIEF] S, & W - % basis; m % Span(S)) #
W, Bl iZ B vy, € W\ Span(S;). 4§ S = {V],Vz}, % % & S 7* % linearly independent.
Span(S;) =W, RI{8 3] Sy & W - ‘e basis; m % Span(Sy) =W, & £ 4 vz € W\ Span(S,)
# S3={vy,va,v3}, ¢ Corollary 1.4.4 4 S3 7= % linearly independent. 4ryt - & & 4 &
83,84,... 2@ 8 % & linearly independent. # iz B Fm 2 Rk (P73 neN ¥ &
* 1 Span(S,) =W) 278 EZ L neN, 2V ¥ ¥ 343 nBrdnlk & S, & linearly
independent. & V &_ finite dimensional vector space, % n > dim(V), & Lemma 1.5.4
s §, * ¥ it 4_linearly independent. %]yt i& B % % T RIB, AT FTA- B om EE
Span(S,,) =W = ,T*u{?fu S, £_W - ‘e basis, &= W 7* % finite dimensional F-space. 3% i
4T

Theorem 1.5.8. & V % — % finite dimensional F-space 2 W 5 V - B nontrivial
F-subspace, Bl W 7= % finite dimensional F-space, £ dim(W) < dim(V).

Proof. sv % = % {F W % finite dimensional F-space. LK S % W - % basis, 7] S
% linearly independent, ¢ Lemma 1.5.4 4 dim(W) = #(S) < dim(V). % #(S) =dim(V), A
d Corollary 1.5.7 ((3) = (1)) &= § 7= 5 V &— ‘& basis, ¥ W =Span(S)=V. } & W 3
nontrivial subspace 483 ', 4w dim(W) < dim(V). O

# Theorem 1.5.8 ezE M 27 , AW E F + ¥ %— B finite dimensional vector space
® - % linearly independent 73 & & K% 4 » % ¥ i%4F linearly independent, i&#k -
EHD AL R, R 1}.;? 12 ¢ Proposition 1.5.2 ¥4t 5 — % basis. 1p ¥R 7,
— i spanning set 2 s ¥ U% G A H ¢ Bedi A F ¥ iR4F v L spanning set B P& E P2 7
o &b gt pFs 7 d Proposition 1.5.2 #40# 5 - % basis. G 00T 2 B %
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Theorem 1.5.9. = V % — # finite dimensional F-space £ S'CS"CV, 2 ¢ § % linearly
independent @ S" 5 V ¢ spanning set, Bl V § - % basis S & &S CSCS".

Proof. 2 & § ¢ i&— 4c » §/\§ A% @ H 7 i%3F linearly independent. d %V £_

finite dimensional vector space, ¥ Lemma 1.5.4 7% ¥ iy — E4opt ¥ § F~x T4 A 4

‘ﬁﬁiﬁﬂﬁﬁzgﬂu%%ﬁﬁgﬁSMM%{@SNS ¢h7 % 4% & Span(S) ¢ . @ K
S % linearly independent, #7141 3% i & Z P Span(S) =V, 7 ¥ Span(S) = Span(§"). k@ i&
S GRE P~ 54 87\ S C Span(S), # Corollary 1.3.4 £ 2% iz & = i, O

542 533 Theorem 1.5.9 ¢ § e B 4 — R Ari— o, © LS ¢ <4 B HALF LN
% dim(V).

Question 1.22. i it *g It Theorem 1.5.9 2 372 - & finite dimensional vector space *®
- 1 linearly independent set & ¥ i~ = & - & basis; @ — B spanning set ¥ ¥ 5] =

v

% — % basis?

T - BV E% - 45 vector space P, ,T%Lr‘i’;flj * fo Theorem 1.5.9 #f 2 ehlg & (£ 4

[

finite dimensional ik ) KFEP “74 71 vector space ¥ 13 &— 2 basis.
F F

1.5.2. General Case. fiz— -] 7 2P & EP “75 9 vector space ¥ 7 f— 2 basis.
d e BEM F % F| Zorn'’s Lemma @ B SRR £ DB SR TN ET MR ER

FTRAORE, Tty e e, RiEie- R
L P “7F 0 vector space ¥ F f— (& basis, NP E UL * mog A BE, - B e~

#t vector space ¥ g1t # ¥ i%4F linearly independent, ® |7 it £ v 50k, R REE AP E
# WAk - LE B (F LE A Frig P vector space & finite dimensional). #12
A Proposition 1.5.2 # 3]~ % basis #* *% 8 * ¥| Zorn’s Lemma. § £\ i R-f B
i % - T iz Lemma.

W - BHEEY BT R *J‘ (order) epd 415,
IR FRE g ] ( 4w ?ﬁi s A o] B TR, VP 4L S totally ordered; 5 F ¥

ERIEVE N A SR S A | (m &r& Fene 7 M ik), 24t 5 partially ordered.
% totally ordered i3}, F #% i 2% | maximal element P#, 4p it ~F v B i cha %
+; 7 % & partially ordered shfiFAjiefh e AT A £ F 5 I A £97F i F ‘FK?

YL ol ) Bt BF omaximal element dp AL F B chr F b ir g <L iR gE,

ﬁﬂﬁﬁ%%bﬂﬁ%%%w

minimal element 5 i £ 3 Hidrgwzod ). 1% w2 - B vector space
® basis §|* Proposition 1.5.2 i ¥ 14 Fru%‘n]* #_3% vector space ¥ #TF spanning set r
minimal element; » ¥ ™ & 3% vector space ¥ #7F linearly independent set 7 maximal

element. #7112 & #H P! — B vector space 7 basis ¥_7F 7

e, AP P b vector space
¢ # % linearly independent set 7 maximal element #_7 7 (& %73 spanning set

minimal element % &), & E NP F & Zorn’s Lemma s & |
lii]
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—
[

Zorn’s Lemma %_— B 1 % partially ordered set ¢ maximal element % fe17 .
% - B 2L 7 0 partially ordered set &2 ¢ B~ LM (/% 71| (ascending chain) ¥ ¥ &
P PFHI- AF PRI T R JF’Kﬂ , Bl & &1 maximal element i{ € 75 . #1714
p oA enfiA;, & @ * Zorn's Lemma, # ¥ 12 % g~ B vector space V ? #7F i linearly
independent set #1= e & P, 5 i&{;& P ¢ s E AV - k& linearly independent
set. APY /g P ¥ LE e 7 %9735 g0 partial order. M FF P2 ¢ i §, ¢ ascending
chain, * 5 §;C8§ C---CS, C--- zfah ¢ linearly independent sets (H # S, & & & #7
i) ?rs{ V ¢ linearly independent set). F# P & P2 ¢ w53 S (T S 5 V er- ‘& linearly
independent set) % & S; CS,Vie N, Bld Zorn’s Lemma # 4 & ¢ ¢ 5 maximal element.
F9 A3 20T 5 B2 Theorem 1.5.9 edg .

Theorem 1.5.10. & V % — B vector space & §'CS"CV, # 9 § % linearly independent
m S & V & spanning set, Bl V § — % basis S & &S CSCS".

Proof. % g & ={S CV |Sis linearly independent,§’ CSC S§"}. i+, F1 e P, & &
% nonempty. £ @B §CSHC--, B G ieN, S %A P FALL T =UenS:.
APREP T & L ¢, 7% T % linearly independent ¥ §'CT CS". %18, % &% &
S’ CS,CS, xp RS CTCS. mEKX T # 5 linearly independent, & %_& ¢ T £
T veT 2 veSpan(T\{v}). fmprw% Bovy,...,vpeT 2 gt v, 72 3 v @
g VESpan {Vi,oootuVu}). FIVET #d T =UjenS; v v g;g“é_;; B Sk ¥ (» FIt€F &
Skt1,Sk42,---), BIE B v; & € AEFT B S ¢ . Flpt AP A& Beom=max{k,ki,... .k, }, B
FE VLV F S, P lod v, v S8\ {v}, & veSpan(S, \{v}), & S, i
linearly independent (3% S, & &2 ¥ ) 403 A+ ¥ T % linearly independent. F]p* v
T 2 P - BB r BESCT,VieN, tad Zorn’s Lemma &% & ¢ % &% maximal
element, & 7 4 § i & - B maximal element.

ETRAPLEP S/ V eh- 2 basis, PR ITCSCY. pAS L P Ehn
%, p A3 S 5 linearly independent * §' CSCS", #7120 i & $] & FpP Span(S) =V.
F. 3K Span(S) #V = Span(S”), ¢ Corollary 1.3.4 4% %= we S” & w ¢ Span(S). P&
B ST=SU{w}. PRSI CSTCS #Aa Corollary 1.4.4 2 %2 ST % 5 linearly
independent, F]yt §T 7 i P - BFAE. L SCST pE S L P ¢ o maximal

element 404 F, ¥ ¥ # Span(S) =V. 0

1.6. Direct Sum and Quotient Space

w o /1 % subspace PF, APk T A faE 1‘# subspace 173 &, 7R =+ JE A7 18 60 vector
space ‘F H_ %R X e vector space P . g &P A4 LA B *f# “2>F77 &0 vector

space 773 j& .
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1.6.1. Direct Sum. X %% B over F 1 vector spaces U W (ig427 Z BX U,W X B

vector space £ subspaces) # 4 - ATk &
USW = {(ww) |ueUwe W),

Fet B £ 5 the (esternal) direct sum of U and W. &AL E UOW & - BATHE &, #7u s
FREPEREEADAZ ERTEME (fgijf‘u% FEAPALIANAPFERP P 5
NefpE), A APEE RE (u,w) = (u,w), Blu=u T w;=w,.

ApEw gl UW & £ % vector space b 2 & e UGW ¥ i@ B 2 F ehiv® | 4

2 (up,wy),(up, W) eUBW % reF, Pk

(ur,wi) + (w2, w2) = (u;+uz,w;+Wws)

r(up,wy) = (rup,rwy)

i

P EEZT, XEE%E UDW i - B vector space over F.

F_k

Question 1.23. 3t & UOW & — B veclor space over F. Tnirig & A3 i W4k & 315
B2 UDW 00 (eizEin~%) Rizh HAHEF 7

Question 1.24. = U'\W’' % w5 U,W ¢ subspaces, 270 U ®W' E_UOW & subspace.
FigkxEV 52 UDW & subspace, B F 7453 U,W 1 subspaces U',W' # 8 V=UoW'?

% U,W % finite dimensional F-spaces, 2% i* p X ¢ #* £ F U®W 7 % finite dimensional

F-space, ¥ # dimension % #7?

Proposition 1.6.1. B3xX U,W 3 finite dimensional F-spaces, | U®W 7* % finite di-
mensional F-space, *

dim(U ®W) = dim(U) + dim(W).

Proof. % {uy,...,u,} % U - % basis ¥ {wy,...,w,} 5 W ¢— = basis. ¥ & F
P S={(u,0w),...,(u,,0w),(Ou,w1),...,(Oy,w,)} & UsW - % basis (£ * Oy,Oy
puld UW @ ez =A%),

BANPEP S 5 UGW - 2 spanning set. $tZ & (u,w) cUSW, d ** uecU ¥
{uy,...;u,} 5 U &— % basis, &% & c1,...,cn €F B 1F u=ciu;+---+cpy. FEF
di,....dy € F %18 w=dyw+-- +d,w,. FI} &

(u,w) =ci(u1,0Ow) 4+ (W, Ow) + d1 (Oy,wi) + - - +dy(Oy, wy),

#=#% S & UpW - 2 gpanning set.
BiAPEEP S
Proposition 1.4.2 &% & cq,...,cmyd1,...,dy * > 5 0 17

linearly independent. * & 2%, B3k S 5 linearly dependent, d

i

(Oy,Ow) =c1(u1,0w) + - - + (W, Ow) +d1 (Oy, W1 ) + - - - +dn(Oy, Wy),



1.6. Direct Sum and Quotient Space 19

B UQW P A2 EFEZELTOy=ciuy+-+cuuy, £ Oy =diwy +---+d,w,. d 3%
b ¥

{u,...;u,} v {wi,...,w,} ¥ 5 linearly independent ¥ # ci,...,cn fv di,...,dy & 5 0,

P2 B ARS F. = @# S & linearly independent. O

Bofs PR AR over 4p F 7 field &7 vector spaces 4 ¥ i #H E direct sum. ¥ ¢b st

¥ 13 B F-spaces 0 direct sum (e & 48R I L F 'L % B F-spaces i direct sum.

Question 1.25. % Up,...,U, 3 F-spaces, nin s U@ U, NI &R/ R? X F
Ui,...,U, ¥ 5 finite dimensional F-spaces, B| dim(U; @ ---®U,) 5 @ ?

1.6.2. Quotient Space. X % vector space V 2 H subspace W, A ¥ % W &V ¢
¥_#& — 1 equivalent rela‘mon, HIHZi¥8ER vi,vaeV, vi~vy BEFEE vi—vpeW. R
kP - TigH - B equivalent relation.
(1) HEL veV %3 v 2855 0eW, &wv—veW,
(2) Fvi~vy, Bl voovy: 322 55 vivvy &7 vi—va €W, ged W 5 vector space
vy -V =—(Vi—Vp) EW, 75T vy vy
(3) Fvi~vy ® va~ovy, Blvi~vy: 28 % 5d vi—vpeW L E vy—vzeW, 7
Vi—v3=(vi—v2)+(v2—v3) € W.
d i - B equivalent relation, # 1 % _& — B 37:H 8 &
V/W={v|veV}.
FROVAPEERD V/W 2 d B g%, LB APERU=VFIrEF u~yv ("
FTu—veW).

Question 1.26. =& 3 A& 34 P ~ & - B equivalent relation - it 2 & V/W ¥ 2

FHE S group R EFT g N F SV fdeid b A - B abelian group, @ W &V
e (normal) subgroup, #7142 i ¥ 14
FraAPET TS FHV/W L

ErHEiuveV/W E reF, AP

~

TN V/W FauE s g 32 5 - B abelian group. ¥
~ % cnit* @ {8 V/W i - B vector space over F. H @_

4V = u+v

=

Vv = V.
F]W % V fhsubspace, (%% % kLB V/W aud 8 2 iv* L well-defined, @ ® 2w

# V/W L - i vector space over F, f2. & the quotient space of V. -modulo W.

Question 1.27. #5# i B ¥ & & well-defined = V/W E~ B vector space over F. * A&
EV/W s EimAfm?

Question 1.28. # U % V ensubspace ® W CU, Bl U/W 5 V/W & subspace v% ¢ W CU
TREXRELZRarE?
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% V,W % finite dimensional F-spaces, #* 7 p X ¢ I* £.F V/W 7= % finite dimensional
F-space, * # dimension % #7?

Proposition 1.6.2. H3X V % finite dimensional F-spaces ® W % V - & F-subspace,

v

Rl V/W 7= %5 finite dimensional F-space, ®

dim(V /W) = dim(V) —dim(W).

Proof. ¢ Theorem 1.5.8 2 "4 W 7& % finite dimensional F-space. & {Wi,..., Wy} 5 W
- % basis, 4 Theorem 1.5.9 3% 2 vi,...,v, €V @ & {W,...,Wy,Vi,...,V,} 5 V -
@ basis. P& EM S={v,...,V,} 5 V/W - ‘& basis.
FAANPERP S S V/W - e spanning set. HEZL veV/W, d » veV =
{Wi, ... ;W V1,...,V,} & V eh— % basis, ¥ % & c1,...,Cm,d1,...,dy €EF & &

v=ciWi+-+cuWu+divi+---+dpvp.

Ft ik A
V=CWi+ W +diVi+- - +d,V,.

XA dery ow FlweW, G wi=0, Flpt
V:lel +d Vn
X @® S L V/W - % spanning set.

Bis AP RFEM S 5 linearly independent. * K 3 *, Bk S 5 linearly dependent,

d Proposition 1.4.2 &v5 e dy,....d, €F 2 25 0 {8 O=d|Vi+---+d,v,. &TEN,T
divi+---+d,v, €W =Span({wy,...,Wy}), i

divi+---+d,v, € Span({vy,...,v,})NSpan({wi,..., Wy }).
Xm S % linearly independent, ¢ Corollary 1.4.4 #=
Span({vy,...,v,})NSpan({wy,...,wy,}) = {0},

=@ divi++dyvy, =0, d 3 dy o dy 225 0,002 {vy,...,v,} 5 linearly independent
4 5. #=## S % linearly independent. O



Chapter 2

Linear Transformations

LB Y BF B AEY A FIBTEA 6 Pl S e R AE G 7 AR A 3 oS il
fAH B Glho At A G BRSNSl T el A AR HIRY AP BAE

27 A=

group homomorphisms % ring homomorphisms. &+ & gc? NP 5 BAE o el F F a

B4F vector spaces ¥ “u#E & iFH ,Tk{“r;ﬁ 77 linear transformations.
2.1. Definition and Basic Properties

Definition 2.1.1. &% V,W ¢ i over F & vector spaces. % % - BV 3| W ahd
T:VoW, #8975 vi,vo€V M2 rcF %5 T(rvi+va)=rT(vi)+T(v2), RIFET %

linear transformation (& linear mapping) from V to W.

FRFENPEGFAL Tis F-linear. ¥ ¢h % L(VW) £ %75 &V 3] W ¢ linear

transformations #1= 2. & & .

Question 2.1. Tfi'ﬁ' #A kT is F-linear LR SR vweV iz reF %5 T(v+V)=
T

2
T(V)+T (W) 23 T(rv)=rT(v) & ?
FFAPRA L - 25 ¥ linear transformation sk A2, d % linear transforma-
it 2 | F F vector spaces, A * Oy k&7 V et 2 B im A~
Proposition 2.1.2. & T:V —-W % - B linear transformation, R

(1) T(Ov) =Ow

(2) #5975 veV ¥ 3 T(—v)=-T(v).
Proof.

(1) & T(Oy)=T(Oy+O0v)=T(Oy)+T(Ov), ¥ ## T(Oy) =Oy.

(2) #veV,Bld Oy =T(vV+(—V)=TWV)+T(-v) BF T(—v)=—-T(v).

O
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>

A w4 % — & linear transformations £]i¢ #7¢0 linear transformation. % 7,7’ %
% V 3| W 0 linear transformations, 2% " ¥ % - B0V 3| W ehd3 & T+T':V W
SHER VEV, (THT)V)=TWV)+T/(V). 33 reF , ips ¥ 2 &- BiITHV 3| W
3TV W 3 HEL veV, (T)(v)=/T(v). $F } siEnitafe 3 linear

transformation.

Proposition 2.1.3. % T,T' ¥ 5 V 3| W & F-linear transformations * reF , p] T+T’

v

ME T % 5V B W e F-linear transformations.

Proof. #*t*Z & vi,vo €V M2 seF, ¥ F (T+T)(svi+Vv2) =T (svil+v2)+T'(svi+V2)
d 3¢ 7,7 % F-linear, #F T(svi+v2)+T'(svi+v2) =sT(vi) +T(v2) +sT'(vi) +T'(v2) =
S(T(vi))+T' (Vi) + (T (v2) +T'(v2)). 7% (T+T")(svi+v2) =s(T+T")(vi)+ (T +T")(v2).
32 (rT)(svi+va2) = rT(svi +v2) = rsT(vi) +rT(v2) = s(rT(v1)) + rT(va) = s(rT)(v1) +
(rT)(v2). O

Question 2.2. ¥ g #7F KV I W 0 linear transformations #7= 2. & & Z(V,W),
Proposition 2.1.8 & % 4 273 L (V,W) 4~ B vector space over F?

- BB ERREEY - BIBRNTEBE AP LB 545 - Barehddk

T — # Proposition £ ¥ i linear transformations 14 = {7 5 linear transformation.

Proposition 2.1.4. = T1:V—>W, h:W —U ¢ & F-linear, #] ThoT; :V - U 7= %

F-linear.

Proof. #*r 2 g vw eV nzx reF, ¥ g Hholh(rv+V)=T(Ti(rv+V)). }I T} 5 F-
linear, e T1 (rv+ V) =rTi(V)+ T1 (V') £ ¢ T, 5 F-linear (¥ ThoTi(rv+V)=T+2(rTi(v)+
T](V/>):rT2<T1(V))+T2(T](V/>):rT20T1<V)+Ton](V/>. OJ

Question 2.3. &% T,T' % % V 3| W & F-linear transformations, T" 3 W 3| U &
F-linear transformation. &% T"o(T+T)=T"oT+T"oT'? * ¥z g reF 4%
F(T"oT) = (rT")oT = T" o (rT)?

HF LA B F-spaces VW, &My 52 ﬁ 4 — BV 3| W e linear transformation.

T — & Theorem #HE #r3 V | W ¢ linear transformations 2% i ’F’K? N >ERE.

Theorem 2.1.5. 3K {vi,...,v,} &V - % basis, T ER Wi,...,.Ww, €W, 5 - B

v~ 9 F-linear transformation T :V — W & &_T(v;) =w;, Vie {l,...,n}.

Proof. # M 5 Al » ,T*u{?fwi\ PEHIN-BTeZLVW)BETV)=w,. =& T:V—
W, BT v=cvi+- v €V, T(V) =ciWi+-+cyWy. d 3 {vi,..., v, } £V e-
i basis, T - BV ¥|] W 1 well-defined function. * T & &_T(v;) = w;, #7143 i i 4

THP T 5 F-linear. 2 & v=Y" ¢vi, V=Y ,div;eV 1% reF, 335 T(rv+V)=
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T(Yr (rei+di)vi) =Y0 (rci+di)wi; ¥ = 26 1TV +TV)=rT(X, evi) +T(X), divi) =
rY o eiwi+ Y diw, ?'J’** vector space #:8 ¥ ‘]t{%i’r, APEE T(rv+vV)=rT(V)+T(V).
AL Sl e RN A = 42 :V—W 7% F-linear * i& &_T'(v;)=w;, Vie{l,...,n},
Bl T=T. »%%P T(v ):T (v),VVGV. ,»t.%m HER V=YY" Vi€V, & T 2k T(v)=
Y ciw;, @ ik T & F-linear ¥ # T'(v) = 5 Y aiT(vi) =Y ciwi, @& T=T". O

Theorem 2.1.5 % # 2 i#, % % - B linear transformation T:V — W, & 45 5| - &
basis § BN P Aarg #Horg hueS, T(u) 2@, FIEF veV, TF & T(v) 2@ 7! &)
de Tg:R? - R? 2% R iz- 2w d (xy) “RaE (0,00 2 FlodpFirds o 4@
g £, To((x,y)) 3 Aw Eri? d 2 %e £ (1,0) = (cos0,sin0) 12 (0,0) 3 Rl ¥ 6
$ ik HTE T E S (cosh,sinB), #T AN PE T Ty((1,0)) = (cosB,sinB). 12 (0,1) =
(cos(m/2),sin(m/2)), # ¥ Ty((0,1)) = (cos((m/2)+6),sin((7/2)+0)) = (—sinH,cos0). &+
To((x,y)) = To(x(1,0) +y(0,1)) = xTp((1,0)) +yTp((0,1)) = x(cos 8,sin ) + y(—sinH,cos O) =
(xcos@ —ysinB,xsin® +ycos0). # & L E, & > ;2 4 linear transformation 4 = * |
Sl B OR GH B JE AR S #ioeBe (B, Jf R ¥ 5 iE B S0 #ic&_ linear transformation 4 7. 4 ﬁ}u
et o oehb|F AR LS Ty £ linear transformation (3-8 7&32), 1 7 f1* o2
73] To((x,y)) = (xcosO —ysin6,xsin6 +ycosH).

Question 2.4. ¥ T :R?> - R?> ¥ - B linear transformation, % & T((1,2)) = (2,1),
T((2,4)=(4,2) 227 # T((x,y)=(x)? * & T':R> = R> £ - B linear transfor-
mation, 7% & T'((1,2)) = (2,1), T'((2,1)) = (1,2) L7 7 & T'((x,y)) = (»x)?

2.2. Image and Kernel
Linear transformation % X %4% 7 vector spaces & &, ¥ UL f2 v 3%+ § “FAE7
subspaces. F LA R EH - B PHEL BT - Sl f:185 8. F S CS, AR
(S ={f(s)[s€ S}
AR f(S)) § A S, h— B subset, f2 % the image of S| under f; ¥ - 2 % % §,C S, £
(S ={se S| f(s) €S}

AR S ¢ L8| - & subset, 2 % the preimage of S5 under f.
Question 2.5. Image {v preimage £ % % inclusion-preserving? » %‘u{;ru— B ol f:5) —
Sy, FS{CS TS RETE F(S)Cf(S)? % S5CSHCTS, LEFTE f71(S)Cf (87
Question 2.6. BX f:8 =8 - Bade, » 5,8/ CS 12 §,,8CS,. T r|vme g
Freh?

(1) f(S1NSY) = f(S1)Nf(ST)-

(2) f(STUSY) = f(S))Uf(S)-

(3) f1($5NSy) = FHSHNFH(SH).
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(4) f1(S5083) = F (S UF(ST).
T & 2 3 linear transformation f&F %4F subspace ERlER 1N
Lemma 2.2.1. %k T:V —W % — B linear transformation.

(1) & V' 5 V 1 subspace, R T(V') 5 W < subspace.
(2) = W' 5 W & subspace, B| T-Y(W') 5 V ¢ subspace.
Proof. %% & T(V)CW = T\ (W) CV, 3 v §]% Proposition 1.2.1 % % .
(1) 7 & Oy eV’ (7 V' & subspace), #d Proposition 2.1.2 (1) = Oy =T(0y) €
TV). kg3 ow,weT(V) 2 nseF, BE&xFv,vneV 7

wi=T(v1),woa=T(V2). &3 g v=rvi+svo, eV ¥ & rw;+sw, =T(v) e T(V'),
B T (V') &_W & subspace.

(2) F1 Oy €W’ & T(Oy)=Oy €W @ Oy e T-\(W'). £ k%74 o vi,vs€
T'(W') 2 r,scF, 2% & T(vi)EW' 2 T(vy) €W . &&d W E_W ¢ subspace
B T(rvi+sv2) =rT(vi)+sT(v2) €W/, 7% yvy+svo € TV (W), @3 T-Y(W') £

V &1 subspace.
O
Fulen, Ag VI =V iz W= {0y} i) B, T T R
Definition 2.2.2. 3% T:V —W 4 — B linear transformation.

(1) T(V) #% the image (or range) of T , 2% i * Im(T) * % 7%.
(2) T7'({Ow}) 5 the kernel (or null-space) of T, # i** Ker(T) % % 7.

d Lemma 2.2.1 % Im(7) €_W < subspace, m Ker(T) 5 V ¢ subspace.

Question 2.7. d image {v preimage 5 inclusion-preserving # i+ Im(T) = T (V) &%
% subspaces &1 image ® B+ i subspace, @ Ker(T) =T '({Ow}) E_#7% subspaces ch

preimage ¥ E ch. @R 23 T{Oy}) 5 T-H(W) s ?

L - Badk AP EENIEREIEILT G (onto) & - #- (one-to-one).
m(7T) v Ker(T) 2= #71 £ & & F] 5 & T 5 linear transformation 25, 2w 12 % Im(T)
feKer(T) k2|4 T L3 5Pt -H-  FF AP T2 8%,

Proposition 2.2.3. B33& T:V =W & - B linear transformation.
(1) T % pt 52 v Im(T) =
(2) T - #- #2rae% Ker(T)={Ov}.

Proof. ¢ seIm(T)CW % {Oy} CKer(T), *rEF+ (1) A P&z H WCIm(T)
SRA, RIL (2) AR F B Ker(T) C{Oy} 3va.
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(1) T % onto, # 7w ¥*7F weW, ¥ s veV i@ T(v)=w, *FweT(V)=Im(T).
BRWCINT), =@ W=Im(T). F2.,d WCIm(T) 4% - B weW % i
Im(T) ®, *F5tveV @8 w=T(v), & T % onto.

(2) T % one-to-one, %75+ V ¢?vE- B E T(V)=0y v &5 Oy (F]1& &+ T(Oy) =
Oy). #=% veKer(T), # 7 T(v) =0y, ¥ v=0y. #F Ker(T)={O0y}. ~
2., B3k Ker(T)={O0y}. & vi,vo €V & X T(v))=T(v2), Rld T % linear ¥

T(vi—v2) =0y, ¥ vi—vyeKer(T)={Oy}. #&«#® vi=vy, ## T 5 one-to-one.

O

#_Proposition 2.2.3 dwgp ¥ g I, ¥ 3 F % 3| T & linear chigk &P T 4 onto
feIm(T)=W % % ¥ % 3 T & one-to-one fr Ker(T) ={Oy} = % ¥ mﬁ*ﬁiﬁ T %
linear K 7. “T0 ¥ - Bk f, flﬁiﬁ.’r{ﬁ f #_linear # ac * f1({0})={0} k=
f ®#_% 5 one-to-one.

# R image fr kernel i A E &, AP F AL 72T . d T - B Lemma M 2T
image fr spanning set 7 B @ kernel i*u'fr' linear independency #p B .

Lemma 2.2.4. 5% T:V =W £_- B linear transformation, ® S,§' % V 1 subsets.

(1) & S &_V 3 spanning set, B T(S) #_Im(T) & spanning set.
(2) & §" % linearly independent * Span(S') NKer(T)={O0Ov}, Bl T(S") 7 % linearly

independent.
Proof.
(1) % &% welm(T) 27 veV ##® w=T(v), © V=_Span(S) & % &
Clyeescn €F 11Z v .. v, €S RE v=ciVi+-FcpVy. EEE T(Vq),...,T(vy) €
T(S), #F1¢*d T % linear == w=T(c1vi+ -+ cpVn) =c1T (Vi) + -+, T(vy) €
Span(T <S>>. @ Im(T) C Span(T(S)). ¥ - * &, % we Span(T(5)), &7 &
.:r

cl,. EF ME wy,....w, €T(S) 18 w=Y" c;w;. &£ w,eT(S) % 3T&%
FrvieSe® w=T(v), cxww=Y" ¢T(vi)=Y",T(civi) € T(Span(S)
T(V)=1Im(T), ¥ Span(T(S)) C Im(T).
(2) FAAPRP RERTS) Pz ypE. FRFEFGRVWES 2 vwW ipk i
T( )=T({), v # T(v—v)=0y, ™ v—v €Ker(T). k@ v—v € Span(S’),
rod Bk o v—v e Span(S)NKer(T) ={Oy} 1 v=v 23 §. &&= T(S) ¢
~EHeqp i
BAI* FFEiz®k T(S) 5 linearly dependent, % 7= 5 t vy,...,v, €8 % B
X oclyemen€F 25 0RE o T(vi)+-+cyT(vy) =O0w. f1* T 5 linear ¥
T(c1vi+-+cpvny) =Ow, =7 cpvi+--+cpvy €Ker(T). 28/ cvi+--+cpvy €
Span($’), #d Span(S)NKer(T) = {0y}, ¥ civi4+--+cvy, =0y. #2825 i
linearly independent #p % %, < T(S') % linearly independent.

)=

In =k
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O

Lemma 2.2.4 (1) 232 P§ T:V—>W & - B linear transformation, & V 5 finite

dimensional F-space, B| Im(7T) 7= 5 finite dimensional F-space.

Question 2.8. BXK T:V W & - B linear transformation. & V 3 finite dimensional
F-space, ¥ % 8 dim(Im(7)) <dim(V)? * % & & dim(W) >dim(V) 22 7z T 4% 5
Pk 7

ARV - % basis 7 3] Im(T) - % basis.

Theorem 2.2.5. X T:V - W & - B linear transformation. & Sy % Ker(T) e- &
basis 2 SoUS 5 V e— ‘& basis, B T(S) 5 Im(T) - ‘& basis.

Proof. M T(S) 5 Im(T) ¢ spanning set: %] SoUS 5 V ¢ spanning set, ¢ Lemma
224 (1) &= T(SoUS) 5 Im(T) = spanning set. d >+ Sy € Ker(T) # ¥ T(So) ={Ow}. e d
3 T(SoUS)=T(So)UT(S) ={Ow}UT(S), #=d {Ow} C Span(7(S) (f1* Corollary 1.3.4)
s Span(7'(S)) = Span({Ow } UT(S)) = Span(T (SoUS)) = Im(T).

#M T(S) 5 linearly independent: %] SoUS 5 linearly independent * Sy % linearly
independent, d Corollary 1.4.4 4= § % linearly independent ¥ Span(S)NKer(7)= Span(S)N
Span(Sp) = {Oy}. #d Lemma 2.2.4 (2) %= T(S) % linearly independent. O

Fwleh 4 V i finite dimensional vector space, # ¥ 3+ & V, Ker(T) ™ 2 Im(T) 2

¥ dimension =8¢ f%.

Corollary 2.2.6 (Dimension Theorem). & V & — # finite dimensional F-space ® T :

VW & - B linear transformation, |

dim(V) = dim(Ker(7T')) + dim(Im(7)).

Proof. # £ 4] * Theorem 1.5.8 15 | Ker(T) - 2 basis So = {vi,...,vu}, £ fI *
Theorem 1.5.9 5 3| S = {Vit1,...,Vn} © & SoUS ={Vi,...,Vi,Vinst,...,Vu} 5 V -
& basis. Theorem 2.2.5 4 %2 7 {T(vyi1),....,T(v,)} % Im(T) - % basis, &+
n—m=dim(Im(7)), ¥ dim(V) =n=m+ (n—m) = dim(Ker(7)) + dim(Im(T)). O

% V % finite dimensional vector space ¥ T :V — W #_- # linear transformation,
dim(Im(7T)) - %+ $ % the rank of T, @ dim(Ker(T)) ~ # % the nullity of T. *f14
Dimension Theorem +~ 3 * # % Rank Theorem: rank of T + nullity of 7 = dim(V).

a-

Question 2.9. BX T:V - W & - B linear transformation. ¥ V 5 finite dimensional
F-space, £ ¢ v dim(W) <dim(V) 2272 T 4% 5 - $- 7
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2.3. Isomorphism

Linear transformation #-3 i vector spaces B if 4= %k. 4% 3 i vector spaces & ¥ 15

F|- - $- ¥ pt =0 linear transformation, #* 7 { 33 5 &5 1 vector spaces F 4p I i
1, 7f7‘u_ v i* % isomorphic. i&— & ¢ AP & F E L FIH ARG B isomorphism HE &

7.

Definition 2.3.1. 3% T:V — W #_— # linear transformation. % T % one-to-one and
onto, PIF T &% — B dsomorphism. M R PFHV Jv W L disomorphic 2 % V~W k& 71

d  Proposition 2.2.3 & 4 T:V — W 5 isomorphism % ¥ *& % Im(7) =W and
Ker(T) ={Oy}. #tr 4 T 5 isomorphism P, & S 5 V &1- ' basis, 4 T 5 one-to-
one w T(S) ?ech~2 % (FEVWESZE VAV, BI T(v) AT(V)), £
224 5 T(S) ™ 5 W ¢éh— 2 basis. £ 2, % T(S) ¥ cha% 4R 2 T(S)
& basis, d Span(T(S)) =W, #Im(T)=W. ¥->a,% veKer(T), d > § 5 V -
i basis, ¥ VI,...,Va ES ¥4 B, c1,...,chn €EF B8 v=c1Vi+--+cpvp. 8 E Oy
T(civi+-4cavn)=c1T(Vi)+-+cp(Tv,). & T(S) 5 - 2 basis * T(vq),...,T(v )E (S )
B o0 50, % v=0y, T Ker(T)={Oy}. &t 2 nr“*ﬁ YT 2 k.

=)

Lemma
W -

i

Proposition 2.3.2. B3X T:V —>W & - B linear transformation * S 5 V ¢1— ‘= basis.
Rl T &_isomorphism & 2 v&x T(S) P chadk w4p R 2 T(S) 5 W - 2 basis.

Question 2.10. Proposition 2.3.2 » 5 @& 5%H T(S) ¥ ~2 ¢+ 4p L7
% V % finite dimensional vector space FF, 34 i § T T2 B %

Corollary 2.3.3. B3% V,W ¥ i F-spaces ® V 5 finite dimensional F-space. B] V =W
# 2 reE dim(V) =dim(W).

v

Proof. V~W % 7 5 f— B isomorphism 7:V — W, F]#* d Proposition 2.3.2 & W 7=
finite dimensional F-space ¥ dim(W)=dim(V). ¥ 2., % W % finite dimensional F-space *
dim(W) =dim(V) =n, ¥ B V - & basis {vy,...,v,} M2 W - ‘& basis {wy,...,W,},
41 * Theorem 2.1.5 %75 f— & linear transformation T:V — W & & T(v;,) =w;, Vi€
{1,...,n}. & > {T(v1)...,T(vy)} ={wi,...,w,} 5 W - ‘e basis, ¢ Proposition 2.3.2 +
T % isomorphism, {#Z& V ~W. O

Corollary 2.3.3 £ ##4 i" ¥ & finite dimensional vector spaces B #_% isomorphic %_i#
y p

BH e, B -ﬁ U P dimension £ F 4p e TF . KT AP A4 5 BB isomorphism s E
2, %9} % finite dimension 2588 ¥ 14 % f§ B 0] * dimension kFE{F. 7 i
TIL G- MR TS 2 gRIRIVP 7 ¢ 3 3f infinite dimensional vector space, # i1 *

linear transformation =+ & %k Z P i&H & isomorphism § &t 3|2 7 7 f2:5 4 vector spaces

p p
B enbd %, #rre38 iR § 7 B3 finite dimensional sF35, E # 7 * dimension 57 ;2 K #E

Pz 232 (7 i+ 7F A1 dimension kST E TIL a0l FEM).
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F-Bolk fE-$-r2pap APl F sl O % an g £ E linear
transformation FFH 5 S ! ¥ % 4 &_linear transformation? ™ F A i Fow ¥ B
RAL. BILR, g TS & @ 4 fr preimage @ BLARR A, A o7l kAT f ohE &
.

Proposition 2.3.4. BX T:V W i - B isomorphism, B] T 1 inverse (5 I #c)
T°~1:W =V 7 % isomorphism.

Proof. T % one-to-one and onto, = & inverse 7°~! 7* % one-to-one and onto. #7143t
mEEmp 7°°! 4 W ¥ V i linear transformation +¥. B ww W, d T %
isomorphism 43 prE- vV eV B E T(v)=w 2 T(V)=w. & inverse ehZ_ &
T Y w)=v 2 T\ (W)=V. i rcF, 8%® T°! % linear transformation, ¥ &
#0 T rw+w) =T Y (W) + TN (W) =rv+V. 2@ & T 5 linear, ¥ & T(rv+V) =
FT(V)+T (V) =rw+w. & i & inverse 2. & # T° ' (rwH+wW)=rv+v, B T WV

% linear transformation, # 3 isomorphism. |
Question 2.11. Vector spaces 2. ¥ ¢9 isomorphic 2_% % — B equivalent relation?

Question 2.12. § V - B finite dimensional vector space, % ic 1 * Theorem 2.1.5 7&
- Proposition 2.5.4 *5 ¢

FBTAAPRAL S RAFTY AP &% 58 B Isomorphism Theorems. #
AL —p: fI* — i ¢ & linear transformation ## | A7 linear transformation &
2. BE T:V—->W &~ B linear transformation * U - i Ker(7T) 7 subspace, %_&
T:V/U—-Im(T) % TV)=T(v),VveV/U. § £ P LEP T E - B well-defined function.

7‘7"57F7 %’Vi]:Vizln V/l]7 El ,ﬁ%;\:ﬁ- T(Vl):T<V2)- f”‘irﬁ 71:‘7727 "TI-‘ V]—VZEUQKCT( )7
"l T(vi—v2) =0, " * T(V))=T(V1)=T(v2)=T(V2). ¥- 35, #H=Z{ vV,2€V/U
ME reF,

T(Vi+V2) = T(Wi FV2) = T(rv1 +v2) = rT (V1) + T (v2) = rT(V1) + T (¥3),

#x T £ - 1 linear transformation.

Theorem 2.3.5. BX T:V W &~ & linear transformation ®* U &~ & Ker(T) 7 sub-
space, M| & ¥ T:V/U -Im(T) & 5 T(V)=T(v),VveV /U & - B linear transformation
* Ker(T)=Ker(T)/U v % Im(T) =Im(T).

Proof. # & ¢ 4, T % - i linear transformation. 3% v € Ker(T), & 2% 4 7 Oy =

TV)=T(v), ™= veKer(T), ## veKer(T)/U. ¥ - >, %" v eKer(T)/U, % 7
veKer(T), &« T(V)=T(v) =0y, #% veKer(T). ## Ker(T)=Ker(T)/U. B i$ % &,
Aprewelm(T) 22rEr 3 veV/U # 8 w=T({V)=T(v) 2+ax welm(T). #&
Im(T) =Im(T). O

Fulg g U=Ker(T), A5 M T ez 2,
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Corollary 2.3.6 (The First Isomorphism Theorem). 3% T:V —W & - & linear trans-
formation ® T :V/Ker(T) —Im(T) %% 5 T(V)=T(v), Bl T &_— ® isomorphism, =

y
=

V /Ker(T) ~TIm(T).

Proof. #] T:V/Ker(T) — Im(T) % linear transformation ;% %_Ker(T) = Ker(T)/Ker(T) =
{Oy} = Im(T) =Im(T), & T % isomorphism 3% V/Ker(T) ~Im(T). O

Question 2.13. § V 5 finite dimensional vector space, i= ic 1% quotient space
dimension {25 1 2 Dimension Theorem &M V /Ker(T) ~Im(T) & ¢

Theorem 2.3.6 2 #7121 % The First Isomorphism Theorem, & %] 5 # ] * v 7 H

ts 7 Isomorphism Theorems.

Corollary 2.3.7 (The Second Isomorphism Theorem). % V i - & vector space * U,W
%V & subspaces. B

(U+W)/U~W/UNW.

Proof. 5 £/ & U % U+W &1 subspace, 71 (U+W)/U % - & vector space. ¥ J§
T-W—U+W)/U &5 T(w)=w,YweW. ix% % %% T % - B linear transformation.
BEFAPEEP Im(T)=(U+W)/U 7% Ker(T)=UNW, { ¥ ¢ Corollary 2.3.6 1%
(U+W)/U~W/UNW.

d 35 Im(T) C (U +W)/U, 2 i & %m0 Im(T) D
d 2 & T FrueclUweW 8 v=utw. t“Eﬁ
mv—(u+w)eW (F]v=u+w) 1% weW,
Vv=u=T(u)eIm(T). #% Im(T)=(U+W)/U.

HEuckKer(T), d » T he s U, vivuelU. » 5l (U+W)/U stz Ei=~3 5
0,827 O L2 Venbe2E=22%,70="T(u ):ﬁ AT u=u—-0cW, kucUNW, #x%
Ker(T)CUNW. F 2, FacUNW R FlueW, #a=0. & T(u)=u=0, ¥ ucKer(T),
##% Ker(T)=UNW. O

(U+W)/U. $+ 153 Ve (U+W)/U,

U
B T(u)=1u, A PERP u=v. &
"3 v-u=v—(ut+w)+weW, ¥

\h

=l

Higm A pE e 'JF:] o w & g - B4 40 linear transformation ,T!rl? f1* the First

Isomorphism Theorem, # ¥|4# ¢7 isomorphic |+ F.

