2.2. Image and Kernel 29

# X image fr kernel iz A E &, AP F AL L 72T . d T - B Lemma A 2T

image {r spanning set 7 B @ kernel ﬁ}’fr linear independency #p R .

Lemma 2.2.4. 3% T:V =W £ - B linear transformation, ® S,§' % V 1 subsets.

(1) T(Span(S)) = Span(T(S)). # %, & S Z_V 1 spanning set, B] T(S) €_Im(T)
spanning set.
(2) & S % linearly independent * Span(S') NKer(T)= {0y}, Bl T(S") 7 % linearly

independent.

(1) & % & S CSpan(S), ## T(S) C T(Span(S)). #A @ Span(S) &_V =1 subspace, #<

d Lemma 2.2.1 4 T(Span(S)) €_W 1 subspace. » i*u{;ru T(Span(S)) - B ¢

7 T(S) shsubspace. * F]% Span(T(S)) £ W ¢ ¢ 7 T(S) & | f1 subspace (% 2

Proposition 1.3.3), # {8 Span(T'(S)) C T(Span(S)). ¥ - * &, & we T(Span(S)) %

TH R ClL.. g €EF E v v, €S BE w=T(civi+--+cyvy). Fltd T i

linear = w = clT(vl) + -+, T(vy) € Span(T(S)). # ¥ T(Span(S)) C Span(7(S)),
Fl@ % # T (Span(S)) = Span(T'($)).

B (6% S €_V ¢ spanning set, T Span(S) =V.
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s
<
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i
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Span(7'(S)) = T (Span(S)) = T(V) = Im(T).

(2) pAANPRP REXRTS) P P ypd. FRFEFEVZVCES 2 vwWipRi
BTV)=TV),7® T(v—v)=0y, ™ v—v €Ker(T). @ v—v € Span(s),
Fod Bk A v—v € Span(S)NKer(T) = {0y} #£8 v=v 2.4 F. & T(§) ¢ &
~F e d

BAI* F &k T(S) 5 linearly dependent, % 7= 5 t vy,...,v, €8 % p B
rocep,enen€F %2 5 0@ E o T(vi)+--+cT(vy)) =0w. f1* T 5 linear ¥
T(civi+-+cuvn) =O0w, =T c1vi+--+cpvp €Ker(T). 2Ra civi+--+cpvy €
Span(S’), # ¢ Span(S')NKer(T) ={O0y}, ¥ c1vi+--+c,v, =0y. pt & § 3

=

linearly independent #p % %, ¥ T(S') % linearly independent.

O

Lemma 2.2.4 (1) 2P § T:V—>W H - B linear transformation, & V 5 finite

dimensional F-space, B| Im(7) 7= 5 finite dimensional F-space.

Question 2.9. BZ T:V W £ - B linear transformation. & V 3 ﬁm’te dimensional
F-space, ¥ % # dim(Im(7)) < dim(V)? *~ % ¢ 5= dim(W) >dim(V) £ 27 m & T £F 3
b 2

AR V- ¥ basis 7 3] Im(T) - % basis.
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Theorem 2.2.5. X T:V W & - B linear transformation. % Sy % Ker(T) -
basis & SoUS % V - ‘& basis, B] T(S) % Im(T) - % basis.

Proof. 7P T(S) 5 Im(T) ¢ spanning set: %] SoUS 5 V ¢ spanning set, ¢ Lemma
224 (1) = T(SoUS) 5 Im(T) = spanning set. d >+ Sy € Ker(T) # 8 T(Sp) ={Ow}. = d
2 T(SoUS) =T (So)UT(S) ={Ow}UT(S), w=xd {Ow} C Span(T(S) (§1* Corollary 1.3.4)
s Span(T'(S)) = Span({Ow } UT(S)) = Span(T (SoUS)) = Im(T).

#M T(S) % linearly independent: %] SoUS % linearly independent * Sy 5 linearly
independent, d Corollary 1.4.4 4= § % linearly independent ¥ Span(S)NKer(7) = Span(S)N
Span(Sp) = {Oy}. #+d Lemma 2.2.4 (2) & T(S) % linearly independent. O

Fwleh 4 V % finite dimensional vector space, # ¥ & V. Ker(T) ™ %2 Im(T) 2

% dimension k¢ .