Corollary 2.3.8 (The Third Isomorphism Theorem). % V i - & vector space * U,W
%V & subspaces B X_UCW. B

(V/U)/(W/U)~V/W.
Proof. # AR, 4 UCWCV ® ¥ 5 vector spaces, w V/U 11 %2 V/W ¢ & vector

spaces. A g T:VV/W, =& 5 T(v)=V,VveV. %% % %% Ker(T) =W =*
Im(T)=V/W. #+d U CKer(T)=W, §1* Theorem 2.3.5, == T:V/U -V /W 5 - &
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linear transformation, * Im(T)=Im(T)=V /W % Ker(T)=Ker(T)/U=W/U. F F|
* Corollary 2.3.6 # (V/U)/Ker(T) ~Im(T), ¥ (V/U)/(W/U) =~V /W. O

Question 2.14. ¥ V % finite dimensional vector space, % it 1% dimension Kz the

Second and Third Isomorphism Theorems 5 ¢

Question 2.15. X V 5 - B finite dimensional vector space * U,W &% V &7 subspaces
mEUCWCV. A s dim(V/U) =dim(V) —dim(U),dim(V /W) = dim(V) —dim(W) *

dim(W/U) =dim(W) —dim(U). » 343 dim(V/U) —dim(V /W) =dim(W /U), 7R3 P+ %

T L (VIU)(V W) = WU

2.4. The Matrix Connection

- B vector space V, & X% % — % basis &, d 3~V ¢ éhL £ % ;5 basis AR

i E, AP T LRV P it R i Rk A T Y- 2 @, - B linear
transformation, ¥ & % %_vector space 7 basis, » ¥ M ARFE - FE T T AP Rp AR rﬂg
#- linear transformation v matrix 4pift 5. 828 * Fou s ¥ i W fFE over R & over C
o7 matrix. 7 i B matrix 08 B P aRER ) B R e over vR- B field & B o, 102 iE
RAPERX A FEREGLEREFT, 2 L2 EP TP,

# V &~ B finite dimensional vector space ¥ % Z_V - ‘e basis {vi,...,v,}, X P&
AR v VEREEE, Y B=(vi,...,V,) REATFE- BRI ER G basis, i V- &
ordered basis. ¥t &1 %, — % basis FH#-H ~F £ 375, FRA-STEE D 40 ordered basis,
&Eﬁ’*’g FELTEAE YR, CEFZEE T B, AP ET PR S F F e ordered basis.
,_' i&{;&—? B=(Vi,...,Vn), B’ = (V],...,v)) & V ¢rordered bases, | B =p’ %7 v;,=V]
Vi=1,...,n.

B3k dim(V) =n, % 2V - B ordered basis f 1416, A i p Repz - BV 3| F" ep
linear transformation 7g:V — F", 2 ¢ #4735 veV, f1* B #v B3 v=cvi+--+cyVy,

2 X

&

A AR FT e & B & column vector, FlE ARG B G P E B (c1,...,0,)" (TR
row vector (ci,...,c,) B~f& R ). # F" 3@+ % B = column vector i FIE_Y ff {00 AF,
AREPEMEELREDEE. FIZ B 5 ordered basis, (%% % 5 41 75 & well-defined,
2 H - B isomorphism. # 3 2, 3V ¢ haF AP E uql* g B2 B S FT Y
B column vector. F #& %43t F" P & column vector, #4 i & 1 #* TE*I ¥z BR AV
P d . i ﬁ&{?‘ 7 & 3 P~ ordered basis 31 & P e, ¥ A1 * - % ordered basis #-
V ¢ e F4e F" ¢ ¢ column vector iT— B - $- eh¥ 3 ¥ i%4F vector space ¥ FuF § .
FSHEHA DL, b BAETE MV I AR S P had h(v) ARG (7

!
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R H PR 2 fek), 2 & F' P e column vector (cq,...,c,)" SRV ¥ g
0*1((C1,--.,Cn)t) ijt'?:?ﬁ ?7 7 s ?j\f'}i‘{clvl+"'+cnvn.

=
~

Q

Example 2.4.1. % /& P(R) = {ax® +bx+c|a,b,c € R} i&- B R-space, " 2 T - i
ordered basis = (@, x+1,=1). F i a+bx+c=a(?)+blx+1)+(b—c)(—1), 3
¥ @ tg(ax’ +bx+c) = (a,b,b—c). Blde (P +x+1)=(1,1,0), @ AL T E b oA
75 1((1,1,0)) = 10) + L{x+ 1) +0(—1) = > +x+ 1.

¥ o3 A(R)={ax+b|abecR} iz~ # R-space, 1% ¥ - i ordered basis
B'=(x—1x+1). f2ax+b=r(x—1)+s(x+1), 8 P77 & r=(a—b)/2,s=(a+b)/2,
T/ (ax+b) = ((a—Db)/2,(a+b)/2)".

Question 2.16. % Ezample 2.4.1 * £#% B,B =i B=(-1,x+1,x),8 = (x+1,x—1),
78 B tg(ax? +bx+c), T (ax+b) € T A2

I ¥ Z_— linear transformation T :V — W, i 4 B)iE 7 V,W 1} 7 ordered basis
B=i,eyVu), B'=(Wi,o..,Wy). 1% BB AT HRT * - B over F chmxn (m B row,
n % column) e#E &k £ 7. &L n=E B column % 11T 03 jE g4 ¥ B column i
(T (vi)). ~ ,T}u{;’rufg T(v;) F1* B’ i&® ordered basis ¥ % 57 & T(V;) =c1Wi+ -+ W,
1

P iz B 45 e i-th column % : L BEEA T 5 ML o BB F B, A TF“,T.%Q* p[Tlp
Cm

K4 or, 7w

plT)s = (T (7)), T (T () )

ARLF - B 1(T(vi) € F"Vi=1,...,n - B mx1 1 column vector, #7112 g[T|g £~ &

m X n £ over I 7 matrix.

Example 2.4.2. | Example 2.4.1, ¥ & P(R) 4 2 H ordered basis B = (x*,x+1,—1), §c
P(R) 1232 # ordered basis B’ = (x—1,x+1). & T:P(R) > P (R) &% 3

T (ax* +bx+c) = 2ax+b,

% % %7 T 5 linear transformation. %] 5 dim(P(R)) =2, dim(P(R)) =3 3 ¥ 2
M oplT)p i&- B 2x3 dmatrix. £F 4 d 3 T(?) =2x,T(x+1)=1,T(-1)=0, I *

Example 2.4.1 ek % A i i@

AT
1 =L o
/ = 2

Question 2.17. % Ezample 2.4.2 ¢ %% B,B' iz 5 B=(—1,x+1,x*),8 = (x+1,x—1),
7R p(T)p & AP A7
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plT]g &— BAELG HA* 27 v 17 the representative matriz of T with respect to
B, ﬁ’ PR {Ffu%‘?“f— plT)p &Lt &% T ig- B linear transformation. % ff—- 7, % % -
B mxnover F & matrix A, 8 7 11 T & - BK_F" 3] F" chdfkcmy : F' — F", H 7_
& » #1Z £ F" & column vector x 3k +} A i=— B mxn matrix, ¥ 3] A-x &B F" e
column vector, T my(x) =A-x. I* ELFE P HF A (rx+xX) =rA-x+A-X, i
my : F" — F™ & - @ linear transformation. #tr4 5 3 g[T|g, & ¥ 2 @ |- B F_F" 5
F™ ¢ linear transformation My 1) F'— F" v e TV =W 5 F %27 0B %, A%

T Bl R

v
T } 75!
B B’

( Tlg-t5(v

MyiT)p

BAANPREZ veV JIt g #v kS F" ¢ b column vector 1(v), # 8 #- 1g(v)
=ikt mxn matrix g[T]g, B3| g[T]g-18(v) i&— B F” ¥ 1 column vector. &34
FAI* T W F™ ek S (O QL ¥ p[Tlg-tp(v) k= W I ehri

TETI(ﬁ'[T]ﬁ 78 (V))-
APk TR AR %&{T (v). T; APEERD T o1 o, oM, (], © T AP e B,
FE Ay :141;\ P T(v) 2 (& R %\, T A S H mwﬁ;:yf\/, R AE.
Example 2.4.3. matmul % § Examples 2.4.1 fv 2.4.2, 2 P 4g & + st 4rE 3k 2 ah 2 47

R {@,T&E’-\T(axz—t—bx—i—c):Zax—kb ’FT L P(R) ¥ thiz- A% ax®+bx+c # 5
R? =% tg(ax® +bx+c) = (a,b,b—c)', £ %2 2§k + &L 5([T]p ¥

a a—fb
. b = .
) b—C (a+1b>
Btsdp RZeoh~t gy PI(R) eh 218 (a— (b/2))(x—1)+(a+ (b/2))(x+ 1) =2ax+D 7%

e T(ax*>+bx+c) 10 5.

rwr F s T= ’3, omﬁ/mﬁofﬁ Zwm, APArfE- BELREHEL G F- B
mx n matrix A, 3k + F" ¢ B column vector x, #* P 5§ A-x ¢ &_F" ¢ column vector.
TR, F AL LA FADE 1 FF 0B ocolumn (%7 A F n B column T & B
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column &_F™ ¢— B column vector), @ x= (x1,...,x,)", P
A-X=x1A1+- - +x,A,.

we w T 4o 1) 5 omﬁ,mﬁ oTg % = V — W thlinear transformation, ¢ Theorem 2.1.5, #
e avig & R 'F“#Iﬂi, FE&¥-Big- B basis pinE BAd v, #HE M RAELT AR T
Ka k& () =(0,...,1,...,0), #¥ (0,...,1,..,0) FF &% i By L1 HE =E

b Y

§ e 0. 9frzid G st e i g p(Tlg - 15(vi) = p(T]p - (0,0 1,..,0)' 52 p[T]p
% i B column, &% & L&yt column & (T (vi)), Ft

TETI Omﬁ,[T]B OT[;(V,') = ’CETI(ﬁ/[T]ﬁ . Tﬁ(vi)) = TETI(T[;/(T(VI'))) = T(Vi>7 Vi=1,...,n

T:TETlomﬁ/[T]ﬁOTB. (2.1)

% V,W % vector spaces, 3 @ /i £#73 V 3| W 0 linear transformation 75 =% — i
vector space, * Z(V,W) k& 5. B4 Myun(F) % % #73 over F e m X n matrices. &4
HE & ME, XF %2 b Myn(F) 7™ 5 — 1 vector space. 4 % F 2V - % ordered basis
B =(vi,...,Vy) f¢ W &h— % ordered basis B’ = (Wi,...,Wy,), ¥ & #- linear transformation
3 2 matrix e07 2 BT AP - BECL(V,W) Bl Myu,(F) chidndic ®, B 2% 5 #2 §
linear transformation T :V — W ¥ 3| g/[T|g i&— # mx n matrix, 7= ¥ O(T ) = p[T]p,VT €
ZLV,W). 2Pz &P O F - B linear transformation, TP iz & T1,Th € Z(V,W)
2 reF, ®(rT+ )= p[rTi + Tlg €4 r®(T1) +P(T2) = r(p(T1lg) + p[T2]p 40 % . K@ &
&, &L p[rTi +T]g 7 i-th column % g ((rT1 +1)(vi)) = 1 (rTi(vi) + Ta(vi)), e %] T

5 linear, & % 1y (Ty(vi) + 15 (T(V)). ¥ = % & €% y[Ti]p,p [Tp o i-th column & %l 3
Tﬁ/(T] (Vi)),Tﬁ/(Tz(Vi)), HRAE e 2 2 fﬁ‘ﬁi?fp HF_E AP r(B/[Tl]ﬁ) + ﬁ’[TZ]ﬁ &7 j-th column
ES r’Eﬁ/(Tl (V,‘)) +TBI(T2(V1')). T ﬁ/[l’Tl —I—Tz] e r( [ ] )+ﬁ’ [Tz] AR e EHae @

% linear transformation.

EF AP EREP D X(V W) = Myxn(F) % isomorphism (* one-to-one and onto). %
TERLEL AEM,,(F), % A éi-th column 5 A;, % g T , (A) € W. ¢ Theorem 2.1.5
73 fr— 0 linear transformation T7:V — W & &_T(v;) = Tgr YA)Vi=1,...,n. &2 &,
B [T e i-th row &

TB/(T(V,‘)) = Tﬁ/(TE,_l(Ai)) = A,’,
it g[Tlg=A. =% T 52 L(V,W) ¢ vi— % L_D(T)= p[T]g =A ¢ linear transformation,

## ® i isomorphism. Vi H-pt % FIT 4o

Theorem 2.4.4. Hx VW i wvector spaces ® dim(V) = n,dim(W) =m. % 2 VW
ordered basis B,B'. ¥4 ®: L (V,W) = Myxn(F) 7% L O(T) = p[T]g,VT € L(V,W), | ®

% — B isomorphism,

L(V,W) >~ My (F).



36 2. Linear Transformations

Question 2.18. % dim(V) = n,dim(W) = m, Theorem 2.4.4 4 3% 3 i dim(Z(V,W)) =
dim(Mysen(F)) = mn, 123 F1% Mysen(F) 02 K% 35 5] LV, W) 0 basis?

Question 2.19. % 2 A€ Myu(F). 4 mp:F" = F" i mp(x) =A-x,VX € F". W jf
Im(my) ={A-x€ F" |x€ F"} % A # column space, * C(A) k% 7, * dim(C(A)) # 3
the rank of A. @ Ker(my)={x€ F"|A-x=0} 5 A  null space, * N(A) k&, *
dim(N(A)) # % the nullity of A. & T:V =W % linear tmnsformation T P(T)=A, I+
8,Tg = isomorphism, ¥ 1 Ker(T)~N(A) ¥ Im(T)~C(A). =it 5 9

rank of A + nullity of A =n?
B G AP * T R P linear transformation T fr matrix gi[T]p 2 B B %,

Vv - W

My (T)p

F" - F™"

FlaAPE®EE T= TETI o m,(r], © g i@ BT ¥ 5 & commutative diagram.
Commutative diagram 7 , £ 7 BHBEEF 7 P EICT @5, Plies BRI TH B #i
gk, BldeV IIW 33 BES: - BEERAH T; ¥- BEd V A 15 3] F",
£ AT my gy, TDFT, 15 T D3l Wo o #ru i B Bl 5 commutative diagram e
i T—Tﬁ/ Omﬁ,[T]ﬁOTﬁ FAEEAR LRSS b B F" FI W mrﬁ,
isomorphism #f1 % 3 — BF wen W | F™ BJL7 7, FH 5 S T “FILE_V F| ™S
e g BRI - BAJIY TV W, 11#& e Tl F™ ¥ - BEJIY 5 d VI FT
£ = M, (1] ki e A S BRIl A Tﬁ/oT:mﬁ,[T]ﬁoTﬁ. 9

Tﬁ, ol = Tﬁ/ 0 (TE’_I omﬁl[T]ﬁ Ofﬁ) = (Tﬁ, OTE’_]) Omﬁ/[ﬂp OTﬁ = mﬁl[T]ﬁ OTﬁa
#7140 commutative diagram & - i > { 2| %75 S#c{_FAp e ch1 B
¥- 3 m Fn/j}zﬂb‘;’b)“%’@ J_ﬂ,i—ﬁf?\?‘f'“'TZ&VI'JW,‘T.*\??Q,.“:‘}‘_TWE'J
F™ (e @i %3 d F™ 5] F" 7 (",’T‘ bieserd g[T)g & invertible).

Question 2.20. + B ¥ F" 3| F™ £33 & BEJZ? v i~ 4 Rt S0 e enff 0% 2

FFAPL AL * commutative diagram %k g & & Sndfer 5B k2 Ol R R VWU &
vector spaces, # * dim(V) = n,dim(W) = m,dim(U) =q * B,B'B" » % 5 ¥ i ¢ ordered

bases. & T1:V =W, T,:V -+ W 5 linear transformations #% i* 5 ™ T ¢ commutative
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diagram:

T, T:
1% ! - W 2 .U

o—1 o—1

Tﬁ Tﬁ’ Tﬁ’ Tﬁ”

mﬁ/ [Tl]ﬁ mﬁ// [Tz]ﬁ/

F" - F" - F1

B
ThoTy = (Tgil Oy, 73], © Tg') © (TETI omy 1], © ) = Tgil O My, T3]y © My (73] © TB-

¥ EE- T, % A Z - B mxn matrix, B £ - B ¢ xm matrix, R my : F" — F" v
mp: F™ = F4 t0& X mpomy : F" — F4 :T‘.%{mB.A:F”%Fq. TEFLHER XxEF", 4 A

Mgk cni L KT @

mpomy(X) =mp(ma(x)) =mp(A-X) =B-(A-X) = (B-A)-X=mp.4(X).

P » _ w zH
TN My, (), OMy 1)y = My (B p(Tilg

Dol = Tg, ' omy, ], (1], © Tp- (2.2)

SR T 2 B
Proposition 2.4.5. % V,W,U % finite dimensional vector spaces, ® B,B'B" » ] 5 T

i e ordered bases. & T\ :V —W, T,:V—-W % linear transformations, B
ﬁ”[Tonl]ﬁ = ﬁ”[TZ]ﬁ’ . ﬁ/[T]]B

Proof. 5 £ w i, & AA" ¥ % gxn matrices, ¥ my:F" = F? {v my : F" - F1 jp r,
MY e x=(0,...,1,....00, ¢ (0,....1,...,0) 7% i =% 53 1 2w =% 30 v
ma(x;) =mua (x;),Vi=1,....n # Afr A" & - B column ¥ 4pk. =¥ A=A 7d F35 (2.1)

fr¥ 1 (22) A e
o—1 o—1
Tﬁ” Omﬁ//[Tonl]ﬁ 01 = TioT, =14, Omﬁ”[TZ}B"ﬁ’[Tl]B o018,
= d 5, TEJI ¥ % isomorphism
mﬁ// [T20T|h; = mﬁ// [Tz]ﬁ/-ﬁ/[ﬂh;?

%5';%_ ﬁ//[Tonl]ﬁ:ﬁ//[Tz]ﬁ/-B/[T]]B. [l

16 VP& 33 7 - % ordered basis ¥ representative matrix g 5. BEFK dim(V) =
n,dim(W)=m * By,B, % V &1 ordered bases, B{,B, » W & ordered bases. T:V - W %

linear transformation, & & T 4 W/ 41* V,W & ordered bases B, ] #7 ¢ representative

matrix & p[T]g, @ T * ordered bases 3,5, #f{¥ & representative matrix & p[T]p,. #
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& IFFES BELalf i3 P, §FANPF 2T & commutative diagram.

m
F}’l ﬁé[T]ﬁz g Fm
Tﬁz Toé—]
T 4
\% - W
\
o—1
TBI T{
\ m
F)’l ﬁ{ [T]ﬁl o Fm
Bt R e m, (T, PP — F™ W% TG S (WL 15,7 & isomorphism), £ s
2
3

My (1), = (Tg; 0 rEl,’l) Oy 7]y, © (g, © *L'Ez’l). (2.3)
iTA2 18 0 ’L’EZ_I e 15 OTE{_I % % linear transformations, #7143\ e 7 0 IF U P AR
1%, %/ V ¥l V dridentity map, id: V -V, & & id(v) =v,VveV. fp Reaig i
— 1 linear transformation, #7 ™ ¥ T £ B 5V # * ordered basis B, # $piE sV & *

ordered basis B, # ¥ 3 14T &7 commutative diagram.

id

8. Tﬁ 1

Fn mﬁl [id]ﬁz F"
= W Rz My fidls, cF'— F'w % b ek s TEZ_I B_F" 7] V # identity map id, #
# tg I F". F1* identity map frdndicf &3 A p T i N

1 1

My fidls, = B, oido TE; =180 TE; . (2.4)

ST 4
- o—1
mﬁé [id}p{ = Tﬁﬁ o) Tﬁ{ . (25)

BEEN (23,24, 25), #

M [T, = Mgy lidlgy © Mg [Tg, © Mg, lidp,

FI A LT 2

Proposition 2.4.6. % fB;,B, # V 1 ordered bases, B{,B; » W 1 ordered bases. T:V —W
% linear transformation, B

s [T1p, = pylidlgy - gy [Tp, - g, id], -
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1R, @8% - B glidg ¢ identity map £ V F| V 5 linear transformation, *f 1
F dim(V) =n, 0| g [idg, £~ B nxn o matrix. @ % = B pglid]g 0 identity map £ W
¥| W i linear transformation, #7121 % dim(W) =m, R g[id]g £- # mxm & matrix.

Question 2.21. =¥ 4| * Proposition 2.4.5 %M Proposition 2.4.6 %% ?

% Bi=(Vi,....Vn), Bo=(V},...,v}) & V v ordered bases, | * representative matrix
fhig iF, s aeL g [id]g, % 0B column, R - vi *fy “TE g, T g (V).
w7

L

=

£

B [id}ﬁz = (Tﬁl (Vll), ey Tﬁl (V;)) .
Fule, § Br=Pp B, NG g [id]g, ,T*u{n x n £ identity matrix 7,.

Question 2.22. ¥ i P(R) 12 2 2 ordered bases By = (x>, x+1,—1), B = (x+1,—1,x?).
# Bi [id]ﬁz i B [id}ﬁl L PR Bi [id]ﬁz "B {id}ﬁl 1= B [id]ﬁl B [id]ﬁz 7

)

g, [id]g, ﬁﬁ-; the change of basis matriz from B to B. v iph AV ¢ i F v
B #r @ AR 15, (v) HdE A By TE kAR Tp(v) TF R hEE ffﬁl;m%
v=cVi 4V, (7 15,(v) = (c1,...,¢0)"), £ g fid]g, - (c1,-.0sc0)' = (di,...,dyn)', BIFT
V=dvi+-+dyv, ZEIEBRETREHFF2EFFTIIFERIREE £F 14
Proposition 2.4.5, % i 4v

Bi [id]ﬁz "B [id]ﬁl = B [id]ﬁl =L I [id]ﬁl "B [id]ﬁz =B [id]ﬁz = Iy. (2.6)
“tr4 g lid]g, v p,[id]g, & # invertible matrices, ¥ v 3 % inverse.
A e e change of basis matrix < 3 invertible matrix, 78% T - B invertible matrix,

4 %+ € &~ B change of basis matrix *#2?7 25 M T 2 B %k,

Proposition 2.4.7. B3X V i finite dimensional vector space * dim(V)=n. & B 5 V
e— B ordered basis * P % — B nxn & invertible matriz, B ¥ 45 3] V - B ordered
basis B, & @ g [idlg, =P, #+ ¥ 453 V #- B ordered basis B3 # 1% p,[id]g, =P

Proof. £ By =(vi,...,Vn), ¥t i=1,...,n ¥ P, % P ¢ i-th column, ¥ g VQ:TEI_I(P,-)
(w3 P=(r1,....,rn)" B4 Vi=rvi+---+r,v,). ¥ P % invertible, {P,...,P,} 5 F" ®

¢ linearly independent column vectors, #xd 17g & isomorphism = {v},...,v;} =& V ¢
% linearly independent, ¥4 {v|,...,v,} 5 V ? é- % basis. £ Br=(V],...,v,), B &
% plid)g, e i-th column 3 75, (v) = 15, (15 ' (P)) = P, #3& P=p, [id]p, FIZ, 7@V &
- 1% ordered basis B3 ¢ # g [id]g, = P!, Bl @& P =g, [id}l;; =g, [id], O

Question 2.23. X V.W i vector spaces, dim(V) =n,dim(W)=m & B;,B{ » % i V,W
e ordered basis. 3k T:V — W % linear transformation, & P € Myxn(F) ® Q € Myxm(F)
® 5 dnvertible matrices, L. F 7 33 F| B, By A Wl 5 V,W i ordered basis 1€ {7

piTlp, = Q- g [Tp, - P?






Chapter 8

Linear Operator

3 V - % vector space PF, j&_V | V & linear transformation, ﬁjﬁfﬁ—; T - B linear
operator on V. % T :V —V & - i linear operator ¥, A {xp Renv U3 g H & =
T?=ToT, n2 TP =ToT?, . k-2 T3 HELieNFFT LN T =ToT""
(T0 =id). 4rpt - KBRS V - B ® g s it (F 5 F[T]-module), #7r 24 i+ 1L ig
-HEIRET o V B L%,T&{ff“ i ig— F - W% linear operator e F]. o % Rl
TR A E LR A, AP LR S S R E T, Y A R R A (5
d B T505%) KA L ApRE IR .

3.1. Basic Concept

— 1 linear operator i./é{— # linear transformation #7121 % — F 32 3 20 i ‘FK? A
d 3 K F o pt 2 2R - B vector space, # i ¥ 11 iE 4p F i ordered basis, it € 4B £
T RERGE. 4 i*u—fy’\;ru—? T:V —V & - B linear operator, & {8 ¥| T &7 representative
matrix, ¥ 72 E TV - & ordered basis = (vi,...,v,), B FF* B, & [T]g i&- B
nXxn matrix. 3 7 * {42 L § A #:E 0 ordered basis 1p P, T ¢ representative matrix,
Fipge g [Tlp k27, « i

[T]B = (Tﬁ (T(V])), ey Tﬁ(T(Vn)))

bl4ce T, T, # % V &0 linear operator, ¢ Chapter 2 & Proposition 2.4.5 #% i &
[TZOT]]ﬁ:[TQ]B‘[T]hﬂ. (31)
Foebikgt & 2y [idg =1
¥ IF 1 2 g4 Vo linear operators # = ¢ vector space Z(V,V) @ it & Z(V). *
FlaieeadE L Y 5 onxn a0 W AN M (F) K& 57975 over F ¢ n X n matrices.
Fl* gt 25 ¥ Hw - BV drordered basis B BF, Theorem 2.4.4 2 FA P ¥ B3] - B
Z(V) 3] My(F) ¢ isomorphism, ¥ & : Z(V) = M,(F), T — [T]|g. # %] d 3% [id]g = I,
2Py [Tlg=1, #2ve¥ T=id FIZ [T|g £~ B zero matrix 2 v&% T:V =V &_zero

41
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mapping, ¥ T(v) =0y, VveV. 57 > {428, 3P ¥ zero matrix f= zero mapping i

O 7. “TrI PG T 2 B

Lemma 3.1.1. 3% V & finite dimensional vector space, dim(V)=n * B 5 V - B

ordered basis. 3% T :V =V % linear operator, 3% i 5 T g% :

[T]ﬁ =1, T=id and [T]ﬁZO@T:O.

o i 4 Jg linear operator P, 2 i & T s € E TR oG AP P o ordered
basis. % &% - B ;j} & §_identity i& % linear operator id:V—=V. 75 $F - B linear
operator % # ¥ ¢t ¢h— B ordered basis % EJZ, T 7 representative matrix T‘u? Y I
T, AR 0 etk matrices 22 B 5 0 B Tk, ﬁ}“ @ 3 p[id]g i1k ¢ change of basis matrix
K F 3. fI* Proposition 2.4.6, A i F 1T 2 B 5%

Lemma 3.1.2. % B,B' % V 1 ordered bases, T:V —V % linear operator, B
[Tpr =p lidlg - [T]p- plidlp
Proof. {1* Proposition 2.4.6, #* i v [T]g =p [id]g - [T]g - glid]g. #2 @ & dim(V) =n, d
3 (2.6) AP ar
plidlg - [id]gr =p [id] g/ -pr [id]g = I,
7T A ﬁ/[ld]ﬁ =B [ld}ﬁ, y i ?yﬁj\ T3, O

% A, BEM,(F), m P 5 M,(F) # & invertible matrix, % B=P"1-A-P, RI§£ A,B
similar matriz, * A~B % 4 7. % det(P~!) = det(P)"! 4

det(B) = det(P~'-A-P) = det(P~!)det(A) det(P) = det(A).

d Lemma 3.1.2 & g [Tg ~ [T)p, t @ det([T]p) = det([T ,I;g“,;bz 5o i
ordered basis, T ¢ representative matrix #7 determinant ‘% 7}5 }F A Tt & Nefj* H_
T ¢ determinant, » ,T*u{?fu det(T) = det([T]g).

Lemma 3.1.2 ¥ i &k & %57 5 ,T}u{;ru%’ A~ [T)g, 237 453 V - i ordered basis
B’ #® A=[T]p *2? %+, ¥ P £~ % invertible matrix & # A=P~'-[T]z-P, B]d
Proposition 2.4.7, 2 if* it 35 3] V - B ordered basis B’ i% &_ P =g [id]g, # ¢ Lemma
3.1.2 &

A=pP . [T]ﬁ -P =3 [id][;,l . [T][g . B[id]BI = [T]B/'

r‘]LL;\.,FaJ IV ’aL"é\n.

Proposition 3.1.3. & V i finite dimensional vector space, dim(V)=n * B 5 V -
i ordered basis. X T:V —V % linear operator ¥ A€ My(F), Bl A~ [T|g &2 v&% 5 &
V ch- 1 ordered basis B’ & 18 A=[T]p.
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% A& 4R34 - B linear operator e FpE, AP F U F Z - B ordered basis #-2 #
#% 2 square matrix R A, @ Proposition 3.1.3 & P73 i is e (2 F R ¥ similar matrices
& 3 eh, s g 53l FieE FARS L. AP LG - BFH DA

Lemma 3.1.4. B3X V 5 finite dimensional vector space, B % V - i ordered basis *
T:V —V % linear operator, F| ™ 7| ¥ % i

(1) T ¥~ B isomorphism.

(2) [T]p #—- ® invertible matriz.

(3) det(T) #0.

Proof. % i 4 [T]g £~ i invertible matrix # 2 v& % det([T]g) #0, #T & & (1) < (2).

B3k dim(V) =n, ¢ T &_isomorphism, 4= T°~! 3% %.¥ % linear operator, #d

[T° g [Tlg=lidlg = [T]g-[T°"]g 2% [idlg=

fv [T]g % invertible. ¥ 2., % A-[T|g=1,, 4 ®:L(V) = M,(F), % isomorphism, +ris
éf_T/.V—>V i 7 (T) [T]ﬁ A. r-‘CF; [T/OT]B—[T][;‘[T][;:I” % Lemma 3.1.1 ¥
I,

T'oT =id, F32d [T]g-[T']g=1, ¥ ToT'=id, 3 T % isomorphism. O

Question 3.1. ¥ Z j&_Lemma 3.1.4 -v% A~ B P| A &_invertible % ® v& % B &_invertible.

d B APT g 0 - B linear operator e a7 B determinant, S A&
AAE Y - B & determinant 12 i EF A€M, (F), £ ap €F % 7+ & A & (i,k)-th entry (o
t A 1 i-th row 2 k-th column =% éh=2), ¥ £ Ay € M, 1(F) % # A e i-th row fr
k-th column # %% {8918 (n—1)x (n—1) matrix. %7 12 % FpE e 2 & det(A) T4

i-th row "% ¥, &

det(A) = Y (=1)"*ay det(Aq),
k=1
¥ ¥t j-th column % f§ %
det(A) = Y (—1)""ay; det(Ay;).

k

Il
—

Ay ¥ K- B onxnmatrix f 5 adjoint matrizof A, * adj(A) k&7, &K 5 adj(4)
e (i, j)-th entry =
adj(A);; = (=1)"" det(A ;).
Fl# e A g T
Lemma 3.1.5. & A 5 nxn matriz, £ adj(A) 5 A 7 adjoint matriz, B

A-adj(A) =adj(A)-A = det(A)I,
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Proof. det(A)l, - B diagonal matrix, F &% & =¥ 4 _det(A) m H @ 22 =¥

5 0. £¥ 4 A-adj(A) 90 (i,i)-th entry, &ALk 2 T &M >

n

i axadj(A) = Y (—1)*"ay det(Ax) = det(A).
k=

k=1
Y- 3G i#j,A-adj(A) 9 (i, j)-th entry, ZErL k2 2% 5

Y anadi(A)i; =Y (1) ay det(Ap).
k=1

k=1

FH#EL A o jthrow * i-throw B~ 7B agerd * A' 457 d 2 A’ &0 j-th row {v j-th

k)

row 4p ke, P e det(A’) =0. 2@ {1 A’ i (jk)-th entry ay 5 aw 2 Al =Ay, $ A
e j-th row "% g, Vi 5

n n

o= ) = 1y i) = 1t

=1 k=1

tedef i j P A-adj(A) 0 (i, j)-th entry
n
Z ajxadj(A Z 1 ay det(Ajx) =0.

B3 A-adj(A) = det(A),. F 32, F1* % column ' ¢ F determinant, ¥ ¥ adj(A)-A =

det(A)I,

3.2. Characteristic Polynomial

0

o F i~ 1 linear operator e1R* 3E, AP ¥ 0L (b 2§ B 3T square matrix R 3E, A7

A€ LR - 4R noxon matrix, {6 £ #-2  #i 2 linear operator ).

%%~ B %#kh F 0 polynomial f(x) =cqx?+---+cix+cy ™ % — B nxn matrix A,

AR

f(A) = cgA? + -+ 1A+ ol
@ B f(A) 2R E - B nxnmatrix. - S kBELFELI T
R ET LS EF

Al F(A) = Al (cgA%+ -+ 1A +col)

2eh 3 A e f(A)

= CgA™ AT £ AT = (cyAT - clAFoly) AT = f(A) AL

F] gL 4e L«f ’#,;f.ni»év/ "l{\/zmk\]ﬁbx—— 1&]?9"‘!]/1?7721J|1TE'—§7.3—_‘;;%'

Lemma 3.2.1. B3®% f(x),g(x),h(x) € Flx] 2 f(x)=g(x)h(x). & A€ M,(F), p

8(A)-h(A) =h(A)-g(A) = f(A).

PAHASES L A e §F 2, - R RRE

ABEM,(F), » - T €75 g(A)-h(B)=h(B)-g(A).

g(x),h(x) € Flx] 11 %

2T kAN BAESTE A~B, LT fA)~ f(B) %7 F§ AREE P 5 invertible, B

P lt.apP?=FPlAP.-(PlAP=P.AP
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F* 1 g ﬁf?}i PE
(pl.a.pi=p1.A.P
AT R
Lemma 3.2.2. BX f(x) €F[x] £ A, BEM,(F). ¥ A~B, Rl f(A)~ f(B).
Proof. 4 A~B i % P % invertible # # B=P ' A-P. & f(x) =cgx?+---+c1x+co,
]
f(B)=cyB*+---+c1B+col, =cg(P - A-P)Y 4 4 (P1-A-P)+coly,
=cq(PVAYP) -4 (PVAP) +coly =Pl (cqA 4+ 1A+ col,) - P=P7 1 f(A) P,
R f(A) ~ f(B). 0
e v g ippe 4 F] linear operator, B3k f(x) = cax? 4 +cix+co € Flx] 2 %

T:V —V &~ i linear operator, d 3% linear operators 2. & e & = fesB'L 2. fF cjp 3k 4p 4
B (%2505 (3.1), AP s

F(T)=caT*+--+c1 T +cpid,
&g f(T) 22X E_V 3] V & linear operator. X ¥ ¥k & T f(T) = f(T)o T, #f
M- R T S
Lemma 3.2.3. &% f(x),g(x),h(x) € Flx] * f(x)=g(x)-h(x). & T e L(V), Bl
8(T)oh(T) =h(T)og(T) = f(T).
TRERA - TF f(x) =gx)-h(x) BFA(T)

- g(T) f= h(T) &3 B linear operator & = ¢ # 3| f(T) i&® operator, fe I % I _#-

i1 linear operator * » g(x) i % 7 5.

g(T)oh(T) @ # 8 %3 g(h(T)). # ¥
(T)

=

%2V eh- B ordered basis B 2 i p A& R F(T) 0 representative matrix £_F fv T
e representative matrix § B. FF P £ A1 &3¢ 3.1, AP [Toz]ﬁ = [T]%, f1* 5F b
POTe R
[T9p = [ToT* g =[Tlg-[Tl5 "' = [T},
SEUEY e
Lemma 3.2.4. B3x V € - B finite dimensional F-space, B % V #— % ordered basis *
T:V—=V & - linear operator. & f(x)= caxd + - Fextep € Fx], B

f(T)]g = f([T]g) = ca [T]% +--ter[Tlg+coln

Proof. & % & [f(T)]g & f(T) ¢ representative matrix, §1* @ &_linear transformation,

NN i

F(D)]g=[caT*++c1 T +coid]g =
Cq [Tod]ﬁ 4+t [T]ﬁ “+co [id]lg =cCy [T]%+-..+Cl [T]lg +col, :f([T]B)
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O

W I nxn matrix oFA5. A de dim(M,(F)) =n?, E AcM,(F), ¥ & S=
{1,A,A2. . A"}, 4 #(S) =n+ 1> dim(M,(F)), 3t 4 S % linearly dependent. 7

F e C0yCly..,cp €EF 2 25 011

cnzA"2+---+c1A+c01 =0.

LX) =cpx” 4 +eix+co, BB FA)=0. Fpt NPT I m: $E R 9 nx n matrix
F 3t B A p? 2R SN f(x) € Flx] # ¥ f(A) 3 nxn £ zero matrix

AR cp FF A0 A7 G deg(f(x) =n% F % cp,...c1,c0 F 250, 4T
rof(x) *AELE SRS

Question 3.2. # A~B * f(x)eF}x] %% f(A)=0, £E7# f(B)=07?

S > N

Question 3.3. & dim(V)=n * T:V =V &~ B linear operator, &_% ¥ 5 |- B nonzero
polynomial f(x) € Flx] 2 deg(f(x)) <n® # @ f(T)=07?

TP PAPT USRI ELE nen s AN f(x) #EF f(A) =0, ,Tk{“r;ﬁ 1 characteristic

polynomial.

Definition 3.2.5. B3 A€ M,(F), ¥ & xa(x) =det(xl, —A) € Flx], § % A i characteristic

polynomial.

ARG hE & det(A—xl,) i A £ characteristic polynomial, % i * det(xl, —A) i &
A% xa(x) & B monic polynomial ($ % =x 7 th#ic i 1). 1 * "% f & determinant 7 j2
YLE B GERE, APV ATy A S nxnmatrix P pa(x) S lics n 2 o ol s 1
4T - B ED palx) hx B (T ) Gliks: —tr(A) G tr(A) & A P trace, Tt
Az qe). T x=0 & » ya(x) 718 xalx) ¥ &3 5 xa(0) =det(—A) = (—1)"det(A).

Example 3.2.6. d ** xl, — [, = (x—1)I,, 3¢ ¥ 7 x (x) =det((x—1)I,) = (x—1)". i

5 A% 2 x2 matrix ¢ characteristic polynomial. ¥ Jg
1 -1 1 -1 1 -1
a=(r S )ee(o o )e=(0 5)

—1 1
XA :det( x—l x+1 > ==+ +1=x,

MZ:det( xgl lerl ) ==+ =x"—1,

—1 1
%Ag_det<x_2 il )—(x—l)(x+1)+2—x2+1.
Question 3.4. & & 77 X5 (h), Xa, (A1), Xa,(A2), Xa;(A3) E Rt ZEed,

2T k20 kg f similar matrices v i 57 characteristic polynomial B %,
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Proposition 3.2.7. & A,Be M,(F) * A~B, Bl xa(x) = xp(x).
Proof. 4 A~ B %3 t invertible matrix P ¢ ¥ B=P 1. A-P. F] xI, % diagonal matrix,
Npsexl, - P=P-xl,, 73 P~ Vxl,-P=xI,. %M

xl,—B=xl,—P " A-P=P'.xl,. P-P V. A-P=P ' (xI,—A)-P.

x8(x) = det(xl, — B) = det(P~ ' - (xI, —A) - P) = det(P) ' det(xI,, — A) det(P) = xa(x).
]
#wleh, § T:V =V & i linear operator, B,B" % V ¢ ordered bases, ¢ ** [T]g ~

[T]gr, Proposition 3.2.7 2 3724 1 271, (x) = X1 ﬁ/( x). Flp AP 0 g & linear operator €7

characteristic polynomial.

Definition 3.2.8. & V i finite dimensional F-space. ¥+3t V &1 linear operator T :V —
V, 8 V a— B ordered basis B, ¥ & T ¢ characteristic polynomial 3 AT (x), =
xr(x) KZ& 7.

d 3> A &0 characteristic polynomial % # ¥| xI, — A &tk e, & jj“u{ﬁu%“i )
entry ¥ § 33, RANP RFHE- FomeL, gL, AP ke - FaEL R S
XAg 4 XA Ay, B P A € M(F) a8 eha) 8. bldo st 07 1203 2T i 7

5x2+3 4x —1 _x300+x250 +xo4+3—1
7 B2 4x ) 0 1 0 -2 0 1 7 0 )
d AP E R F had R x, A PT R AR T e A T g
A,BEM,(F), ¢ '3k i% (rA)-(sB) = (rs)A-B, & " }

(x'A)- (x'B) =x"T/A-B.
BlAeFlAE sz i g AR E, AT
(A+xB)>=(A+xB)-(A+xB) =A%+ A-(xB) +xB-A+ (xB)> = A> + x(A-B+B-A) +x*B,
PUER LR FIEL R A, (A+xB)? F - T E3 A2+ 2x(A-B) + B2
%@ B entry ¥ § % 38 ;% 59 square matrices 4B PF, AP F UV P Aok - et ko4p

F.F FTAF LG ERT PG x m"“v\ﬁ“" Risg A k- RER. d wieHhie
I {7k f/ﬁ%“%“i%fc;‘é Lk, T B gk gAple. A IF“—F,‘— B 5]+

Example 3.2.9. ¥
5¢2+3 4x—1 _2( 30N (04N, (3 1
7 X - 0 0 0 1 7 0 )
x—1 1 B Loy, (-1
—x ox+2 ) 7M1 0o 2 )

Ve
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ERAPEAMTG

5x24+3 4x—1 ' x—1 1 - 503 9% +4x—3 9xr4+Tx+1
7 X —x x+2 ) X2+ Tx—7 X4+2x+7 )

({0 0) (o
<(30)(
=57 (0

SR E SRR g

BEAPERDE A+ XA+ A =x'By+---+xB +Bo, £ ¢ A;,Bi € My(F), Pl
Ai=B;,Vi=0,1,....d. T2 F5%F 5B A#B;, 27553 ey B entry £ X eh
GEA AR, E A R 0 R0 BEMA, A TPBB‘I.%’F" 1 32 characteristic polynomial e &

Theorem 3.2.10 (Cayley-Hamilton Theorem). & A € M, (F), xa(x) 5 A 1 characteristic
polynomial, B xa(A) =O0.

Proof. 4 ya(x)=x"+---4+cix+co. F1* xl,—A ¢ adjoint matrix, ¢ Lemma 3.1.5 #* i
L

adj(xl, —A) - (xI, — A) = det(xl, — A), = xa(x)I, =x" I, + - +xc11, + coly.
% #-xI, — A 1 i-th row fv k-th column # “ﬁi, #7180 (n—1) x (n— 1) matrix # determinant
KB 3t poen 3 5N 702 ik adjoint matrix ehE & adj(A —xl,) hEF B oentry ¥ 5 < ¥k
e RN BR adj(A—xI,) =x"'B,_1+---+xB; +By, 27 B; € M,(F). F]

(A IR RS E
(X" By 4+ X" By o+ +xB +By) - (xl, —A) = X" I, + X" ey L+ +xeil, +col, (3.2)
BEN (32) L HER, AP

(xn—an71 +xn_an72+ < +xBy +BO) : (XIn _A)
=xX"(By_1 1) +x" (B, 2-I,—Bn_1-A+)+---+x(By-I, — By -A+) — By - A
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B (3.2) £ 5540k, &t kel

—BO A = C()In
Byo-I,-B1-A = cil,
By 2 l,—B, 1A = cuily
By -1, = I

o~

BH-NrE, S oA EL R A SN LAY RS- AL R A, AR
—By-A = col,

By-A—B;-A> = A

By 2 A"' =B, 1-A" = ¢, A"
B, |-A" = A"
FIA 2 2304ede k g S0 L 2 30ede k, FH
O=A"+c,_ 1A '+ -+ 1A+ ol = xa(A).

O

% B # V ¢h— & ordered basis, T:V —V & linear operator, #* * & xr(x) = X 5 (%)

e pF xr(T) % linear operator, # ¥ B 1 representative matrix , & Lemma 3.2.4 #v 3

i1, (T)p = X111, ([T]p)-
#cd  Theorem 3.2.10 4= [x7(T)]g = O, F]* f1* Lemma 3.1.1 ¥ & x7(T) = O. Q,T}u{

linear operator 4% & =17 Cayley-Hamilton Theorem.

Corollary 3.2.11 (Cayley-Hamilton Theorem). % V % finite dimensional F-space, T :
V =V % linear operator, | x7(T)=0.

3.3. Minimal Polynomial

= A& _nxn matrix, ’f'] * A i1 characteristic polynomial, 2 i 4vif 5 =X #c i n 9%
B fX)eF[x] 7 f(A)=0. €% ¢ 3 B, F AT NETERP L ? 283
- g e, wHwA—I P, x:() (=1, e f) =x—1, 25 f()=l—L, = 0.
WA REE P EkE ] bR BN f(X)eFx] #1F f(A)=0.

138 f(x) EF[x] ¥ & & f(A)=0, * =¥k

Definition 3.3.1. X A€ M, (F), &*73 2+% % &
G#cs 1) Hs A 9 minimal polynomial, *  a(x)

#. -] &1 monic polynomial (& B =% 38 % ¥ ;
x4 T
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i - i el 2R SRS f(x) € Fla] # W f(A) =0, A 242 & £ monic
)’I-*-LELJQ FrE- B TR E fl0),g (x) € Flx] 3 = ## ] #72-% monic polynomial # &
f(A)=g(A) =0, 51 & = fich |z G deg(f) =deg(g), ~ & & f(x),g(x) & monic, #
= deg(f(x) — g(x) < deg(f(1)). & & F¥ f(4) —g(A) = 0—0 =0, fed = ke | in& e
fx)—glx) = 5 % 5535, ¥ f(x) =g(x), *f4 minimal polynomial u(x) &r&- .

#TAANPERFE A~ B, 78A v 0 minimal polynomial p(x), up(x) £ F4p%. 54
%5 - 1 minimal polynomial # A& & caj f7.

=

Lemma 3.3.2. B A€ M,(F) ¥ f(x)€F[x]. Bl f(A)=0 &2 r&E us(x) | f(x).

Proof. & f(x) | ma(x), %7 % & h(x) € Flx] # 18 f(x) = pua(x)h(x), ¥l ua(A) =0, F1*
Lemma 3.2.1 4 f(A) = ua(A)-h(A) = O-h(A). F| 5 F B85 1113 o o B chaptt 7 4 F 40t
%@ f(A)=0.

¥- 26, % F i~ B field, ¥ g %58 ;" g i F(x)=pa(x)h(x)+r(x), & hx),r(x) e
Flx] & deg(r(x)) < deg(ua(x)). & f(A)=0 i3k 2 i 8

0 =f(A) = pa(A)-h(A) +r(A) = O-h(A) +r(A) = r(A).

7 p(x) € F[x] - B8t pa(x) -] 47i% L r(A) =0 75 7 8. & uy(x) £ A ¢ minimal
polynomial 2 %A # r(x) 3 % 5 A, B () Lpa() 8, P @] f@). O

R¥E A~B, $1* Lemma 3.2.2 v ts(B) ~ pa(A) =0, R a foF &L similar (4B &
% 4B (F]$iZ A invertible matrix P, P71 0-P=0), ##® us(B)=0. ¢ Lemma 3.3.2 4~
p(x) | 1a (). FZATY as(A) ~ a(B) = O, @ pia(x) | ws(x). 2 pia(x),asx) % 5 mmonic,
P pa(x) = pp(x). EE T 2 5%

Proposition 3.3.3. # A, BEM,(F) ¥ A~B, Bl ua(x) = ug(x).
Ay ¥ 02 g~ B linear operator £7 minimal polynomial.

Definition 3.3.4. 2% V % — B finite dimensional F-space, T :V —V % — B linear operator.
5 2ER 53RN f(x) €Flx] ¢ i & f(T) =0, & = #cd | 7 monic polynomial # % T

e minimal polynomial, * pr(x) K4 5.

F matrix F35, T 7 minimal polynomial « 3 & ¥ v~ . 41 * Lemma 3.3.2 4p ¢ 9
WS (B DR SdAcE el S R mgx) A T R
Lemma 3.3.5. 3% V % — B finite dimensional F-space, T :V —V % — B linear operator.
Bl f(T)=0 %2 re% ur(x)| f(x).
Question 3.5. v € #F Lemma 3.3.5 %% 7

% B % V gordered basis, T ¢ characteristic polynomial yr(x) ¢ T ¢representative

matrix [T]g ¢ characteristic polynomial Y7, (x) % ¥ & m (8. 7 i T ¢ minimal polynomial
pr(x) 23 2y, REEI] AN PREFHC P LT AR
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Proposition 3.3.6. :®k V i — B finite dimensional F-space, B 5 V - i ordered basis

2 T:V—=V i linear operator. B

Proof. 5 L1 &, % f(x) € F[x], Pl4]* Lemma 3.2.4 12 % Lemma 3.1.1 24 i 5§
f(T) =0 & [f(T)lg =0« f([T]g) = O.

#rrtd pup(T) =0 7 # pur([Tlg) =0, #¢ Lemma 3.3.2 & pyy, (x) | pr(x). F % hd
wr([Tlg) =0, ¥ # #[T],;(T) =0, v ur(x) | gryp(x). > %1 pr(x), iy, (x) 4 5 monic
polynomial, 3 ur(x) = pr), (x). O

B 18 AP K #F 34 minimal polynomial 4 characteristic polynomial 2 B ei38f 7%,

Theorem 3.3.7.
(1) B3x A€M, (F), Pl pa(x) | xa(x). @ 2 AEF % B xa(A)=0 %2 s py(A) =0.

(2) B3R V 5 finite dimensional F-space, T :V —V 5 linear operator, B| pur(x)| xr(x).
A2 AEF BRE xr(A)=0%F2rx%E ur(d)=0.

Proof.

(1) A 24(A) =0, ¢ Lemma 3.3.2 % pua(x) | za(x). 4 &7 @ % pua(A) =0 7l 24(A) =0.
)=0, Bl % 7 det(Al,—A)=0 7= % AL, —A 7 4_invertible matrix.
B e Ua(x) FrLx—A, @ pp(x) = (x=A)h(x)+r, B ¥ h(x) EFlx] 2 reF. &
~ A, B O:.UA(A):(A—)Lln)-h(A)—i—rIn. Fr#£0, 4 (A, —A)-h(A) =rl, 18
(AL, —A)-r~'h(A) A m(A) 5 AL —A ¢ inverse, 2 AL —A 7 £

invertible matrix 4p % ’*, Bar=0, "7 x—A|ua(x). % w(A)=0.
(2) %% linear operator 7:V —V, i LV &~ i ordered basis B, d ** yr(x) = x(r}, (x)

M2 pr(x) = g (x). B (1) ik [Tlp, AP EE ur(x) | xr(x) 2

1 () =0 1r(2) 0.

O

Example 3.3.8. & i f|* 7 5 Example 3.2.6 #7 ¥ c77 characteristic polynomial % v i
¢ minimal polynomial. #] x4, (x) =x2, % Theorem 3.3.7 v s, (x) & 5 x & x>, & A} #O0,
4r Ay ¢ minimal polynomial # ¥ it & x, F4v uu, (x) = 2.

F] xa,(x) =x*—1, & Theorem 3.3.7 4 x—1 fr x+1 T Ua, (x) EPF]FS R g, (x) |x*—1
g, (x) =x2— 1.

7] xa,(x) =x>+1, & Theorem 3.3.7 4= s, (x) | x>+ 1. ¥ F =R, x>+ 1 ¢ monic factor
(F14) &% 1 4c x>+ 1, * minimal polynomial # it €% # % 7 3%, F% wa, (x) [+ 1. >
* F=C, f'] i,—i % 5 x>+ 1=0 43 & Theorem 3.3.7 5 g, (x) = x>+ 1.

Question 3.6. %t 35 3] A € Mr(R), € 7 pa(x) # xalx) w5 7
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Question 3.7. F AeM,(F) & xalx)=(x—41)---(x—=A,) E® L eF ¥ L#A; fori# ],
pa(x) E_ A2

A ¥ 12 # Theorem 3.3.7 Wit - H e B, o Z B4 Y - THEHSHN K BE
p(x) € F[x] €.- ® irreducible polynomial, 2\ ¥ r2 4% ¥| F - & finite extension F, #
#px)=0 & F?F4. BRAEF 5-1 (7 p(Ad)=0), RIHE L f(x) €F[x], % &
f(A)=0, F] p(x) 5 irreducible, #* * &= p(x) | f(x). EFL%’AGM (F),A= 75 & M,(F) ¥ .
A 1 characteristic polynomial 7  #- A AL 5 i@ e, B 2 &Y 5 det(xl, —A), ¢ o
AGRE My(F) & M,(F) ¢ ¢ matrix & & . 2 minimal polynomlal T T}wfrvﬂi— B field
FMO L ERARL M,(F) e, 2 minimal polynomial (7t * fia(x) %7 ), H T& 5
% Fx] @ = # ] 9 monic polynomial f(x) # ## f(A) =0. #1121 F] 5 us(x) € Flx] C Flx],
F1* Lemma 3.3.2 24 5w fia(x) | ua(x). 737 35— BB NPT T2 E & 232

Theorem 3.3.9.
(1) BK AeM,(F) & p(x) € Flx] - B idrreducible polynomial. B p(x) | xa(x) %2
FEE p(x) | Halx).

(2) BK V % finite dimensional F-space, T :V —V % linear operator, ® p(x) € Fx]
& - B irreducible polynomial. B] p(x) | xr(x) &2 *&%& p(x) | ur(x).

(1) 4 Theorem 3.3.7 # 1 1 () | 1a(x), 5% p(x) | pa(x) BI® p(x) | 2 (). 5 -
%, % p(x) € Flx] & irreducible ¥ p(x)|xa(x). ¥ & F 5 F & finite extension,
@ px)=0t F?F -4 A BARLE M(F) chEL® £ [iy(x) € Fla] %
AeM,(F) t Fx] Eﬁminimal polynomial. #* ¥ d % p(x) | xa(x), 247 F xa(A)=0.
f1* Theorem 3.3.7 £ * & F 0525, & fa(A) =0. & a ¢ 4o fia(x) | pa(x), #&
pa(A) =0. 7] pu(x) € Flx] £ p(x) € Flx] 5 irreducible, #3# p(x) | ua(x).
(2) #>* linear operator 7:V —V, i LV &~ i ordered basis B, d ** xr(x) = x(r), (x)
M3 pr(x) = pryg(x). B (1) st [Tg, 2P EE
p(x) | xr(x) < p(x) | 271, (x) & p(x) | Wrp; (x) < p(x) | pr(x).
(|
Question 3.8. # A M,(F) ¥ xa(x)=p]'(x)---pl(x) 2? ¢ €N, pi(x) € Flx| 5 monic
irreducible polynomzal 2 pi(x) #pj(x) fori#j, Bl pa(x) § EE 5507

Example 3.3.10. % Jg linear operator T : P,(R) — P, (R) & %_
T(1)=2x"—1,T(x+1) =3 +2x+ 2, T(—x* +x+1) = 46> + 2x + 2.
AP35 ) T ¢ minimal polynomial pr(x).
B A4 g P(R) ¢ ordered basis f = (—>+x+1,x+1,1). 7
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T(—x*4x+1) = (=4)(—x>+x+1)+6(x+1)
T(x+1) = (=3)(—x*+x+1)+5x+1)
T(1) = (=2)(—*+x+1)+2(x+1)+(-1)1
-4 -3 -2
@M= 6 5 2 | +8® pr()=x,0)=C+1)>x-2). =
0 0 -1
-3 -3 =2 -6 -3 -2 00 6
(Tlp+B)-(Tp-2B)={ 6 6 2 || 6 3 2 |=(00 -6 ],
0 0 0 0 0 -3 00 0
o pr(x) = ), (0) # (1) (x=2), @ @ pr(x) =y, (0) = 0+ 1) (x=2). 72
-3 -3 =2 0 0 6
(Tlg+h)* ([Tl —2B)=| 6 6 2 00 —6 |=0.
0 0 0 0 0 o

Question 3.9. 1% ordered basis (x*,x,1) B2 Question 3.5.10. §* § F — it % ?

3.4. Internal Direct Sum

3T T4

& %_— B linear operator T :V — V, & i 43 4% i ordered basis, T =7 representative
matrix ¥ 1 R 4F I o0 matrix. F B EZ RV B 247 i} =0 internal direct sum of
T-invariant subspaces. #7141 i&— & i 4 % #{ linear operator, % %31 internal direct sum

NN AN Chapter 1 #74 % & direct sum H g &~ “13) 5 external direct sum,

,—\-.

7 ?ﬁ
B vector space 2. & ehBf %, @ 1§ ) ¢ vector space. # ¥ # ¥ vector space & 3 B %, 7%
P2Vl F 4Rt 5 BT internal direct sum R 4R

Bk UW % 52 V disubspace. # 13 g3 T UOW —-U+W, .5
T((u,w))=u+w, YueUweW.

i E & %p » 1EF T % well-defined function, ® ¥ {# T ¥ - i onto # linear transforma-
tion. E7T kA ARE R Ker(T) .7 A? £ (u,w) €Ker(T), %7 T((u,w)) =u+w=0y,
BFu=—w. CtuelUweW, &fu=—weUNW. ¥ 2, FucUNW, % g (u,—u) eUBW,
& T((u,—u)) =0y. ##% Ker(T) ={(u,—u) lucUnNW}.

Question 3.10. 2 P &2 FF T UOW -U+W iz :#F & UW % 5 V & subspace
TR Y

Question 3.11. ##P {(u,—u)|ucUNW}~UNW. §1* the First Isomorphism Theo-
rem, }PEF 2 F R (UeW)/(UNW)~xU+W?

B, F UﬂW:{Ov} pEF) (Ov,Ov> = Oygw, 3" i # Ker(T) =O0pgw. *F T i

one-to-one, i F 11T 2 Bk,
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Proposition 3.4.1. &3k U,W ¥ 5 V & subspace, # UNW ={0y}, B

UpW~U-+W.

ff-*‘u%rﬂé%%f[%)%vr*‘] % UW % 5 V éhsubspace = UNW ={Oy} P&, i ¢ - U+W
* UpW ki T. BaAi L UBW 4p e1E_V s subspace U+W, # E_4 w0 70 i 3760
vector space. AP HF UQW B BF5L. ki UNW={0y}. 27 %A AP gR
2 A_U,W internal direct sum. #7120 & 2%, % U,W ¥ 5 V crisubspace ¥ UNW # {0y}
B UOW =B #5.5 ¥ 5 1~ & external direct sum. % U,W ¥ 5 V g subspace, @ % %33
A UoW CV & # ¥ internal direct sum, ,T*z\—r UnNW={Oy}. § 2785 UW X3 zi®
MEg R UoW #F’ e1H_Jf & 5 external direct sum.

% V % finite dimensional vector space, ® U ¥_V ¢ subspace. & ¢ M 5| ¥ - B
V i subspace W # {8 V=U®W. £9 } &8 U - % basis S = {uy,...,u,}, & Fxv
TS P+ 2V oah- % basis {ug, ... Wy, Wi, ., Wt 2 PEE £ W =Span({wy,...,w,}), ¢
* {uy,...,u,,Wi,...,w,} & linearly independent, 4 F#* 5= UNW = {Oy}. #r07 & UGW
- B U,W ¢ internal direct sum. * %1% V = Span({uy,..., Wy, Wy,...,W,}), 3 i {8
UdW =V. d >+ ¥— ‘¢ linearly independent ~ % # E = basis ¢ j# ¥ % v&— | iz RN
s T fEDS TV - B subspace U, ¥ %V B UQW ch W ¥ 7 vii— |

Example 3.4.2. 4 & F?>={(x,y) |x,y€F}, & U={(x,0)|x€F}, Bl W; ={(0,y) |y € F}
Fe W ={(y, )IyGF}’VSI%}’iFZ UoW, 12 F2=UaW,.

#-V 8 & internal direct sum V=U@QW - r[}&ﬂf@j} EFveV, B3 ari- druelU
E weW @ v=u+w. APV BSAS B subspaces £ internal direct sum s F 7|
BT

Proposition 3.4.3. &% U,W % V 7 subspaces. & 7| Z % W
(1) v=UaWw.
(2) #veV, plsari- hucUweW # % v=u+w.
(3) $E R U,W h basis 1,8, 24 S1NS=0 7 S1US; & V eh— ‘& basis.

Proof. (1)=(2): 2 & V=U+W,&¥Hzi veV, & F5hucUweW #{F v=u+w.
ReEUWeUwWeW @@ virw=u4+w, RBF gu—u=w-weUnW={0y}, ##Fu=u
2 w=w.

(2 ) (3): BER veESINS, 27 veUNW. ¥ g v=v+0y=0y+v 2*¢ 5 - B v
LU, 5B VEFAEWISE-BOy g2 W, 5280y 5 &U, PII* k&
- i v=0y. & veS, ¢ fr S & linearly independent 4p 4 7, #4 S NSy =0. ¥ ¢
wHEg veV, withueUweW 8 v=u+w, Aa 7| 5,5 &~ 4 5 UW & basis, &
FRuL...,u, €8, Wi,...,.W, €S0 M E c,...,Cndl,...,d, €EF 8 u=ciuy+---+cply,
wW=diw+--+d,w,. FIPE v=ciup+- ey +diwi - +dyw,, FFE SIUS, 5V i
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spanning set. ¥ — * & % S;US, # 5 linearly independent, 4] * Corollary 1.4.4 ¥ 75 &
v£Oy &8 veSpan(S;)NSpan(Sy) =UNW. i e M SINS, =0 th= 2 pt2 vy
* U, W ~Zptedwi— f24p3 5. wdr S{US, 5 linearly independent.

(3)=(1): d S1US, % V - = basis, & V = Span(S;) +Span(S2) =U+W. L& 7 #
UNW={0y}. FISINS =033 (51US)\S1 =352, #&=f1* Corollary 1.44 4 S US> 3
linearly independent % 7+ Span(S;)NSpan(S;) ={O0y}, =& UNW = {0y }. O

A ¥ U 3 B subspaces 7 internal direct sum 42 B F| { % subspaces 7 internal

direct sum. Gl V=UW, A PETEW Ba F W i subspaces Wi, W, 1 direct
sum, W=W, oW, a @V =UOW, oW,. 2 F]IW =W, oW, 345 WiNnW, ={0y}, *
A V=UaW, &P+ 3 UNW, CUNW ={0y}, UNW, CUNW = {Oy}. # iz if it
(FF WinWa={0y}, UNW; ={0y} f+ UNW, ={O0y}) & 2 &1 &7 F #f iz Proposition
343 EF (M4rE R vira- hucUw eW,woeW, @ F v=u+w +wy), & TF“F}‘ Y]

T ok &+

Example 3.4.4. & Example 34.2 * UNW; =W NW, =UNW, ={(0,0)}, * i = &
(6y) € F? F y#0, &G (xy) = (x,0)+(0,y) +(0,0) = (x—,0) +(0,0) + (y,y), # ¢
((0,0) € Wy & (0,0) # (0,y) € Wy. F $ 5, (0,0) # (v,y) € Wa. #7120 F? ¢ cha 4 B &
U,Wi, Wy 2_Jeen™ 2 7 rE—

N2 m

Jr}

7| k& £ A %% internal direct sum ¥ ? ¥ 12w 7| external direct sum g k. R
% Vi,W,V5 & V & subspace, ¥ g #€_external direct sum Vi @Vo @ V3 3| Vi +Vo + V3 &1
linear transformation T, @& % T(Vi,V2,V3) =V +Vo+vs. &% & T % onto. % T 5 one-
to-one, B % Ker(T)={(Oy,0y,0y)} = FE vieV,va eVa,v3€ V3 ¥ vi+Vy+v; =0y,
Alvi=va=v3=0y. Za vi+V+v3 =0y, & vi=—(V2+v3) eViNn(Vr,+V3), I Z5
V) € Vzﬂ(Vl +V3), V3 € Vgﬂ(Vl +V2) F B A V) ﬂ(V2+V3) Vzﬁ(Vl +V3) = V3ﬂ(V1 +V2) =
{Ov}, BI¥ 7 Ker(T) ={(Oy,0y,0y)}. ¥ 2., F vieViN(Va+V3), Bl 5 v €Vo,va €V ik
vy =vy+v3, L F (v, —Vy,—v3) € Ker(T). F]pt & Ker(T)={(0y,0y,0y)} %7 vi =0y,
L ViN(Va+ V) =0y, BT @ BA(Vi+V3) =N (Vi +V,) =0y, ¥ 4if 7z 23

3 1 subspaces, 2§ M T 2 TR,
Definition 3.4.5. B3k Vi,...,V, & V &1 subspaces,

vin(}v)={0oy},Vi=1,... .k
J#i

Al V e subspace Vi +---+ Vi 5 Vi,..., Vi 0 internal direct sum, * Vi@ --- @V % 7.

£ X EH, {3V g subspaces Vy,..., Vi, 0 JF’K}? Vi+---+ Vi i&z—- B subspace. &
PHS VIOV CV &334 5 internal direct sum, i§ 38 Vi,...,Vi & LV;N(YX,;4V)) =
{Ov},Vi=1,.. ki, ¥ A& 3 e decomposition theorem, #8 E_¥-— i
vector space 17 f# = — & subspaces 7 internal direct sum, #* 7% ¢ £ 4 3% external direct

sum, #7140 fF“ﬁ.%% £ % # % internal direct sum.
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#- vector space B = % ¥ subspaces 7 direct sum, {8 = 3 i subspaces e direct sum
F R, d 3t P {e Proposition 3.4.3 #p ke, 2 nr“)r* L h L

Proposition 3.4.6. &3k Vi,...,Vi & V 9 subspace. T 7| E % ih

(HvVv=vi®---dV.
(2) FveV, Rl 3 i=1,..k ¥ 3 arE-dv,eV, BEF v=vi+- + V.
(3) =R Vi e basis S;, 23 SiN---NS=02 SiU---US, & V - 2 basis.

Question 3.12. & V % finite dimensional vector space ®* Vi,...,Vi 5 V &1 subspaces i
BV=Vi@--- &V, 78AEF g dim(V) g 3 dim(Vy) +---+dim(Vy) 8 ?

¥ UW 5 V érsubspaces * V=UodW, ~ Wp,...,W, 5 W ¢ subspaces ¥ W =
W@ oW, REAPRT UEV=UOWO---OW 87 ¥ % f%d!* e B H TG F
veV,d V=UopW w3t uelUweW {8 v=u+w. ¥->ad W=Wd---OW,,
rrheweW, 1 w=w+---+wg ;I** FHR¥ER veV, ¥ 3hhuclUwc
WiooooWe €W @8 v=u+w+-+w (FEFF ). *gdcUwW eW,....weecW, i
Bv=u4+w +-+w, MFluwel W2 wi+-+wW,W+---F+w W, d V=UW
Fu=u "2 wi+ - FwW=wW+-FW. *Fw,wecW,d W=W@®--- oW # w=w,
(#Erg- f2), #7121 d Proposition 3.4.6 24 5 11T 2 &%

Corollary 3.4.7. % U,W 5 V &0 subspaces = V=UOW, * £ W,... W, &2 W ¢

subspaces ® W=W,®---&W,, | V=UOW,&---&W,.

3.5. Primary Decomposition

2 i w 7| linear operator. % T :V —V % linear operator, 4 f# % ¥ #-V 3 & - &
subspaces 7 direct sum, # iz¥® subspaces £ ordered basis #t% = V 1 ordered basis
T &0 representative matrix F +“ 45 0338, L E P2 B P e, AP E E T U4 gt

subspaces * #_% § a0 (FH X v v % linear operator), #TI A F T O K.

Definition 3.5.1. 3% T:V —V ¥ - & linear operator. & W &% V 1 subspace F /& &_
TW)CW (13 weW %35 T(w)eW), RIEW & T-invariant.

Question 3.13. B3X T:V =V &~ & linear operator. = 3|98 subspaces €_T-invariant?

(1) V. (2) {Oy}. (3) Im(T). (4) Ker(T).

wAE—- T, % T:V =V % linear operator, 3% f(x) = agx? +---+aix+ap € Flx], 24
¥ % % -  linear operator f(T)=ayT°+---+a\T +apid.

Lemma 3.5.2. 3% V 5 F-space, T:V —V % linear operator. & W 5 T-invariant, 1|
HiEzd f(x)eFx], W 5 f(T)-invariant



3.5. Primary Decomposition 57

Proof. ]| W 3 T-invariant, =& weW, F1i T(w) e W & i@ T%(w)=T(T(w)) eW.
I B F §F 2 o T (w)eW,VieN. B%E f(x)=ap’+--+ax+ag € Flx], I W %
subspace, ¥ f(T)(W) = asT°*(W)+---+aT(wW)+aw e W, YweW. #z W i f(T)-

invariant. 0
7 % 2% Im(T) v Ker(T) % % T-invariant. 2 v 24| * f(x) € Flx] # 3 { %
T-invariant subspaces.

Lemma 3.5.3. 3k V 5 F-space, T:V —V % linear operator ¥ f(x) € Flx]. R Im(f(T))
e Ker(f(T)) & 5 T-invariant subspaces.

Proof. 5% welm(f(T)), ¥ 5 & veV ##® w= f(T)(v). ¢ Lemma 3.2.3 2 i 4+
Tof(T)=f(T)oT, ¥

T(w) =T(f(T)(v)) = (To f(T))(v) = (f(T)oT)(v) = f(T)(T(v)) € Im(f(T)),
#% Im(f(T)) 5 T-invariant.

B3k veKer(f(T)), 7% f(T)(v)=0y. s f(T)(T(v))=T(f(T)(v)) =T(Oy)=Ov,
% T(v) € Ker(f(T)), 93 Ker(f(T)) & T-invariant. -

¥ %~ % linear operator T:V —V, % Jg V &1— B subspace W, 4 PP ¥ 13- T e 3 & 3
AW, TE R Tlw: WV, 255 Tlww) =T(w),VweW. &8 - BEW IV
linear transformation, 2 i £ % the restrictionon W. § W & T-invariant p#, ] T'(w) € W,
VweW, 03 Tlw:W—-W, 5 - B W } o linear operator. 24 p R+ 10453 Tly
Fe T ¢4 minimal polynomial 2z B chf . 5 L f(x) € Flx], FIW 7 5 f(T)-invariant
(Lemma 3.5.2), 24 i 3 @48 5if f(T)|w v f(T|lw) &3 B W 0 linear operator 2 & i
. Mt wew, 7

T|w(w) = T°2(w) = T(T(W)) = Tlw (T |lw(w)) = T|w™ (W),
2 s Ty o T|W02 % W 1 3p I 0 linear operator. | * #cH Eﬁ?‘fh E T8 Ty =
Tlw* VieN. % f(x) =amx!+-+ax+ag € Flx], RI =23 weW, %%

S lw(w) = f(T)(W) = aa T w(W)+ -+ a1 T |w (W) +aoid|w(w)
=agTlw™ (W) +- +a T|w(W) +aoid|w (W) = £(T|w)(W).
" :j\jfa{;:fu f(T)|lw f= f(T|w) &_W 2} 4p I 0 linear operator, F]J* 4
F(M)lw = f(Tlw). (3.3)
I pt g%, Py 4T 2 Lemma.
Lemma 3.5.4. 3% T:V —V % linear operator, W % T-invariant subspace, R| T &
restriction on W, Tlw :W —W & W 1} &0 linear operator, = B minimal polynomial iy, (x)
R
tiryy, (%) | pr (x).
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22

Proof. ¢ = uy(T) =0 % - B zero mapping, & ur(T)|lw = 0. #d % ;¢ (3.3) =
pr(Tlw) = pr(T)lw =0, £ ¢ Lemma 3.3.5 # & gy, (x) | pr(x). O

BV ¥ g A B T-invariant subspace U,W 7 (internal) direct sum V=U W, »

BiE B~ U,W - i ordered basis i = (uy,...,w), B = (Wi,...,Wy), Bld Proposition 3.4.3
B =(uy,...,u,Wy,...,Wy) 7 i V &1 ordered basis. Eﬁr} *» T(w)=Tly(w) €U, &

i [T]g 0w G [ @ columns, * @ column v [ & entry $%f [T|ylp, ApF, @ 2 (56 m
B entry ¥ & 0. P ke, d 2 T(w;) =T|y(w;) €W, 24 [T]g c0ts & m B columns, *+
# column =@ [ i entry ’F’K{O M {sm m B entry ¥ o [T|W]/32 e, Tpiﬁb T %>

B 1 representative matrix 3

[T]ﬁ :< [T’(l;]ﬁl [T\(v;]ﬁz ) (3.4)

2z

& ¥ T,T|y,T|w ¢ characteristic polynomial B ¢l %, 7 7 f2 5% 5% (3.4) i&4 block

diagonal matrix 7 determinant & j*. 2P @ H wEg- T 4 g matrix

- (52)

),C € M\y(F) % % square matrix. 4w 1% 5§ [ 2 ﬁt%‘l’ﬁfrﬁ

29 A EMH—m(F) MZ(
g2 1E det(A) =det(B)det(C). > i x~ R4cT: NP H % - B row F'F 1 F det(A) =
IR

L (=1 ajedet(Ary), 27 Ay A#-A i first row fe k-th column #1%, Fl#§ 1 <k <1
P oay=by F Ay < 1k g > iz#k 7 block diagonal matrix. #7114 & #c g Ffp‘?p\ ER g
pt pF det(Ayy) = det(By)det(C). * § [ <k<I+mP¥ a; =0, &%
I+m !
det(A) = Z (—1)1+ka1kdet A]k Z 1+kb1k det(B1k) det(C) = det(B) det(C).
k=1 k=1

I 2B BEEN fF“ﬁ.}-L 1 18 | characteristic polynomial =k % 7

Lemma 3.5.5. X V i finite dimensional F-space, T :V —V % linear operator. %
V=U®W, 8¢ UW i T-invariant subspace, P

xr(x) = XT\U(X)XT\W(X)-

Proof. & = U,W ¢ ordered basis B = (uy,...,w), B = (Wi,...,wy,), ¥ & V &1 ordered
basis B = (Wy,..., U, Wi,...,Wy,). s BEI* E 3% (3.4) i3

B B _ )CI[ — [T|U]ﬁ1 O
Il+m [T]ﬁ ( (0] XLy — [T|W]ﬁ2 > '

F1* & 2735 B3 block diagonal matrix 7 determinant  * %

xr(x) = det(xljy,, — [T]B) = det(xl; — [T\U]Bl)det(xlm — [T\W]Bz) = X1y (x))mw (x).
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kS

2 ** minimal polynomial, #* i % & A4F ¥ - T *#kF M >t F[x] i&- % polynomial
ving fofE . F A F - B field, F[x] b had  thik enlh Wi R f(x),8(x) € Fl),
£ g(0) £0, % & h(x),r(x) € Flx] 3 ¢ deg(r(x)) < deg(g(x)) # & f(x) = g()h(x) + r(x).
TR ERE Flx] & % 73 0 Euclidean domain. #7172 Fx] ¢ # - # principle ideal
domain, + F]}* & - # unique factorization domain. # % 2, EB f(x) € Flx], # 48+ 12
#- f(x) *&— B = - & irreducible polynomial eh3k #%. #7141 iZB~A B F[x] } 7 polynomial
fx),g(x), 2 P¥ 2 HT Phd g 2 FN (F ged(f(x),g(x)) £ 7) M E BB (H
lem(f(x),8(x)) # ?)- AR, AT R a4 ged(f(x),8(x)), lem(f(x), g(x)) # i 3RiE
monic polynomial. # 4 I(x) =lem(f(x),g(x)), B2V 5 2T 45

(1) f(x) [1(x), g(x) | 1(x)-
(2) # hix) € FIx] R f(x) | h(x), g(x) | h(x) = 1(x) | h(x).

Fl* EBEFAPEF 2 EF P 2T 5 B ominimal polynomials B eBf %,

o

Lemma 3.5.6. B33 V 5 finite dimensional F-space, T :V —V % linear operator. %
V=U®W, 8¢ UW 5 T-invariant subspace, P

Ur(x) = lcm(HT\U (x)’l.lnw (x))-

Proof. % I(x) = lem(uzy, (x), Uy, (x)). ¢ Lemma 3.5.4 & up, (x) | ur(x), ur), (x) | wr(x),
wefr 1(x) | pr (x).
Y- 2o, #¥WER veV, suelUweW % v=u+w, zzd &3¢ (3.3) &v

U(T)(v) = U(T) () +1(T)(w) = L(T)|v () +L(T)[w (W) = LT |v) (w) + L(T|w) (W)

iy, () [ 1), by, () [ 1(x), &= [(T|y) = 0,1(T|w) = O, 7 [(T|y)(u) = Oy = Oy *
I(T|lw)(w)=0w =0w. d pt & [(T)(v)=0y,VveV, ## [(T)=0. 4 Lemma 3.3.5 4=

pr(x) [1(x). F1et o U(x) [ (x) 2 opr(x) [1(x) 722 pr(x),l(x) ¥ 5 monic polynomial, 3%
)= 16 = em {1z, (), i (3))- 0

B A R ho e -V OB 2 T-invariant subspaces 7 direct sum. o % Flx] 4_-
B principle ideal domain (P.I.D.), % %_ f(x), g(x) € Flx], &+ ¥ 2 ¥ g f(x), g(x) #74 =
¢ ideal (f(x),g(x)), & B ideal # 1~ % 38 & a(x)f(x) +b(x)g(x) (£ ¢ a(x),b(x) € F[x])
AN R 5 Fly {PID T b d(x) € Fla] # 8 (f(x),g(x) = (d(x). 7+
T (fx)g() ¢ R A, BT R E AR AR R D f(x) € (F(x),g(x),
dx) | f(x), 2 d(x) | g(x ) ¥k d( ) € (f(x),8(x)) #F 14 & a(x), bx
4(x) = a(x) f(x) + b(x)g <x>. 30w hx) | ), hx) | 8(0) BB | a0 ()
W) (). 15 55 R d() (), 8(0) i 2 TR, ¥ d(x) = ged(£(x). ). 2
e d(x) = god( (), g(0)) 5t 7131

\

( ) 1 f(x), h(x) | g(x) & h(x) | d(x).
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(8) # & a(x), b(x) € Flx] # 18 d(x) = a(x) f(x) +b(x)g(x)-

Fru f( ),8(x) iXF £ P FINEE, AP H L relatively prime, $* PF ged(f(x),g(x)) =
1, # % & a(x),b(x) € Flx] # % a(x)f(x)+b(x)g(x) =1.

Theorem 3.5.7. B3*% V 5 finite dimensional F-space, T :V —V % linear operator
ur(x) = f(x)glx), £ ° f(x),g(x ) € F[ | 5 monic polynomials * relatively prime. & %
U = Ker(f(T)), W = Ker(g(T)), v g & T-invariant subspaces U,W ¢ internal
direct sum, ¥ V=U®W, o * /.LT‘U( x)=f(x) & up, (x) = gx).

Proof. s i e &v U,W 5 T-invariant subspaces REEZEP V=U+W a2 UNW={Oy}.
B AT f(x),g(x) 5 relatively prime, =% & a(x),b(x) € Flx] # 7 a(x)f(x) +b(x)g(x) = 1.
A 4 a(T) o f(T) +b(T) og(T) = id. T4 & veV, &4
v=a(T)of(T)(v)+b(T)og(T)(v). (3.5)
£ w=a(T)of(T)(v),u=b(T)og(T)(v), »* F4]* Lemma 3.2.3 ¥
F(I)(w) = f(T)o(b(T)og(T))(v) =b(T)o (f(T)og(T))(w) = b(T) o ur(T)(v).
Ra ur(T)=0, &+ f(T)(u) =0y, ™ ueKer(f(T)). FIZ¥ ¥ weKer(g(T)). ##
V =Ker(f(T))+Ker(g(T))=U+W.
B Ve UNW = Ker(£(T) NKer(g(T), % 7 F(T)(v) = g(T)(¥) = O. &3 % 3 (35)
Hv= a( )(Ov)+b( )(Ov) =0y. #FUNW = {Ov}
% J& minimal polynomial. ¢ ** U =Ker(f(T)), #& f(T)ly =0. Ftd % ;% (3.3)
f(T|ly)=0. £ ¢ Lemma 3.3.5 {¥ .UT\U(X) | f(x). F22i® ,LLT‘W(x) lg(x). & f(x),g(x) 5
relatively prime, #4v iy, (x), Uy, (x) 7 % relatively prime, #
10m(NT\U (x)vﬂﬂw (x)) = HT\U(X).UT\W(X)-
F]pt d Lemma 3.5.6 7
IJT|U(x)ﬂT|W(x) = pur(x) = f(x)g(x).
redd oy, (x) | f(x) 722 pgy, (x) | g(x) 3 pry, (x) = f(x) 22 ppy, (x) = g(x). O

F[x] - ® unique factorization domain (U.F.D.), % 7 F[x] ¢ ezt 4 & H 3 17
g — B = - i qrreducible polynomials 3k . ¥t # 3t linear operator T 3 mini-
mal polynomial, #% i ¥ 1235 3|48 £ 7 monic irreducible polynomials py(x),...,p(x) &
ur(x) = pr(x)™---pe(x)™, £ ¢ my,...,mg € N. d * characteristic polynomial yr(x) fv
pr(x) F 4p b 20 B3¢ (Theorem 3.3.9) 2 pr(x) | x2r(x), 2 #5of yxr(x) = pi(x) - pre(x)*,
HY ;€N 2T ¢ >m.

Theorem 3.5.8 (Primary Decomposition Theorem). B3k V 4_dimension % n 7 F-space,

T:V —V % linear operator *®

pr (x) = pr()™ - pr(x)™and -y (x) = pr(x) - pr(x)®
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a

2P pi(x),...,pe(x) & 4p R 1 monic irreducible polynomials. % % Vi = Ker(p;(T)™), for
i=1,... .k B

=]

,LLT‘Vi (X) = pi(x)"’i and XT|V,- (x) = pi(x)ci, Vi= 1, e ,k.

Proof. # ¥ ur(x) ¢74p £ moinic irreducible divisor (F F]13%) i3 #c k 85 ﬁr‘f oE
%’ k=1, Z% pr(x)=pi(x)™, & B R ur(T) = pi1(T)"" = 0, gciv V =Ker(p1(T)™), r?

=1L RBEKF Ur(x) 3 k—1 B4 £ monic irreducible divisor p# 7 = # | 3
'F“%”}Ei pr (x) = pr(x)™ - pe(x)™ A B4 f(x) = pi(x)™, g(x) = pa(x)™ - pi(x )mk
F] f(x),g(x) % relatively prime, ¢ Theorem 3.5, X P+ V=UaW, #* U=Ker(f(T)) =
Ker(pi(T)°™), W = Ker(g(T)) @ 2 pry, (x) = p1(x)™, tr},, (x) :Pz(x) cpr(x)™. RF g
vector space W 12 % linear operator T|y : W — W, £ * induction % k—1 §2; K
TW=Vo---oV &° V,=Ker(p:(T|w)™) = By, (¥) = pi(x)™, Vi=2,.. k. K& g
i=2,... .k B pi(x)™ | g(x), #& Ker(p;(T)*™) C Ker(g(T)) =W, ]

Vi =Ker(pi(T|w)™™) = Ker(p;(T)*™) "W = Ker(p;(T)"™).
V-6, AViCW, ey (Tlw)ly, =Ty, #=®

Ky, (¥) = ez )y, (%) = pile)™
w4 U=V, f1* Corollary 3.4.7, ## V=UsW=VeWVd- - & V.
1 *% characteristic polynomial, 4] * Theorem 3.3.9 3¢ i & XTly, (x)=pi(x) B ¥ ¢ >m,.
Fpt d Lemma 3.5.5

€k

pr() - pr(0)® = xr (%) = Xy, ()= Xy, (¥) = pr(x) - pr(),
1% Flx] 5 UF.D. #3& ei=ci, ™ xr), (x) = pi(x)“,Vi=1,... k. O

¥ gE - 7, ¥ linear operator T:V — V, & 35 7] Ker(T), &4 i # 1241 * V 1 ordered
basis B,  {¥ ¥| representative matrix [T]|g. £ # [T]g 7 null space N([T]g) (3% * N(A)
% 5t &' A ¢ null space). # F #- null space g~ * TE‘I BRIV R F, ,T*unft' kil

Ker(T) =% 7. 24 {5 T primary decomposition i+ .

Example 3.5.9. % & Example 3.3.10 ® = linear operator T : P,(R) — Py(R). i & 4
J& U 1 primary decomposition. 7 Example 3.3.10 ¥ APy T 9 minimal polynomial
2our(x) = (x+1)2(x—2), Fe AP g B V) =Ker((T +id)°?) 4 Vo = Ker(T —2id). 1

* representative matrix ¥ 12§ B4 i 4 EJ iz B T-invariant subspaces. % i 7 2K 75 #
ordered basis B = (—x* +x+1,x+1,1). L% & ([T]g+15)* 0 null space, Tz
290 o 0 . —9x; 9 = 0
18 18 0 || x | =10 1], ie 1861 4186 — 0 °
0 0 0 X3 0 ! T
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F 5 N(([T ]ﬁ +13)%) = Span((1,—1,0)',(0,0,1)!) # # Vi = Ker((T +id)°?) = Span(x?,1). F
E1l N([T]l; 2I3) = Span((1,—2,0)"), # % V, :Ker(T—2id) =Span(x* +x+1). %% % %%
Vi,V '# 5 T-invariant subspace * V=V ®V,. 4 B’ = (3 1,x>+x+1), Al 7

TP = -2 T(1) =2+ (—D1L,T(®+x+1) =2(x> +x+1),

1 2 0
Tlp=[ 0 -1 0
0 0 2

. y . y . .. -1 2 "
4 & (X3, 1) 5 Vi ¢hordered basis, ] T|y, £ representative matrix 3 ( 0 ] ), =

Ty, (¥) = iy, (5) = (x+ 12 B 327 18 gy, () = iy, () = (x—2).

Primary Decomposition Theorem £ 7% i* | & linear operator T : V — V =7 characteris-
tic polynomial (& minimal polynomial) &_ py(x)--- pe(x)%, B2 7 ¥ 1245 3] V e ordered

v

basis B, i ¥ [T|g = ™ T 1 block diagonal matrix

A ~-.O , (3.6)
O «a

H ¥ & B A; 0 characteristic polynomial 3 xa,(x) = pi(x). FIpt 020 {8 A 8 £ B w3
linear operator H characteristic polynomial 5 p(x) (# *#
rs%;é_'h*l‘)q&“ IR

3 nxn > AeM,(F), 2 7% ¥ 24 * linear operator 1 primary decomposition
1% £ 35 7] invertible matrix P € M, (F) # ¥ P~1.A-P % 4 (3.6) ¢ block diagonal matrix.
AT IR A —p- = &_linear transformation T: F" - F" 2 % & 5 T(x)=Ax. *PF AT
¥R A K € o0 representative matrix [T]e. 41 * Primary Decomposition Theorem, #*
iP1¥ 145 3] F" 9 ordered basis § i 7 [T]g 5 block diagonal matrix. %@ ¢ Proposition
2.4.6 &

[T]ﬁ = ﬁ[id]s : [T]s : 8[id]ﬁ = s[id]El A e[id]ﬁa

AT L P = [id]g. ,T* 4 % # ordered basis B - # column - # column (column
by column) ik B £ = e n X n matrix 7* L AN E e PO S e E‘Hr"f | LA i
Ma(x) T H#-2_ 4 fiZ = 4p B 59 monic irreducible polynomials 3k f& pa(x) = pi(x)™ - - - pr(x)™.
£7T AT EFE - B pi(A)™ & null space N(p;(A)™) (2 T4 ] Ker(pi(T)™™)). #3|=

i# null space 1 basis {&, #-2 column by column ik f £ & 4L P e i 10T

DS
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Example 3.5.10. ¥ & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A=] -1 -2 0 -1 -1
0O 0 O 1 1
0 -1 -1 -1 0

A & -2 i 5 block diagonal matrix. F £ RE ya(x) = pa(x) = (x—1)3(x—2)%. I *

v

Primary Decomposition Theorem #% i frig A ¥ 12 it % 4): % 1% blocks 7 block diagonal

matrix, # ¢ - B & 3 x 3 matrix ¥ - % £ 2 x2 matrix. § £ &F
N((A—1I5)%) = Span((—1,0,0,0, 1)%, (=2,0,0,1,0), (=2,0,1,0,0)")

N(A—2I5)* = Span((1,—1,1,0,0)%,(1,0,0,0,0)").

x4
-1 -2 -2 1 1
0 0 0 -1 0
= 0 |,v2= 0 |,va= 1 |,vy= 1 [,vs=| 0 |,
0 1 0 0 0
1 0 0 0 0
A ]
-2 -3 -3
0 0 0
Avy = 0 | =v, Av,= 1 =—-vi+Vvy+v3, Avz= 2 | =—vi+2v;,
1 0
0 — —1
2 2
—1 1
Avy = 1 =vV4+Vs, Avs= —1 = —v4+3vs,
0 0
0 0
B
-1 -2 =2 1 1
O 0 0 -1 0
P= 0 O 1 1 0
0 1 0O 00
1 0O 0 00
¥ {# block diagonal matrix
0 -1 -1 0 O
1 1 00 O
PlAaprP=[0 1 20 0
0O 0 01 -1
0O 0 01 3
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Chapter 4

Form Reduction

¥* - B linear operator, #% i % ¥ i 45 I if § 7 ordered basis, & # representative
matrix 5 #F7k 035 (form). & matrices &k #dp m,j* A& 3535 4% form 0 similar
matrices. # P # ¥ ¥ 3] form F HE_#73} ¢ canonical form (#Z»—%E“i fv % canonical form %
Jro0 i ) ggomit oL § similar), B - & form AEFF S ARG LR DR P B B
A2 2B E R (X FEFAHRBMAASEF REET]), A BN e K- BAEL
% i3 forms.