Corollary 2.2.6 (Dimension Theorem). & V % — % finite dimensional F-space ® T :
VW & - B linear transformation, |

dim(V) = dim(Ker(7T)) + dim(Im(7)).

Proof.  # 41 * Theorem 1.5.10 4% | Ker(T) #1— 2 basis So = {vi,...,vn}, £ 1 *
Theorem 1.5.11 35 ¥ S ={Viuy1,...,Vu} @ F SoUS={Vi,...,Vi,Vius1,...,Va} » V = %
basis. Theorem 2.2.5 & 2 # {T(Vpt1),...,T(vn)} 5 Im(T) - ‘& basis, gcf n—m =
dim(Im(7)), ## dim(V) =n=m+ (n—m) = dim(Ker(7T')) + dim(Im(7)). O

% V % finite dimensional vector space * T :V — W & - i linear transformation,
dim(Im(7T)) - %+ # % the rank of T, @ dim(Ker(T)) » # % the nullity of T. *t14
Dimension Theorem + 3 * % Rank Theorem: rank of T + nullity of 7 = dim(V).

Question 2.10. Bx) T:V =W & - ® linear transformation. & V & finite dimensional

F-space, & ¢ 7= dim(W) <dim(V) . 2 ¥ /2 T 4% 5 - - 5?
2.3. Isomorphism

Linear transformation #-3 i vector spaces B if 4= %k. 4% 3 i vector spaces FF ¥ 15
I|- - - ¥ pr = 0 linear transformation, 2 * i 335 i&7 1 vector spaces F 4p I e
#, v 7 5 isomorphic. ig— & ¢ AP &R AL IHFF BB G M isomorphism HE £ 2

7.

Definition 2.3.1. 3% T:V — W #_— # linear transformation. % T % one-to-one and
onto, PIF T % — B dsomorphism. P R PHV v W L disomorphic = % VW k475,

d  Proposition 2.2.3 & 4 T:V — W 5 isomorphism % ¥ *& % Im(7) =W and
Ker(T) ={Oy}. #t1¢ % T 5 isomorphism P, & S 5 V - % basis, d Span(T(S)) =
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T(Span(S))=T(V)=Im(T)=W & T(S) 3 W &spanning set. * F| T % one-to-one ¥ T(S)
PR TR (TEVVESE vAV, BIT(V)AT(Y)), £ ¢ Lemma 2.24 & T(S) &
linearly independent, #= T(S) % W - % basis. ¥ 2, 2 T(S) ? ch~32 ¥ L2 T(S) 5
W ¢h— @ basis, ¢ Span(T(S))=W, # Im(T)=W. ¥ - 3 5, % veKer(T), d > § % V ¢h
- % basis, 5 Vl,...,V,ES FRE, cly. ., cnEF RIEBVv=cVi+Fopvy. @ 2 E Oy =
T(C]V1+-..+CnVn):ClT(V1)+...+CnT(Vn). e T(S) % — % basis ¥ T(vy),...,T(v,) €T(S)
wAp B +&d T(vy),...,T(v,) 5 Linearly independent # ci,...,c, % 5 0. %]
T Ker(T) ={Ov}. & &0 b, A T2 6.

=

)
E st VZOV)

Proposition 2.3.2. B3X T:V —>W & - B linear transformation * S 5 V ¢h— = basis.
Pl T &_isomorphism & 2 v T(S) » cnxZ 5w 4p 2 2 T(S) 5 W - 2 basis.

Question 2.11. Proposition 2.3.2 » 5 @& %3 T(S) » ~ % ¥ 4p 2
% V % finite dimensional vector space F¥, 2V i 5 T {fdF 2 B %

Corollary 2.3.3. & V.W ¢ i F-spaces £ V % finite dimensional F-space. B V ~W

-

% g dim(V) =dim(W).