- F AP F 4 * Primary Decomposition Theorem, % i # 12 #- linear operator #
v % B & ¥ Jg characteristic polynomial % p(x)¢ &85 ¢ linear operator, £ # p(x) 4

F[x] + & irreducible polynomial. #% i #-i% 3 d  p(x) 77 i §3; X (7 7| & & forms.

4.1. Diagonal From

B- &P AP i 8 o0 T-invariant subspace J1F, 51 473 0 eigenvalue 1 %
eigenvector, £ P #RE 3257 12 (B 7] diagonal form.

¥+t — B linear operator T:V —V, “,’TT 7 {0} 12 #h ) & i B ¢h T-invariant subspace p #&
4_dimension 5 1 0 T-invariant subspace. % U % T-invariant subspace ¥ dim(U) =1,
THEREVAOy 7 U :Span({v}). d U % T-invariant enE K, AP E T(v)eU =
Span({v}). »T}T\LPRﬁ FRAEF @1 T(v)=Av. A5 T T &,

Definition 4.1.1. % T:V —V % linear operator, # 3 2 A€ F 1% veV ® v#£O0y
RET(V)=Av, BRI A 5 T - B eigenvalue, @ v & T - B eigenvector.

A E, HT eigenvector v A& R v #£ Oy, & 73 eigenvalue A AP T & & K A #0.
5 ﬂ}“ﬂ";}“ Oy 82 % & T(Oy) =A0y, &2 4 g iefd trivial 02, &7 £ Oy =
eigenvector. ¥ — * & & v£Oy B T(V)=0v=0y, 257 v 5 Ker(T) eh~3%. #7uE 0
% T e eigenvalue, % 7 Ker(T)#{Oy}, 7# ¥ T :V -V 7 &_one-to-one.
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Question 4.1. 3% V % finite dimensional vector space £ T :V —V % linear operator.
T AR § % en?

(1) T is an isomorphism (2) T is one-to-one (3) T is onto (4) 0 is not an eigenvalue of T.

£ 35 |- B linear operator 7 ¥%i: eigenvalue {v eigenvector, 4274 *+ #_ &35 T 3 ¥%
i eigenvalue, £ ] * &t eigenvalue #-H 4k o0 eigenvector 35 . F ABEZEE A i
T:V —V eheigenvalue, Bl 35 & v# Oy # 8 T(v) =Av, 7 Aid(v) —T(v) =O0y. ~ 1%{
# veKer(Aid—T), 7 Aid—T iz- % linear operator # &_isomorphism, 4] * Lemma
3.1.4 7= det(Aid—T) =0. 4ce F det(Aid—T)? whg- T, 7 L5 V eh— B ordered
basis B, £ & Aid—T $** B 5 representative matrix [Aid —T]g. & T & det(Aid—T) ,Tja—fy'\
det([Aid —T]g). #& @ & dim(V)=n, FI24 5

[Aid —T]g = [Aid]g — [T]g = Alid]g — [T]g = AL, — [T]p-

FlptF A€ F £.T - 1 eigenvalue, B det(Al, —[T]g) =0. * T &7 characteristic poly-

nomial & xr(x) = X7}, (x) = det(xl, — [T]g). ¥4, F A €F LT & & cigenvalue, P

xr(A)=0. F 2, % AeF % xr(x ):0 2. - 13, B] det(Aid—T) =0. %l:ﬁ Ad—T i&- B

linear operator # ¥_one-to-one, 7 T3 . veV ¥ V#OV #ET(v)=Av. FRt A5
T2 5.

Proposition 4.1.2. % V i finite dimensional vector space ® T :V —V i linear
operator. Bl A €F 5 T ¢ eigenvalue % F v&% xr(A)=0.

3 dim(V)=npF d 3 yp(x) €Fx] - BRBci nend BN, v & F ¢ Bk §
F3on B (F RS T3 R, T T W 3 S B oeigenvalue. A€ F L oxr(x) 0
-1, 8 (x—A) | xr(x). * x—A 5 Flx] 9 monic irreducible polynomial, #712 %& # xr(x)
& f& = monic irreducible polynomials 3k 4 xr(x) = p1(x) - pr(x)%*. B2 pi(x) ¥ = #
L- et JE;“,TkL.ifgff\l - I T ¢ eigenvalue. 2 P4 x—A + Z%éf“ﬁv‘ xr(x) g &> 3 &
AR, BN G T DKL

Definition 4.1.3. &% V % finite dimensional F-space, T :V — V % linear operator ¥ A
= T e— 1§ eigenvalue. AP Hx—A ¥ ﬁ'ﬂf xr(x) e B =% > 5 A 7 algebraic multiplicity.

Bt &, E xr(x) =pr(0) - pr(0)%, B P opi(x),...,pr(x) 5 4p 2 ¢ monic irreducible
polynomials ® pj(x) =x—A, B ¢; €_A 7 algebraic multiplicity.

Question 4.2. & T:V =V & linear operator ® dim(V)=n, B T & % 5 % > Bip R v

eigenvalue? M PF= B eigenvalue e algebraic multiplicity % % ° ¢

FH I T #r3 ¥ i <0 eigenvalue f, 3 ?F“J’I.%? " 3B eigenvalue #T¥ & £0 eigenvector
1. % A i eigenvalue, W m HETF R L VAOy N E T(V)—Av=0y i+ % v 1*»&
eigenvalue 3 A &7 eigenvector. = )’T&{;fu eigenvalue % A 7 eigenvector ’T)LK Ker(T — Aid)

doezk Qp oL AR »g—*ﬁ@u'r £1 vector space.
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Definition 4.1.4. 3% T:V —V % linear operator * A % T &1— B eigenvalue. %
E,(T)=Ker(T —Aid) ={veV|T(v)=Av}.
2z & T #HRE* A 0 eigenspace £ dim(Ey(T)) #- % A 7 geometric multiplicity.

Bk veEEL(T), ¢ % T(T(V) =T(Av) =AT(v), &9 #@ T(v) € E;(T). 94 E5(T) 4-

# T-invariant subspace.

Question 4.3. iwic * Lemma 3.5.3 3P E,(T) % T-invariant subspace *5 ?

doie (8 3] Ep(T) »2? 22 5 £ 4% ordered basis B # 3| [T —Aid]g = [T]g — AL, i&— B
matrix, £ & [T]|g —Al, 9 null space N([T]g —Al,) ={x€ F" | ([T]g—Al,)-x=0}. £ {1* B
WN(Tlg—AlL,) ¢ h~3BRhw Ve hrd, ;’I&L{EA(T) sk, @2 dim(N([T]g—AlL)) =
dim(E, (T)) ﬁﬁ{l £ geometric multiplicity.

Example 4.1.5. % i T : My(F) = Mo(F) %% % T<“ b) <Z 2).{;@ My(F)

fﬁorderedbasisﬁ—((é 8),(8 (1)),( ) ( ) Bl T 3t B &0 repre-
0
0
0
1

sentative matrix &
[T]g =

S O =
(= e ]
S O = O

0
R xr(x) = 27, () = (x = 1)3(x+1). #2140 —1 5 T £ eigenvalue, T i 0 algebraic
multiplicity » % % 3 = 1.

& f T > 1 i eigenspace Ey(T), i L4 g N([T]g— 1), s = fele
0 O 0 0 X1 0 0 =0
0 -1 1 0 X2 _ 0 s B 47 —X2 +X3 =0
0 1 -1 0 o |7l o SRR T — 0
0 O 0 0 X4 0 0 =0

f218 N([T|p —1s) = {(x1,x2,%2,%4)" | x1,X2,x4 € F}. #v 1 £ geometric multiplicity = 3 ¥

x| X
EI(T):{< x; x2 ) | x1,%2,x4 € F}.

2, $30 —1 &0 eigenspace E_(T), & L4 g N([T]g— (—1)I), Tfam = fzle

2000 X1 0 21 =0
0110 n | [|o ) s = 0
0110 s |70 [0 TFEYE nin = o0
0 00 2 X4 0 2x4 =0
2% N([T]g — (=)L) = {(0,x2,—x2,0)" | xo € F}. %~ —1 £ geometric multiplicity 1 =
_q( O =
EI(T)—{< 0 >|x2€F}.

Algebraic multiplicity # 7 — Z_§ % ** geometric multiplicity, F“ H- B@E b
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Example 4.1.6. % g T:P(F)— P(F) % 5 T(ax+b) =bx, ¥ % g P(F) ¢ ordered

basis B = (x,1). &5 [T]g= ( 8 (1) ), & xr(x) =x> #1r2 0 £ T - ¢ eigenvalue

2 # algebraic multiplicity = 2. & & N([T]g —0L) = N([T]g) % < 8 (1) > : < Z > =
( 8 # b=0, ¥ N([T|g —0k) ={(a,0)' |a€ F}. # 0 1 geometric multplicity = 1 ®
Ey

(T)={ax|a€F}.

B2 X T - [ eigenvalue A ¢ algebraic multiplicity = geometric multiplicity 3 # i
P, A BT P2 FRMAM R A AP ]* Primary Decomposition Theorem % 3
. 41* Theorem 3.5.8 e 5L, B3k

pr (x) = pr()™ - pr(x)™ and - yr(x) = pr(x) - pr(x)®

2¥ pi(x),...,pr(x) % 4P £ 7 monic irreducible polynomials ¥ #]15 A i T = eigenvalue,
AL pi(x)=x—A. 4 Vi=Ker(p;(T)™), for i =1,...,k, P] Primary Decomposition
Theorem (Theorem 3.5.8) £ 7% i

=

,LLT‘Vi (X) = pi(x)mi and XTlvi (x) = pi(x)ci, Vi= 1, e ,k.
iRk pix) =x— A, A
Vi = Ker((T — Aid)*™) D Ker(T — Aid) = E; ().

d M4 A 9 geometric multiplicity dim(E) (7)) < dim(V;). ¥ - * &, €& ¢ 5 A
¢ algebraic multiplicity, @ ~ yr|, (x) = (x—A)", &= deg(xr),, (x)) =ci. F1& - # linear
operator £ characteristic polynomial 7 degree & #* operator #7 % 7 space 2. dimension,

& dim(Vy) = cp. T AP de dim(Ey (T)) <ep, @512 e %

Lemma 4.1.7. = V % finite dimensional F-space, T :V —V % linear operator ® A &

T - B eigenvalue, B A & algebraic multiplicity ~ *> %>t 2 geometric multiplicity.

% A AT cheigenvalue P, d ** E)(T) % ¥ 22 Oy eh~ %, & dim(Ey(T)) > 1, ~
)‘Il'u‘{?ru A 0 geometric multiplicity & = 3~ %3t 1. g PFE A 7 algebraic multiplicity #_
I, Fld Lemma 4.1.7 5= A ¢ algebraic multiplicity % **# geometric multiplicity (¥ A
geometric multiplicity %+ 1). #—- i35, # AP iz A ¢ algebraic multiplicity ¢ % %

H geometric multiplicity *27 G T kg %

Proposition 4.1.8. B3&% V 5 finite dimensional F-space, T :V —V % linear operator ®
A & T en— B eigenvalue. B A 7 algebraic multiplicity % 332 geometric multiplicity %

e oA pp(x) i (x—A)2F ur(x).
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Proof. £ 3 % — i B, 3 tr(x) = p1 (0" -+ ()™ 113 r(x) = pr ()1 -+ e,
BY pi(x)=x—A4. * £ Vi =Ker((T —Aid)°™). & x—A | ur(x) © (x—2A)*fur(x), ¢+ ¥ 4
i omp =1, #&® V) =Ker(T—Aid) =E,(T). % & ¢ &= dim(V}) % A = algebraic multiplicity,
@ & 2 & dim(E,(T)) 5 A 1 geometric multiplicity, ## & v P 4p % .

F ik, F A ¢ algebraic multiplicity %3t # geometric multiplicity, ¥ % 7= dim(V;) =
dim(Ey (7)), &8 V; = Ker(T —Aild). #oHEw, W E R veV, T(v)—Aid(v) =0y. &
2 A0 T—Add T4 & Vi + &~ B zero mapping, ¥ (T —Aid)|y, =Ty, — Aidly, = O
J- ,]*um;fu, %4 hx) :x—),, # W(T|y,)=0. Ftd Lemma 3.3.5 ¥ T|y, 7 minimal
polynomial Uz, (x) i}é_”f h(x) =x—A. #@ Theorem 3.5.8 £ FF# 1" up), (x) = (x—A)m,

S B m = 1. O

Fula BE xr(x) ¥ um >R Fix] ¢ - = FE Nk, T xr(x) =
pr(X)T ()%, B2 E - B opix) FE- X FAN x—A. FEEE- B A4 9 alge
braic multiplicity 4= geometric multiplicity % 4p %, B|d Proposition 4.1.8 %= ur(x) =
pi(x) - pr(x), F1 18 Vi=Ker(T — Aiid) = E, (T), Vi=1,...,k. F]2*d Primary Decomposi-
tion Theorem *+

V=E, (T)®-- '@Elk(T)-

» 7* e g3t Bi‘ \% 1* ¢ #_eigenspaces ¢ (internal) direct sum. ."] % & & eigenspace ® ¢z
Oy ~% ¥ % T ¢ eigenvector, 711 E, (T) ¥ iz - % basis §; % d T i eigenvector 7
o, X FV=E(T)®- - ®E,(T), Proposition 3.4.6 £ 21 SjU---US = V - &
basis, ,T*{Ffu V 3 - ! basis #.d T ¢ eigenvector #Ti . LK {vi,...,V,} & V en
‘ Y - A E),

- /2 basis, # ¢ v; 3 T & eigenvector ¥ H ¥} & ¢ eigenvalue % ¥ (iE4
4 g V e ordered basis B = (vi,...,V,). @ 975 i=1,....n, ¥ F T(v;) =%v, 3

P pE
I
" 0]
[T =
(0] Y

5 — B diagonal matrix (¥4 4B"%L). FptF T 2L T &K,

Definition 4.1.9. #3 V % finite dimensional F-space ¥ T :V —V % linear operator.
F V 3 &- % basis £.d T & eigenvectors *rie=, BIF T % - & diagonalizable linear
operator.
Ay T E % Rk % k2| %r— B linear operator #_% % diagonalizable.
Theorem 4.1.10. B3% V % finite dimensional F-space ® T :V —V % linear operator.
Rl T E 5 .
(1) T ¥~ ® diagonalizable linear operator.

(2) % . V 5 ordered basis B ® 7 [T]g = — & diagonal matriz.
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(3) T ¢ characteristic polynomial yp(x) ¥ 115 2 A &= Flx] ¢ - = § 78 ;% 2 k4,
2 T & - B eigenvalue £ algebraic multiplicity fv geometric multiplicity 4p % .

(4) T < minimal polynomial up(x) ¥ 14 % 2> & f&= F[x] ® 4p B ¢ monic - =% 5 38 ;¢

2 %k F.

Proof. m g e v (3)=(1) 2 (1)=(2), REHEP 2)=4). BXR dm(V)=n2 B 5
V & ordered basis & ¥

il 0

[Tlg = "
o Y

% — 1 diagonal matrix. X Ar,.... 4 ¥ 2E {n,.... % ={ A, ., A&} “FHEIL )
T kA RE = REE () =X, (0) = (k=) (=) = (= AT (x— A,
He ¢;eN. @ d Theorem 3.3.7 (2 Theorem 3.3.9) = ur(x) = (x—A1)™ - (x — A)™,
He meN Y g h(x)=(x—A1) - (x—A), ¢ Lemma 3.2.1 {7

h([T]g) = ([Tlp —Mdn) -+ ([T]g — Aidn)
n—A 0] N — M (0]

o T —M o Yo — Ak
n—24)(n—4) o

Y (T =21) - (= A)
BaE Byt ahA, =1k @@ p=A), &@ W(T]p) =0, =% W(T)=0.
d Lemma 3.3.5 # ur(x) | h(x), ##& pur(x) =h(x)=x—2A1) - (x—A), 7* ¥ T &7 minimal
polynomial pr(x) ¥ 4% 24 fE= Flx] ¢ 4 £ 9 monic — =% % 38 ;2 #.
BRUEAPERED 4)=0). B urx)=0—-24)-(x—-A), 2* LEF * ¥ 3.
Theorem 3.3.7, % xr(x) = (x — A1) - (x = )% ¢ ¢;eN, XT( ) TR RS F[x]
- S SN2 k. ARA AL A 5 T e0¥0F eigenvalues, T 3N E - B i=1,...k
3 (x—A) | ur(x) © (x—A4)?tur(x). % Proposition 4.1.8 2 32 i & § A; 1 algebraic
multiplicity f= geometric multiplicity % 48 % . & * T32. O

Question 4.4. B3}k dim(V)=n, T:V =V i linear operator. % T 7 n B4p R
eigenvalue, B| T &_% 5 diagonalizable?

Question 4.5. Example 4.1.5 fv Example 4.1.6 ¢ %~ & T &_ diagonalizable?

"3 linear operator, # i & 55 3 ip & T nxn 03 L G Ap D

L
F
B p LF AEM,(F), i+ 3 #73) e eigenvalue 12 2 eigenvector.

Definition 4.1.11. X AEM,(F). F5® AEF M2 XEF" ¥ x#0 # 7 A-x=Ax,
e

I A 5 A - B eigenvalue, @ X & T - 1 eigenvector.
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7T kqI* A > characteristic polynomial xa(x) * ¥ 3| A 0 eigenvalues A 12 2
N(A—AL) *{EF 3] A fp >+ A i eigenvector, :B 3 B >* eigenvalue £ algebraic multiplicity
Fr geometric multiplicity, ... & {25, n’rei}m {3 4.

Question 4.6. = A€ M,(F), L % A 1 eigenvalue, i%ic T_& A 7 algebraic multiplicity
fe geometric multiplicity *% ¢ e B 4 A ¥t Lemma 4.1.7 ™2 % Proposition 4.1.6 1
TILeE ¢

e ¥ g & 3 diagonalizable matrix 4o .

Definition 4.1.12. B& A€ M,(F). %15 t— 2 F" basis .4 A £ eigenvectors #7182
Rl A 5 - B diagonalizable matrix.

24 5 4ol Theorem 4.1.10 %7 A £ F % diagonalizable eh% f§ = 2. F] 5 &P J’T‘L
4rf linear operator &35, 4 i )T&:Z £

Theorem 4.1.13. BEX A€ M,(F). BT &5 .
(1) A - % diagonalizable matriz.
(2) % & PEM,(F) % invertible & 8 P~'-A-P % - % diagonal matriz.
(3) xalx) P MR 2AfEX Flx] » eh- = 52 % ff, ¥ A = - B eigenvalue 0
algebraic multiplicity = geometric multiplicity 1p % .

(4) pa(x) ¥ 1= 2L fES Flx| ¢ 48R 0 monic — = % 3858 2 f .

% A % diagonalizable, Theorem 4.1.13 (2) ¥ P~!.A.P i#- i diagonal matrix ,T*u?fﬁ-;
A &1 diagonal form. R P IFLEP - TooR 5 F] P # A v 5 diagonal form. B
n o
Pl AP=D= _
o 12
24 PEeF" % P ei-th column. # & #%# £3 BAEL PR H i-th column &= j2, 2
3 A-P ii-th column Z A-P, & P-D ¢ i-th column z ¥%pP, T fl* A-P=P-D %
A-P.=AP, » ij‘%{;ru P &1 i-th column P iﬁ{— % eigenvalue % 7 €7 eigenvector. )t
7 ¥ & #- B diagonalizable matrix A 7 eigenvectors #T = F" i1— % basis, R "8 B —
B column -  column # » , #717 &7 invertible matrix P, ﬁ.l—.;{? MHE-A A S fjfu{;m
Pl AP A - B A
B is AP 5 @3 B diagonalizable matrices, #-H it = diagonal form B‘I&‘»? PN o

HEE 5 similar. 5 A% # % A & diagonalizable, * B~A, | B % & diagonalizable. iz
¥ _F) L B3k P % invertible ¥ P71 A.P =D % diagonal matrix. 9 7 & Q 3 invertible

#B=0"A.0 7

@ "-P)B(QP)=(P Q) (0" 4-0) (@7 -P)=P""-A-P=D.
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x 7 Q~'.P % invertible ¥ B % diagonalizable.

¥ - > m % AB % 5 diagonalizable, # A~ B, % 77 v ¥ 3 48 F ¢ characteristic poly-
nomial, F|* 5 48 I ¢ eigenvalues * A fr B o — i elgenvalue 1 algebraic multiplicity '#
ApE. m =& - B eigenvalue £ algebraic multiplicity * % # geometric multiplicity, #714
#- A,B it L diagonal form & Fr - B eigenvalue # 2 At & R hA B, F 2,
%% A,B i- 5 diagonal form {4 F — B ecigenvalue # 2 A ¥t & M P ch=tHcfp b, £ 7 ¥
diagonal form ¥+ & &= ¥ 3§ 4 3 # {5, @ B diagonal form € 4p%. Ko HEMTE T # ¥
A_#- eigenvector #73 = i1 ordered basis g § £ AT B (Gl4o®- (i,i)-th entry {v (j,/)-th
entry I # F -k k& P & i-th column fv j-th column 3 %), #7121 {5+ A ~ B.

4.2. Triangular Form

4 linear operator T =7 characteristic polynomial ¥ % 2 4 f% =8 — =t ¢7 monic polyno-
mials hk P, T % - %_4_diagonalizable. i&— & @ i B45 3¢ g T 7 00 it
= E ke 50

AR AEP AP BER ) PHUR2AES - ZDFE N R (T o) =
(x=A) - (x— lk)"k). T B EXF V over e field F 4_ algebraically closed (#]4r F = C)
FEpARE =2 I Prlmary Decomposition Theorem, # i 2k T 7 minimal polynomial
5 our(x ):(x— .4 ,T*u{?ru (T —Aid)°" = O.

% — 1 linear operator T:V =V & L T" =0, P fL2 5 nilpotent, @ & | chl F#c
m & @ T°" =0, § % i&# nilpotent operator 7 index. ] % 3% i BE3X T —Aid % nilpotent
2 index & m. VPR WHE 3T nilpotent operator e E

%3 - B linear operator T:V —V. & veIm(T%), 24 73t ueV # & v="TC(u),
F g i>2 AP v=T"(T(u) € Im(T°). #2024 2T ¢h chain of
subspaces

VOIm(T) 2 Im(T°?) D - DIm(T°" 1) DIm(T*) D ---.

#Fwin, § T 5 nilpotent of index m, 2% * 5 T {535,

Lemma 4.2.1. X dim(V) >0, & T % nilpotent operator of index m, B3\ 5 T i

chain of subspaces.

V2Im(T) 2 Im(7) 2 --- 2 Im(T° 1) 2 Im(T°) 2 --- 2 Im(T™"~") 2 Im(T°") = {Ov }.

Proof. 7 P Im(T"" 1)DIrn(T"’") {Oy}. 15 T"=0, "z veV,T"(v)=
Oy, #711 Im(TOm) ={Oy}. ¥- 25, % Im(T>" ") =Im(T°") = {0y}, Rl %7 T°" ! =0,
B m Rl il B R T =0 4p §, & Im(TO" 1) £ Im(T°™).

2T kAP VDIm( ), Im(T)=V, 2 7HEIZ veV ¥ FhveV i
v=T(v}). @ i€V, &B eV ## v=T(v) =T%v), ¥ V:Im(TOZ). G gt
T3 APTHEE V:Im(TO’) VieN. F]V#{Oy}, ¢+ & T % nilpotent 4p % 7, w#&4v
V #Im(T).
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PO, f 1<i<m—2, FIf3 475 veIm(T““) dHhucV i@ v:T°f+1(u) =
T(T(u)). 3% Im(T°) =Im(T°*Y), pld T (u) € Im(T°) =Im(T°*!) v 3 e weV i@ @
7o () = 77 (w). 7 %y = T(T°(w) = T°72(w) € In(T°*2), @3 Im(T°'*!) = Im(7°/*2).
dopt - BT €3 Im(TO" ) = Im(T°™), o 225 & #718 Im(TO’” D) #Im(T") 84 F, &
G Im(T°) # Im(T°), 9% 4 52 O

ETAAPRP E dm(V)=n 2 T:V —V 5 nilpotent operator of index m, 4riw #-H

)=
i % triangular form. F %% 2 Im(7°"!) ¢ ordered basis (vi,..., Vg, ), L & 2t PF P}
T(V,‘) S Im(Tom) = {Ov}, =
T(V,‘) :Ov,Vi: 1,...,k1.
BES Vil Vit B8 (Ve Vi, Vh) & Im(T"2) &1 ordered basis. v p 24 i
2

f
T(v;) € Im(T°""') = Span({vy,..., v, }),Vi=ki +1,... ks,

@ 2 1% ordered basis (Vi,..., V..., Viy) #TH# Tljp(ron-2) €7 representative matrix &

Ok, *
Ot ks Oyt oty )

BP0 275 ixjIEanREE a Lt hhx S Bk xk—k PRt e BT
e r Vit Vig 8 (VI Vi Vig, ey Vi) B Im(T"73) 9 ordered basis. 4 pF 2
(Al
) .
T(v;) € Im(T°" ") = Span({V1,...,Vi,s---, Vi }), Vi=ka+ 1,... k3,

@ 2 1% ordered basis (Vi,...,Vi,. s Viy,y- o, Vig) #THF T|Im(Tom73) £ representative matrix
Okl,kl * *
Otk Oky—ty oy *

Ok—to ki Oks—todo—t1  Ols—kabs—ky
- 272 APT ED Im(T) o ordered basis (vi,...,v, ), B ¥ j=1,....m—1

)

¥F (Vi,...,vk,) & Im(T°"77) &0 ordered basis ®
T(v;) € Im(T*" V=) = Span({vi,..., v, , }), Vi=kj_1 + L,....k;.
Btsde > {vi, 415, V) 8 (V... Vg, s...,Vn) & V £ ordered basis, #* pF

T(v;) € Im(T) = Span({vy,..., Vg, ,}),Vi=kn_1+1,... kg,

@m 2 4% ordered basis (vq,....V .., V) #1718 T &9 representative matrix %
1 s Yk 19 sy ¥n

O x x
. T *
O 0O O
- BELIHE &R Y 5 00 upper triangular matrix (F = & 4B, AP g 0T Gk

*.
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Proposition 4.2.2. 3% V % finite dimensional F-space 2 T :V —V % linear operator.
Rl T % mnilpotent & £ *& 3% 3% & V 0 ordered basis B 1 17 [T]g & upper triangular matriz
o (Tl et st 5 0.

Proof. 4 # & dnt#ha i 2 T 3 nilpotent 7% & V 7 ordered basis B € @ [T|g &
upper triangular matrix * H ¥t & &% 5 0. £ 2, # [T]g = upper triangular matrix ¥
H¥td s 4 0, A XT(X) = X[T]ﬁ(x) =x" (_‘E‘_ ¥Popn= dlm( ))7 i T"=0, F&% T %

nilpotent. -
Question 4.7. & V % finite dimensional F-space ® T :V —V % nilpotent operator of
index m, Bl xr(x) & @2~ up(x) & @ ?

% AE— T #3% linear operator T:V —V, & 35 7| Im(T)7 PR ’f'] » V ih ordered
basis B, # # I representative matrix [T] g+ F [T g & column space C ([T] [3) (35 i

C(A) # 1 %" A 7 column space). # ¥ #- column space 77~ % * TE‘I BRFV i,

,T*u;ft' | Im(T) er~% 7. R T]“'fg i 4 upper triangular matrix i)+

Example 4.2.3. % J& linear operator T : P»(R) — P»(R), %% 5 T(ax> +bx+c) = (c—a)x*+

-1 0 1
cx+(c—a). #% & P(R) e ordered basis f = (x*,x,1), &3 [T]jg=| 0 0 1 |, #
-1 0 1
0 00
xr(x) =x3. x [T]f3 = -1 0 1 | & ur(x)=x>, % T % nilpotent of index 3. 7] [T]lz3
0 00

¢ column space & Span({(0,1,0)'}), 2% ¥ Im(7T°%) = Span({x}). F = d
space, ¥ & Im(T) = Span({x,x> + 1}). & 7] x> ¢ Im(T), & 7 ¥ 12 ¥ & P»(R) 1 ordered
basis B’ = (x,x> + 1,x%). ]

T(x)=0,T(x*+1) = 1x4+0(x>+1) +0x?, T (x*) = Ox+ (—1) (x> + 1) + 0x?

[T]p =7 column

01 O
#[Tlp=1 0 0 —1 | i&— & diagonal ¥ % 0 5 upper triangular matrix.
00 O
F B w B T ¢ minimal polynomial B Ur(x) = (x—A)" A, e T—A1d &
nilpotent #7142 ¢ Proposition 4.2.2 473 % ordered basis B #& # [T —A4id]g =U = - B
diagonal '# 5 0 7 upper triangular matrix
0 =*= =
U= e %
0 --- 0

Ao dim(V)=n, F] [T —Aid]g = [T]g — ALy, #= ¥ [T|g =AL+U, = - & diagonal % 5 A
£ upper triangular matrix
Aox %
AL +U =

*

O‘./l
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Theorem 4.2.4. B3& V % finite dimensional F-space. & T :V —V % linear operator H

characteristic polynomial %

xr(x) = (x = A1) - (x = A%,
HY A, 4 5 F P R end, P15 &V e ordered basis B ¢ 1%

HY ZB A 5 ¢ xc FE e upper triangular matriz
)4 * *
*

o .

Proof. ¢ Theorem 3.3.9 % m; <c¢; # & ur(x) = (x—A;)™ - (x—A)™, #cd Primary
Decomposition Theorem, # 4V =V, &--- @V, & ¢ V;=Ker((T —),-id)omi) 2 gy, (x) =

(x—A)™. # T|y,—Aid|y, % nilpotent, 4] * Proposition 4.2.2, P 4ei & B 5 Vi 0
ordered basis, & ¥ [T|y]g = A; &tk ¢; x ¢; [§ £ upper triangular matrix. #&#- B,..., B
& B 7352 V e ordered basis B, ¥ 1 [T]B % #T& &9 triangular matrix. O

Theorem 4.2.4 £ 373V i § T ¢ characteristic polynomial ¥ % > 4 f&= Flx] ? - =
SIS, BEAR T ¥ i 7 ac it = diagonal form 7 i - % # 12 it & triangular form.

# T #_diagonalizable, 2% i ¥ w2 f1| * 43 & i FTes A jpe f 18 T ) # V £ eigenvectors

M (0] Yi (0]
#53; % ¢h ordered basis B ¥ [T]g = , %7 A [T = -
0 T 0 T
T # i f* % diagonal form p¥, 2% ¥ 4| * trianbular form % §es3+5 T°.

B AH#-V B & T-invariant subspaces 7 direct sum V=V @---@V,. d *EF veV,
FF L= B V=V 4 v, B¢ v; eV, (Proposition 3.4.6). ¥t #73 hi=1,....k,
AP ¥ E & - B linear operator m;:V —»V, # T & & m(v) =v;.  linear operator
% the projection to V; with respect to the direct sum V=V, ®---DV,. & T_& N 5o
FHEHF oveV, ¥ 3 mv)=v. ¥ - 26 d 3V, i T-invariant, ¥t veV, &P 5
T(v)eV. Flpt$»r iz veV, B2 B v=vi+---+v, B¢ v,eV, B T(m(v))=T(vi),
A m(T(v) =m(T(vVi)+---+T(v) =T(vi). #F&

Tom=moT,Vi=1,...,k. (41)

Theorem 4.2.5. 3K V 5 finite dimensional F-space. % T :V —V % linear operator B
minimal polynomial %

pr (x) = (r =)™ - (= A)™
HY M, 4 3 FPApRen~Z R T=Tp+1Ty B ¥ Tp % diagonalizable, Ty % nilpotent

of index m = max{my,....mi}, @ & TpoTy=TyoTp.



76 4. Form Reduction

Proof. % J& Primary Decomposition V=V, & ---®V,, & ¢ V; = Ker((T — 4id)™™), = 4
.V —V % the projection to V; with respect to the direct sum V=V, ®---®V,. ¥ g V
1 linear operator Tp = M + -+ + 4. FIHE R vi€Vi, ¥ 3 Tp(vi) = Ay, #7115 - e
V; en basis, ¥ d Tp &1 eigenvectors #tie=. g&d V & V...,V e direct sum, zd V; e
basis ¥ (= V 7 basis. fjk{;ru V 3 - % basis ¥ d Tp ¢ eigenvectors #tie =, & Tp
% diagonalizable.

Bt Ty=T—Tp 5 V i linear operator. FIE & v; € Vi, Ty(vi) =T(vi) —Tp(v;) =
T(vi)—Av; €V, & V; ¥ 5 Ty-invariant. * @ & /"T\v,-(x) =(x—=A)", T m A I |
T g 7 (T —A4id)™ (vi) = Oy, Vv; €V;, &4 ug, (x) =x™. {1* Lemma 3.5.6 v
Uz, (x) =lem(x™ ... x™) =x" H ¥ m=max{m,...,m}, #% Ty 5 nilpotent of index m.

B ¥l o

TDOT:(Alﬂl-f—"'—i-kkﬂk)OT:kl(ﬂloT)-f-"'-i-lk(ﬂkoT),
ToTp=M(Tom)+ - +Mq(Tom)=TpoT.

TDOTN:TDO(T—TD):TDOT—TDOTD:TOTD—TDOTD:(T—TD)OTD:TNOTD.
(|

Question 4.8. 4 g Theorem 4.2.4 © i ordered basis B, ¥ [T)|g % wupper triangular

matriz, B Theorem 4.2.5 ¢ &1 Tp, Ty B %t B 1 representative matriz [Tplg, [Ty]p & = @ ¢

Question 4.9. =i §1* Theorem 4.2.5, &M % T 1 minimal polynomial Uy (x) ¥ 12 % >
A fEa Flx] ¢ 4p R e monic — = 5 N2 kA, Pl T 5 diagonalizable?

d Theorem 4.2.5, # ¥ if it §|* triangular form %3*% T° 7. d TpoTy=TyoTp, ¥
T2 = (Tp+Ty) o (Tp+Ty) = Tp°> + Tpo Ty + Ty o Tp + T = Tp> +2Tp o Ty + Ty°*%.
SRS 3 Er%p\ FEV AT ENER
. i/ . .
T° — Z < > TDOI_]OTNOJ.
=0\
4 % Tp % diagonalizable #8 i {x% % 3* ¥ Tp®/, @ Ty % nilpotent of index m, 2% ¥ 5if &
j>m, Ty =0. #Triie 8 - BReAPE T h 3
b 16 241 % 3 linear operator 48 ¥+ /& ¥ n x n matrix 5.

Theorem 4.2.6. BE& AcM,(F) £ B characteristic polynomial §= minimal polynomial »

v

H 5

KA () = (v AT (v A () = (v A" - (v 20)"™
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2 AL, A 5 F @ a8 a3, B3 & dnvertible matriz P # 1%

Al‘.O
O /|

P_IAP:

HY BB A 5 ¢ xc F¥a upper triangular matrix
)Ll' * *
*

O'xi

AP PLA-P=D+N, 279 D i diagonal matriz, N % nilpotent matriz % ¥_
D-N=N-D * Nm:O, m:max{ml,...,mk}.

o % - A it & triangular form P~1-A-P=D+N, d ** D-N=N-D, 3 {5

F
PlAﬁﬂzi(vaﬁMl
=0 \J

Bk AeM,(F) 2 xa(X)=(x—=A1)" - (x—= L)%, pa(x) = (x—A)™ - (x— A )™k, 240
P e e 35 3| invertible matrix M # ## M~'-A-M % upper triangular matrix. F % 2
41* Chapter 3 primary decomposition = ;% 35 ¥| invertible matrix P & ¥ P~1.A-P %

block diagonal matrix

A O
O | A

BFLRF - B ¢ xXc matrix A;. F15 U, (x) = (x—A4)™, A; — A1, € nilpotent of index
m;, 3 ¥ 2] % Proposition 4.2.2 77 2 g A4S (A; — XI)™~1 e column space fh—
basis (#* % 4p %1% Proposition 4.2.2 ¢ Im(7°"~!) 5 basis), 2kt 45 % & (A; — AL,)" 2 ¢h
column space #— % basis, i#—- 2 T2 B IIHF X = FY - 2 basis. F £ i& % basis
™ column by column i& B % = &7 ¢; X ¢; 7 matrix 5 Q;, B33 Qi_1 -A;-Q; % upper
triangular matrix. # & ¥z Q; # diagonal ehix ¥ & B 2% » | 2= nXxn & invertible

matrix

01 O

O Ok
g

(POt A(PQ)=0"" (P AP)0=

= upper triangular matrix 7. 35 0T b3
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Example 4.2.7. % Example 3.5.10 ¢ 22 4 & 5 x 5 matrix

2 1 1 1 0
1 4 2 2 1
A= -1 -2 0 -1 -1
0O o0 o0 1 1
0O -1 -1 -1 0

5 ga () = i) = (= P22 & Q] ¥ % 24 fRH - = 5 R it e 45 51
invertible matrix M € Ms(Q) # ¥ M~'-A-M % upper triangular matrix.

% Example 3.5.10 ¢ 2 e 53] Pe Ms(Q) # A i* 5 block diagonal matrix.

0 -1 -1 0 0
1 1 00 0
pltapr=[0 1 20 0
0 0 01 —1
0O 0 01 3
AR e
0 —1 —1
B=|1 1 0], c—(l _l>
0 ) 1 3

i % triangular forms. %] ug(x) = (x—1)*, ¥ & B—1L i&— B nilpotent matrix. # 4

-1 -1 -1 0 0 0
B—1 = 1 0 0], B=-KL?*=| -1 -1 -1
11 1 1 1

d Proposition 4.2.2 ¢73 & 5 L &F (B—13)? ¢ column space 7 basis, 2 1% w; = (0, —1,1)}
£ 4 » B—1I3 i1 column space 0% wy i€ {8 {w;,wp} 5 B—1I 1 column space 1 basis,
TREAPE wy=(—1,1,00% Bt E e r wicQ® i {w,wy, w3} & 5 QF b basis,

L

e 1 E wy = (0,0,1)'. # FFF Bwy = Wi, BWy = Wi + W2, BW3 = W + W2 + W3, ¥

0 -1 0 1 11
o=\ -1 1 0 ], 8 Ql_1 ‘B-O1=1 01 1 % upper triangular matrix.
1 01 0 01

¥ - 25 7 uc(x) = (x—2)%, &P+ g C—2L &— B nilpotent matrix. ¥ C—2L =
( _} _} ) APE = ( _i > 4% C—2L  basis, £ 4} wp = < (1) > % ® {u,u}

. , . Lo -1 1 _
% Q7% eh basis. M PF Cu; =2uy, Cuy =u; + 2w, #&% 4 O = ( L 0 ), | Q21-C-Q2:

2 1 . . . ,: - o . .
( 0 2 ) % upper triangular matrix. & # 01,0, & H % 5 x5 &7 invertible matrix

0 -1 0 00
1 10 00
0= 1 01 00
0 00 —1 1

0 00 10
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¥ {7 upper triagular matrix

(P-o) A (PQ)=07"(PT1AP). 0=

el elNeNe N
SO O = =
SNV O OO
N - O O O

O O = =

4.3. Jordan Form

#sprl v 4 Triangular form ¥ 7 % % A P 2475 BaeL £ F 5 similar. 2% 0 e iE
{ 4 7 ordered basis #-H it % #73} 0 Jordan form. & & ¢ NP BIEK yr(x) ¥ 4R A
fEs - e AN kA (F xr(x) = (—A) - (x—A)%). B R e P R34 nilpotent
A5,

%3+ — 1 linear operator T:V — V. i&— S AP gzt T,7°2,... 1 kernel F ehBf 4. &
v € Ker(T%), 4 7 T°(v) = Oy, & @ T (v) =T(T(v)) =0y. #2128 ip K4 2T eh
chain of subspaces

{0y} C Ker(T) C Ker(T°%) C --- C Ker(T* ") C Ker(T”) C ---

Fwleh § T 5 nilpotent of index m, # 4 Ker(T°) #Ker(T%), Vi=1,...,m—1.

Lemma 4.3.1. X dim(V) >0, & T % nilpotent operator of index m, R\ i 5 T en

chain of subspaces.

{Oy} C Ker(T) C Ker(T°%) C --- C Ker(T° ') C Ker(T*) C --- € Ker(T°"!) € Ker(T°") = V.

Proof. § £# P Ker(T*" ) CKer(T")=V. F|5 T"=0, = FHE L veV, T"(v) =
Oy, #7127 Ker(T°")=V. ¥ - % &, & Ker(T" ") =Ker(T") =V, pl 47 T°" ' =0, p &
m 5] Nl R B T =0 493§, &4 Ker(T" ) # Ker(T™).

BT RAPRP {Oy) CKer(T). $E i veV F Oy = T"(v) = T(T"\(v)) &
T°"1(v) € Ker(T). % Ker(T)={0y}, RIEZ & veV % & &L T (v)=0y @ {73
T ' =0 2 4 '§, # Ker(T) # {Ov }.

PR, % 1<i<m—2, Ffg3* 4 veV ¥4 Oy =T"(v) =T (1o (H(v)),
e 7om=(+D(y) € Ker(T°H!). 3% Ker(T%) = Ker(T°*!), pld 1"+ (y) € Ker(T%) 8
Oy =TT (v) =T (y). FligEHEd veV %22 &@H T 1 =023
%, @3 Ker(T*) # Ker(T*H1). O

MBK i>2, % vi,...,vs € Ker(T°F!) % linearly independent *
Span(vy,...,vs) NKer(T°) = {0y},
Bl T(v1),...,T(vy) € Ker(T®) 7 % linearly independent. ¥ § * &

rlT(Vl) =+ - ~—|—I”ST(VS) = Ov,
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Ald T(rivi+-+rvs) =0y & rivi+---+rvs € Ker(T) C Ker(T%). #&d Span(vy,...,vs)N
Ker(T) = {Oy} 2 B3k ® rivi+---+rvs=0y, £ 4 vi,...,v; & linearly independent ¥
r=--=r;=0, #%& T(v1),...,T(vs) 5 linearly independent. ¥ “} 2 iy # (&
Span(T(vy),...,T(vy)) NKer(T*"!) = {Oy}.
FE AL E v=nT(Vi)+-+nrT(v,) € Ker(T ), B
Oy =T N rT(vi)+ -+ 1T (V) =T (rivi+ - +ryvy),
T r1vi 4+ rgvg € Span(vy,...,vg)NKer(T%) ={O0y}. £ ¢ vy,...,vs % linearly independent

Fr==r=0T&Zv=0y. 2215 1T 2 8%

Lemma 4.3.2. 3% T:V =V % linear operator. % i>2 P, % vi,...,vy € Ker(T°H!) %
linearly independent ® Span(vy,...,vy) NKer(T%) = {0y}, Bl T(vy),...,T(vs) € Ker(T%) %
linearly independent 2 Span(T(vy),...,T(vy))NKer(T~') = {Oy}.

Fuly E V i finite dimensional F-space, P

dim(Ker(7°*1)) — dim(Ker(7°)) < dim(Ker(T°")) — dim(Ker(T°~1)). (4.2)
Proof. & i & #|& P 3 (4.2). Bx {uy,...u} 5 Ker(T° 1) th— & basis, #-2 3+ &
{uy,...u,wy,...,w;} & 2. 5 Ker(T) - ‘& basis. £#~ = {uy,...u,Wi,...,W;,vi,...,V}
i 2 % Ker(T°*!) th—- ‘& basis. & 7 vy,...,vy € Ker(T°*!) % linearly independent
® Span(vy,...,vs) NKer(T%) = {Oy}. ¢ % & %% 4o T(vy),...,T(vy) € Ker(T*) % linearly
independent ¥ Span(T(vy),...,T(vy))NKer(T* 1) ={0y}. & {uy,...u;,T(v1),...,T(vs)} &
Ker(T°) @ ¢ linearly independent set. & #v ¢+s5 < dim(Ker(T°)) =¢+1, 7

dim(Ker(T°1)) — dim(Ker(7°)) = s < I = dim(Ker(7*")) — dim(Ker(7°!)).

FT ORAPALRP w3 Jordan form, A £ P 4o 8 3] Jordan form.

Definition 4.3.3. % 2 A € F, 3" 1 x 1 matrix (1) ™ % 4T 3538 1 { F F¥ square matrix

A 0 O -+ 0 O
1 24 0 -~ 0 0
o 1 A 0 - 0
o -~ 0 1 A O
o 0 -~ 0 1 A

% ;Th{;ﬁ,ﬁi%ﬂ (i,i)-thentry 5 A, @ ¥ 48 7T 3 ni=¥ ¥ (i,i—1)-thentry 5 1, # & =
BEE 0 gupE, A # % elementary Jordan matriz associated with A. @ d associated

with A 7 elementary Jordan matrices #7 % = ¢ block diagonal matrix, ¥

Jl.'O
o
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2P & J; ¥ % elementary Jordan matrix associated with A, £ 5 Jordan block matriz

associated with A.

AR 7 &3 & elementary Jordan matrix ehE & 3 1 ¥ E &G 2 (T (it 1)

%), 7 i 7 & ¥ ordered basis "8 B w {5 3}, F ¥ Wiz AEL L similar.

Question 4.10. B3}k T:V =V i linear operator £ B = (Vi,Va,...,,Vye1,Vy) » V e
ordered basis. ¥ [T)g % elementary Jordan matriz associated with A, %4 Jg ordered basis

B'= (Vu,Va-1,...,v2,v1), B [T]g & i#4873)3% 3 matriz?

T kA P E P nilpotent linear operator ¥ ¥ 45 | ordered basis # # representative

matrix i Jordan block matrix associated with 0.

Proposition 4.3.4. B3xX V % finite dimensional F-space. % T:V —V & - B nilpotent
linear operator of index m, R| % V 3 ordered basis B # 1% [T|g & Jordan block matriz

associated with 0.

Proof. 4 S, 5 Ker(T) - & basis, #-2 4§~ 5 Ker(T°?) ¢h— % basis S, - & T4 & 7|
#5 S, 5 Ker(T™) =V - & basis. » :T%{;sué i=1,....m & S; 5 Ker(T%) ¢ basis
(AR Lemma4.3.1 £2#FAPF i=2,....mPF Si1CS). ¥ & {Vi,...,Vi, } =Sm \Sm—1 i&
e linear independent subset (v # €3 # & ). Corollary 1.4.4 £ 2734 i Span({vi,...,vg })
4= Span(S,—1) = Ker(T°"" ') th2 & 5 {Oy} % d Lemma 4.3.2 &= {T(vy),...,T(vy,)} %
Ker(T°"~1) ¢ & linearly independent set £ Span({T(vy),...,T(v,)}) NKer(T°"2) = {0y},
#f1* Corollary 1.4.4 5 {T(v1),...,T(vt,)}USu_2 5 Ker(T°"~!) # ¢ linearly independent
set. & {T(v1),...,T(Vi,)}USp_2 7 5 Ker(T°"!) & spanning set, B v %{Ker(Tom_l) =z
- % basis. @ % {T(v1),...,T(Vi,)} USmu_2 * &_Ker(T" ) &1 spanning set, B ¥ #
Ker(T°"=1) @ B~ v 01,..., v, & &

{T(Vl),...,T(Vkl),Vkl_H,...,sz}USmfz
% Ker(T°"~1) ¢ th- ‘@ basis. + AR & Sm—1\Sm—2 *
{T(Vl),...,T(Vkl),Vkl_H,...,sz}

el R v, v T (V) T (Ve ) Vig 1y -5 Vi J US—2 17 5 Ker(T") =V - &

basis.

BTRLTRBEN S, \Su EE {T(V1),--,T(Vky), Viy+1,---5Vin - £ =<1 * Lemma
4.3.2, 2450 {T2(vi), ..., T?(vi,), T (Viys1)s -, T (Vi ) JUS,—3 5 Ker(T"2) ¥ ¢ linearly

independent set. *12 & 4c » Ker(T°"72) ¢ ch~ % Vi1 Vi 1 1
{Toz(Vl),...,Toz(Vk]),T(Vk]+1),.‘.,T(sz),sz_H,...,Vk3}USm,3
% Ker(T°"=2) ¢ basis. » e P H Sy \Su_3 £ &%

{TOZ(VI),. . .,TOZ(Vk]),T(Vk]+1), .. .,T(sz),sz_H,. . .,Vk3}
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i iptk -

zTé,@Eﬁaﬁaﬁﬁﬂswygmﬁggﬂﬂ»T@NTWHwta@&

Ker(T°') # linearly independent set, £ 4c » Ker(T°) © éh3+ & & S/ & & T(S,, )US/US;i_

% Ker(T°) ¢ basis. %ﬁ-%—i&{%— Si/Sic1 * Si=

Sm\Sm—l V1,4..Vk]
Si—1 \ Sz ~ T(v1),---,T(vg,), Vi 41505 Vig
Sm—2\5n1—3 ~ Tcz(vl) **** T° Z(V/q )-, T(Vk|+l>--~-¢T(V/\2)a
N T (i), T (vey)s T 2 (kg ), T2 (Vay),

&@—@ﬁ%%{%&@&\&ﬁm%

Tom—Z(Vl), ceay Tom_z(Vk1 ), Tom_3(Vkl+1), e

T (S ) USY

T(vkm—3+1)’ M)

o~ T, #3 Ker(T) » & linearly independent set

{1 Y (vy), . T (Vi ), T2 (Vi 1), -

£ 4 r Ker(T) ® eh~ % Vg, 41,...,V, €8

basis. ¥ g # T "85 - B column — B column o

T02 (Vkm,z), T(Vkm72+1)7 sy T(Vkm—l )}

T3 (vg),

,Tom_3(Vk2), ceny

7" 2(vy,), ..,

TOZ(VkIn73+1)7 ttty

T (Vi gt1)seo s TV )y Vi 15

T (v,

ﬁ’*fj" 3'\'{?33” ,"JTEIZ\» ;{Z\'T]'

-2 ) ’ Vkm—2+1 2" Vkm

= 5 Ker(T) 7 basis. #7121+ & Bl % chd (& -
# row mm%)j‘umﬁh 8§ e E, T Ker(T) =0 basis. #-2. &2 B §\ 8 1§ @Eﬁ&ﬁ!ﬁ
Pk S, cha %, % Ker(T°?) ¢ basis. I 3L
L row ehn % T4 A Ker(T%) ¢hbasis. » F]pt F 4 ¢ ehi A% T V=Ker(T") e
F AT E R 9135 = i ordered basis

B, ¥ Ben%-BAki viERFLT(v), - 5%

- TERIERAE S vkm717T(Vkm71)7vkmfl+l7" .
block matrix associated with 0. &l4c [T]g ¥+ (vi,T(v1),..

A
0 O
1 O
0 1
0 .-
0 O

0
0
0

1

0

0
0

0
1

7Vkm'

'B‘ Tom— 1
1&5;’%
om—

0

=)

0

0
0

- ¥ associated with 0 7 m x m F§¢ elementary Jordan matrix.

Question 4.11. &} &

A rgen elementary Jordan matriz? ¥R T

% 9 matrices?

(Vi

we e [T]B ik (Vk1+17T(Vk1+1)7'--7
I’T(Vkm—l)) ’f‘? (Vk/n—1+l7"')

(v
d
1

(v

Z.¢ Bt S,‘\Sl;l H7R— B row % H U T

1) #FF % vy, T(v2),...

(Tlp
1)) i

Tomiz(‘q)) m

{ % - B Jordan
2R & i1 block :jy"-»

O

28 4 1 block &

Example 4.3.5. % J& linear operator T : P4(R) — P4(R) T 5 T(ax*+bx> +cx? +dx+e) =
4ax2+3bx—i—2c, % % 2% T % nilpotent of index 3. %] Ker(7T) =

5 7] Ker(T) - % basis S; = {x,1}. @ Ker(T?)

{dx+e|d,ec R}, 37
= {bx* +cx* +dx+e|b,c,d,e c R}, 31

s Vion
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B8 5 S ={3 % x 1} 25 Ker(T°?) chbasis. Bfé# S % 5 S3={x* 23,22 x,1}
# 2 5 Ker(T°) =V  basis.

M S\S={x*"), &¥ B T =42 B S ehm g {4x? x,1} 5 Ker(T°?) I ¢ linearly
independent set, ¥ 4¢ » x* & @ {42 ¥°}US| = {4x?,x%,x,1} % Ker(T°?) i basis. - & *
{423} Bk $\ 81 = {32} BFY R T(4?)=8,T(x*)=3x, F15 {8,3x} = 5 Ker(T)
e basis #TIUF FAer A F B 4R {83x) BN S AP T 2 Bl

S3\ 8> = {x*} x

$H\S) = {38} ~ T =442, X
Si={x,1} ~ T(T(x*)=8, T(x*)=3x

#r11 % & ordered basis B = (x* 4x2,8,x%,3x), # i 18 5

0 0 0

[T]p =

S o= O O
S O o OO

0
0
0
0

SO O -
- o O O

H# {4 Example 4.3.5, 3% " % & & ¢35 3| ordered basis { it 2% T ¢ Jordan form #n
¥ i A53%. J1* Proposition 4.3.4 g P P A1 # ] £, A i Jordan block matrix ¢ e
elementary Jordan matrix i@ %:ih X B4 ¥ column B #c, m column i ﬁzi&{}%} £ ¢
B - B row sh & Bk, T #(S)) =dim(Ker(T)). ¥ *t& - B column 77+ % TI}EJ:,T%{'C?
144 i 9 elementary Jordan matrix fF #ic. l4c % — B column ,Tkii BSpy\Sm_1 7~
EFVL,EBEFLTWV),....T" (T Emp~sd, v 5%%%4{%51,*{&{— B mxm F§ £0 elementary
Jordan matrix. i#% m x m Ff ¢ elementary Jordan matrices i g:r]% AR5 om B
oo column i e, d Bl & P APT UAvig s PR ﬁi:)?'u—«‘?-\ ki, ® Su\Sn_1 h~% B
LOR L dim(Ker(7°™")) — dim(Ker(T°"')). ¢ Lemma 4.3.1, 3% i svpt #cx £ 3+ 0. X
¥ (m—1) x (m—1) F§ ¢ elementary Jordan matrices 7@ #c, Ii‘u{ Proposition 4.3.4 #
1 ky — ki, ¥ dim(Ker(7°"~!)) — dim(Ker(7°"2)) — (dim(Ker(7°")) — dim(Ker(T°"~1))), s
#F Va5 0 (Lemma 4.2 @43 P v 23520 0). FI2, ixi Ffi elementary Jordan
matrices i3 #& 5 dim(Ker(7°)) — dim(Ker(7°~1)) — (dim(Ker(7°*!)) — dim(Ker(7))).

% Example 4.3.5 ¢ 7 T % nilpotent of index 3, ## Jordan block matrix ¥ - %3
3 x 3 F§ i elementary Jordan matrix. & dim(V) =35, #&# i 7 - ® (3 Bl Jordan block
matrix (fFHg S AT EI 6x6). THUFITF A A EF - B 2x2 Ff i elementary Jordan
matrix, & 4 3 @ B 1 x 1 F§ 7 elementary Jordan matrix. % i dim(Ker(7T)) =2, #7 # i
3 2 i elementary Jordan matrices, F]* “$ 8% & T iv & 1 Jordan block matrix — #_
Hd - B 3x3 FFfr— B 2 x2 F§ e elementary Jordan matrices #7 % = .

oA w F| T ¢ minimal polynomial 3 ur(x) = (x—A)" 0§35, s pF T —Aid
= nilpotent #7142 d Proposition 4.3.4 ¥ & ordered basis B # # [T —Aid]g=J = - &
diagonal ¢ % 0 7 Jordan block matrix J. # @ % dim(V)=n, #] [T —A4id]g = [T]g — AL,
#® [T|g=AL,+J, & — & diagonal ¥ 5= A ¢ Jordan block matrix.
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Theorem 4.3.6. B3 V % finite dimensional F-space. & T :V —V % linear operator H

characteristic polynomial §= minimal polynomial » %| &
2 (6) = (=AY (= A, pip(x) = (6= A)™ o (6= Ag)™
He A, & 3 F P 4B enn2 ) Blg &V e ordered basis B & 1%

m 2O
B O 'Jk7

HY & B J L oc;xc FE e Jordan block matrix associated with A;, @ & 2. J; ¢ elementary
Jordan matrices i ﬁici*u—«‘?\ A =0 geometric multiplicity, ¢ dim(Ker(T — A;id)). ¥ ¢t J;

BB F¥ e elementary Jordan matriz 5 m; X m; FE.

Proof. ¢ Primary Decomposition Theorem & V=V, &---&V;, & ¢ V,=Ker((T — A;id)""™)
2 opry, (x) = (x=A)™. # Tly,—Aid|y, 5 nilpotent, =] * Proposition 4.3.4, 2t i &3z
. B » V; 0 ordered basis, ® ¥ [Tly]g # Ji &1 ¢; x¢; I§ 0 Jordan block matrix
associated with A;. ##- By,..., B & B #5]2)= V i ordered basis B, ¥ 7 [T]g & #7& ¢h

Jordan matrix. O

Question 4.12. =i J1* Theorem 4.5.6, % P % T 7 characteristic polynomial Xr(x)
FOLR LRSS Flx] ¢ - X 33N 2 % ff, ¥ T eh= - B eigenvalue 0 algebraic

multiplicity %32 geometric multiplicity, ®] T % diagonalizable?

. Theorem 4.3.6 ¥ T ¢ representative matrix ,Thﬁ_; T 2 Jordan form. % & $%i% 3
BFRAPET 0 yr(x),ur(x) X# 3] T 7 Jordan form, 7 3 PFFT A & AR, AP uT

1B kE.

Example 4.3.7. 3% T:V —V % linear operator ® xr(x) = (x —A1)3(x —Ap)*, # ¢
M # L. 2Pk EFRt T e Jordan form # ¢ 02538, 7 A d deg(xr(x)) =7, # dim(V) =7,
#7120 T ¢ Jordan form — % &_7 x 7 matrix. ¥ ¢t %] yr(x) 3 @ B4pR ch— = F34, AT v
e Jordan form, - % &_F & # Jordan block matrix #f =, 6 H? - B E 3x3 ¥ associated
with Ay, ¥ — B %_4x4 ¥ associated with A,. T4 F iz B Jordan block matrix &_

d ¥Rt elementary Jordan matrix #7i =,

'R —p 3 x 3 ¢ block Jordan matrix associated with A; 7% i /2. & ur(x) ¥ 4
(x—MN)° féf“,ﬁ%, Ald Theorem 4.3.6 4y block * - %3 — B 3 x3 ¢ elementary Jordan
matrix, #7)4 gt pFig - B Jordan block ﬁ‘h 4 - B 3 x3 &7 elementary Jordan matrix. %
pr(x) &F 4 (x—A1)? fg‘,f, Ak (x—A)° fﬁ‘,f, Pl #&d Theorem 4.3.6 %¢* block *
- T_j - 1 2x2 ¢ elementary Jordan matrix, ¢ block % 3 x 3 matrix, “7 1 &% :E 3
- 1 1x1 ¢ elementary Jordan matrix. #7)2if8+2)ic B block £.d - B 2x2 fr— B
1 x I matrix #tie . $ 5% (x—A) | ur(x) & (x—2A1)>fur(x), ¥ 4v* block ¥4 3 &

1 x 1 &1 elementary Jordan matrix #1ie =, X FE2 %75 T £
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x—A fh= ik 3 2 1
AL 0 0 A0 0 A0 0
block Jordan matrix 1 A] 0 1 Al 0 0 ),1 0
0 1 A 0 0 A 0 0 A

#r12 Jordan block matrix associated with A; % ¥ d  pur(x) &2
I 3% 4 x4 e block Jordan matrix associated with A, &7% &t fFi%, A x—2A; ¥ féf“,f Ur(x)
kg K Bch 43,1 FF, fom g — $ih, L PFE S block £ elementary Jordan matrix &_

VO EE E D NP A AT 4

x—ly e | 4 3 1
A 0 0 O A 0 0 O A 0 0 O
block Jordan matrix | )Lz 0 0 I 12 0 0 0 kz 0 0
0O 1 A O 0 1 A O 0 0 A O
0 0 1 A 0O 0 0 A 0O 0 0 A&
Fx—Mh ¥ 5 Ur(x) i % K #ici 2 PP, 2 PF associated with Ay €94 x4 <7 block
Jordan matrix ? #&4r— T F - B 2x2 i elementary Jordan matrix, @ 8 is G384 F ¥ Ay

H - ¥ 2x2 ¢ elementary Jordan matrix & % 3 & f# 1 x 1 ¢ elementary Jordan matrices
ATiE A, 4 ih{;ruﬁ“ pFiz— 1 block 7 ¥ av AT B AR

A, 0 0 O A 0 0 O
1 4 0 0 1 4 0 0
0 0 A 0 |’ 0 0 A& O
0 0 1 X 0 0 0 A&

¥R )T}U'E 1 * Ay e geometric multiplicity (7 dim(Ker(7 — A2id))) k 2|%77 . & geo-
metric multiplicity % 2 B| block Jordan matrix 5 # ﬁ (d & B 2x2 elementary Jordan
matrices #7f =), @ geometric multiplicity % 3 B%'i*u‘{fé F(Td - B 2x2 A B 1x1
elementary Jordan matrices #7e = ).

#-% B Jordan block matrices Fx #_{é, # i ﬁ.*‘w?é A2 T ¢ Jordan form 7, &4
ur(x) = (x—241)%*(x — A)® 025 T ¢ Jordan form ,T%? T E5

cocooco o =
cococooco>o
cococo>coco
o oo
SSoococo
o ocoocoocoo
coocoocoo

[
O =
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A % ur(x) = (x—A41)*(x—A2)? B T :h Jordan form ij}u’ﬁ BT i, § A 0 geometric
multiplicity % 2 f= 3 p#, T 1 Jordan form » %| 5

Ay O 0 0 0 0 O M 0 O O O 0 O
1 4 0 0 0 0 O 1 4 0 0 0 0 O
0O 0 44 0O O O O 0 0 A4 0O 0 O O
0 0 0 &% 0 0 0 [, 0 0 0 &% 0 O O
0O 0 0 1 A4 0 O 0 0 01 A 0 O
0 0 0 0 0 A& O 0 0 0 0 0 A& O
0 0 0 0 0 1 X 0 0 0 0 0 0 A

Question 4.13. & Example 4.3.7° xr(x)=(x—-M)(x—2)* % ur(x) = (x—2A1)*(x—1)?

P, Ay i geometric multiplicity % P B3 ¥ i £_1 & 4 v2 2 X MR FE T A D geometric

multiplicity =5 ?

3 nxn hEE AP § oA R, i}u{;ﬁu%’ A€ M,(F) # characteristic
polynomial 7 11 % 2 & f2 4 Fl ¥ éh- % 551 2 A 1a() = (x— 4) - (x— A%, B
% invertible matrix P € M, (F) ¢ {8

Pl.A.P= ,
O

HY E B J i c¢ixc e Jordan block matrix associated with 4;. i matrix #% 4L 5
A 1 Jordan form.

A ELP 4o fe 35 F) invertible matrix P # ¥ P71 A-P 3 Jordan form. ¥ %L E
77 & 4o f8 3] triangular form 525k F A it 5 block diagonal matrix. &4 _F] 5 F
pa(x) = (x—Ap)™ -+ (x—A)™, 41 * Proposition 4.3.4 17 ;2 3 F - B i=1,... k, P
& EF - 2 (A=A L)™ &0 null space N((A—A;L,)™) €0 basis (# ¥ 4p 33t Proposition
4.3.4 ¢ Ker(T°") ¢ basis), @ N((A—A;1,)™) k|4F E_primary decomposition ® #r% Jg
invariant subspace, #7122 i 4 & & 4F fA g H basis e (T, R 45 F] P e FhAeT SR
- Bi=1,... .k, BT NA—-AL) P basis S, £ #2 H* X S #2352 N(A-AX)?) «»
basis. izth— 2 T2 Z 3| HF I N((A—A)™) o basis S, BT K4 S, \Sm—1={v1,...,Vx },
Rie B {Avi, . Avg b B2 PR 2 {AV LAV Vi, Vg f R 228 S, o B B oA S
N((A—=2)"~1) ehbasis B S, 1\ Sy 2. TH-E T2 EIHH\S A2 i

Proposition 4.3.4 #-iz4* bases £ 5 {8 3] P. 2 i —é [ I

Example 4.3.8. % & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A= -1 -2 0 -1 -1
0O o0 o0 1 1
0o -1 -1 — 0

B2 X & Example 3.5.10 » 2 4% 3] invertible matrix P & ¥ P~'-A.P % block diagonal
matrix, % % % Example 4.2.7 ¢ 2 = $ 5] invertible matrix Q # ¥ (P-Q)~'-A-(P-Q) %
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v

upper triangular matrix. % % # A i* 5 Jordan form ,T.%Z & k- A 1Y % block diagonal
matrix £ i* % Jordan form ::E-ﬁ)ﬁ’ﬁf, AP B &% Proposition 4.3.4 17 jE IR,

F] xa(x) = pa(x) = (x—1)3(x—2)%, § L% A—I null space 5 dimension 1, # * ¥
S1=1{(0,0,—1,1,0)'} 5 # basis. #%# * = S, =1{(0,0,—1,1,0)',(1,0,—1,0,1)'} 5 (A—1I5)?
¢ null space 1 basis. A3+ = S3={(0,0,—1,1,0)',(1,0,—1,0,1)',(—1,0,0,0,1)'} 3
(A—1Is)* & null space ¢ basis. F15 vi =(—1,0,0,0,1)' €S53\ Sy, A% & vy =Av| —v| =
(=1,0,0,1,—1)t, @ #2 B % S,\ 8 cha%. 5i5@ vs=Av,—v, =(0,0,1,—1,0) B & §; ¢h

~F. AP {v,va,v3} 5 (A—1I5)°  null space £ basis ¥
Avi =V +Vy, Avy) =V +V3,Avy = V3.

Pkt g ) ={(0,-1,1,0,0)'} 5 A—2[ & null space 1 basis. #-2 4§+ %
L ={(0,-1,1,0,0)%,(1,0,0,0,0)} 5 (A—2I5)? snull space hbasis. &% & v =(1,0,0,0,0)
% ovy=Avi—2v) = (0,1,-1,0,0)' B~ (0,—1,1,0,0)". A {bvi,vo} 3 (A—2L5)°
£ null space £ basis ®

/ / / / /

E s 4
-1 -1 01 0 1 0000

0 0 00 1 1 1000

P= 0O 0 10 —1 @ plap=[01100

0 1 -1 0 0 00020

1 -1 00 0 00012

tm g Section 4.1, AP ¥ Fl§ A,Be M,(F) % diagonalizable p¥, s\ i ¥ 12 -3 44 4
iz B fheigenvalue i§ § ehE # k2% A B £.F % similar. F #k % A, B & characteristic
polynomial % Flx] ¥ % 2 4 f#= - = 77 monic polynomials sh3k f, 4 ¥ & A B it %
Jordan form * %7 i E_F L similar. § 227 A AGEE E xa(x) = xa(x) £ palx) = up(x).
FHY 4 - BAAPE T 5w AB F 5 similar, @ %?)fﬂﬁi}‘ﬁ%%@ A,B ¢ Jordan form
KrFxEE. ¥ A B ehE — B eigenvalue, % # A,B ¥t associated with A 1 block Jordan
matrix ¢ 5 elementary Jordan matrices wif § £# 1 4k, RIS A~B. F 2, % A~B,
APV R ABA 5 % - B linear operator T * % F ordered bases #7#¥ 7 representative

matrices. d > associated A #7 elementary Jordan matrices 7% 1 P4 #ice i B2 3520 i

... dim(Ker((T — Aid)* 1)), dim(Ker((T — Aid)*)),dim(Ker((T — Aid)*")), ...

iz dimensions 2 fF (0 7%, @ izt B %4 ordered basis 3% B~ B, #7121 A, B associated
A 5 elementary Jordan matrices e % B FF Bcen B B g 4p e, ~ %{A,B ERVETIA B s
Jordan form. %)% Jordan form ¥ 12 % & X %3 # matrixes ¥_%F 7 similar, #712 Jordan
form ¥ 1448 % - #& canonical form.

B Jordan form - BEE DB wEE- T, F AEM,(F) Bl A fr A i
transpose A' § #4p I¢ i characteristic polynomial f= minimal polynomial. i&# 7 A = A'

3 ¥ it 5 similar. 9+ F xalx) ¥ 2 A Flx] ¥ % 24 f#= - = &7 monic polynomials
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g, AP EA~A I FEF AeM(F) ¥, dim(N(A)) +dim(C(A)) =n. * ]
% dim(C(A)) = dim(C(AY)), #7121 2 i 7 dim(N(A)) = dim(N(AY)). =, 35 - B A

eigenvalue A (» ¢ &_A' i eigenvalue), 24 i 3

dim(N((A—A1,)")) = dim(N(((A = A 1,)")")) = dim(N((A' — A 1,))).

A #- A v % Jordan form, # — i Ff #ice elementary Jordan matrix associated with A {e
A' Fr F# ¢9 elementary Jordan matrix associated with A & %t‘ﬁ’i Wk, s )T*u{;ru Adr A ¥ 2

it & fe $& e0 Jordan form. P F T 2 %k

Theorem 4.3.9. B&X AcM,(F). & xalx) ¥ 2 & Flx] ¢ = >4 &2 - = 7 monic

polynomials 3k F4, Bl A &0 transpose A' v A % similar.

SIS AP e /TIFE ABEM,(F) 2 5 te— By F < enfield F & @& M(F)* A~B
(3% & P e M,(F) invertible % # B=P'-A-P), Bl M,(F) * A~B (¥ & P € M,(F)
invertible # {# B=P '-A-P). #7112 % 9 } Theorem 4.3.9 2 § ya(x) ¥ 721 & F[x] ¥ = 24

fi# = — =t &0 monic polynomials eaf #f 2 Bk, AP v E A~ AL

4.4. Rational Form

4 V &_over F &1 vector space ¥ T:V —V % over F &1 linear operator. & F % &_
algebraically closed, B| T ¢ characteristic polynomial ¥ % — 2 ¥ 11 % > & f&= F[x] }
- & AR NP RIFE A RS L T, Ae® 45 3] £ i (Vo5 ordered basis i@ 7
T &1 representative matrix ¥ 5 # f§ B 975 5¢.

& ¥ T 0 representative matrix i* 3 f§ ¥ ¢ form, i}u»’- JB#V B - 2 T-invariant
subspaces 1 direct sum. & = 4% 3 & & -] 0 T-invariant subspaces 7 direct sum, T &h
representative matrix ,T%? B Ax @ H oo form. b)4c T 4_ diagonalizable P, %‘u%\ s Ve
18 = — ¥ ]-dimensional T-invariant subspaces #7 direct sum. # 7T k& TF“,?L{JQ i E

A

veV, B¢ 7 v | & T-invariant subspace 3 #.

Bx W 5 ¢ 2 v e T-invariant subspace. 13 ve W, #&+d W i T-invariant, ¥
T(v)eW. FIZE T2v)eW, T(V)eW, .., &d HFfFipz @ T(v)eW,VieN. £

W % over F ¢ vector space, ¥ H¥Z & ag,a4-1,...,a1,a0 €F % F

adTOd(v) +ad,1T°d’1(v) +-4+a1T(v)+apveW.
Hez 2 At f)eFR] ¥ FT)(V)eW. Y B
Gy ={f(T)(v) | f(x) € F[x]},

AipF GGCW. F 54 G i — B vector space, vz Cy » W ifisubspace. * 3t iZ &,
weCy, 213 w=aTV)+-+aiT(v)+apv, £ ¥ ag,...,a1,a0 € F. #71!

T(w) = agT°" (V) + -+ ai T (v) +aoT (v) = g(T)(v) € Gy,



4.4. Rational Form 89

#Be o(x)=anx™™ +- fax® dapx € Flx]. &% P 7 Cy #.— B T-invariant subspace. %)
P fE- B # § v e T-invariant subspace, - & 7 Cy i&— i T-invariant subspace.

" ﬁ}“g\?ﬁa Cy 4_¢ % v #) e T-invariant subspace. #%i* 3 11T 2. T _&.

Definition 4.4.1. 3% V & - B F-space ¥ T:V —V & - i F-linear operator. & T_
veV, ¥ g C={f(T)(v)| f(x) e Flx]}. & Cy & - B T-cyclic subspace spanned by v.

He v fi® G - B cyclic vector.

% ;2 & Cy (the T-cyclic subspace spanned by v) f T 3 B, d ** 3872 € 347
linear operator B caff %, #7005 7 @WEL A AP EE Gy P 3 M T k. - ARG T

7 &_the subspace spanned by v, @ ® — B T-cyclic subspace 7 cyclic vector 7 v — .
Question 4.14. “$ Tov ek R PY - B Cy en cyclic vector 75 ¢
Question 4.15. & ¥ A2 T Cy ¢ % Span(v)?

FT RN R L - K2 C &- B T-cyclic subspace. 7 A d %3 Rt eh
vector space V #_ finite dimensional, #t12 Cy » &_— 1 finite dimensional vector space.
F et {v,T(v), T°%(v),...,T°(v),...} % linearly dependent. = ,T*ui;fu T keN, uz
ap,ai,...,ay €F % 2 5 0 @& # qqTK(WV)+---+a1T(V) +agv=0y. &4 7N 5 a2bR 5
5 f(x)eF[x] @ % f(T)(v) =Oy. i &g B2 F = #cd | 0 monic polynomial #7334

iR Cy F ok e i, PTG T 2T,

Definition 4.4.2. 2% V % — B finite dimensional F-space, T :V —V % — B linear operator.
wrrd 22F S5 f(x) e Flx] @ i & f(T)(v) =Oy, & = #icd ] 77 monic polynomial F %

the T-annihilator of v, 2 * py(x) &k % 7%.

BA%d uy(x) 2 Ffev i BT » 5 M, 2 8Bd 22 2 4734 E — o0 linear operator,
G M T iR
Question 4.16. % ix g, &7 linear operator T :V — V, ¥ B-&_the T-annihilator of Oy ¢

U m“f 2 12 (division algorithm), v 7 T-annihilator f= Lemma 3.3.5 ¢ 7 B
* T ¢ minimal polynomial § ¥ #g e B d 3225 3 2 4p ke i%%ﬁ—lij‘&% S AU

Lemma 4.4.3. 33X V 5 - B finite dimensional F-space, vEV 2 T:V =V & — B linear
operator. Rt f(x) € Flx], f(T)(v) =0y & 2 r&% uy(x) | f(x).

f1% Lemma 4.4.3, & 15 1 40 u(x) | xr(x) & m(x) | pr(x), &894 % 50 (T) =
ur(T) =0, #r 14tz veV 21 xr(T)(v) = ur(T)(v) = Oy.

APTIEE Uy(x) RKTFEC,. FFFAPF TS
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Theorem 4.4.4. %X V 5 — % finite dimensional F-space, T :V —V i — & linear operator.
% veV, ® 3 T-annihilator %
py(x) = x4 +ag_ x4+ 4 aix+ao,
i
{v,T(v),...,T° 1 (v)}
% Cy eh— 2 basis. b T WF & Cy T e linear operator Tle, : Cy — Cy, 7 5
T|c, 7 characteristic polynomial 4= minimal polynomial ‘& % ** v 1 T-annihilator, 7 %

Xric, (X) = M|, (X) = My (x).

Proof. % £#%® S={v,T(v),....,T°*"!(v)} 3 linearly independent. ¥ S # 4_ linearly
independent, # 7t ¥ %=X #c/] 3> &3 d — 1 7 polynomial f(x) € Flx] i& & f(T)(v) = Oy.
e uy(x) S BE ) R AT F, &« #3% S & linearly independent.
BFHEP Gy =Span(S). A7 I ER
Span($) = {g(T) () g(x) € Pl deg(g(x) < d— 1},
trse Span(S) CCy. Rm iz TEAHWEIL wely, ¥ 5k g) e Flx] & 8 g(T)(v) =w.
F% deg(g(x)) <d—1, FI¥ 7 weSpan(S). @ % deg(g(x)) >d—1, pld £ RIZ, & &
h(x),r(x) € Flx] & ( = h(x)py(x) +r(x). #&d py(T)(v) =0y, 4=
W= g(T)(¥) = h(T) (1 (T)(V)) + H(T)(v) = h(T)(Oy) + r(T)(¥) = r(T)(v)

## we Span(S). ## #® Cy C Span(S).

R

I~ Tlc, © minimal polynomial x7 |, (x), & & deg(xr|, (x)) =dim(Cy). @ 4 § 3
Cy eh— 2 basis, 1 dim(Cy) =d. * veCly, &k T & x|, (T)(v) =O0y. #711 Lemma 4.4.3

v
=)

ot

FARAN py(x) | a7, (%) Bfed py(x) 4 E xp (x) ¥ 5 monic 14X T ¢h degree ¥
d & Xre, () = w(x). B U (T)(v) =0y, & # uy(x) | tr, (x). £ 4 deg(ur, (x) <
deg(xr|q, (x)) = deg(py(x)) F#E pir|, (x) = py(x). O

Question 4.17. & deg(uy(x)) =d, T #EP Cy ¥ chod ¥ ¥ “k B
gx)€F[x] £ deg(g(x)) <d—1+57

B
|
P
9
oo
3
=
s

'S

Theorem 4.4.4 ¢ Cy ehizke basis A€ &, AP F 1T E K.

Definition 4.4.5. 3% V % - B finite dimensional F-space, veV ® T:V =V i - &
linear operator. % deg(iy(x)) =d, 2 F4E {v,T(v),..., T (v)} & Cy - ‘& cyclic basis.

% deg(uy(x))=d F, 22 F 214 B Tle, :Cy — Cy ¥4 B=(v,T(v),..., T (v)) iz- B
cyclic basis #73) = &1 ordered basis £ representative matrix 5 @. d >+ T(v)=0v+1T(v)+
0T2(V) +---+ 0T (v), 2t i srif ' matrix 0% - B column & 5 (0,1,0,...,0)!, 32
F] T(T(v)) = 0v+0T(v)+ 1T2(v) +---+ 0T 1(v), & i 50 ¢ matrix % = B column
&5 (0,0,1,0,...,0)" & - e 7 @35 d—1 B column. 3 & {6 - B column, ¢
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W T(TNW) =T(y), %% uy(x) =x'+a_x" '+ +ax+ap, 4 puy(T)(v) =0y, #
Tod(V)"’ad_]TOd*l(V)—|—"“|‘Cl1T(V)—|—a0VzOV‘ g

Tod(V) = —(aov+a1T(v) + ... +ad_lTod—1(v))7

Flot B {8 - B column 5 (—ag,—ai,...,—aq—1)". T Fe Tle, $3% B <0 representative
matrix &
00 0 —ap
1 0 0 —dai]
01 0 -a |. (4.3)
00 -+ 1 —ay

L of(x)=x4ag 1 x N +- taix+ag, ke (4.3) L5 the companion matriz of f(x).

Question 4.18. %2+ ¥

X o --- 0 ap

_1 x DY O al
det o -1 . 0 a

0 0 _1 x+ad_l

Example 4.4.6. 4 5 T:R> = R3 @& 5 T(x1,x,x3) = (2x1,x1 +x3,%1 —x2). & v=
(0,0,1), Bl T(v) = (0,1,0), T2(v) = (0,0,—1) = —v. # T3() = —T(v),.. <% % F
Cy = Span({v,T(v)}) = Span({(0,0,1),(0,1,0)}). 4 {v,T(v)} 5 linearly independent #
{v,T(v),T*(v)} % linearly dependent 4 v ¢ T-annihilator % degree 2 ¢ polynomial.
TF ATV =—v, T T2V)+0T(V)+1v=0y, 23 uy(x)=x>+1. *xF 2% 4
20 = Hr(x) = (=20 + 1), AT G ) |2 1 E ) | pr(). ¥ A

B=((0.0,1),0,1,0)), # v s (rly=( ) !

Question 4.19. % k €& | hi B#cik L {v,T(v),..., T (v), T*(v)} 5 linearly depen-
dent, B deg(uy(x)) % @2

% 2 finite dimensional vector space R 3EPF, 2 i ¥ € * induction (#c# ﬁf‘rp\
E). ,T!r;{;'t%;?ﬁ dimension ' f& | iR, £ % dimension ‘* fi & AL (L AL ) 0
135, Quotient space )?u{#%- dimension it = f&) fFAje- B2 E (whE- TEW BV in
subspace, B| dim(V /W) =dim(V)—dim(W)). 3% T:V —V 5 linear operator ¥ WCV %
T-invariant subspace, B| 3 ¥ 12 % - BATehI@ T:V/W - V/W. 2 2% 5 TEV)=T(v).
APz P T % well-defined, # i*u{;m%’ v=ucV/W,RITE)=T@)nV/W. 2a v=1u
7 v—ueW, &41* W i T-invariant ## T(v—w)eW, & T(v)—T(w) eW. &4 FF P
T(V)=T) & & T 72 58 T(V)=T@). & T tha &, APzt @ T:V/WSV/W
& linear operator. #' i fi T:V/W —V/W % linear operator induced by T on the quotient
space V/W. T8+ T Ao T F3F 5 cja s, A 0T b
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Lemma 4.4.7. %X T:V =V % - B F-linear operator, W CV % T-invariant subspace ®* 4
T:V/W—=V/W % linear operator induced by T, RI¥3* 2 & g(x) € F[x] # 3 g(T)=g(T).

-

Proof. & % & # P 4vif g(T) 5 V/W — V/W & linear transformation @ * # g(x) =
X"+ eixdcg, IR ER VEV/W, g(T)V) =cul (V) + -+ 1T (V) +cov. * ]
T2(3) =T(T() = T(TW) = TTW)) = T2W), 11+ 45 § 2 7 @ T () = T9), VieN.

T

8(T)(¥) = caT"(v) + -+ 1T (V) + coV.

¥ - 25 %] W ™5 g(T)-invariant (Lemma 3.5.2), #& g(T) = 5 V/W — V /W & linear

transformation *

g(T)(V) =g(T)(v) = caT*"(v) +--- +c1T(V) +cov.

Risd V/WP A2@d8ma £ g(T)V)=¢(T)v),VveV/W. @z g(T)=¢g(T). O
|* Lemma 4.4.7, 2+ @3] T 4= T ¢ minimal polynomial 2z ¥ e .
y

Corollary 4.4.8. X T:V =V i - & F-linear operator, W CV % T-invariant subspace
24 T:V/W—=V/W % linear operator induced by T, B

pr(x) | pr (x)-

yeohisr veV, £ uy(x) i the T-annihilator of v, B34 i %
piv (x) |y (x).

Proof. i ur(x) e &, #EZd veV, ¥ 3 ur(T)(v)=0y eW, & ur(T)(v) =0y =0y y.
#cd Lemma 4.4.7 &

pr(T)(¥) = ur(T)(V) = pr (T)(v) = Oy .
f1* Lemma 3.3.5 (2% & T) # up(x) | ur(x).
P92, F] 1y (T)(v) = Oy, # i 8 1y (T)(¥) = Oy py, &4 Lemma 443 (£7 & v 112 T)
# pv(x) | pv(x)- O

TF O AE 'Tai‘i‘ﬁi'r’ﬁ i .Uv(x) Z,UV(X), Bl 4ol T e,

Lemma 4.4.9. £ T:V =V i - & F-linear operator. %% veV, 3k T:V/Cy —V/Cy
% linear operator induced by T on V/Cy. & WEV & & lUy(x) | uy(x), Bl 7 2 ueV & &
u=weV/C 2 Uy(x)= pa(x) = pw(x).

Proof. #] uw(T)(W) =Oy/c,, 11* Lemma 4.4.7 # ux(T)(w) = Oy, 7 ¥ ux(T)(w) € Gy.
EF]x] #

s (T)(w) = f(T)(v). (4.4)
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# pw(x) | ty(x) 2 3%, 22 4 Corollary 4.4.8 4 L (x) [ pw(x) ¥ # Uw(x) | uy(x), 7™ Fix
B h(x) € Flx] # 8 uy(x) =h(x)uw(x). #d E5% (44) #

py(T)(w) = h(T) o puse(T) (W) = h(T) o f(T)(v). (4.5)
B Uy (x) | te(x), ¢ Lemma 4.4.3 22 % 3% (4.5) 4= Oy = py(T)(wW) = ). &
=41 Lemma 4.4.3 % uy(x) [ h(x)f(x), 7 % h(x)pw(x) | h(x)f(x). & 25 pw(x) | fx), 7
Tt g(x) € Flx] & @

=
=
O
=
=
=

f(x) = pw(x)g(x). (4.6)
BE u=w—g(T)(v). Flg(T)(v)eCy, 7 F u=weV/C. F1* pyx(T) 5 linear

operator ¥

p(T) (w) = ww(T) (W = &(T)(V) = s (T) (W) — b (T) 0 g(T) (v),
Sl B (4.6) 13 B (44) @

£ & 41* Lemma 4.4.3 17 uy(x) | uw(x). A5 =W, & Uy(x) = tg(x), T tu(x) | ga(x). £
‘e b Lemma 4.4.8 24 32 ug(x) | tu(x), B3 Uu(x) = ug(x). O

— kg deg(uw(x)) =d, B 2% {W,T(W),...,T“’*1 (W)} ¢ £ Cy - % basis, + B
{w,T(w),...,T°1(w)} E‘I.%%'i’» ¢ &_Cy ih- 2 basis. 7 if t Lemma 4.4.9 enig3k if 2 T &
PEBHusLa=w 2 {uT(),..., T 1( )} fe B, T@),... T @} g LG 2
Cg = Gy - ‘& basis.

NP E A * primary decomposition theorem # {8 11T £ & 3
p y p

Theorem 4.4.10 (Cyclic Decomposition Theorem). 3%k V % finite dimensional F-space
2 T:V—=V % linear operator. ] V. ¥ 11 & =& — & T-cyclic subspaces 1 direct sum. ¥ F
2,oF ur(x) =pi(x)™ e pe(x)™, B¢ pi(x) € Flx] % 48 & 0 monic irreducible polynomial,
AV=Wo oW, &7

W; = Ker(p;(T)"™) = Gy, @06

in;?

M 2 & B v e T-anndhilator 5 pi(x)™7 & & mj =m;1 > mjp > -+ > mj, >0.

Proof. ¢ primary decomposition theorem, #* i 53¢ Ty, : W; — W; &7 minimal polynomial
opix)™. Fa#EEE - B W, ¥ g s 7324t i T-cyclic subspaces 7 direct sum,
Al d Corollary 3.4.7 ¥ {8 V ¥ 0§ = — & T-cyclic subspaces =7 direct sum. #f12 # ip
WEFEM Y T:V—V & F-linear operator ¥ xr(x) = p(x)" & ¢ p(x) € F[x] 4_ monic
irreducible polynomial &35 | 5 & vy,...v, €V @ B V=Cy, @ -®Cy, * 3+ 1<i<n,
Uy, (x) = p(x)™ BE_m=m >myp>-->my,.