Proof. V~W % 7 % f+— B isomorphism T :V — W, F]#* d Proposition 2.3.2 5+ W 7 %
finite dimensional F-space ¥ dim(W)=dim(V). ¥ 2., % W % finite dimensional F-space
dim(W) =dim(V) =n, ¥ @B V - & basis {vy,...,v,} W% W - ‘e basis {wy,...,W,},
41 * Theorem 2.1.4 * 75 % — 1 linear transformation T:V — W & & T(v;,) =w;, Vi€
{L,...on}. d 35 {T(vy)...,T(vp) } ={W1,...,w,} & W - ' basis, d Proposition 2.3.2 4=
T % isomorphism, {#zF V ~W. O

Corollary 2.3.3 £ # 2\ * % g finite dimensional vector spaces & ¥_% isomorphic &_i
BH PR, & '?1‘ U P e dimension € F 4p e TF . KT AP A4 5 S B isomorphism e E
2, %9} % finite dimension {25 FEF ¥ 02 %@ H (hf]* dimension kFE. A Eipat
TIL G- MR TS A2 gRIRAVP 7 ¢ 3 3 infinite dimensional vector space, # i *
linear transformation 4 B k F P & & isomorphism { ac 3 & 7 7 f2iz & vector spaces
B efd %, o7 AR B 7 B3k finite dimensional 25, £ & 7 % dimension #1732 k%
Pagdt 2 (7 i~ RF 4] F dimension kB FEipE FIL D FEME).

Fo Bl fA-$- vpap, APl F S o £% s ®F f £ linear
transformation FFH & @ f°~! ¥ % 4 &_linear transformation? ™ F A i Fow ¥ & B
RAL. BILR, ST L R 4 fo preimage R ELARR G, A o7l KA T f ehE &
#.

Proposition 2.3.4. BX T:V W i - B isomorphism, B T 1 inverse (5 I #c)
T°~1:W =V 7 % isomorphism.

Proof. T % one-to-one and onto, #= # inverse T°~! 7 % one-to-one and onto. #7114 3%

v

FEEEP T°°! 5 W 3| V 4 linear transformation % . @B ww cW, d T %
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isomorphism v fri—- vV eV BET(v)=w ® T(V)=w. & inverse ehZ_&
T Y w)=v 2 T\ (W)=V. i rcF, 8%® T°! % linear transformation, ¥ &
#P T orw+w) =rT N (W) + T Y (W) =rv+ V. 2@ & T 5 linear, ¥ {# T(rv+V) =
FT(V)+T (V) =rw+w. #f & inverse 2. T & # T '(rw+wW)=rv+v, FH T WV

% linear transformation, # 3 isomorphism. O
Question 2.12. Vector spaces 2_ B 11 isomorphic _% 5 — B equivalent relation?

Question 2.13. § V - B finite dimensional vector space, i iv F1* Theorem 2.1.4 7
P Proposition 2.8.4 ¥8 ¢

BT ARAPREAIL S RAE Y A fkPF e B E 58 B Isomorphism Theorems. 'ﬁ
N —é f|* - B ¢ & linear transformation ¥ | A7 ¢ linear transformation 7
2. B3R T:V—->W £~ B linear transformation * U #_ - # Ker(T) ¢ subspace, %%
T:V/U—In(T) 5 TW)=T(v),YVEV/U. § £s i kmp T - B well-defined function.
T EVIi=voinV/U, R E&#FETV)=T(V2). #a Vi=v2, 47 vi—v, € U CKer(T),
=@ T(vi—v2) =0y, " F T(V])=T(v{)=T(v2)=T(V2). ¥- >, $ETZx vV, €V/U
"3 rePF,

T(rvi+v2)=T(rvi+v2) =T (rvi+v2) =rT(vy)+T(v2) =rT (V1) +T(v2),

#a T - i linear transformation.

Theorem 2.3.5. B& T:V W &~ & linear transformation * U & - & Ker(T) ¢ sub-
space, Pl 3 # T:V/U -1Im(T) & % T(V)=T(v),VveV/U &~ B linear transformation
® Ker(T)=Ker(T)/U 12 % Im(T)=1Im(T).

Proof. # & ¢ 4, T & - i linear transformation. 3% v € Ker(T), & #& 4 7 Oy =
T(V)=T(v), =% veKer(T), #% veKer(T)/U. ¥ - >, % veKer(T)/U, %7
veKer(T), &« T(V)=T(v) =0y, ##% veKer(T). #® Ker(T)=Ker(T)/U. B i$ % # &,
Apowelm(T) Frreg s veV/U # @ w=T(FV)=T(v) #2rtx welm(T). ¥

Im(T) =Im(T). O
gulE f U=Ker(T), A4 nT e,

Corollary 2.3.6 (The First Isomorphism Theorem). &3k T:V —W & - & linear trans-
formation ® T :V/Ker(T) —Im(T) %% 5 T(V)=T(v), BRI T - ® isomorphism, ¥

,
s

V /Ker(T) ~Im(T).