ST # dim(V) TEE R EER . § dim(V) =1 B, fop AR EL vAOy
inV, 2F3 V==C & ur(x) =py(x), #7107 238 = RIER M 2 AR ) ¥ dim(V)
S A 2 B R R ur(x) = p(0)", s B ovi €V E B p(T)™" (Vi) # Oy, F
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Wy, (x) | ur(x) = p(x)™ 12 %2 p(x) % irreducible, #7145 my <m & 7 Uy, (x) = p(x)™. &
TR R p(T)om*l(Vl) #O0y, #7140 my >m—1, F]p 8 m =m.

w4/ T:W/Cy, —V/Cy, induced by T on V/Cy,. i & FF up(x) | ur(x) (Corollary
4.4.8), s ur(x) = p(x)™, 2@ m' <m. Fptd dim(V/Cy,) <dim(V), AT g el
iz 2 BEK, T e owo, . W, €V R R

V/Cy, =Cw & - & Cyy,
2 2<i<n Ugx)=p@)" BE m>m=m > >my. 2 d N m<m=my, T
Uw, (X) | fy, (x), #7241 % Lemma 4.4.9 5, F v, €V # 8 vi=W, T Uy, (x) = Uy (x) = p(x)™.
WF deg(p(x)) =d, 4 direct sum 2 (Proposition 3.4.6) 12 2 Theorem 4.4.4 4~
2T, T (2), e W T (W), T ()

5 V/Cy, =Cyu®-®Cy, - % basis. WF T(V) =T(v;) (Lemma 4.4.7), 11 %
{vi,T(vy),..., T~ (y|)} 5 Cy, &1 ‘& basis, §1* Proposition 1.6.2 shz [ 1% 1

E g
(vi,T(v1),..., T (y),v2, T(va),..., T (vy), .. v, T(Vy),..., T (y,)}

LV ih- & basis. Fla 89t 1<i<n, {v,T(v;),...., T~ (v))} 5 Cy, th— % basis, &

4 direct sum % (Proposition 3.4.6) # %

V=C, BCy,® - BCy .

Question 4.20. % Theorem 4.4.10 77 M ? | 5 @ & % wy,..., W, 3T v[,...,V,?

Question 4.21. ¥ 12 * cyclic decomposition theorem FH.F & Ur(x) = (x— A1) - (x — A),
B AL#Aj fori#j, Bl T E_ diagonalizable *5 ?

F1* primary decomposition theorem, #% i ¥ /45 3] V 7 ordered basis B, # #F [T]g
a0
O &

2 ¢ & B A; © minimal polynomial % p;(x)™. @ cyclic decomposition theorem 2 ¥ #¢ i*

% 1 T &1 block diagonal matrix

B ¥ rid — & cyclic vectors #7735 % &1 cyclic bases #tie = M} pFE - B A; ¥ B &
a0
T . 9
O an

# ¢ & B C; A the companion matrix of p;(x)™/. &+ 2 3F P iE e L ¥ ¢ similar

to gk AN e i NP A S rational form.
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Example 4.4.11. ¥ g over R, 4 {* & F) A ¢ rational form, & ¥

2 -5 -1 6 1
1 -2 0 3 1
A=|1 0 0 2 -1 0
0 0 1 0 O
0 0 0 o0 1

FLAED @) =@+ x—1)7° & 2T mx) =@+ 1)(x—1)>%

B %4 g primary decomposition, A2 +15 22 (A—1I5)? shnull space Wy, Wa. & Wi, W
2 - = basis # % 5 {(1,0,0,0,0)",(0,1,0,0,0)'}, {(—1,0,0,0,1)",(1,0,1,0,0),(—1,1,0,1,0)"}.

d dim(W) =2 ¥ &= W, » £ § - B cyclic space. E F + B w; = (1,0,0,0,0), B
Aw; = (2,1,0,0,0)' (/L& A%w; = —w). T W = Cy,.

IR E-W, & fE= cyclic subspaces 7 direct sum, 2V i 7 £E D wy 3% & (A—I5)w, #
(0,0,0,0,0)". E % + £F wy=(1,0,1,0,0)", Bl Awp = (1,1,2,1,0)' ;L R A’wp =24wW; —w»),
#0020 dim(Cy,) = 2. o 3% dim(Wp) =3, A avig W B 5 Cy, v ¥ — B dimension 3 1 9
cyclic subspace =7 direct sum. pt cyclic subspace & » eigenvalue % 1 7 eigenvector ws
AR @ T Wi € Cy,. N PE R wy=(—1,0,0,0,1), #1121 E 4

1 211 -1 0 -1 0 0 0
0101 0 1 0 0 0 0
P=(0012 0 |,mP'AP=[0 0 0 —1 0
000T1 0 0 0 1 2 0
0000 1 0 0 0 0 1

% A £hrational form.

T 7} & Example 4.4.11 ¢ | 24 ¥ 02 i Ben2 %70 A &0 rational form. 15 xa(x) =
(2 +1)(x—1)3 #r12 A2+ 5 ¢hnull space 4 - i cyclic subspace #t2.%, * # cyclic vector
e annihilator 5 x>+ 1. @ pa(x) = (x> +1)(x—1)? #7124 Theorem 4.4.10 v, (A —I5)?
null space ¥ — %} — & cyclic subspace £ cyclic vector ¢ annihilator 3 (x—1)2. + F|a
A ip G i) e cyclic subspace B cyclic vector 7 annihilator 3 x—1. #7142 A 7 rational
form 5 3 = % blocks # diagonal matrix # # & i block 4 %] 5 x?+1, x> —2x+1 12 % x—1
£7 companion matrix. — 4k %k #.-  matrix 0 rational form ¥ % i % d H characteristic
polynomial { minimal polynomial 3 i FET AN PT LN HE ATy T AL ¥ -
= & rational form & - i canonical form, » ,Tk{;hr“s B4 B similar chE P rEE T PV

vt = e R e rational form. AP € AT - &34 = classical form 2 £ B HF 3 5L A

4.5. Classical Form

S\ e

% — B linear operator 7 minimal polynomial ¥ 12 % > & f# = - =& § 38 ;% ehaf ff B, Kﬁ%
L7 L3 €49 (7 diagonalizable), #* linear operator 7 rational form i 7 &_Jordan form.
pLa? AP R P 4o fe ¥ %hiE B cyclic subspace - 2 basis, #-H it & #73] 9 classical

form. i ixE % 'g 41 classical form i}u{ Jordan form & 5 .
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% T:V—V & _F-linear, & %_veV, ¥ g T-cyclic subspace Cy. 4% v & T-annihilator
TR A py(x) = p(x)" (B4 p(x) EF[x] # F BK 5 irreducible), ® A - T % deg(p(x)) =d,
Bl v, T(v),T%(v),..., T~ (v)} 4 Cy #h— ‘& basis, 5 cyclic basis. # ¥ 1214 g1

— % %70 basis.

Lemma 4.5.1. B3X T:V =V A_F-linear, % veV. & uy(x)=px)", 2 ¢ px) e F[x]
¥ deg(p(x)) =d, Rl

\4 T(v) . T°d=1(v)
v v od=1(y
p(T:)( ) p(T)(:T( ) P(T)(T: (v)) (47)
PNV pm N TNT(V) o N (TT (V)

£_C, - % basis.

Proof. d puy(x)=p(x)" & dim(Cy) =dm. F]z (4.7) » £ 3 dm B~ %, Fau@EP v iFEs
linearly independent over F, B v i &_Cy - ‘& basis.
#HR0<i<m—1,0<j<d—1, F4 hij(x)=p'()x/, B pI(T)T)(v) = hij(T)(v). F
& deg(hyj(x)) =di+j, 2 awE (i,j) # (i',)), Bl deg(hi;(x)) # deg(hy j(x)). # % =, ¥
C00s-++Cijs-rCm1d-1 EF 3 25 0, Rl Y, ;¢ jh j(x) & F[x] # - i nonzero polynomial.
REwt- 23 250 {c;} #FY;ci;p(T)(T(v)) =0y, %7 h(x) =Y, cijhij(x)
iz - # nonzero polynomial ¢ % & h(T)(v) = Oy. <& X deg(h(x)) < dm = deg(uy(x)), i

li

&
fv annihilator shT &g §, @ (4.7) ¢ eh< % 5 linearly independent. O

Question 4.22. % T°¢(v) € Span(v,T(v),..., T\ (v),p(T)(v)) k&P (4.7) & Cy D

e basis.
0O -1 0 1
. 10 =1 0| .y, s
Example 4.5.2. ¥ 5 A= o1 o0 o7 B8 ua(x)=(x"+1)% FlA*+1Iy cnull
0O 0 -1 0

space = N(A%?+1;) = Span((0,1,0,1),,(0,0,1,0)"), &t i ¥ R*=Cy, 2 ¥ vgN(AZ+ 1), *
Uy(x) = (¥ +1)2. #7128~ v=(1,0,0,0)", p|d Theorem 4.4.4 4

1 0 -1 0

0 1 0 )

20 4301
{v,Av,A%v, A%V} = ol'lol:l 1 [l o
0 0 0 -1
3 R*=C, - & basis. 4 Lemma 4.5.1 % 353
1 0 0 0
0 1 0 1
2 3 .

{v,Av, (A" + L), (A° +A)v} = ool 1]
0 0 0 —1

7 L R*=C, ¢h- % basis.
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0 1 -1
Fod s B=| -2 3 -2 |, # ug(x)=(x—1)>2 % Span((1,1,0),,(-1,0,1)}) 2
-1 1 0

B—L sinull space, %4 w=(1,0,0)", &3 Cy 1 cyclic basis

1 0
{wwh=q( 0 |,| -2
0 —1
2@ Lemma 4.5.1 4 32 i
1 —1
{w,(B—L)w} = 0], -2
0 —1

7 L Cy - % basis.

ETRAPRIFHEY (4.7) - 2 basis, B] T|c, 0 representative matrix 7 . ¥
FO<i<m—1,0<j<d =1, £ Vigj =p(T)(T(V)). A PRILEL R B=(Vi, ., Vma)
ig- B Cy #ordered basis. B3k p(x) =x'+as X'+ faxtap, § 1<k<d—1 P,
A g T(vi) =TT () =T (V) = Vi 7

T(va) =T(T*'(v) =T*(v) = p(T)(¥)—aqg 1T (V)= —aiT(v) —aopv
= —aovi—aiyvp—--—aq—1Vq+Va+1.

4 Fe Ak [Tl Jp 8- ® matrix 575 d # column 4 %] 5

0 0 0 —ay

1 0 —ai

0 1 0 —ay

01,1 0 |,....] 1L |,] —as
0 0 0 1

0 0 0 0

0 0 0 0

3 7&5’\;&@ d B column *735= &7 matrix

Col)

U

o
ey, B9 Cpy » dxd i companion matrix of p(x), @ U & dxd £ matrix
Hadh+ 45 126 =850 =50 E (m—2)dxd & zero matrix. 22§
d+ 1 <k=id+j+1<(i+1)d—1, % 13 T(w) =T(p(T)T(¥)) = p(T) T () = veor.
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A k=(i+1)d P

T(Virnag) = TE(THT(Y) = p'(T)T(v))
= PUT)V) —aq 1 p'(T)(T7 (V) =+ —arp'(T)(T(v)) — aop'(T)(v)
_ {_aovid-H—alvid+2_“‘—ad—lv(i+1)d+v(i+1)d+la ifit+1<m;
—A0Vmd+1-d — A1 Vmd+2—d — " — Ad—1Vmd, ifi+1=m.
£ 17 5
Cow)
v o, O
Tl ) = u .
O Cp(x)

U Gy

T md xmd %B"LF 5 the classical matriz associated with p(x)™.

Example 4.5.3. & 734 & Example 4.5.2 # | i B~ % [ e basis #7{8 ¢ similar matrices.

1 0 -1 O 00 0 —1
N 10 -2 » 100 0
1% v #7352 ehcyclic basis, 4 g Py = 00 1 0 , Bl PAP = 010 —
00 0 -1 001 O
1 00 O
i y(x) = (2 +1)? =x*4+2x% +1 ¢h companion matrix. @ %4 g P, = 8 (1) (1) _01 ,
0 0 0 -1
0 -1 0 O
O 1 0 0 . . . . . 2 e
Al Py AP, = 0 1 0 —1 % classical matrix associated with py(x) = (x*+1)=. &
0 0 1 O
2 0 -1 v 2 L. . .
R 1 0 % x“+1 9 companion matrix.
Bt B od 3t u=(L,1L,0) ENB-L) 2 ugCy, #PE R =CdC. RYJg
1 0 1 0 -1 0
Oi=|0 -2 1 |,&mF% 0;/'BOI=| 1 2 0 |, s B hrational form. @ &% &
0 -1 0 0 0 1
1 -1 1 1 00
Q=0 -2 1 |,2F% 0,'BO=| 1 1 0 |, 5 B Jordan form.
0 -1 0 0 01

Question 4.23. #F#.P the classical matriz associated with (x —A)" ﬁ}u{ mxm 7 ele-

mentary Jordan block associated with A.

¥ - BeniiA5, £ - B F-linear operator T :V — V 1 minimal polynomial pr(x) =

p1(x)™ - pr(x)™, F1* cyclic decomposition theorem (Theorem 4.4.10),

V:CVL1 @...Cvl-nl @"'@CVM @...@Cvkﬂk,
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# ¢ & - B v;; 0 T-annihilator 3 Uy, (x) = pi(x)"™ & &my=mjy > mip > > my,.
PFEHF B G, , A PEP4e Lemma 4.5.1 ¢ (4.7) i&# - & ordered basis, {52 & % V

- 2 ordered basis B, B [T]g & 1% 234 & block diagonal matrix

Ar

Ak,l’lk

#e?F- 1B A; & classical matrix associated with py, (x) = p;(x)". i&x 273 E

= ‘i?? ¢ similar to A58 > L AR L classical form.

Example 4.5.4. 2\ 4t 5§ Example 4.4.11, 531 A ¢ classical form. &4 5 7 3 428, &
i * Example 4.4.11 50, 7] ty, (x) =2+ 1, Uy, (x) = (x—1)2 2 & gy, (x) =x—1, %
J& Cw,, Cw, v Cw, 4= Lemma 4.5.1 ¥ (4.7) i&#k 77 ordered basis (wi,Aw;), (w2, (A—1I5)wy)

& (ws), #7454 R ¢ order basis. T E 4

1 210 —1 0 -1 000
0101 0 1 0 000
o=0011 0 |,m0%'"40=|0 0 1 0 0
0001 0 0 0 110
0000 1 0 0 001

%Z A ¢ rational form.

Question 4.24. ¥ & square matriz A, 3% Ua(x) = p1(x)™ - pe(x)™, 2 °¢ pi(x) 540 R 0
monic irreducible polynomial. & my=my=---=m =1, FRP A & classical form )’IJL‘{
rational form. ¥ — > &, % deg(p1(x)) =deg(pa(x)) =--- =deg(pr(x)) =1, HF#®P A i

classical form fh{ Jordan form.

% F 1% rational form 12 2 classical form 487 | # 7 © & &g & - # cyclic vector v; ;
e annihilator p;(x)™, )’If‘u? 1 Fg B rational form % classical form. i&- % annihilators
g PER, APG T TR,

Definition 4.5.5. % T :V —V &% F-linear operator, *
V=0, & Gy, & @Cy,, & BCy, |
# ¢ & - B v;; ¢ T-annihilator % My, ; (x) = pi(x)™ B & myg >mip > > myy,. 3 FEFH
(pr(x)™ o pr ()™ pr(x)™ L pr(x) ™)

T— 2 polynomials i T &7 elementary divisors.



100 4. Form Reduction

54c & Example 4.4.11 # A &0 elementary divisors i}ﬁ?‘ (2+1,(x—1)2%x—1). 813
elementary divisors 4p 1§ #7F v j ¢ T-annihilators, #71 T# 3 ¥ i p;(x)™ = p;(x)™i/,
s BHEvV - - A Bldeo— B linear operator T :V — V &1 cyclic decomposition %
V=C®Cy®Cy &7 Uy(x)=(x+1)2 tw(x) = tu(x) =x+1, B] T ¢ clementary divisors %
((x+1)%,x+1,x+ l).

AR AP 2R ker(pi(T)”), Vi €N %k #/2 2 T 5 elementary divisors. # i 2% i
wud yr(x) o pur(x) # 3] T 0 elementary divisors 7% i fii%. 5 AN PG & 0T 5 B

elementary divisors e+ 5.

Lemma 4.5.6. %k T:V —V % F-linear operator ®

(pl (x)ml‘l yeres Pl (x)ml’nl yoee apk(x)mkll PO ,pk(x)mk’nk)

% T e elementary divisors, 2 ¥ mjy >mjp>--->mj,, Vie{l,...,k}. Bl

() = pr(e)"™ - pa () py) i)

mp myg My |

pr (x) = p1(x)"™ pa(x)"™" -+ pr(x)

Proof. d elementary divisors ehZ &4z v, ; €V & ¥
V= CV1,1 @"'CVL,»” @...@CM @...@Cvk_nk’

# ¢ & - B v;; 0 T-annihilator = Uy, (x) = pi(x)™J. & Theorem 4.4.4, 2* F 5 xr, o, (x) =
My, ;(x) = pi(x)™, #cd Lemma 3.5.5 ¥

0 =[Tore,, @ =TTp".
LJ L]

¥ #bd Theorem 4.4.10, & & &= pur(x) = p1(x)™ pa(x)™ - pi(x)™, Bl mj = mjy,
Vie{l,... .k} & @& ur(x) = pi(x)"™ pa(x)™1 - prx)™er. O

A * 0T el FP 2] %7 elementary divisors 17 2.

Example 4.5.7. % T:R!” — R!" % R-linear operator ¥ xr(x) = (x> +1)3(x—1)* 12 2
ur(x) = (x> +1)*(x—1)% —FT A PaE (P+1)2 22 (x—1)2 - g HIR AT ¢helementary
divisors ¥ . # i (¥ +1)* # ¢ NS . TLFE & grx) ¢ (P +

d Lemma4.5.64‘r1§3ﬁ<p—lﬁx+lg”"IFL F-2avady - B
elementary divisor # , & 7 ’*J’I*u{”‘ R ax—1 ¢ . 2T FL xr(x)
#7100 T & elementary divisors § 3 & 87 it, — BE (P + 132 +1,(x— 1) (x—1)?). @
¥- BE(P+HD22 L (-2 x—1,x—1)).

p—
~—

=

”ﬁ_:_:('%’w-ru
x—1)% € M A

x—13z=x73.

T

13t Example 4.5.7 ¥ T ¢ elementary divisors I/ & 78§+ it , i-*‘u‘/% e >d xr(x)
foour(x) Rz 0. prpEAPT Y K dim(Ker(7T —id)). # dim(Ker(T —id)) =2 #
7 Ker((T—id)**) # 1 8 & @ # T-cyclic subspaces £ direct sum, # i #3554 3
(%2 )2 4+1,(x—1)2,(x—1)2) 5 T 1 elementary divisors. @ % dim(Ker(T —id)) =

% 7 Ker((T —id)**) ¥ 11 B & = i T-cyclic subspaces #7 direct sum, EREY K e



4.5. Classical Form 101

(P+1)22+1,(x—1)2x—1,x—1) ;% T ¢ elementary divisors. I *t— &enffa);, A Trﬂi.%
& AR E - B Ker(p/(T)) s k. § A8 F 2T ahph i

Lemma 4.5.8. & T:V —V & F-linear operator, veV # T-annihilator 3 p(x)", #
? p(x) € Flx] 5 monic irreducible * deg(p(x)) =d. ¥3*% monic irreducible polynomial
q(x) € Fla, 23
ld, ifqx)=px) and1 <I<m-—1;
dim(Ker(¢' (T)|c,)) = md, if q(x) = p(x) and [ > m;
0, if q(x) # p(x).

Proof. 7 £ 4 g p(x) =¢qx) . #3 0<i<m—1,0<j<d—-1, £ Viggjy1 =
P(T)(T(v)). # Lemma 4.5.1, 2 i 4e B ={vy,...,Vug} 5 Cy - ‘& basis. & weCy,
Bl tecryeycng €F 8 w=Y" v, % 1<I<m—1pF

\H\II

m—1d—1 m—Il—1d—1
Z(,) Y ciar i1 (P (T)(T (V) = Z‘a chmﬂp (P'(T)(T(v))).
15 J 1= ]—

#c % w € Ker(p!(T)|c,) = Ker(p!(T))NCy, Bl 4 B 5 linearly independent v ¢ = ¢y =

= Cm—pya =0. ® weSpan({Viu_)gs1s--- Vma}). %% * —Fﬁ B Span({V(m—pasis--->Vma}) C
Ker(p!(T))NCy, &85 dim(Ker(p!(T)|c,)) = md — (m—1)d = ld.

% 1>m 7 pl(T)(w) = Oy, for all we Cy, & Ker(p'(T)lc,) =Cy. &

dim(Ker(p'(T)|¢,)) = dim(Cy) = md.

~ % px) #4q(x), 4 px),q(x) ¥ % monic irreducible 4= p(x) & ¢g(x) 5 3 F. RF
id

w € Ker(¢'(T)|c,) = Ker(¢!(T))NCy, ¥ WeCy 5 & f(x) €F[x] # # w= f(T)(v),
w € Ker(¢'(T)) # Oy =¢/(T)(w) =¢'(f(T))(v). F12"d py(x) = p(x)", # p(x)" [ q(x)'f(x)
A pl) # g(x) 53§, @@ p)" | f(x),  w=O0y. ## dim(Ker(¢'(T)|c,))=0. O

4 T:V—V % linear operator * V=W, @---W,, 2+ W, 5 T-invariant subspace, |
Ker(T) =Ker(T|w,) ®---®Ker(T|w,). =4 F 5% v=w+---+wrcKer(T), # ¢ w; €W, Rl
Oy=T(v)=T(wi)+---+T(wg). d 3> T(w;) eW; £ V=W, P---®W;  inner direct sum, o
Proposition 3.4.6 (2) &= T(w;) =--- =T(w) =0y. = ik{';fu w; € Ker(T) NW; = Ker(T|w,),
Vi=1,...,k. %

V=G, &Gy, & 8Cy,, &Gy

ko ?
H ¥ & - B vy; ¢ T-annihilator 3 p;(x)™/, B %] 5 & B Cy,, % pi(T)-invariant £ d
Lemma 4.5.8 # dim(Ker(p,-(T)\Cvi.j)) =deg(pi(x)), # ¥

dim(Ker(pi(T))) = idim(Kerwmrcvi,j)) — nydeg(pi(x))

# 7 2, dim(Ker(p;(T)))/ deg(pi(x)) % 32 i Ker(p!"(T) ¥ ™ B = % > & T-cyclic subgroup
e direct sum. 3L F m;; > 2, 7 dim(Ker(piz(T)|Cvii)) =2deg(pi(x)). @ % m;; <2, B
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dim(Ker(p?(7)c,,,)) = deg(pi(x)). #1#*

dim(Ker(p7(T))) = n; dim(Ker(p; (T)lc,,,)) = 2(n: —s1) deg(pi(x)) +s1 deg(pi(x)),

A s =#{1<j<ni|m;=1}. ~ ;Tﬁ{?%ﬁ-"“ff“? d
dim(Ker(p;(T))) — dim(Ker(pi(T))) = (n; — 51) deg(pi(x))
# 5 T i elementary divisors ® 3 5 > B 5 pi(x)) 279 r>1 3% &2 AP T 4

elementary divisors * 3

s1 = (2dim(Ker(p;(T))) — dim(Ker(p7 (T))))/ deg(pi(x))
B 5 pi(x). &pagde, =#H{1<j<ni|mj=t}, Pl§ 1<1<m P¥,
dlm(Ker(pl( ) ={U(nmi—(s1+s2+-+s1-1))+851+250+---+ (L —1)s;_1) deg(pi(x)).
Fed
dim(Ker(pj(T)) — dim(Ker(p;~(T)))) = (ni— (s1+s2+---+s-1)) deg(pi(x)) (4.8)

AP F L HE5,8,...,8

m;

Proposition 4.5.9. X T:V —V % F-linear operator * pr(x) = p1(x)™ - pp(x)™, H ¢
pi(x) € F[x] 5 48 & 1 monic irreducible polynomial. ¥t i€ {1,...;k}, ¥ 1<I1<m; P&, T

1 elementary divisors ¢ p;(x)! 13 eh= #ic s

1 , ‘ . .
m(2dlm(Ker(pf(T)))—dlm(Ker(pf N(T))) — dim(Ker(p! (T )))),

Proof. | * % & 1785 T 1 elementary divisors ¢ p;(x)! d1eh=c#c i 5. d 3 (4.8)
Aiprg 1<I<m—1 pF
dim (Ker(p}(T))) — dim(Ker(p|~ (7)) — (dim(Ker(p "' (7)) — dim(Ker(p}(T)))
== (s1+s2+Fs-1) = (= (s1+s2+- +51))) deg(pi(x)) = s1deg(pi(x)).
b 1=m; pF Ker(p"(T)) = Ker(p["t1(T)) #r1d 583 (4.8) 4v

2dim(Ker(p"(T))) — dlm(Ker( (T)))—dim(Ker(p:"‘H( )))
dim(Ker(p;"(T')) — dim(Ker(p;" (T)) )

= (mi—(s1+s2+- +Sm171))deg(17:(x)) sm; deg(pi(x)),
i pfr_7" LN U

d Proposition 4.5.9, 2% {7 {# &= T 5 elementary divisors % 2 d Ker(pl(T)) % i+ &,
igfr V & basis E B~ & M. ~ ’)IJLHK;R‘] i P~ & &k 0 cyclic basis, # ffe 3% ¢ HFIlip ke n
elementary divisors. #714 "F"W‘ r2iv = 4p e £0 rational form {r classical form. » ,Tk{;“fu

rational form §r classical form ‘,é.’fi #_canonical form. 25 11T 2 B,

Theorem 4.5.10. X A,B 7 nxn matrices. B A fv B 5 similar & 2 v&3% A fv B ¥ U
it = 4p & i1 rational form » F 2 v&EF A o B ¥ 11 it 2 4p Ik €9 classical form.
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% Theorem 4.3.9 M P 4wif § A€ My(F) & ya(x) ¥ M & Flx] # = 24 j&2 - S ch
monic polynomials 3k %, B| A transpose At e A & similar. SRS RIS R L
- AR A AN PT UER B - Kakg k.

Theorem 4.5.11. % A % nxn matriz, B A &1 transpose A' fv A 5 similar.

Proof. #] pa(x) = pa(x). & pa(x) = pr(x)™ - pe(x)™, N &8 242 Vie {1,...,k} ¥
1 <1 <my, pi(x)! 9 A& A 0 elementary divisors =t #ic & 3t 4 IR A AL 9 ele-
mentary divisors #1=t . T4 T A v Al 3 40 Ip £ elementary divisors, #f14 #s i G
similar. # @ pi(x)! N A A D elementary divisors ==t #ic & Proposition 4.5.9 s d
dim(Ker(p!~'(A))),dim(Ker(p}(A))) 2 dim(Ker(p/™'(A))) *ti-2. @ >3 d jEN, 2

3
dim(Ker(p/(A))) = dim(Ker((p{(A))")) = dim(Ker(p/ (A"))).
ciE A F I, O

E AR R T E A BE M, (F) ® ;z —fI?L“F«"rﬁﬁeldeé%i'ﬁ Mn(F)v* A~B
(7% & P e M,(F) invertible # # B=P1-A-P), Pl &= M,(F) * A~B (7t P M,(F)
invertible # ¥ B=P '.A-P). & i » £ %15 d AB '?]— * M,(F) # matrices P& v i
1 elementary divisors 4p fp ¥ 42 8 A,B {5 = M,(F) 1 matrices ¥ v if* &9 elementary
divisors » FplF. FHEP iw g ,]*ué{’/,;'t SR T






Chapter 5

Operators on Inner
Product Spaces

iz- & ¢ AP & inner product spaces ® £ linear operators {2 . d ** inner

-

product spaces +* — & vector spaces § { ¥ % chgiE, AT A PE U LFE iR

T & linear operators. # i 3k #% hE_¥ * & inner product spaces, #71 i&— F ¢ &7 vector

spaces ‘¥ % vector space over C & &_R.

5.1. Inner Product Spaces

hig- & ¢, AP G E AL inner product space HE R E AAEF. FATERED

Real inner product space.
Definition 5.1.1. £ V % - i vector space over R. & Jific (,):V XV >R & UT chld
B, {45 V ih— B dnner product.
(1) (v,w)=(w,v), Vv,weV.
(2) (rv+sw,u) =r(v,u) +s(w,u), Vu,v,w €V and r,s € R.
(3) (v,v)>0,VveV. @ (v,v)=0 % ¥ rix v=0y.

PEEANPAV L real inner product space.

3% complex e92), 5 A wAE, # z€C, 2% 7 &5 z &0 conjugate (& =47 #k).
Definition 5.1.2. £ V % - i vector space over C. & Jufic (,):VxV - C & X1 T ehfd
B, V- B dnner product.

(1) (v,w) = (w,v),Vv,weV.
(2) (rv+sw,u) = r(v,u) +s(w,u), Yu,v,w €V and r,s € C.

u’ )
(3) (v,v) >0,VveV. mZ® (v,v)=0 % ¥ ricE v=0y.

105
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PNV L complex inner product space.

AR, — B vector space ¥ " F 7 ¢ ¢ inner product. % # PR V & - i inner product

space, % 77 # e L2 X - B inner product.
Example 5.1.3. & R" ¢ A3 %

<(x17--~,xn)7()’17---a)’n)> ZXIYI+"'+anna

Bt & R" ¢ standard inner product. %t inner product z T, A P H R" L n-dimensional
Euclidean space.

E G L 3

<(x1,---,xn),<y17---,yn)> =X1Y1+ T XnYn,

L C" e standard inner product. ftt inner product z. T, S P4 C" 4 n-dimensional
p p s -

unitary space.

i

uestion 5.1. BE3X V & - B over C & inner product space. % ¥V 5 = &_ vector space
P D A D

over R, % V % over R & inner product space?
A & t real inner product space A, d 3t (1) ¥t fids, fI* (2) H3E E o0
uvweV 1z rsecR 305
(W, rv+sw) = r(u,v) +s(u, w).
FrEFEiavvV,wweV 1z s s eR AT
(rv+7V sw+s'wW) = r(v,sw+s'W)+r(V sw+s'w)
= rs(v,w) +rs'(v,W) +r's(V,w) + s (VW) (5.1)

7 i & complex 5, RBld (1), (2) 3 EZuv,weV 112 rseC APy

(w,rv+sw) = (rv+sw,u) = 7(v,u) +5(w,u) = 7(u,v) +5(u, w).
Fr gt E g avvV.ww eV 1z s s eCiipg
(rv+ 7V sw+s'W) = r(v,sw+s'W)+r (v sw+s'w)

= rs(v,w) +rs'{v,w) + 5V w) + (V. W) (5.2)

% inner product (hT & ¥, (v,v) =0 % ¥ vix v=0y, i&— BIEFTH 5 non-degenerate.
TV FEEN G LT i]’i’}:"r

Lemma 5.1.4. & V & - B inner product space * veV % X (vyw)=0, YweV, R
V:OV.

Proof. ¥ £ w=v, B|F (v,v)=0. #cd inner product 1% & v=Oy. O
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Lemma 5.1.4 #3734 P - BH 2V P A ZEF 5 Oy 9> 2. RFE vyueV, s &
(v,w) = (u,w), YweV, pld
(v—u,w) = (v,w) — (u,w) =0
Eraov=u HTUAFEG T FEH RGO g

Corollary 5.1.5. %k V & - B inner product space. & v,u€V & & (v,w)= (u,w), VWeV,

Bl v=u.

Lemma 5.1.4 = # 2 §[ B4 24 5 f2 linear operator, ™M & e -k ¢ 25 * . &3 F

% real fv complex 77 5.

Proposition 5.1.6. % V & - B inner product space * T :V —V 5 linear operator.
(1) % V - B real inner product space, & (T(v),w) =0, VvvweV Bl T % zero
mapping.
(2) ¥ V &~ B complex inner product space, % (T(v),v)=0,VveV B T i zero
mapping.
Proof. 4z =z & veV, 7| (T(v),w)=0,VweV, tcd Lemma 5.1.4 &= T(v) =0y. F] i
ﬁeiveV?$i,ﬁT:O.
3 * complex A5, J1* 38 (5.2) g3 @ hvweV i reC Py
0 = (T(rv+w),rv+w)
= (T(vV)+T(w),rv+w)
= (T (v),v) +r(T(v),w) +7(T(W),v) + (T (W),w)
= r(T(v),w)+7T(w),v)
FAPSUE r= 1o r= VT, 7@ (1), W)+ (T(w),v) =0 fe (T(v),w) — (T(w),¥) =0.
]

ZE(T(v),w),Vv,weV. &&d ma SHcT=0.

% V ¥_- B inner product space, % *Fz %_over R & &_over C, # i *K € F T p
Cauchy-Schwarz inequality.

cm\¢

Lemma 5.1.7. B3&% V & - B inner product space over F, 27 F=R & C. ¥ ix;
vev A& (v =1/(v,v), RIF*EL vyweV, ¥ 7
(v, w)| < [IvI[[Iwl].

a—

2 v,w)=vl||w]| FErEE vvw H? 5 - B3 Oy 8L FhreF % v=rw.

3

Proof. § vow # 7 5 - B 5 Oy, A% 5o S50 2 9PV BSK vow 3 5 Oy, ¥
WEL reF, ¥ F 5 R85 (5.1) A3

0 < (V—rw,v—rw) = (v,v) = 2r(v,w) 4+ r* (w,w).
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PREE = <V7W>/<W7W>7 a ;Faﬂ};

FF A Cmqlr 43 (52) iy
0 < (Vv—rw,v—rw) = (v,V) — r{wW,v) —F(V, W) + rF(wW, w).

BEEL r=(v,w)/(w,w) (LE F=(v,w)/(w,w), F15 (w,w) ER), 57}

F1i e F=C B (v,w)(v,w) = |(v,w)|* & @& inequality.

BUEPENR AT FRreF @8 (v—rw,v—rw)=0 ¥ v=rw. O

% % - B inner product 2 &, TF“TI&L? "E_E AT3) o norm. A F G AP G T

L

Proposition 5.1.8. Ex V ¥~ B inner product space over F (F=R & C). F¥> &,
veV A g v =/(v,v), B3V 5 10T e 5

(1) [[v[=0 @2 |lv[[=0 %2 &% v=0y.
2) $v &L reF 1A veV, t 3 |rv]| =rv.

@) #H*EL voweV, ¥ 3 [[v+wl] <|lv]+[w].

Proof. (1)

® #&d inner product e F (3) ¥, A (2) d 43 (5.1), (5.2) ¥ F, AT A
PEEP (3)

3 (VW VW) = (v, V) +2(v,w) + (w,w), 1 %2 Lemma 5.1.7 i &
v+ wl? = (vt wov - w) < V2 + 2] v ]+ w2 = (V] w2,

FE v+wl < [Ivll+[wl]]. u

Proposition 5.1.8 (3) & %”T,T* 973 = & 2 % 3% (triangle inequality). — 1 vector
space V, & 73 t— B J¥k || || : V — R & & Proposition 5.1.8 e7= B 5 { $ 5 normed
linear space, m % ||| { £ E - B norm. *f1 - % inner product space ¥ 4 | #*
Proposition 5.1.8 #7 Z_d} ¢h norm i 2 = 5 — {# normed linear space. ¥ 5 7 norm ¥t
WEL vweV, AP g vw aped (distance) d(v,w) = ||[v—w|. @ 5 F distance
£ vector space # ' fL 5 metric space. #7141 inner product space » € &_metric space.
metric space ¥ 3 7 FEHE, AP T LA sequence T ar B F i, F e BT AR TR

P HTHAE, A PR 5

Question 5.2. BX V A - B dinner product space. #F1* Proposition 5.1.8 #1 2 1} e

norm P parallelogram law, T3 EZ & v,weV ¥ 3

[V - W1 [V = wf = 2| v[|* + 2| w]>.
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Inner product space # ¥ 3 2 i 18 ¥] metric space, ¥ — & £ & S FRrLLE (or-
thogonal) ePE L. AP 0T e .

Definition 5.1.9. &3 V & - B inner product space. % v,weV & & (v,w) =0, Al
v,W % orthogonal, ¥ vl w k%

FAVI,.,Vn} BV i-ebasis PHEL iE]FF il BIREA {vi,..., v} 3
V ih- & orthogonal basis. % orthogonal basis ¥ E & v, ¥ & ||vi|| =1, A PFH2L 2V

- %2 orthonormal basis.

2

ARE (v,w) =0, Bl (W,v) =0, *t/ v 1w &R wly.
Question 5.3. 1L & F 5 — B equivalent relation? v # & vR&: equivalent relation g 2 ¢

& T &FE {Wi,...,w,} & V - 2 orthogonal basis, £ v, =

= HWHW” 1 Vi, Va} ﬁ}u

£_V - % orthonormal basis.

F — % orthogonal basis (£¢ orthonormal basis) {vy,...,v,} Wi L EZZ veV
A E L ad-v 8 2 {vy,...,v,} ¢ linear combination. i&E %] i F v=cvi+---+
CnVn, B *
(v,vi) = c1(v1,Vi) + -+ cn(Vy, Vi) = ci(Vi, Vi),
v

<V7Vi>
(Vi, Vi)
% V 5 finite dimensional p¥, &4 7 ¥ 241 *  Gram-Schmidt orthogonalization process 5 I

Cci =

V &h- ‘e orthogonal basis (¢ orthonormal basis). gt #w% it~ T iz B process.
FLEsw eV\{Oy} I £ vi=w. BFEBR wyeV\Span({w}), * £
(W2,V1)
(vi,v1)
AR (vi,vp) =0 2 Span({vy,v2}) = Span({w,w,}). ¥ 4% Span({vi,vo})=V, B
{vi,va} ,T&{V e % orthogonal basis. & BIE 35 3] w3 € V\ Span({w,wz}), X £
V3 =W3— (<W37V1>V1 + <WS’V2>V2> :
(vi,v1) (v2,v2)
AR P (v, va) = (v2,v3) =0 ® Span({vy,v2,v3}) = Span({w,wy,w3}). 4rpt - B T 3 4
,T&{gﬁ;ﬁ | w; € V\Span({wy,...,w;_1}), 2R 4

W;. V W;,V;_
Vi=W, — (< b 1>V1+"'+<”ll>vil>-

Vo = Wy —

(vi,v1) (Vie1,Vi-1)
AR (v,vi) == (vi.1,vi) =0 & Span({vy,...,v;}) = Span({wy,...,w;}). d ** V &_
finite dimensional, i& B A2/ — =€ B k. 7 W 5] {Vl, . Vu} % V &1- % orthogonal
basis. £ i, i H BT ok A PRE BV T ||v ! ,]* ¥ 3| orthonormal basis.

¥-2w, %R~ 3 V- e basis {wi,...,w,}, Bld 3t w; € V\Span({wy,...,w,_1}), #7

MEFE® a0 process, 27 1 E T V - % orthogonal basis.
p g
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% {V & subspace P&, A P ariE ¥ U T WSV g subspace # 8 V=WaW/,
PR LEEBEZHW LA vE- . A inner product space ® , R E 02 FiEiE @ E W
SRE- L APE R T TR,

Definition 5.1.10. 3% V % inner product space, S 3 V #1— i nonempty subset. 4
={veV|(v,w)=0,VweS}.

ANy S+ % the orthogonal complement of S in V.

Question 5.4. * A& E_{Oy}t? HAE VL2

B ST A T SR E
Lemma 5.1.11. B3 V 5 inner product space.

1) % S & V 0 nonempty subset, B St % V & subspace.

2
3

)

) ¥ 81,5 & V ¢ nonempty subsets % X_S; C S, B Sy C Si.
)
4) & W % V 1 subspace, ] WNW+ ={O0Oy}.

¥ 8 % V ¢ nonempty subset, B S+ = Span(S)= .

(
(
(
(

Proof. £ V 5 inner product space over F (7 F=C & F =R).

(1) pAizzk OyesSt. ~ Fv,vaeSH RN EIR rnseF ¥ 1 (rvit+sv,w) =
r(vi, W) +5{vo,w) =0, YWES. 7 F rvi+svy €St #3% St 5 V ¢ subspace.
(2) FVESy, 27 EL WES, ¥F (vyw)=0. FHiZL weS F 8§ CS,

wWES), #® veST, T Sy CSt.

(3) 1 S C Span(S), #d (2) % Span(S)T CSt. ¥ - 2 G, F veSt PR
w e Span(S), F1F ¢y, €EF 113 Wi, W, €S @8 w=c Wi+ +c,W,, &
™ (w,v) =c (wl,v>+~--+cn(wn,v> =0. 7 % v € Span(S)*+, #% S C Span(S)*,
# S+ = Span(S)*.

(4) FvewnWt, &7 vLiv, T (v,v) =0. %4 inner product i+ 5 v=Oy.

O

Question 5.5. & Lemma 5.1.11 (1) # S * % #3% 5 V ¢ subspace, S* 7 5 V ih
subspace. & @t (4) ¢ FEE W i V 1 subspace?

Question 5.6. FHP £ W;,Wo 5 V 5 subspaces, B (Wi +Ws)* :WlLﬂWZL.

% W AV drsubspace 2 7 11 4] * Gram-Schmidt process 45 | W - ‘2 orthogonal
basis S = {wi,....wi}. »FHER vEV F4
v, W V, W
{7 < 1> Wl_i_.-._i_g
<wl>wl> <Wk,Wk>
Afpg VEW @ ® i’%f: i Wi %4 (v—v,w)=0. F&d Lemma 5.1.11 (3) & i @&

v—V €St =Span(S)t =W, Flpt A T ch i

Wi,
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Proposition 5.1.12. % V & inner product space £ W % V 1 finite dimensional
subspace. ¥} EE veV, T VeW & LT .

(1) v—vew+
(2) #EL weW\{¥}, ¥ 3 [[v-¥] <|lv—w].
(3) 19l < [Iv]].
Proof. £ @ W ¢ ‘& orthogonal basis S = {wy,...,wi}, HEZZ veV, JI* 5 5 o5t 2 i

T ov—veWL @ (1).

RiEP-weW,d v—weW, AiF5

(V=Wyv—wW)=(V-VF+V—Wv—V+V—W) = (V-V,v—7V) +(V—wW,V—w).

2. ~ ~

B v—w|| > |[v-V| T E5x 2 FrrEE V-Ww,V—w)=0, * w=¥v. & (2).
BigFlv—veWt 2 vew, #

V,v) =(V=V4+V,v—V+V) = (v-V,v—7) +(

\.41
<
~

s 9] < V. @3 (3). 0

d Proposition 5.1.12 (2) A F4e v Z_ W ? JEH v B3TD, #T0 V ErE- i W7 £ F)
W i orthogonal basis #EP~7 e @ § “77 fo. 3V ¥ * projy(v) X &7 ¥ 2 fz i the
projectionof von W. ¥ #*F A P& 552 ¢ V 7 §_finite dimensional, ¥ & W E_V & finite
dimensional subspace, Proposition 5.1.12 i» 2k = =, 2 % W 7 &_finite dimensional, £
Proposition 5.1.12 ,T%?r - T a7

Question 5.7. ##HM Proposition 5.1.12 ® ||¥||=|v|]| 7 & iE it 5 veW.

WM IR veEV, AFEF B X v=v—projy(v)+projy(v). ¢ > v—proj,(v)e Wt
projy (V) €W, 248 V=W+W,. x4 Lemma5.1.11 (4), WNWL={0y}, X P iFzxT
EELN

Theorem 5.1.13. 4 V % inner product space = W % V & finite dimensional subspace.
Bl
V=waow.

Fulayg V A £ §_finite dimensional, i i ¢ subspace » #_finite dimensional, #712
Theorem 5.1.13 43t V ¢hix R, ¢ subspace ¥ & > . RE ¥ & W i& B subspace, # i }
\% :Wi@(WL)L‘ AR RERNLE W= (WL)L?

Corollary 5.1.14. £ V 3 inner product space = W 5 V e finite dimensional subspace.
]
whHt =w.
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Proof. # we W, RI$iz R veW!, Fl (w,v) =0, # we (WH)L. #x W
& F ve(WhH)E, § £41% Theorem 5.1.13, A FF #-v B3 v=w+w, 27 weW *
wewh 4 ve WhHt g (vw) =0, &F

0=(v,w) = (w,w)+ (W w)=(w w).

BT ET W =0y, tivv=weW, TEE (WHtCw. -

Question 5.8. F#HE M 3 - 4 inner product space 1 subspace W (* % 3K finite
dimensional) ¥ 3 W+ = ((WH)* )L.

Question 5.9. % V % finite dimensional inner product space, S 5 V ¢ subset. # K
(SHt ¢ 2L A2 ~ 2 W,Wo 5 V i subspace, 3% (WiNWa)t =W+ Ws

3V ehd B osubsets S,8, FHYER veSVeS ¥ (v,w)=0, A% SLS ki
. Fuh & WW' 5V ehsubspaces 2 W LW/ B W CWE &% Lemma 5.1.11 #
7 wWnNW ={0y}. _E W,...,W; 5 V e subspaces & XV =W+ + W, & ¥z F
i#j, %3 WilW;,, RV & W,...,W hrdirect sum. 3P s f 5 V - f& orthogonal

direct sum ® #-izf& direct sum *
V=WwH---BW
K457, bldcg W 5 V & finite dimensional subspace, Theorem 5.1.13 £, 22\ i

V=wBW"
5.2. Dual Spaces

Dual space #$% 4 fv inner product space (L4 5 3% 2 M 1%, A ® § 3F 5 inner
product space % * dual space PR B ;—ﬁ- B, Aig- &0 AP Eu 4% dual

space.

Definition 5.2.1. #3%X V #_- i vector space over F, & f:V — F % — B F-linear
transformation, R f % — ® linear functional on V. #t% ¢ linear functional on V 2} =

- 1 vector space over F, & P2 & V ¢ dual space, * V* k% 7

Question 5.10. ¥4 g nxn &L e determinant & % det: M, (F) = F 1 3 trace 3 #c
tr: M,(F) — F. 9%~ & &_linear functional on M,(F)?

¥ RE - T XV ih- e basis, {vi,...,V,} EREE- W, W, eW, APT I IE-
linear transformation 7:V —W & &_T(v;))=w;, Vi=1,...,n. ¥ 2 Z i=1,....n 37
Y% vi:V — F %ri— 0 linear function on V, % &_

o [ 1 =i
WWD—{O,ﬁj#L

AT
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Theorem 5.2.2. % {vi,...,v,} 5 V - ' basis, B| {v],...,vi} 5 V* eh— & basis.

g, S p 4 dim(V) = dim(V*).

Proof. § £ &P Span({v],...,vi})=V* « A FEH»ET L feV* ¥ Ftc,...,cne€F
B E f=cvi+---+cpvy. d @i linear transformation ¥ 12 d basis #rE - Fr 2 R, A
PEEHI ..., €F BE fieavi+dev, F - B v, BB Y. Ko B
Vi, A f]ﬂiﬂﬁ
(c1vi+---+cnvy,) (Vi) = c1Vi(Vi) + -+ cuvi (Vi) = civi (Vi) = ci. (5.3)
BME L = f(Vi), TF 8 f=cvi+-Fcpv.
EF¥#EP {vi,...,vi} % linearly independent. K c;vi+ - +c,vi =0 % zero
mapping. 7 TEHEZE v, ¥ F (vt +av,)(vi) =0, &4 5 (5.3) #w =0,
Vi=1,...,n. O

XV - E basis {vi,...,V,}, AFH {v],...,vi} FHE {vi,...,V,} 7 dual basis.
Question 5.11. &3k {vy,...,v,} 5 V - % basis, H* veV,vi(v) 5 @7

F IRV 77 L F-space, &P p X € B V* ¢hdual space 2 @7 T (V*)* (§£5 V 0 double
dual space). & % & (V*)* ¢ ¢ % % linear functional on V*. » ,Th{;m%’ o (V) Rl
0:V* = F i — B linear transformation ¥ 3, e feV* E3|- B F &, #F5d, FveV,
APv RV Vo F AT ERLIHER feVL V() =Ff(v). BEP Ve (V) AP f

WP ¥ % linear functional, ¥t Z & f,geV* M2 rsecF, 5

V(rf+58) = (rf +s8)(v) = rf(v) +s8(v) = r9(f) +s¥(g).

Theorem 5.2.2 £ 724 7 4 V &_finite dimensional ¥, dim(V) = dim(V*), #1127 ¥
dim(V*) = dim((V*)*). » ,Tkiﬁu dim(V) =dim((V*)*). % 2RV fo (V*)* & isomorphic,
FRAPT A VEHE DV fo (V) Beh- B E & isomorphism, S PEFLL V e (VF)*

£ canonical map

Proposition 5.2.3. ¥ g 7:V — (V)" &% t(v)=V,VveV. Bl 7 % - & one-to-one

e linear transformation. #F 9§ V i finite dimensional P¥, T 5 — 1 isomorphism.

Proof. 3P 7 & linear transformation. & F]Z $#E & vyweV M2 rscF 3

T(rv+sw)(f) = f(rv+sw) =rf(v) +sf(w) = (rt(v) +st(w))(f), YfeV",

Bk t(rv4sw) foort(v) Fst(w) B TR A VL ke R Sk, A T(rv+sw) =
rT(v) +st(w).

EFHEP T 5 one-to-one, FFEM Ker(t) =0y. MK veKer(r), ¥ 7(v)=V
V* } ézero mapping. 7P WHEZ feV w3 0=9(f)=f(v). A F v#Oy,
TFEUHI eV #EF f(v)#0. d g4 FEE v=_0y.

&

G e

ED

Atey

F_k
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£ ¢ % V 5 finite dimensional, 4 7:V — (V*)* 5 one-to-one 14 2 dim(V) =dim((V*)*),

#¥% 1 5 onto, 7~ T % isomorphism. O

& dual space ¥ 7 — i#{r orthogonal complement #f i L, 24 i A G4 .

Definition 5.2.4. 3k V &% vector space, S % V - B nonempty subset. 4

={feV*| f(v)=0,VveS}
AP SO % the annihilator of S.

Question 5.12. # & & _{0y}°? A& _VO?
Bt SO A4 0T BB Lemma 5.1.11 e B
Lemma 5.2.5. 3K V 5 wvector space over F.
(1) & S % V 1 nonempty subset, B] S & V* 1 subspace.

(2) & 81,8 5 V i1 nonempty subsets 7% &_S; C Sy, B S(z) C S(l).

(3) = S & V & nonempty subset, B S° = Span(S)°.

(1) § 4 @& % & V* ¢ 1 zero mapping O & S%. * % f,geS AT nseF
3 rf+sg(v)=rf(v)+sg(v)=0,VveS. T rf+sgest @m Y L Vvroen
subspace.

(2) & fESZ, 2AEHELIWES ¥ F f(w)=0. mHZZ weS F1S5CS, frwes,,
Hp_a_fESO e SOCSO

(3) #]1 SC Span(S), &xd (2) & Span(S)°C S0 ¥ - 3G, % feS MHEE we
Span(S), %)% ’ér_cl, e €F R wi.. . w, €8 B w=cwi+--+cW,, P
t f(W)=cif(wi)+---+cuf(w,) =0. 7= % f Span(S)°, ¥ SO C Span(S)°, &
5% = Span(S)°.

O

¥ V &_finite dimensional inner product space, & W 5 V = subspace, F| Theorem
5.1.13 2 #7241 dim(W') = dim(V) —dim(W). B ** annihilator 2 7+ § 4p b ch2 .

Proposition 5.2.6. BX V=WaQU. B t— B isomorphism ¢ :U* =W, $Fu|¢ V %
finite dimensional, B]%t1Z &, ¢ subspace W ¢ 3 dim(W?) = dim(V) — dim(W).

Proof. d direct sum e 5, iz veV, # ari- hweWuelU ## v=w+u. &
HER feU, Aras ¢of):V—=F 5 ¢o(f)(w+u) = f(u). %] f & linear functional
“F A ¥ & o(f) ™ 5 linear functional, 7 F ¢(f) € V*. ¥ ikt TLEH N F weW,
Flw=w+O0yp, <@ ¢(f)(w)=f(Oy)=0, =% ¢(f)eW #m ¢:U" ->W" & - &



5.2. Dual Spaces 115

well-defined ¢ function. %% % %% ¢ 5 linear transformation. * % f,geU* ¥ f+#g,
LT R WU & ()£ g(), T ()W) £ ()W), B O() £0() <M 0 5
one-to-one. 1t ¢ £ onto FRFLFLHERL FeW), Attt f(v)=f(w+u) = f(u),
HY weWueUBEv=w+u *TUEF g flyeU", 2P 35 o(flv)=/f, ¥ ¢ 5 onto.
% V % finite dimensional, %> & % subspace W, 3% i ‘F{K? #- W en- %2 basis
{Wi,...,wi} #F =~ = V - % basis {w,...,w,uy,...,w}. *THUAFF V=WaU, 8°*
U =Span({uy,...,w;}). ¢ Theorem 5.2.2 M2 2% } 5 cn% % NP5
dim(W?) = dim(U*) = dim(U) = dim(V) — dim(W).
O

v

Question 5.13. ## M 5 W, Wo 5 V 1 subspaces, B (Wi +Wh)? =W2NWY. = £V %
finite dimensional, B (W; NW,)0 =W+ WJ.

Z R WO % V* e subspace, & 4 ¥ 02 B WO ¢ annihilator, T (WO)O. g Ao T

#g 2 Corollary 5.1.14 e 5.

Corollary 5.2.7. #3®k V & - B finite dimensional vector space, ® W i V &1 subspace.
¥ J& canonical map T:V — (V)" & 5 1(v)=9,VveV, p| 1 (W)= (W°)°.

Proof. 3k we W, RIE L feW', &G W(f)=/(w)=0, 7T t(w)=Wwe (W)°. @
(W) C (W0, 4 Proposition 5.2.3, 2 4 7:V — (V¥)* % one-to-one, # dim(t(W)) =
dim(W). ¥ - * @ Proposition 5.2.6 2 3 i

dim((W°)%) = dim(V*) — dim(W°) = dim(V) — (dim(V) — dim(W)) = dim(W).
toar dim(t(W)) = dim((W?)?), #3 t(W) = (W°)°. O

B {8 2 R 4£ 34 dual space fr inner product space B b k. F AN T & LT R

Definition 5.2.8. £ V.W 5 vector spacesover F, 27 F 2 Ca& R. # T: VW #

E¥F vweV,reF ¥ 3 T(V+V)=TWV)+TV) 2 T(rv)=7T(v), RIH T 5 - B

conjugate transformation. * % T &_one-to-one and onto, B2 & conjugate isomorphism.

1R 3% F=R P, conjugate transformation i*u{ linear transformation. # ¢ % F=C
FF conjugate transformation = linear transformation § 3% % 4p 2 g, 0P 4 5 BB 5 B

conjugate transformation a2 fr.

Lemma 5.2.9. 33X VWU ¥ 3 wvector spaces over C. T\ :V W, T, :W = U.

1) # I, ® % — B &_linear transformation ¥ — T &_ conjugate transformation, R
F
ToTi:V —U % conjugate transformation.

(2) & T\, T» ¥ 5 conjugate transformation, B] ThoT;:V — U % linear transformation.
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(3) & T1 % conjugate isomorphism, B Tl_1 W =V &% conjugate isomorphism.

Proof.

(1) i %P T 5 conjugate transformation ® T» % linear transformation i,
Vo RRAE0, G TR APFEPHEL vwWEV UE nseC ¥ G DhoTi(rv+sv) =
71, 0T (V) +sT,0T; (V/). A

LoTi(rv+sv') = LFT (V) +5T1 (V) = F(Ti (V) + 5T (T (V) = Flh o Ty (V) + 5T o Ty (V).

# ThoTy % conjugate transformation.
(2) # T1,T» # % conjugate transformation, & FPEM HZ L v,v eV M2 rnseC ¥ 7

ToTy(rv+svV)=rLoTi(v)+sThoTy (V). FF +

ToTy(rv+svV) =THFT (V) +5Ty (V) = (F)T(T1(v) + )T (T1 (V) = rTr o Ty (V) +sTh o Ty (V).

# ThoT,:V = U % linear transformation.
(3) & T % conjugate isomorphism, %] 7} 3 one-to-one and onto, Tfl W=V ighth
LT (W) =w,YweW. itz wweW 12 rseC, 213 T(T ' (rw+sw)) =

rw+sw 11 %
T (T (W) +5T (W) = F)T (T (W) + )T (T (W) = rw+-sw,
@ T (T '(rw+sw)) = T1(FT~ (W) +5T~(W)). F152 T % one-to-one, ¢* ¥ % 77
T rw+sw) =77 (w) +5T1(W).

B Tfl 7t 4 conjugate isomorphism. O

% V % inner product space over F, %% veV, ¥ g™ S p(v): V> F &5
wi—= (W, v), (F p(v)=(-,v)) Bl p(v) 5 linear functional on V, 7= ¥ p(v) € V*. #7120 p ¥
1A - BV | VF dhmapping. ETER vV eV, A g

PV+V)(W) = (W,v+V) = (w,v) +(w,V) =p(v)(W) +p(¥))(W), VweV.
B p(v+v)=p(v)+p(V)in V*. ¥ E reF, pl
p(rv)(w) = (W,rv) =F(W,v) =7p(v)(W), VweV.
Wi p(rv) =7p(v) in V¥, iP5 0T ahg e,

a3

Proposition 5.2.10. %k V % finite dimensional inner product space. % Jg p:V — V* Z_

x

&% p(v)=(-,v), Bl p 5 conjugate isomorphism.

Proof. &P 2 &+ p % conjugate transformation, #7 % & ZZP p % one-to-one and onto.
BAHEP p i oneto-one. BE v,V eV B E p(v)=p(V), & TET (W,v)=(WV),

VYweV. Aa Corollary 5.1.5 £ AP i 5 v=v {#% p % one-to-one.
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i p & onto, 2 i E LE =V - & orthonormal basis {vy,...,v,}. #EZ & feV*,

TR v=f(vi)Vvi+-+ f(Va)Ve. B
P(V)(vi) = (vi, F(VOVI + -+ f(va) Vi) = (i, f(vi)vi) = f(vi),  Vie{l,...,n}.

J.' IIVL{;L FAep(v) e {vi,...,v,} - 2 basis ehB~E ¥ 4p ke, =7 f=p(v). @& p 3
onto. 0

AR Fli p L conjugate isomorphism, ¥ Lemma 5.2.9 4 p~!:V* -V 7 % conjugate

isomorphism.

Question 5.14. & Proposition 5.2.10 * ¥ 22 41* p:V —=V* & one-to-one 11 % dim(V) =
dim(V*) k3P p:V —>V* 5 onto 5 ?

Example 5.2.11. % i R" } ¢ standard inner product, 4 {ey,...,e,} 5 R" &1 standard
basis. & v=uxje;+---+x,e, € R", B p(v)(e;) = (e;,Vv) =x;. ~ ,Th{;fu%’ﬁ p(v)=fe(R"",
Pl fle)=x;, Vie{l,...,n}. F&E %, & fe®R)* 1 p ' (f)=fler)er+---+ f(e,)en.

+ & C" 1} &0 standard inner product, £ {ey,...,e,} % C" 1 standard basis. %
v=2zie;+ - +2z.6, €C", B p(v)(e;) = (e;,v) =7. ~ )*I*u{;”fu%’ £ p(v)=fe(Ch* Bl

fle)=z,Vie{l,...,n}. FE%, & f€(C), 0 p~'(f) = f(er1)e; + -+ f(e,)e,.

5.3. Transpose and Adjoint

B fR v 15 2 B e linear operator, # i 3 B % transpose {r adjoint s, *
- 4% ¢ linear transformation #& % % "ﬁ o is - & ¢ AP Y g e E — 4L linear
transformation. % %_— i linear transformation T :V — W, % dual spaces W*,V* F 3\ i
¥ 2 Z & T ¢ transpose, m & V,W % inner product space, & % ¥ 12 % & T ¢ adjoint.
AP RFE 3T transpose fr adjoint 2o B B k.

B AP - B linear transformation T :V — W ¢ transpose, # ¢ V,W ¥ & vector
space over F. £ =t 533 3 M T i transpose # 3 B3k V,W % inner product space @ ¥ »
7 % B3R 5 finite dimensional. LT E feW* d 20 T f % % linear transformation,
#1100 foT :V — F 7% % linear transformation. » f]h%'.\;;b foT eV #ruAipw 2 &x- B
mapping T': W* - V* H % & 5 TY(f)=foT,VfeW* &y T &, >R f,ge W,
rnseEF Ay

T'rf+sg)=(rf+sg)oT =r(foT)+s(goT)=rT'(f)+sT'(g),

gede T W* — V* 4 linear transformation. # i 4E T 5 T & transpose. & % & T v T'

MG, HEL veV, feWr Ay
F(T () =T'(f)(v).
% T kAR S transpose gk AR

Proposition 5.3.1. % V,W,U ¢ 5 wvector space over F.
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v

(1) #rnseF 2 T1:V->W, T,: VW %5 linear transformations, B|
(rTy +sT)' = 1T} +sT5.
(2) FT: VW, L:W—=U ¥ 5 linear transformations,
(ThoTy)' =T oT;.
(3) (idy) ' =idy+, #u#, £ T:V =W 3% isomorphism, B] T':W* = V* 7 % isomor-
phism *
(Tt)—l — (T_l)t.
Proof.
(1) >+ d feW", 515 f 5 linear, &}
(rTi+5T2)'(f) = fo (rTi +5T2) = r(fo Th) +5(f o T2) = rT{ (f) +5T3(f) = (T} +5T3) (f)-
@& (rT+sh) =T} + sT5.
(2) F15 ThoTy 5V ¥ U & linear transformation, #712 (TaoTy)' 5 K _U* 3| V* &
linear transformation. ¥tz &, feU*, i 7
(LoTh)'(f) =fo (o) = (fol)oTi =T{(fo 1) = T{(Ty(f)) = T{ o T (f).
T2 (TzOTl)t = TltOTZt.
(B) $Ed FeV, AP (idy)(f) = foidy = £, *2 (idy) =idy-. BE T:V oW
% isomorphism, # 3 T 'oT =idy * ToT '=idy. #d (2) #
idy- = (idy)' =T o (T7")Y, idw+ = (idw)' = (T7")' o T,
#3% T' % isomorphism ® (T4~ != (1"t O
MR A r A P~ B linear transformation H kernel 4 image fr# transpose 7

kernel 22 image 2. ¥ el 2. & B % % ¥ 3 & 7 vector space ¥ = | 7 i AP EE

finite dimensional &§3;.
Proposition 5.3.2. BX V.W ¥ % finite dimensional vector space, T :V — W % linear
transformation, T : W* — V* 4 2 transpose. B
Ker(TY) =Im(T)°, Im(T") = Ker(T)°.
Proof. Bk feKer(T"), ¥ T'(f)=foT=0inV*. sz veV, ¥ 3 T'(f )(V)

F(T(v)=0. # fe{T(v)|veV}'=Im(T)°. 5 2., & fcIm(T)°, %ﬁéﬁn{,g, VEV, ¥ 3
f(T(v))=0, =2 TY(f) =0 in V*, @& f € Ker(T").
¥-26, BX felm(T"), T3 geW" @ =T (g) =goT. #¥izx veKer(T),

2 f(v) =g(T(v) =g(0w) =0. # 3k f € Ker(T )9, % Im(T') C Ker(T)?. 7]
T':W* —V* % linear transformation, §]* Theorem 5.2.2 3\ i 3

dim(Im(7")) = dim(W*) — dim(Ker(7")) = dim(W) — dim(Ker(T")).
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£ d Ker(T") =Im(T)° 12 2 Proposition 5.2.6 4=

dim(Ker(T")) = dim(Im(7)°) = dim(W) — dim(Im(T)),

dim(Im(7")) = dim(Im(7)).
m F T:V—W % linear transformation, # ¥ dim(Ker(7)) = dim(V) —dim(Im(7)), £ ¢
Proposition 5.2.6 4+
dim(Ker(7)°) = dim(V) — dim(Ker(T)) = dim(Im(T)).
#28 dim(Im(7T")) = dim(Ker(7T)?), ¥ Im(T") = Ker(T)°. O

Question 5.15. % Proposition 5.3.2 &z @ @ A ey dim(Im(7")) = dim(Im(7T)). £_F
dim(Ker(7")) = dim(Ker(T)) ?

HR T W* - V* & & _linear transformation, 4 #* p A+ € 2 ¥ g T' ¢ transpose, ~
,T.*‘u{ (TH': (V¥)* — (W*)*. whg— T4 V 5 finite dimensional, #* {* % — i# isomorphism
VoWV, ZaxsHEL veV, wv) =V EH? V() =f(v), VeV NP j 0T aig
7T

v — - w
J/TV lTW
(V*)* () (W*)*

REER veV, ArF (TH' v (v)) =VoT € (WH)*. 4 )*]&{;m}%“ R fews

Ul
(TY (v (W)(f) =T (f) =¥(foT) = foT(v)= f(T(v)).

—

Y-25 T(v)eW, #1712 tw(T(v)) =T(v) € (W*)*. & fru{;;.ﬁi WER feWr, Ay
w(T(W)(f) =TV = FTV)).
B (TH'Y (v (v)) = ww(T(v)), VveV, 7=
(THY'oty =Ty oT.
ApEEP T PR INB BT 5 - B commutative diagram. £ v} 1y % isomorphism, #&
Tl (V¥)* =V % & (7 5 isomorphism). £ F 2T 2 B %
Proposition 5.3.3. Bx V,W ¢ & finite dimensional vector space, T :V —W % linear
transformation. 4 Ty M E Ty A B G V(VF)F i W (W' 2 B i3 canonical map. B
(TY'=tyoTor, .

A& 7 f2- B Linear transformation T:V — W v T &1 transpose T': W* — V* & &

# R3] V,W &1 ordered basis 2 2 dual basis 7 representative matrix 2. B enfd 1%,
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Proposition 5.3.4. £ B = (vi,...,Vy), Y= (Wi,...,Wy,) & B 5 V.W ¢ ordered basis ¥
LB = (vi,... V), Y = (Wi, W) A B A AR e dual basis #tiE s VI WF eh ordered

basis. ¥ T — B Linear transformation T :V — W, 23

[Ty =y [Tlp.
Proof. 15 T'(w;)=w;oT €V*, F wioT =ci;Vi+- - +cniVy, RIE L&
cji=w; oT(vj) =w;(T(v})).

1

T E T(Vj) = d17jW1 + . —|—dm7ij, R Cji= dw‘. R Cji EY ﬁ*[Tt]y* £ (j,i)—th entry,

d Proposition 5.3.4, 2V i ¥ #-— 1§ linear transformation 7 transpose fr— i matrix

transpose #p i $. 2% ¥ 1 #- Proposition 5.3.1, 5.3.2, 5.3.3 # = 3 M matrix ¢ transpose

Question 5.16. £ B = (vi,...,V,), Y= (Wi,...,Wy,) &~ B 5 VW & ordered basis ® %
B=, W), 7= (Wi,...,Wn) A8 5 (V) (W) e ordered basis, & 7 Vi =1y (v;), W) =
w(w;) (tv:V —= (V)" tw:W — (W)* & canonical maps.) 331 * Proposition 5.3.8,
5.9.4 HP

(IT]p) =7 [(T")']5 =y [T]p-
T kA PR e — B linear transformation T :V — W 0 adjoint. £ =X % 3

adjoint eh¥ & E_Z & V,W ¥ 5 finite dimensional inner product spaces. w fg— T, fptpF

Aipg py: VoV py:WaW &5 py(v)=(-,v),YveV 112 py(w)=(-,w),YweW

v

T py.pw ¥ 5 conjugate isomorphism. £ % & T ¢ adjoint T :W —V 5
T*=py'oT opy.
BT 2HEI weW, AiPg
T*(w) = p;l opw(w)oT = P;l((T(-),w»

d Lemma 5.2.9 (1) #4 i 4 T'opy : W — V* % conjugate transformation, #zf ¢ Lemma

529 (2) # T*:W =V % linear transformation. #% i 3§ ™ T 3 commutative diagram.

V 1w
lpv lpw
V* TI W*

Theorem 5.3.5. B3k V,W ¢ 5 finite dimensional inner product space, T :V — W 3

linear transformation. B T €7 transpose T* : W — V| & ¥&— 1 linear transformation & %_

(T(v),w) =(v,T"(w)),VveV,weW.
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Proof. # i e & T* % linear transformation. ¥ Z & weW, 25 py(T*(w)) e V* i
RHEL VEV, EF (T W) = (VT W) T 2 py(TH(w) = T'opu(w), & #s
LVEV, ¥ F Topw(w)(v)=(T(v),w). #z (T(v),w)=(v,T*(W))

IarE- M BR T WV AR (T(v),w)=(v,T'(w)),VveV,weW, pl-w¥ix §
veV.weW %3 (v,T*(w)) = (v,T'(w)). ¢ Proposition 5.1.6 #z& T'=T". O

£ ;3 & Theorem 5.3.5 ¥ % ;% &1 inner product £ W #7 inner product, + 3 & V &

inner product. % — B linear transformation 7 :V — W 4% inner product, 7= ¥

(T(v), T(V"))=(v,¥v'), Vv,V eV

dm

AP fp RF T % onetoone. &H Fi % veKer(T), Al (v,v) =(T(v),T(v)) =0, t
# v=0y. &% dim(W)=dim(V), | T % isomorphism, #' if* # 1%tk ¢ isomorphism &
inner product isomorphism. * ¥ linear transformation T-!:W —V 4 ¢ #_inner product

isomorphism. i&%_%] %
(T~ (w), T~ (W) = (T(T™' (W), T(T~' (W) = (w.w'), Vw,w eW.
A0 2T A% inner product isomorphism 17 2

Corollary 5.3.6. &3k V.W % finite dimensional inner product spaces, T :V — W % linear

transformation £ T*W =V 2 & adjoint. B] ™M™ &t & & % 9 (equivalent).
(1) T % dinner product isomorphism.
(2) T % idsomorphism & T~'=T*.
Proof. (1)= (2): ¥ 2 & veV,weW, i3
(T(V),w) = (T (), T(T"(W))) = (v, }(w)).
#f]* Theorem 5.3.5 % M adjoint tfri— [ Fz T =T
2)=1): #g»=EzL vweV, ¥7
(T(V),T(V)) = (v.T*(T(V))) = (v,T (T (V))) = {v.V').
# T % inner product isomorphism. U
%= kAP 7] adjoint AR AR
Proposition 5.3.7. %k V,W.U % 5 finite dimensional inner product space over F.
(1) FrnseF 2 T1:VoW, T,: VW ¢35 linear transformations, B|
(rT] +ST2)* = FTI* +ET2*
(2) FT: VW, L:W—=U ¥ 5 linear transformations,
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(3) idy =idy, #%#, & T: V=W 5 isomorphism, Bl T*:W —V 7= & isomorphism

£
(1) = (771",
(4) & T:V =W 5 linear transformation, R
(T*)" =T.
Proof.

(1) #*=Z & veV,we W, f1* inner product e 5 3% i 5
((rTy +sT) (v),w) = r(T1(v), W) +s(Ta(v), W) = r(v, Ty (W)) + (v, T, (W)) = (v, (FT}" +5T5 ) (wW)).
txd adjoint gwi— BEE (rTy +sh)" =FIy +5T5.

(2) F15 ThoTy % #_V ¥| U & linear transformation, # (ThboTy)* % & U 3| V eh
linear transformation. I EF veVueU, A5

(TyoTh)(v),u) = (Ta(T1 (v)),u) = (T1(v), Ty (w)) = (v, Iy (T3 (w))) = (v, T} o 75 (w)).
ted adjoint - B (o) =T oT;.

B) Hx»iE g vweV, Aiprg (v,v) = (idy(v),V) = (v,idy(V)), #7241 * Corollary
5.1.5 #& idy(vV) =V, vV eV. # % idj =idy. ¥ T:V - W % isomorphism, #' 3
T 'oT =idy ¥ ToT !'=idy. #d (2) ¥

idy =id}, = T*o(T™1)*, idy =id}y = (T"")*oT",
#% T* % isomorphism ® (T*)~!=(T-1)*.
(4

F] T*:W —V % linear transformation, #iZ & veV,we W i3

(T"(w),v) = (W, (T")"(v))-

F- g
(W, T(v)) =(T(v),w) = (v,T*(w)) = (T"(w),v),
AR s (T4 (V) = T(v), Vv e V. #% (T =T. O

Question 5.17. #E4|* adjoint FT_& 7P Proposition 5.5.7.
)

#T ok, AP kg - B linear transformation fr# adjoint v ' ¢ kernel fr image 2.

Proposition 5.3.8. &x V,W % finite dimensional inner product spaces, T :V —W &

linear transformation ® T*:W —V i 2 adjoint. P
1) Ker(7T*) =Im(T)* * Im(T*) = Ker(T)*.
2

(1)

(2) T is one-to-one & 2 ¥ T* is onto. T is onto & £ *&% T* is one-to-one.
(3) Ker(T*oT)=XKer(T) ® Ker(ToT*)=XKer(T").
(4)

4) Im(T*oT)=Im(T*) * Im(ToT*)=Im(T).
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Proof.
(1) 3% weKer(T*), ¥ T*(w) =0y, ‘! FHE I veV, A5
<T(V),W> = <V7T*(W)> = <V7OV> =0,
Fwelm(T)t. 72, Fwelm(D)!, PIEER veV ¥ 3 0=(T(v),w) = (v,T*(w)).
tcd Lemma 5.1.4 ¥ wekKer(T*). ¥- 25, 2 velm(T*), 275 weW i#®
v=T*w). &z g vV eKer(T), ¥3 (vV,v)=(V,T*(w)) =(T(V),w) = (Ow,w) =0,
vEKer(T)t. 8% Im(T*) CKer(T)*L. #i541* Ker(T*) =Im(T)*+ &
dim(Im(7*)) = dim(W) —dim(Ker(T*)) = dim(W) — dim(Im(7T)")
= dim(W) — (dim(W) — dim(Im(7'))) = dim(Im(7))
~ 7] dim(Ker(T)*') = dim(V) — dim(Ker(T)) = dim(Im(7)) % dim(Im(T*)) = dim(Ker(7T)")
#c 8% Im(T*) = Ker(T)*.
(2) % T is one-to-one, B Ker(T) ={Oy}. &4 (1) % Im(T*) =Ker(T)* = {Oy}*+ =
®% T* % onto. ¥ 2, % T* 5 onto, ¥ Ker(T)* =V, 4 Corollary 5.1.14 4=
Ker(T) = (Ker(T)})* = v+ = {0y}
##® T 5 onetoone. JI* pt B X BT * T Bk @5 T* 5 oneto-one % ¥ *EF
(T*)*=T % onto.
(3) ixm &g i35 Ker(T) CKer(T*oT). % veKer(T*oT), R

(T(v),T(v)) = (v,T*(T(v))) = (v,0v) =
BHET(V)=0w, " veKer(T) fI* P 2%RT * T B L% (T # Ker(ToT") =
Ker(T™).
(4) =P EAPH Im(T*oT) CIm(T*). Z%ad (3) AP
dim(Im(7* o T)) = dim(V) — dim(Ker(T* o T')) = dim(V) — dim(Ker(7T')) = dim(Ker(T)"),
£d (1) Im(T*) =Ker(T)* # 4 dim(Im(T*oT)) = dim(Im(T*)), & Im(T*oT) = Im(T*).
Fl* LSBT ¥ T B 1*,15' Im(T oT*) = Im(T). O

Question 5.18. ## P Ker(T)=Im(T*)* 2 Im(T) = Ker(T*)" .

¥ T:V =W fev chadjoint T*: W — V £ representative matrix § X3 — @b %,
d ** adjoint fr inner product 7 B, #7142 V,W #7: i3 ordered basis &+~ % {r inner product
7B, EF FF A YEV {r W & orthonormal basis #7% = &7 ordered basis f = (vi,...,V,)
fey=(Wi,...,Wn), & T(Vi) =c1iWi+-+CniWn, Bk T& [T]g &7 (j,i)-th entry 3 cj;.
Ra F {wi,...,W,} & W i orthonormal basis, 2473 c¢;; = (T(v;),w;) = (v;, T*(W;)). ¥
= 2% F TH(w;)=dy Vi + - +dyjVn, Bl g[T*]y 0 (i, j)-th entry =

dij= <T*(Wj)>vi> = <Vi’T*Wj> = Cji-
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- ,Th{’éu g[T*]y ## ,[T|g LB~ transpose £ #-# i entry B~H conjugate m . 45 1

Definition 5.3.9. B3 A € Myn(C) £ BEMym(C). 973 1<i<n, 1<j<m, £ a;; %
A & (j,i)-thentry ¥ b;; % B ¢ (i,j)-thentry. ¥ b j=a;;, Vie{l,...,n},je{l,...,m},
RIFE B % A <0 adjoint ® 10 A* R 4 on.

AR, BrETE (A) =A P FAEMu,(R), Bl A* =AY ~ ikt @ &, AP 0T 2
5.

it

Proposition 5.3.10. B3 V.W i finite dimensional inner product space, ® 4 %|iE B~ V

a

v W & orthonormal basis #7 % = i3 ordered basis B = (Vi,...,V,) fv y=(Wi,...,Wy). %

T:V—W i linear transformation & T*:W —V & T < adjoint, B

d Proposition 5.3.10, #% i ¥ #-— B linear transformation 7 adjoint fr— # matrix
adjoint 4pif 5. 2\ i ¥ 12 % Proposition 5.3.7, 5.3.8 # = 5 B matrix 7 adjoint 2 .

¥ ¢t &1 g enE_ A Theorem 5.3.5 ¥ # {53 33 — % linear transformation 1 adjoint &_
FE - o, B H_ A X T - B inner product ehi% £ 2. F . A% F ¢ inner product 2. T, - B

linear transformation ¢ 3 # I i adjoint, #% if* 5 T |+ .
Example 5.3.11. ¥ 5 T:R> > R> = % %
T (x1,%2,x3) = (41 +22 + 203, 4x1 +4x2 + 4x3, 2x1 +x2 +4x3).
4 g R } & @ inner products (,) % ((,)), ¢ (,) & standard inner product, ¥
((r1,x2,%3), (¥1,52,¥3)) = X1y1 + %22 + x3y3.
5 (L)) kS
1
((Crryx2,23), (91,32, 33))) = 2191+ 2052 + 233

%% B R® % standard inner product space, B €

|

= {(
4 1 2

% ordered orthonormal basis. » P [T|e=1| 4 4 4 |, &4 Proposition 5.3.10 ¥
2 1 4

B ={(1,0,0),(0,2,0),(0,0,1)}
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4 2 2
% R’ - ‘= ordered orthonormal basis. #*p¥ [T]g=| 2 4 2 |, ¢ Proposition 5.3.10
2 2 4
4 2 2
@rlg=|2 4 2 |, &wrp =T, ™
2 2 4

T*(x1,x2,x3) = (dx1 +x2 + 2x3,4x1 + 4xp + 4x3,2x] + X2 +4x3).

5.4. The Adjoint of Linear Operators

iT- &Y APEYE I - B linear operator T:V — V 1 adjoint. i+ € 4734 -
d ) e operator £ adjoint. #712 & & ¥ &0 vector space V A ik H — B finite dimensional
inner product space over F, # ¢ F=C & F=R.

% T:V —V % linear operator, F| 2 adjoint T7*:V — V 7= % linear operator. #74
HiEzd flx)eFlx], f(T*) 3 @& °F % linear operator. & ¥ E R f(x) € Flx|, f(T)
adjoint  ®F #4&8. § L% f(x) =cX"+ - +cixtco, AP EE f(x) ="+ +C1x+ 0o,
Rl 10T %,

Lemma 5.4.1. & T:V =V 5 linear operator, RI¥ = & f(x) € Flx] ¥ 3
(f(T))" = F(T7).
Proof. § % d Proposition 5.3.7(2) 4 (T°")* = (T*)™". &% f(x) =cux"+---+c1x+co, B
£ d Proposition 5.3.7(1)(3) ¥
(F(T)" = (eaT™+-+arT +coidy)" = (T™)" +- +e1 T" +cgidy
= (T +---+e T +coidy = f(T%).

O

d Proposition 5.3.10 4 2 Lemma 5.4.1, 24 & } 7 12 {8 3] T fv T* < characteristic
v

polynomials x7(x) f= xr+(x) 2 B eff %, 12 2

2_ & enhf 2.

i ¢ minimal polynomials ur(x) fv uz-(x)

Lemma 5.4.2. & T:V —V % linear operator, P
1) =Zr() and () = B ().

Proof. ¢ ** characteristic polynomial £ ordered basis =3:E B~ & Bf | #1234 9 4 %] i B~
V ¢h- ‘& orthonormal basis *7 % = ¢ ordered basis B. @ Proposition 5.3.10 = [T*]g =
([Tlp)", # 18 2r-(x) =77 (x).

d minimal polynomial # % 4v ur(T) =0, txd Lemma 5.4.1, ¥ Uy (T*) = (ur(T))* =0,
e Up«(x) | pr(x). B32d (T*) =T, % ur(x) | dr-(x), £ %3 2f 5 38 ;% 0% P~ conjugate
@ por (x) | g (x). #35& prs(x) = pr (). O
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3 M linear operator {7 decomposition, & & & Hif &_T-invariant subspace. ¥ W 3
T-invariant subspace, #* g X ¢ B W % % T*-invariant subspace. — 4 ki3 - 2
¥, RG22 2%k

Lemma 5.4.3. 3 T:V —V % linear operator, B W CV % T-invariant subspace % & *&

* WL CV % T*-invariant subspace.

Proof. % W 5 T-invariant, & 3. WL % T*-invariant, ,T* L BEPHER WeW! )
T(W)eWL %BazxweW, pld T(w)eW 12 weWh & (w,T*(w)) = (T(w),w)=0.
PTER TH(w )eWL, #= Wt i T*-invariant.

F 2, % Wt i T*invariant, | d + & #rg (WHL =W % (T*)*invariant, ¥ T-

invariant. O

¥ % - B inner product space V, 3 # subspace W, # ® ¥ ¢ decomposition 3z V =
WEWL. #m§ W % T-invariant B, 2 @ p 2 g AT WL 7 % T-invariant. i #
Lemma 5.4.3, igh|4w & 1 @ pF W 7= 5 T*-invariant.

Corollary 5.4.4. 3% T:V —V % linear operator 2 W CV % T-invariant subspace.
Bl Wt i T-invariant subspace & ® v& % W 5 T*-invariant subspace. ¥ % W 3
T-invariant 4= T*-invariant, B

(Tlw)" =T"|w.
Proof. ¥ Lemma 5.4.3, & *4r W' % T-invariant % B W= (WH)L & T*-invariant.
Bz awweWw %1
(Tlw(w),w) = (T(w),w) = (w,T*(W)) = (W,T"|w(W)),

FE (Tlw)"=T"w. =

BT ORAPIFE A B R o linear operator 2 H adjoint B B k. B A w R E
V=W, oW, BIER vEV, ¢ 5 hri- hw W, wae Wy & 18 ve=w, +wy. AR
TE Twow, VoV, & (V) =wi RPH mw w, & projection on Wy along W, & i1
L, 2 V=WaW, 27 W #W,, B w,w 7é7rW1,W2’-

Question 5.19. 4t #7it, wy, W, (v) @7 ZTEPEF V=W W =W, eW, & W, #W,

ﬂlj Tw, W, 75 77,";‘/1 7W2/'

% V &_finite dimensional inner product space, & ¥ ¢ V=W, ®W, £ V=Wl oW
EEFLEWEWINWS, PIStER veV, 25 v=wi+wy, 27 w €W, wa €Wy, #
# (v,w) = (w;,w)+(wp,w) =0. 4 Lemma 5.1.4 # w=0y. £ d

e

dim(Wi- +Ws") = dim(Wit) + dim(W3" ) = dim(W3) + dim(W;) = dim(V),

@RV =WleWd fI7 22 P7 2085 gy, 9 adjoint 1) ..
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Proposition 5.4.5. 2 V=W, &W,, B V = WILEBWZL X
n‘TVl Wy, = TEWZL,Wli :

Proof. " & & & V = Wﬁ‘@W2 ,EmEER VW eV, APt weW,w e W, 11 E
W e W wh eWSh B B v=w +wo,V =W, +wh. P

<7TW1,W2(V>7V/> = <W1,W/1 +W/2> = <w17wl2>'

Y- q
<Vv7rW2i,W]i(V/)> (W14 W2, W)) = (Wi, W)).
" A <7L'W1,W2 (V),V/> = <V,EW2L7W1L (V/)>, VV,V’ ev, Rl n‘;l,Wz = EWZL,WIL. [}

i 4esg e inner product space ® E ¥ * 7 decomposition i&{V =WHBW=L. pbtpFst e
#- projection Ty w1 & orthogonal projectionon W. & 7 = ig, 12 {8 2 " 3% ¢ 4= orthogonal
projection on W * my k& (F15 v & W 3 B). §1* Proposition 5.4.5, & 7§ + 3
T2 R

Corollary 5.4.6. % V &_ finite dimensional inner product space * W 5 B subspace. %

mw V=V % orthogonal projection on W, B my = 157 ® Ty = Tow .

Proof. #Z & veV, & F v=w+w, 27 weW,weWt %

T (v) = mow (7w (v)) = 7w (7ow (W + W) = 7w (W) = 7w (v), YV € V.

#% my =m. ¥ - > &, 1% Proposition 5.4.5 & (WH)L =W, 2 i 4
ﬂ:{;/ = E;;V,WJ- - ﬂ(WL)L7wL - 7rW7wL - TCW
|

Question 5.20. FHEP T E veV, my ,T* A_ Proposition 5.1.12 ¥ # 7 projection projy .

— & linear operator T:V —V £&% &L T2 =T, B # % idempotent. 4 Corollary 5.4.6
eFE NP Arig i P e projection ¥ % idempotent (7 % orthogonal projection 2. K ).
I T =T 5, NP H 5 self-adjoint. — 47 projection 7 ¢ &_ self-adjoint, “$ 2ty

4_orthogonal projection, iz & d *t 3V i3 T B %,

Proposition 5.4.7. &% T:V =V % linear transformation i% &_T°? =T, B] ™ 7|4t 5

50
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Proof. £ P3P # T & idempotent (¥ T?=T), Bl T = Tm(T) Ker(T)- & 7 7P
V=Im(T)®Ker(T). 7 + dim(V) =dim(Im(7)) +dim(Ker(7)), #r2 7 &

Im(7)NKer(T) = {0y},

i3

pld Im(T)+Ker(T)CV, ¥ V=Im(T)DKer(T). a5 % velm(T), 47 5 weV
#Ev=T(W), ted T?2=T, # T(v)=T%*w)=T(w)=v. &£ 4t veKer(T) ¥ ¢
v=TWv)=0y. e &V =Im(T)®Ker(T), &z v, ¥ 3 welm(T),w € Ker(T) i
Bv=w4w. 78 T(v)=T(wW)+T(W)=T(w). Zwm ¢ wxr welm(T), | T(w)=w,
#cir T(v) = w. ¢ o projection on Im(7T') along Ker(T') Ty z) ker(r) ¥ V P1F* 40k, 2
B T = Tym(7) Ker(T)-

M4 Corollary 5.1.14, # i 5o Ker(T) = Im(T)*+ % ¥ v& % Im(T) = Ker(T)* (%
(3) = ). @~ % Ker(T) =Im(T)" Pl Tim(r)Ker(r) = Fim(r)qm(r)Ls & 7 T = Mim(7) Ker(1) #
orthogonal projection (¥ (3) = (1)). * & T % orthogonal projection, | d Corollary 5.4.6
e T*=T (7 (1) = (2)). 5 4]* Proposition 5.3.8(1) 4% T* =T, B Im(T) = Ker(T)*
(2 Ker(T) =Im(T)") (¥ (2) = (3)(4)) @34 2. O

- HE k3R, AP F 02— B finite dimensional inner product space B = orthogonal
direct sum V =W, B---BW, & Wi = ®;+Wj. ¥4 m % orthogonal projection on W;
(F m=mw), PI{IxE % ‘?j A

T4+ m =1idy.
A AL 5 orthogonal resolution of the identity. LR FPEAF G al=m, mF=m M1 E §
i#jP mom=0. FFF, NP5 T2 8%,

Lemma 5.4.8. B3k V % finite dimensional inner product space = Wy, W, 3 V &1 subspace.

£ m,m & % % orthogonal projection on Wi,Wa. R 5| 5 % 1 :

(1) Wi L Ws.
(2) mom=0.
(3) mom =0.

Proof. $*t iz g veV, d 7'1?1( )EW], mE W LWy, B m (V) GWZL. T ﬂz(ﬂ?](V)):Ov,
VveV T mom=0. F¥ ¥ mom =0.