Proof. #] T :V/Ker(T) — Im(T) % linear transformation % ¥_Ker(T) = Ker(T)/Ker(T) =
{Oy} & Im(T)=Im(T), & T % isomorphism 3% V /Ker(T) ~Im(T). O
Question 2.14. § V 5 finite dimensional vector space, % it §|* quotient space
dimension 2% 11 % Dimension Theorem &P V /Ker(T) ~Im(T) 5 ¢
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Theorem 2.3.6 2.t/ £ & The First Isomorphism Theorem, & %]z # m 4| * v ¥ H

i# £1 [somorphism Theorems.

Corollary 2.3.7 (The Second Isomorphism Theorem). 3% V i - & vector space * U,W

%V & subspaces. B

(U+W)/U~W/UNW.

Proof. £/ & U % U+W &1 subspace, *74 (U+W)/U % - & vector space. ¥ Jg
T:-W—=(U+W)/U &5 T(w)=w,VweW. % % %% T 5 - i linear transformation.
BEFAPEEP Im(T)=U+W)/U 112 Ker(T)=UNW, ¥ d Corollary 2.3.6 ¥
(U+W)/U~W/UNW.

d 3 Im(T)C(U+W)/U, AP EEEP Im(T) D (U+W)/U. 3z ve(U+W)/U,
d Z2ixm3huclUweW @ v=u+w. d ¥ v—w=ueU, i (U+W)/U *
V=w. FpAiPrs v=w=T(w)cIm(T). #& Im(T)=(U+W)/U.

B Ker(T)CUNW. F 2z, 5 weUNW RIFlwelU, # w=0. & T(w)=w=0, ¥
w e Ker(T), #% Ker(T)=UNW. O

g A pE e —’F% A & 7 d) - B4 40 linear transformation :T‘!"u? FI1* the First

Isomorphism Theorem, # 3|4 ¢7 isomorphic |+ §.

Corollary 2.3.8 (The Third Isomorphism Theorem). #*% V i - B vector space * U,W
%V &1 subspaces % XU CW. B

(V/U)/(W/U) =V W.

Proof. 5 £/1 &, 4 UCWCV ® % % vector spaces, 7 V/U ™ % V/W %% % vector
spaces. A g T:V-V/W, 2% 5 T(v)=V,VveV. %5 %% Ker(T)=W =
Im(T)=V/W. #&d UC Ker(T) W, 41 * Theorem 2.3.5, == T:V/U -V /W 5 - &

(T)=V/W 1212 Ker(T) =Ker(T)/U=W/U. %4l

linear transformation, * Im(7) = Im
T) = Im(T), & (V/U)/(W/U) =~V W. .

* Corollary 2.3.6 17 (V/U)/Ker(

Question 2.15. § V & finite dimensional vector space, = iv §1* dimension KZEM the

Second and Third Isomorphism Theorems v ¢

Question 2.16. BX% V % - B finite dimensional vector space * U,W % V 7 subspaces
AREUCWCV., aApa dim(V/U) =dim(V) —dim(U),dim(V /W) = dim(V) — dim(W) *

dim(W/U) = dim(W) — dim(U) ,TJ' F# dim(V/U) —dim(V /W) =dim(W /U), 7R3 P +# 2

R (V/U)/(V/W) 2W/U?
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Exercise 2.3. Let T1 : V — W and T> : W — U be linear transformations. Consider the
composition ToboT; : V — U. Suppose that W is finite dimensional. Prove

dim(Im(7;)) +dim(Im(72)) — dim(W) < dim(Im(73 0 71)) < min{dim(Im(7})),dim(Im(73))}.
(Hint: Consider the restriction map Ta|jm(z,) : Im(71) — U for the first inequality.)
Exercise 2.4. Suppose that V;,V, are vector spaces and U;,U, are subspaces of Vi,V,
respectively.

(1) Prove that U; @ U, is a subspace of V| @ V,.

(2) Show that
VieW) /(U aU,) ~ (Vi/Uy) @ (Vo/U,).
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