B¥IEZ w € Wi, wy € Wy, TF“?S <W1,W2> = <7'51(W1),7'C2(W2)> = <W1,7'Cik(7'[2(W2))>. ¥ m
% orthogonal projection, ¢ Corollary 5.4.6 4v nf =m. #F mom =0, B (w;,wy) =
<W1,0v>:0, %5’€%_W1J_W2. H—"@.%’ 717207171207&'\’_’%5' W1J_W2. O

W EE i 4 AP i, B ¥ linear operator T:V —V, AP F U TV an- % basis
H_d T & eigenvectors #7k% =, B4 7 T &_diagonalizable. # %t #3F 4- 2 T

;—
eigenvectors 75 = V - % orthogonal basis (£ orthonormal basis), R|#4F § M T iz &.
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Definition 5.4.9. 3% V ¥ - B finite dimensional inner product spaceover ¥ & T:V —V
% linear operator. # % f— % T & eigenvectors 35 == V - % orthogonal basis (&
orthonormal basis), PI# P £ T % unitary diagonalizable (4 F =R P, 5 éhd ¢ FSIFH T
% orthogonal diagonalizable).

% A ¥ - B nxnmatrix over F, &% Jg F" } ¢ standard inner product, s - 2 A &
eigenvectors = F" ¢— ‘2 orthogonal basis (2% orthonormal basis), FI#* FH A & unitary
diagonalizable (4 F =R P&, 5 03 § & %|fE A & orthogonal diagonalizable).

At REP ) F - B matrix A 3 unitary diagonalizable pF, & F =C e 4 7 %
4 — B matrix P % & P* =P & ¥ P*AP % - # diagonal matrix. i&tkehse't P §.d 7%
£ eigenvectors #f = 7 orthonormal basis #7% = e, 2P H L unitary matriv. m &= F =R
R, & 57 77 - B matrix P % & P'=P! & 18 PAP L - % diagonal matrix. &k
eaetl P E d 7R eigenvectors #7 = 7 orthonormal basis #7 % = ¢h, AP AL orthogonal
matrizx. Q,Th{ unitary diagonalizable (£ orthogonal diagonalizable) & fiiad k. % 3 3
A=, A3 4 F A unitary diagonalizable £ orthogonal diagonalizable, - % unitary
diagonalizable 7\%6-7\ T KA K FF 4 unitary diagonalizable linear operator =i 4.

Proposition 5.4.10. &% V & - B finite dimensional inner product space over F
T:V =V & linear operator. R|T 5|8 % {f e,
(1) T % unitary diagonalizable.
(2) watd A,... ., ,k€F #® V=E,B---BE), #° Ej, & A 0 eigenspace,
E), ={veV|T(v)=Av}.
B) ¥t A,... heF B T=A4m+--+Ahm, E¥ m 5 orthogonal projection
HE Tom =0, Vi)

Proof. B3 T % unitary diagonalizable, &% {vi,...,v,} 5 T &1 ‘& eigenvectors 7%
= ¢ orthogonal basis. #-H if % € £ ¢ {F4p F eigenvalue = eigenvectors #it - 42, #
"X vi,...,v, » eigenvalue & Ay 7 eigenvectors, v, i1,...,V, » eigenvalue i Ay i3
eigenvectors, &yt Fpde (B¢ =@ A wApR). AP LR Wo=Span({v,_ ,11,...,v;})
E),. 3 WiCE,,~d T % diagonalizable vV =E; @©---QE,,. 37}
dim(V) = dim(W;) + - - +dim(W;) < dim(Ey, ) + - +dim(Ej, ) = dim(V),

@3 dim(W,) = dim(Ey,), & Wi=E,. f{xf Reh #2004 APFd W LW, ©@%
V=E,B---BE,. F2,% V=EB---BE, ¥ Rg*B® E, - 2 orthogonal
basis, d **ig& E, _t 9 orthogonal basis ¥ .= V - ‘e orthogonal basis, * ¥ 5 T
eigenvectors. ## (1) < (2).

MEV=E, B BE, FI#HEL vEV, AP f vavi+-tv, B¢ v€Ey. HpFL

m; = orthogonal projection on Ej,, #ld Lemma 5.4.8 & mom; =0, Vi# j =

()Llﬂl +"'+Ak7'fk)(V) =MV —|—"'),ka = T(Vl)—l—-"—{—T(Vk) = T(V1+"'—|—Vk) = T(V).
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B T=hm+ - +hm, & (2)=(3).

Fz,# T=Am+-+Nm, £ Im(ﬂ,-) =W, B4 oW =0, Vi#£jx=W LWJ',
Vi£j % Bi & W; eh—- % orthogonal basis, * &4 W=W H---BW,. % W=V, Rl
B=UL B 5 V eh- % orthogonal basis, * $tZ & vef, 9 > veW, § j#i, &1
4}5 ﬂj(V) = ﬂj(ﬂ'j(V)) :Ov. =d T(V) :AiV, 7Ty ,‘% T e eigenvector. m -'2:7 \% #W, £
Wi =W 2B V=WH - -BWBW.,. &3 By > Wi - %2 orthogonal basis, B
B= Uf.‘;rllﬁi 5 V éh— 2 orthogonal basis. * ¥4t ve B A F veWh Vie{l,... k}, &
m(v)=07% T(v)=0y =0v, T v i T éheigenvector. #2 B % V - & orthogonal basis
® B¢ E ¥ 5 T eheigenvector, I T % unitary diagonalizable. #3% (3)=(1). O

d Proposition 5.4.10 #* #4if % T:V —V % unitary diagonalizable, B| 5 % Ay,..., A4 €
F 12 %2 orthogonal projections my,...,m & & T =Am +---+4m, &H 5 T 5 spectral
resolution. #* ¥ d Proposition 5.3.7 ¥

T =M+ + M =M+ + T
Ed mom;=0,Vi#£j* n?=m #
T*OT:)Tlllﬂl—{—'-'—{—Tk)Lkﬂk:TOT*.
f#& T*oT =ToT* ¢ linear operator T # % normal operator, i& £ 3% P T — & T & £ 3¢
HTIAL.
Question 5.21. RFHEM F nxn matrir A 5 unitary diagonalizable, ] A*A = AA*.

5.5. Normal Operators

3% 4445 33 normal operator & . d »t 3% 4E 3 40 normal operator i #_& & over
F (F=C & F=R) & finite dimensional inner product space. #7141 & & ¥ 1 vector space
- %_¥%_finite dimensional inner product space ¥ # over &1 field 3 C & R, & ir“,T.k‘J £

#.

Definition 5.5.1. 3% T:V —V % linear operator, # T % &_T*oT =ToT*, P T E

® normal operator.

® A5 - B nxnmatrix, F A & L AA=AA", RIFE A 5 - B normal matrix.

Question 5.22. - # orthogonal projection _%F % normal?

.,

BAANPESZY 1d - B normal operator # 3| { % ¢ normal operator.
Lemma 5.5.2. 533 T:V =V 5 normal operator.

(1) T* 7= & normal operator.

(2) & W,W+ % 5 T-invariant, B| T|w 7 % normal operator.

(3) & T % isomorphism, B T~ 7 % normal operator.
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(4) #= & f(x) € Flx], f(T) 7 5 normal operator.
Proof. (1) d (T*)*=T, ¥ ¥ T* 7= 5 normal.
(2) & Corollary 5.4.4, # st pF W 78 5 T*-invariant & (T|w)* =T"|lw. &
(Tlw) o Tlw =T |lwoTlw = (T"eT)lw = (ToT")|lw =Tlwo (Tlw)"
(3) ¢ Proposition 5.3.7, # i aept g (T-1)* = (T*)7!) &
(T Y oT ' =) oT ' =(ToT*) ' =(T*oT) ' =T 1o (T71)".
(4) & f(x)=cpX"+---+c1x+co, Bl f(T)=c, T"+---+c1T +coidy * ¢ Lemma 5.4.1
a f(T) =co(T*)" + -+ T* +coidy. BT ;T 0 f(T)* = ¢;¥i_oc;T 0 (T, = @

F(T)o f(T) =Y e T o (T7).

ST o f(T) =Y cjeil(T*) 0T
i,j
SRR ToT* =T 0T, & T (%)% = (T o T, @3 f(T)o f(T)" = f(T)* o f(T). O
% kNP £E 3T normal operator (R, fig- AP AFH - LA F=C{ F=R
PRI g Hen T T - S AP s u e F=Cqr F=R RF3 B = L f.
B Ad normal (hE & (W ToT*=T"cT), HEL v,weV, i3
(T(v),T(w)) = (v,T(T(W))) = (v, T(T"(W))) = (T"(v), T"(W)).
FlrEER veV v F
ITW) > = (T(¥),T(¥)) = (T*(v),T*(v)) = |[T*(v)|*.
W T
Lemma 5.5.3. 3k T:V =V & normal operator, ¥ & v,weV 345 T cd f

(T(v),T(w)) =(T"(v),T"(w)) and [TV)[|=[T"(V)]

7T

BE veKer(T), BIF ||IT(v)|| =]Oy|| =0, 1 * Lemma 5.5.3 ¥ #& ||[T*(v)|| =0, 7= =
T*(v)=Oy. = i*u{;r\. v € Ker(T*), ##% Ker(T) C Ker(T*). F32¥ ¥ Ker(T*) C Ker(T), #
Fr Ker(T) =Ker(T*). ®F + d Proposition 5.3.8, 4 i # {§ 7 7|+ 5.

Lemma 5.5.4. B3k T:V =V & normal operator, P|3% i 5 1217 e &
Ker(T) =Ker(T*), Im(T)=1Im(T*), and Ker(7T)NIm(T)={Oy}.
Proof. #] T*oT =T oT*, ¢ Proposition 5.3.8
Ker(T) =Ker(T*oT) =Ker(T o T*) = Ker(T"),

Im(T)=Im(ToT*) =Im(T*oT) =Im(T").
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4 ¢+ £ 41 * Proposition 5.3.8 #t4th Ker(T*) = Im(T)*, #

Ker(T) = Ker(T*) = Im(T)*.

Ker(T)NIm(T) = Im(T)* NIm(T) = {Oy }.

F1* Lemma 5.5.4, 2% i % 7 3| B ** normal operator 2t £ & «f2 7.

Corollary 5.5.5. B3k T:V =V & normal operator, F|3 i3 1217 e B
(1) veV &_T i eigenvector ® B eigenvalue 5 A % 2 v&x veV E_T* 1 eigenvector
® A eigenvalue 5 A.
(2) =& meN, Ker(T") =Ker(T).
(3) F v,weV ® uy(x) v uw(x) & relatively prime (2 %), Bl v L w.
Proof. (1) #t i &g T ¢ eigenvalue 3 A ¢ eigenvector 5 Ker(T — Aidy) ® =1 nonzero

element, m T* ¢ eigenvalue 5 A 1 eigenvector 5 Ker(T* —Aidy) ¥ 7 nonzero element.

d Lemma 5.5.2(4) 4 5 T — Aidy 7* 5 normal operator, #td Lemma 5.5.4 %

Ker(T — Aidy) = Ker((T — Aidy)*) = Ker(T* — Aid};) = Ker(T* — Aidy).

% {¥ eigenvalue 3 A e T &0 eigenvector 'T} . 8_eigenvalue % A &1 T* & eigenvector.
(2) # £# P Ker(T?) = Ker(T). %M & 1 Ker(T ) Ker(T°?). 3% v € Ker(T?), 71
F] T(v) eKer(T) & T(v) eIm(T). 4 Lemma 5.5.4 ¥ # T(v) =Oy, =+ v e Ker(T).

Ker(T°%) C Ker(T), 3% Ker(Toz) Ker(T).
FFr mEFpE, F veKer(T), Bl T°"1(v) € Ker(T)NIm(T), # T" (v) =
Oy, ¥ v € Ker(T°" ). mﬁ...p\ Bk, @ ve Ker(TOm—‘) = Ker(T). #% Ker(T°") = Ker(T).
(3) 4 molx) fo pa(x) 3 Fwds & £(0),8(0) € Flx] & # f(0)ay(x) + (i) = 1. ¢ &

v=F(T)ou(T)(v) +&(T) o tw(T)(v) = &(T) o prw(T)(v).
¥ - 25, d g(T)ouw(T)(w) =0y & we Ker(g(T)ouw(T)), * ¢ Lemma 5.5.2(4) 4
g(T)ouw(T) 7 % normal operator, ztf d Lemma 5.5.4 v w € Ker((g(T) o uw(T))*), 7
(8(T)ouw(T))* (W) =Oy. #isd adjoint e 4

(v,w) = (¢(T) o tw(T) (v), W) = (v, (&(T) o tw(T))"(W)) = (v,0v) =
|

wEE% T:V —V &_linear operator, 2% i 5 #73} ¢ primary decomposition theorem, »

PR (1) = pr (™ i)™, 39 e €N 2 py(v),ee.pule) € Fla] 5 A8 2
monic irreducible polynomial, B| V=W, @---®W,, & * W;=Ker(p;(T)*"). % T % normal

operator F¥, # primary decomposition § T $FFk 7] 50,
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Proposition 5.5.6. B&& T:V —V i normal operator, B| ur(x) = pi(x)---pe(x), # ¢
p1(x),...,pk(x) € F[x] % 48 & &9 monic irreducible polynomial. ¥ ¥t+#73% i=1,....,n £
Wi = Ker(pi(T)), 7!

V=WH.  -BW.

Proof. B3k pr(x) = pi(x)™ - - pp(x)™. 41 * Lemma 5.5.2(4) #% i# 5 p;(T) 7= 5 normal
operator, #xd Corollary 5.5.5(2) %= W; = Ker(p;(T)"™) = Ker(pi(T)). # 7 2 H T & i=
Lok 3 iz, () = i), @32

r(3) = iy, () iy, () = 1)+ pi().

WF i Js Bl pry, () = pix) A= piry, () = pj(x) & relatively prime, ¥ =& wie W,
Wi €W Tl tw,(x) | pi(x) fo pw; (x) | pj(x), 47 Uy, (x) fo by, (x) & relatively prime. §]*
Corollary 5.5.5(3), = w; Lw;, @& W, LW,, & V=W, 8---BW,. O

T kAP 4 8 A 84 %) 50 normal operator.

Definition 5.5.7. &3k T:V —V 5 linear operator. & T* =T, Bl T % self-adjoint
operator. % T*=—T, PIf T % skew-adjoint operator.
F— B nxnmatrix A % L A=A RIF A 5 self-adjoint matrix. & A= —A", PIf£ A

% skew-adjoint matrix.

AR EAeM,(R) i35, § A & self-adjoint matrix (7 A'=A) - &4 H 5 symmetric
matrix. @ § A % skew-adjoint matrix (7 A'= —A) - &4 F 5 skew-symmetric matrix.
& AeM,(C) a5, 3 e % self-adjoint fi£ = Hermitian @ #- skew-adjoint % skew-
Hermitian.

b Y

%P & e self-adjoint operator fv skew-adjoint operator ¥ 5 normal operator. #% i
bt - & 4 £iF self-adjoint operator. ¥ F + 4% 4 £ &3 & normal operator £ %) i 3 M
TER PR

Proposition 5.5.8. B3k T:V =V % linear operator. s tri— 1 self-adjoint operator
T\ :V =V 112 vi— i skew-adjoint operator Tr :V =V % L. T =T+ 1. %, 35
T % normal operator & 2 v&E TioT, =TroTj.

Proof. # Ti 5 self-adjoint, T, % skew-adjoint ¥ Ty +7, =T. R|d Proposition 5.3.7(1)
T =T AT =T —T, @ T=3T+T"), h=YT-T"). &@ze- v- 5%
Ty =43(T+T*), Th=%(T—T"), B4 Proposition 5.3.7(1) # T} =Ty, Ty = —T. =¥ T} 3
self-adjoint, 5 % skew-adjoint ¥ Ty + T =T. #&=##% 5 ot
o

ToT*=(T1+T)o(T1—T) =T1"* ~TyoTy + Tro Ty — [,**,

T*oT = (T} —T)o(T1+T) =T1* + Ty o Ty — T o Ty — [,*%.
@ ToT*=T*oT £2*5% TyoTlh=ThoT. O
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fr normal operator i — &, 24 i k5 f4cie ¥ 7 3] { § 0 self-adjoint operator.

Lemma 5.5.9. B3 T:V >V, T1:V =V &% self-adjoint operator.
T+Ty 7 5 self-adjoint operator.

(1)

(2) # W i T-invariant, B T|w 7% 5 self-adjoint operator.
(3) & T 5 isomorphism, ] T~! 7= % self-adjoint operator.
(4)

Hizd f(x)eR[x], f(T) =% self-adjoint operator.

Proof. (1) A1 (T+T) " =T"+Ty =T+T, + T+T; % self-adjoint operator.

(2)d T=T*#® W 7 % T*-invariant, #cd Corollary 5.4.4, # (T|w)* =T*w =T|w.
(3) ¢ Proposition 5.3.7(3) &= (T-1)* =(T*)"!=T7!, & 77! 5 self-adjoint.

(4) 4 Temma 541 % (f(T)) = F(T") = F(T). & f(x) €RM, &3 F() = f(x), @32

self-adjoint operator. O

f(T

Question 5.23. & T:V =V, T1:V =V &% normal operator, 2. F T+T, 7% 5 normal

operator?
Question 5.24. B3}k T:V =V 5 self-adjoint operator ® f(x) € Flx]. ##M f(T) 5
self-adjoint operator & & v&% ur(x) | f(x) — f(x).

B »> self-adjoint operator % i3 12T £ & chjd i

Lemma 5.5.10. 3% T:V —V 5 self-adjoint operator. & A % T i eigenvalue, P
A eR.

Proof. #] T 5 normal, d Corollary 5.5.5(1) 4r, & veV S Ap 3t A 0 T 7 eigenvector,
W T(v)=Av, Bl v 7 4 Ap 3t A 0 T* b eigenvector, T T*(v) =Av. e d T % self-adjoint
2 BRK, APF T(V)=T*(v), # T Av=Av. #&d v£Oy, @ A=1, ¥ LcR. O

I ** skew-adjoint operator, % i+ 3 fr self-adjoint 4p &F i F. T FEP o
Lemma 5.5.9 #p iz, 2% i ,T.%Z AL
Lemma 5.5.11. 8% T:V >V, T1:V =V i skew-adjoint operator.
(1) T+T, 7~ 5 skew-adjoint operator.
(2) # W & T-invariant, B Tlw 7 5 skew-adjoint operator.
(3) & T 5 isomorphism, ] T~! 7= % skew-adjoint operator.
Question 5.25. BXk T:V =V i skew-adjoint operator. Z_F ¥ E & f(x) € Rlx], f(T)

7 & skew-adjoint operator?

B+ skew-adjoint operator 2% 5 M T £ & L H
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Lemma 5.5.12. 3% T:V —V % skew-adjoint operator. % A 5 T &0 eigenvalue, P A

e real part (§3%) % 0.

Proof. #] T % normal, ¢ Corollary 5.5.5(1) v, & veV % 4p¥> A e0 T & eigenvector,
W T(v)=Av, B] v 7 5 4p %3 A e T* b eigenvector, & T*(v) =Av. e d T % skew-
adjoint 2 B3k, AP F T*(v)=—T(v), "% —Av=2Av. tcd v£Oy, H# A+A1 =0, T 1

2_FImE 0. O

+ & #7147 M normal operator, self-adjoint operator ™ % skew-adjoint operator it
4 ‘%"3’5‘ "E* A AP ¥R 0 normal matrix, self-adjoint matrix 12 % skew-adjoint matrix. |
4rix F 7 n X n matrix FOF - B & - i self-adjoint matrix fr— & skew-adjoint matrix

e Bl A TR, AP E Feat
5.6. The Spectral Theorem

ig— &P AP over C e over R enfin & B 334, & @ 48 ¥ 1 normal operator h

spectral theorem.

5.6.1. Normal Operator over C. ’FT A AP+ BV i finite dimensional inner product
space over C ¥ T:V —V % normal operator ¢35, %] C % algebraically closed, #¢
P ¥ 2% T & minimal polynomial % >4 f&. =3 & Ay,..., 4 €C 2% my,....m €N
#E ur(x)=(x—A)™ - (x— ). i& F1* Proposition 5.5.6 # ¥ 2 {8 3| over C e

normal operator 7 spectral theorem.

Theorem 5.6.1 (Spectral Theorem: complex case). &K V 5 finite dimensional inner
product space over C 2 T :V —V % linear operator. B| T % wunitary diagonalizable % *

v T % normal operator.

Proof. 4 Proposition 5.4.10 # i #ig % T 5 unitary diagonalizable B] T % mnormal
operator.

K T & normal operator ¢ Proposition 5.5.6, ¥ ur(x) = (x—41)---(x —A), &
A, A4eC Ep R, 2 V=WH---BW, #°? W, =Ker((T —Aiidy)) =Ej, = A
eigenspace, ¥

V=E, 8---BE,,

#d Proposition 5.4.10 == T % unitary diagonalizable. O

4 & C" } ¢ standard inner product, 1 * Theorem 5.6.1, 2 % & } {8 3| 45425 5% en

spectral theorem.

Corollary 5.6.2. & A e M,(C). Bl A 5 normal matriz (7 AA* =A*A) % F *E% 5 &
unitary matriz P € M,(C) (% P! = P*) & 8 P*AP % diagonal matriz.

AP 5 P E 15 B oself-adjoint operator ™ % skew-adjoint operator Fspectral theorem.
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Corollary 5.6.3. B V & finite dimensional inner product space over C 2 T:V =V
% linear operator. 3% F T [RE.
(1) T % self-adjoint operator & * *&% T % wunitary diagonalizable ® T 1 eigenvalue
(N E 3
(2) T % skew-adjoint operator & ® *&3% T 5 unitary diagonalizable 2 T ¢ eigenvalue

23 R Y
IR 30 G

Proof. 4] * Theorem 5.6.1, Lemma 5.5.10 #* ¥ & T % self-adjoint operator B| T %

unitary diagonalizable ® T & eigenvalue % 5 § #i. ¥ 22 % T % unitary diagonalizable

o

T ¢ eigenvalue ‘¥ 3 § #c, P|d Proposition 5.4.10 &3 & Ay,...,A4 € R 12 % orthogonal
projections m; # # T =Alm+-+Nhm. BT =haf+-+hrl 2 FAn=m F#&
T*=T. 3127 #%{¥ skew-adjoint #F35, Btk iF. O

Question 5.26. & T:V =V 5 self-adjoint, B| xr(x),ur(x) % @587 £ T:V >V
% skew-adjoint, B| xr(x),ur(x) & @552

e ket iy 5 self-adjoint matrix fr skew-adjoint #p ¥ & h.% % .

Corollary 5.6.4. Bk A€ M,(C). 25 T 5.

(1) A*=A % * *&% 5 & unitary matriz P € M,(C) #& #
N o
P'AP = ,
o Y
2e y,....meER.
(2) A*=—A ¥ ® r& ¥ 5 & unitary matric P € M,(C) i {7
N o
P'AP = ,
Y T
0.

ETIR

By R0

A& Corollary 5.6.4 ® 7,....0% # %428 . ¥ ¢ & skew-adjoint nfF3; 3 enF 5 0

- 4.4 % purely imaginary number (% g #c), # &AL % F ¥ i 5 0.

5.6.2. Normal operator over R. % over C st i % 3] C % algebraically closed,
d ** R[x] ¢ 7 irreducible polynomial, 3 # it £.= e, Fpt AP g & * H @ 3 J2
over R e}, 3K V % over R 9 finite dimensional inner product space, F £ /L & &
LA T:V =V i normal operator ¥ % — % unitary (orthogonal) diagonalizable. %
F + ¢ Proposition 5.4.10 #* P4 & T 5 unitary diagonalizable, % & Ay,... 4 €R *

m,..., M » orthogonal projection @ {8 T =Ajm +--- + Amg. # PFF 7]

T =M+ i = 4+ m =T,
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@i T % % self-adjoint operator. ¥ F A i3 10T 2 B %,

Theorem 5.6.5. 3% V % finite dimensional inner product space over R 2 T:V =V &

-

linear operator, | T % wunitary diagonalizable & * v&% T % self-adjoint operator.

Proof. # 6 = v T 5 unitary diagonalizable B T % self-adjoint operator. LK T &
self-adjoint operator, #] T % normal, #zd Proposition 5.5.6 = ur(x) = pi(x)--- pr(x), &
® pi(x),...,pr(x) 548 E 0 monic irreducible polynomial in R[x], = V=W, H---BW,, &
PW; =Ker(pi(T)). A Pacsmp 973 i=1,...,k pi(x) ¥ % — = ¢ polynomial, ¥ 5 &
ALeR ®F pi(x) =x—A. ¢ TEFE W, =E), 5 A P eigenspace, & V=E; B---BE,, +
d Proposition 5.4.10 5= T % unitary diagonalizable.

iz B~ V &- ‘2 orthonormal basis #f% = &1 ordered basis f = (vy,...,v,). & T=T*
% Proposition 5.3.10 #v [T]?3 = [T*|g =[T]g, ™ ¥ [T]g % self-adjoint matrix in M,(R).
% 2 [Tlp 7+ M,(C) & matrix ™ % self-adjoint, % * Corollary 5.6.4(1), #* ¥ 53z %
Yi,...,h €R & ¥

Xir)y(X) = 2r(x) = (x=71) -+ (x = Th)-

A oxr(x) TR A RS R P - = ANk, Bl our(x) | xr(x), FES &
ALeR @ pi(x) =x—A. O

A8 F I BT symmetric matrix 4p ¥ & LR

Corollary 5.6.6. E& A€ M,(R), B| A'=A & v& % 5 & orthogonal matriz P € M,(R)
(P l=PY) & PAP 5 M,(R) # 5 diagonal matriz.

BT KA P IE T over R #0 skew-adjoint operator.

Lemma 5.6.7. B3 V % finite dimensional inner product space over R ® T:V —V %

linear operator, Bl T % skew-adjoint % 2 vex ¥ =EZZ veV ¥ 3 (T(v),v)=0.
Proof. 7 43 over R ¢ inner product 7 ¥4, ¥ (v,w) = (w,v),Vv,we V. JRIEX
T* =T, Rl¥Ei veV %3
(T(v),v) = (v,T"(v)) = (v,=T(v)) = =(T(v),v),
@2 (T(v),v) =0.
Fz , #¥HEL veV %3 (T(v),v)=0, AIHEZ L vyweV, A3
0=(T(v+w),v+w) =(T(v),w)+(T(W),v).

Bzl vyweV ¥ 3

F1* adjoint &wiE—~ |+ (Theorem 5.3.5) ##& T*=—T. O
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4 T % skew-adjoint, B& x—A € Rx] & ur(x) éh- X F38, ¥ A eR 5 T -
B eigenvalue. 4 veV i ip$3t A e eigenvector, ¥ T(v) =Av. ¢ Lemma 5.6.7
0=(T(v),v) =(Av,v) =A(v,v). d 3> v£Oy, Fir 1 =0. fj*u‘{;h x &_ur(x) vE— ¥ i e
P - FN. R AP T RY

Corollary 5.6.8. B V & finite dimensional inner product space over R 2 T:V —V
% nonzero skew-adjoint operator. & T % isomorphism, % & by,...,by €R % 4p R ® %
20 ®% ur(x)=*+b})--- (X +b3). F T * & isomorphism, Bl t by,....by €R & 49
22350 @E ur(x)=x(x>+b3)--- (> +b).

Proof. &4 2 & ur(x) 2 Rlx] ¥ Faceh—- X F58 5 x. My g ur(x) & Rlx] ¢ 7 i en
- FERL BE P rxrseRR], B oup(x) éh- B2 = FF. Bl cyclic decomposition
theorem 3% & veV % & py(x) =x>+rx+s. ¢ Lemma 5.6.7, 2 i &+ (T°%(v),T(v)) = 0.
X T°%(v) = —rT(v) —sv, # {8

0=(=rT(v)—sv,T(v))=—r(T(v),T(v))—s(v,T(v)) = —r(T(v),T(v)).

Ba T(V)#0(FE B uy(x)|x), &® r=0. @ x % s<0, B| x>4s # % irreducible polynomial,
war s> 0. Fae pp(x) fi- T s KT AN S 2407 B P b#£0 iR,

% T % isomorphism, ¥ Ker(T)={Oy}, #F4r x 7 ¥ i & ur(x) %5 & ur(x)
R - S ehf F]5Y, ~ d Proposition 5.5.6 4 ur(x) S FIN 2 € EAF MR, FE G A
bi,....,by ER ¥4 B2 2 5 0@ pr(x)=(>+5b3)---(x*+b}). @ % T # &_isomorphism,

¥ dim(Ker(T)) >0, @40 x & 5 pr(x) hF8, %@ 5 by, by cR #4223 5 0 2
@ wr(x) =x(2+b2) - (2 +b2). O

% T % skew-adjoint operator ¥ p(x) #_pr(x) (0 #1538, £ W =Ker(p(T)) ¢ primary
decomposition theorem, X F & 7 (% T|y. % p(x)=x B, W =Ker(T) & T|y 5 zero
mapping. & & ¥ B px) =x>+b% b#£0 hfFa5. W = Ker(T°? 4 b%idy), 5 T-
invariant, # ¢ Lemma 5.5.11(2), T|w 7 3 skew-adjoint. * P up, (x) =x*4b%, #7113

P R —‘,‘; )ﬁ]‘j T 2 :FELII;.

Lemma 5.6.9. B33 V % finite dimensional inner product space over R 2 T :V —V
% skew-adjoint operator. Bk ur(x)=x>4+b> B¢ bA£0, B 5 & V - 2 ordered

v

orthonormal basis B & 7 [T|g % 1T & block diagonal matriz

[T]p = Y © , B M:<2 _Ob). (5.4)

(0] M

Proof. B veV 2 |v[[=1. F T2+b%dy =0, i3 T(T(v))=—b’v. ¥ & T-cyclic
subspace W = Span({v,T(v)}). ]

ITW? = (T(¥),T(V) = (v,T*(T(v))) = (v, =T(T(v))) = (v,6°v) = b*.
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£ vV =4T(v). 4 Lemma 5.6.7 & (v/,v) =

ordered orthonormal basis. %)

(T(v),v)=0. & Bi=(v,V) 5 W eh- B

=

T(v)=bv,T(V)= %T(T(V)) = —bv,

= () o )

BYH V=WHW F]W % T-invariant, ¢ Lemma 5.4.3 5= W+ % T*-invariant. f
T =-T, &+ WL 7 % T-invariant. £ ¢ Lemma 5.5.11 4= T|y. 7 5 skew-adjoint. IR 7]
Mr),. (x) [ pr(x), ¥ Hr|, (x) =12 Mr),. () =X +0% F Hr), 0 (x) =1, %7 W' ={Ovy},
ATET V=W, BEAUL. F Uy () =+ RIAPT 2 RFFREH D W
- % ordered orthonormal basis B, # ¥ [T|y.]g, = 4 (5.4) 77 block diagonal matrix. #* p*
# BB &&= V - % ordered orthonormal basis B, P [T]g % & #f K. O

3 i F

Example 5.6.10. 3% V 7 finite dimensional inner product space over R ¥ T:V —V
% skew-adjoint operator. & xr(x) = (x*+2), B4 Proposition 5.5.6 % ur(x) =x>+2. %
d Lemma 5.6.9 #v33 & V ¢— % ordered orthonormal basis 8 ¢ ¥
0 —v2 0 0
T]s = V2.0 0 0
0 0 0 -2
0 0 V2 0

Question 5.27. B3& V % finite dimensional inner product space over R 2 T:V —V A
skew-adjoint operator. & © 4v ur(x) =x>+b*> ¢ b£0, FHEP dim(V) & 5 & #.

#3 - 4 e over R 7 skew-adjoint operator T :V — V, 4 Proposition 5.5.6 = V =
WiE---BW, 27 W,=Ker(T) & W, =Ker(T?+b%dy). & W;=Ker(T), #] Tlw, & zero
mapping, ¥ W; ch- 2 ordered orthonormal basis B;, & § @ # [T|w]s = zero matrix.
@ % W; = Ker(T°? +b2idv), d Lemma 5.6.9 2V ¥ 245 3] W, en— % ordered orthonormal
basis B;, & 7 [T|w]p, = 4= (5.4) ¢ block diagonal matrix. d **igs By,... B ¥ M &V

eh— % orthonormal ordered basis, 2% 5 1177 2. 5 %.

Theorem 5.6.11. B3X V i finite dimensional inner product space over R. f| T :V —V
= skew-adjoint operator 3 2 ¥& ¥ 1% & V - %2 ordered orthonormal basis B & 17 [T|g =
127 a1 block diagonal matrix
M 0 0 —b
[T]p = ,—ﬁ“‘Mi=<bi Ol>,bi750é‘Mi=0- (5.5)
O M,

Proof. # T:V —V % skew-adjoint operator ¢ # & e3P 243 & V & %2 ordered

orthonormal basis B i # [T|g & 4= (5.5) 7 block diagonal matrix.
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F 2., # t V é1- 2 ordered orthonormal basis B i ¥ [T|g = 4r (5.5) ¢ block

diagonal matrix, | d Proposition 5.3.10 4

M O

E M;:( 0 b > M F M =0=-M;. %72, [TV =—[Tlp=[-Tlp "2
T =-T. |

d Theorem 5.6.11, 2% i ¥ # | 5 B ** skew-adjoint matrix 2 . » i*u{;m AeM,(R)
M X_A'=—A ¥ T r£% 5 & orthogonal matrix P € M,(R) # {8 P'AP 5 4- (5.5) ¢ block

diagonal matrix.

Question 5.28. % ACM,(R) & A'=-A. £ 5 )=+ 1)>+2)?, #5~
4o (5.5) e block diagonal matriz B & 7 A~B. #F® T A 1 rational form (2 classical

form). & ® A &7 rational form # &_ skew-symmetric?

B fe AP kI - 4L over R ¢ normal operator. % T :V —V % normal operator, B
d Proposition 5.5.6 2475 V=W, H---BW,, # ¢ W;=Ker(p;(T)) * pi(x) € R[x] % monic
irreducible polynomial. #% i %~ R[x] ¢ 7 monic irreducible polynomial &5 ™7™ & &4} 3%
T x—AAER, 1% (x—a)>+b* a,beR ¥ b#0. % pi(x) =x—A, Bl W; = Ker(p;(T))
% eigenvalue 3 A £ eigenspace. #7142\ P & £t pi(x) = (x—a)?> + b A5 LR
L WiL =H;4W; 2 W; ¥ & T-invariant, ¥ WiL 7 % T-invariant. #td Lemma 5.5.2(2) #v

Tlw, 7 % normal operator. * #* P& pp, (x) = (x—a)? +b%, #Fre s i & 4§ 11T 2 7).

i

Lemma 5.6.12. B3k V % finite dimensional inner product space over R, T:V —V &
normal operator ® Ur(x) = (x—a)’+b*> 2 ¢ b#£0. £ T=T1+T, ¢ T;:V =V 3
self-adjoint operator, T, : V —V i skew-adjoint operator. B

(1) T % isomorphism.

(2) iy (x) = x—a.

(3) ,LLTZ(X) :X2+b2.
Proof. Proposition 5.5.8 £ 2% i T, T, & 3 A2 rii— . X T % normal tx TjoTh =ToT].

(1) i 2 2P Ker(lh) ={0y}, {7 # T, 5 isomorphism. IJEK Ker(Tr) # {Oy}
L W= Ker(Tz). d Tolh=T0oT sv¥tiz 3 we W, Tz(Tl(W)) = Tl(Tz(W)) = Tl(Ov) =0y.
7w Ti(w) eKer(Th) =W, 8% W i Ti-invariant. * 28 weW, ¥ 7
T(w)=T1(w)+Th(w)=T1(w), * T|w =Ti|w.

4 Lemma 5.5.9 # Ti|ly & self-adjoint, # Tly & self-adjoint. 2% @ ug, (x) | ur(x) 2
dr, () #1 (FRW={0y}), ¥ (x—a)?+b* (b#0) & R[x] # i irreducible ¥ pz, (x) =
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ur(x) = (x—a)> +b>. ¥ - > 4 d T|y 5 self-adjoint, Theorem 5.6.5 % & i Tly &
unitary-diagonalizable, ¢ ¥ & 7=z, (x) ¥ M A4 3% Rx] ¥ - & 5 g ehgff. d 29 5
##% W =Ker(Tr) = {Ov}.
(2) E" T10T2:T20T1 %5'
T2 =(T1+ D)o (i +T) =T\ +2T o L + T2
PR T =T+ T =T — T, & (T =T2—2T o L+ T2, &+ 5 4pi @
T2 —(T*)? = 4T 0 T>. (5.6)
¥ -6, d Lemma 5.4.2 ¥ up(x) = fr(x) = (x — a)®> + b?, #4v
T2 =2aT — (a®> +b%)idy, (T*)* =2aT* — (a® +b*)idy.
iR
T2 —(T*)** = 2a(T — T*) = 4aTs. (5.7)
d %5 (5.6), (5.7) # 4TioTh=4aTy, 4 (1) T, Hh, adsa Ex3afa T, 440
Ty = aidy. T Ty —aidy =0, ## |, (x) =x—a.
(3) 4 (2) v B =T —aidy, &
T2 = (T —aidy)? = T2 = 2aT +d*idy = (2aT — (a® + b?)idy ) — 2aT + a’idy = —b%idy,

T T2+ b%dy =0. 4 b#0, x> +b* & Rlx] ¢ 5 irreducible, % ur, (x) = x> +b%. O

% Lemma 5.6.12 ¢ | %] T» % skew-adjoint ® pzp(x) =x*>+b% ¢ Lemma 5.6.9 53F &
V ¢h- 2 ordered orthonormal basis B # ¥ [I2]g = 4 (5.4) 7 block diagonal matrix. @
T\ = aidy, E dlm(V) =n, | [Tl]ﬁ =al,. #+d [T]l; = [Tl +T2]ﬁ = [Tl]/} + [TQ]B L f]”"ﬁ TE

2 2%,

Corollary 5.6.13. B3k V % finite dimensional inner product space over R, T:V —V &
normal operator. % Ur(x) = (x—a)>+b> 27 b#0 R & V h- & ordered orthonormal

basis B & 17 [T]g & 127 1 block diagonal matriz

M O
[T)p = . ,ﬁﬂM:(Z‘”>. (5.8)

O

Example 5.6.14. E3% V % finite dimensional inner product spaceover R ® T:V —V 3
normal operator. & xr(x) = (x> +4x+6), Bld Proposition 5.5.6 * ur(x) = x> +4x+6 =
(x+2)2+2. #d Corollary 5.6.13 4v3% & V - ‘& ordered orthonormal basis f # ¥

-2 —V2 0 0
. — V2. -2 0 0
Th=1 09 o =2 -2

0 0 V2 =
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¥t - & e over R ¢ normal operator T :V — V, 4 Proposition 5.5.6 & ur(x) =
p1(x)-pr(x)q1(x) - qi(x), B P pi(x),...,pr(x) € Rlx] 5 48 £ ¢ monic irreducible poly-
nomial of degree 2, g;(x),...,q(x ) € R[x] % 4p & ¢ monic polynomial of degree 1. 4
Wi = Ker(pi(T)), Ej = Ker(q,(T)), P

V=w @ -BWBHE D -BE.

d > Ej=XKer(q;(T)) # T - & eigenspace, P~ E; - % ordered orthonormal basis f,
FE T [T\Ej]ﬁj/_ % diagonal matrix. @ F] p;(x) 5 (x—a)?+b* 97558 ¥ T|y, © % normal,
* piry, (x) = pi(x), ¢ Corollary 5.6.13 # i ¥ 1145 ¥] W; ¢ 2 orthonormal ordered basis
Bi, & @ [Tlw]p = 4= (5.8) ¢ block diagonal matrix. o **ig& By,..., B, Bl,....p 7 &

= V ¢— % ordered orthonormal basis, #* 7% 12" 5 B over R 5 spectral theorem.

Theorem 5.6.15 (Spectral Theorem: real case). B3K V 5 finite dimensional inner product
space over R. B T:V —V i normal operator % ® ¥&3% 3 & V - 8 ordered orthonormal

basis B & ¥ [T]g & v+ ¢ block diagonal matriz

M, O ,
a; —b;
[T]ﬁ: 7£‘6Mi_<bi

O M,

Proof. # T:V — V % normal operator & # & eh3lp S iois & V a1- %2 ordered

)h#OéM Ai. (5.9)

i

orthonormal basis B & # [T|g & 4= (5.9) 5 block diagonal matrix.
F 2, ¥ &V - & ordered orthonormal basis B i ## [T]g = 4r (5.9) 7 block

diagonal matrix, F]d Proposition 5.3.10 v
M; O
O M}

Eﬂﬁﬁ:<%r;);wﬁzazm.wwmm:Mm@?@ﬁMﬂm:mmmm
4 1

#F ToT*=T*oT. O

d Theorem 5.6.15, 2% i ¥ ¥ $|5 B ** normal matrix 8. » ,T*u{?u AeM,(R) &
E_A'A =AA' ¥ rE £ % % orthogonal matrix P € M,(R) & ¥ PAP % 4o (5.9) &1 block

diagonal matrix.
Question 5.29. BE#% A€ M,(R) 2 A'A=AA' & ¢
2a(x) = (P +1) (% +4x4+6)2(x+1)2(x* - 2),

#FE T e (5.9) 0 block diagonal matriz B € 18 A~B. 3#8 T A 3 rational form. 5 @ A

e rational form * &_normal?
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B fo NP AR T Gk fL — 1 linear operator 7:V —V & % & diagonalizable, {v
V &_% % inner product space & k. = T ¥_F % unitary diagonalizable 7&{? inner product
3R ﬁ‘fu{;m V * % I e inner product, * € :x% T &£ % 5 diagonalizable 2 f, e
i e g 2 F L unitary diagonalizable s F. S5 0T i+

“.1

~b

Example 5.6.16. % Example 5.3.11 ¢ ¥ 5 T:R3 - R 2 % %
T (x1,x2,x3) = (4x1 +x2 + 2x3,4x1 +4x3 + 4x3,2x1 +x2 +4x3).

& R3 A @ inner products {,) 72 & ((,)). f§ B gt AP T cheigenvalues 5 2 - 8
* H ¥k o0 eigenspaces A %] & Ep = Span({(1,—2,0),(1,0,—1)}) m 2 Eg=Span({(1,2,1)}).

%% B R3 4 standard inner product space, #* P T # T* ¢ T # &_self-adjoint operator.
d Theorem 5.6.5 4= T % standard inner product (,) 2 & % 4_unitary diagonalizable. ¥
7+ ((1,-2,0),(1,2,1)) = =3#0, v E, € E§-. & 5] T » i diagonalizable, 7 % T h
minimal polynomial pr(x) ¥ % = - = monic polynomial h3k# (F9 + AP 3 ur(x) =
(x—2)(x—8)). &y i 7 4] * Theorem 5.6.15 ¥+ T % standard inner product 2. F %

#_normal operator. ¥ § + ¢ Example 5.3.11 Fvpt pF

4 4 2 4 1 2 36 22 32
[T*oT)e=[T"e[Tle=| 1 4 1 4 4 4 |=| 22 18 22|,
2 4 4 2 1 4 32 22 36
m
4 1 2 4 4 2 21 28 17
[ToT*e=[T|[T"e=| 4 4 4 1 41 |=| 28 48 28 |,
2 1 4 2 4 4 17 28 21
+ % R 52 ((,)) % inner product ¢ inner product space F¥, & i 8 T* = T7 7r AP
T % self-adjoint operator, #zd Theorem 5.6.5 -~ T 7 #* inner product 2. T % unitary

diagonalizable. ¥ % + d (((1,-2,0),(1,2,1))) =0 = % ({(1,0,—1),(1,2,1))) =0 & p*
E> 1 Eg. 41* Gram-Schmidt’s process 43 I E; - ‘& orthogonal basis, H i #g4-7: £
Vi = (1,—2,0),W2 = (1,0 —1) R B~

<<W27V1>> _ B _1 - _1 B
vy V1= (10D =3 (1,220 = (5, 1,-1),

8 ((vi,v2)) =0, % {(1,-2,0),(5,1,—1),(1,2,1)} & T ¢ eigenvectors ¥ 3 R? & ((,))

27T - % orthogonal basis.

V) =Wp —



