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4.3. Jordan Form

#spr v L Triangular form ¥ 7 % % A P 2475 Baed £ F 5 similar. 2% v g
{ 4F e ordered basis #-H it % #73} 0 Jordan form. & & ¢ AP BIEK yr(x) ¥ 4R A
fEs - e F IR A (T xr(x) = (=)D (x— A)%). B R e i R34 nilpotent
i),

¥+t — @ linear operator T:V — V. i&— =t A 4g2d T,T°%,... 0 kernel ¥ chbf 4. &
v € Ker(T%), % 7 T°(v) = Oy, & @ T (v) =T(T°(v)) =0y. #r18ip R4 T eh

chain of subspaces
{0y} CKer(T) C Ker(T%) C --- C Ker(T*!) C Ker(T*) C --- .

$Fwleh, & T 5 nilpotent of index m, # 4 Ker(T°") #Ker(T%), Vi=1,...,m—1.
F

Lemma 4.3.1. X dim(V) >0, & T % nilpotent operator of index m, R34 5 T i

chain of subspaces.

{Oy} C Ker(T) C Ker(T°%) C --- C Ker(T° ') C Ker(T*) C --- € Ker(T*"!) C Ker(T°") = V.

Proof. # %M Ker(T°" ') CKer(T*")=V. Fi T" =0, » T$E L veV,T"(v)=
Oy, #7111 Ker(T*")=V. ¥ - * &, % Ker(T*" ') =Ker(T*") =V, pl4 7 T" ' =0, p- &
m 5 do el R F T =0 4pF F, teiv Ker(To" 1) # Ker(T°™).

#TRAPERP {Oy) CKer(T). $#E i veV F Oy =T"(v) =T(T" (v)) #&
7" Y(v) € Ker(T). 3% Ker(T)={Oy}, PIZ & veV ¥ ® L T (v)=0y @ & 3|
T 1 =0 2 3§, #iw Ker(T) # {Oy }.

I, § 1<i<m—2, ARG veV ¥ F Oy =T(v) =T (1o D(v)),
w 7o+ (v) € Ker(T**). % Ker(T°) = Ker(T°1), pld Tom (+1(v) € Ker(T*) #
Oy =TT D (v)) =T (v). i TR veV ¢4, @3 T =0 24
F, ®% Ker(T*) # Ker(T*H). O

Pt

WIBK i>2, % vi,...,vs € Ker(T°*!) % linearly independent *
Span(vy,...,vs) NKer(T°) = {0y},
B T(vi),...,T(vy) € Ker(T®) 7 % linearly independent. ¥ 4 * &
nT(vi)+---+rT(vs) = Oy,

Pl T(rivi+--+rvs) =0y & rivi+--+ryvs € Ker(T) C Ker(T). #d Span(vy,...,vy)N
Ker(T°) ={Oy} 2 B ® rivi+--+ryvy=0y, £ vi,...,vy 5 linearly independent #

ri=--=r;=0, #% T(v1),...,T(vs) % linearly independent. ¥ *} i, + {7
Span(T(vy),...,T(vy)) NKer(T*"!) = {Oy}.
TEF L E v=rT(vi)++rT(vy) € Ker(T 1), p

Oy =T N (rT(vi)+ - +rT(V5)) =T (rivy + -+ ryvy),
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I rvy -+ rgvg € Span(vy,...,vs)NKer(T%) ={Oy}. £ ¢ vi,...,v, % linearly independent

Wr=-=r=0 FFv=0y. AFF 172 %%

v

Lemma 4.3.2. 3% T:V =V % linear operator. % i>2 P, % vi,...,vy € Ker(T°H1) 4
linearly independent £ Span(vy,...,vy) NKer(T%) = {0y}, Bl T(vy),...,T(vs) € Ker(T%) %
linearly independent 2 Span(T(vy),...,T(vy))NKer(T') = {Oy}.
Fuly EV i finite dimensional F-space, P

dim(Ker(7°*1)) — dim(Ker(7T°)) < dim(Ker(T°')) — dim(Ker(T°1)). (4.2)
Proof. & P & #|& p '+ (4.2). Bx& {uy,...u} 5 Ker(T° 1) th— & basis, #-2 3+ &
{uy,...u,wy,...,w;} ¢ 2. 5 Ker(T) th— ‘& basis. £~ = {uy,...u,Wi,...,W;,Vi,...,V}
# 2 5 Ker(T°*!) th— 2 basis. i ¢ & vy,...,vy € Ker(T°*!) % linearly independent
2 Span(vy,...,vs) NKer(T%) = {Oy}. ¢ % & % % & T(vy),...,T(vy) € Ker(T) % linearly

independent £ Span(T(vy),...,T(vs))NKer(T° ') ={0y}. # {uy,...u,,T(v1),...,T(vy)} %
Ker(T°) @ ¢ linearly independent set. # 4v t+s5 < dim(Ker(T°)) =t +1, 7 %

dim(Ker(7°*1)) — dim(Ker(T°)) = s < [ = dim(Ker(7T*)) — dim(Ker(7°~1)).

=T kAP @3] Jordan form, XS £ B e (8 3] Jordan form.

Definition 4.3.3. % 2 A € F, ¥>% 1 x | matrix (1) ™ % 4o 3538 e {  F¥ square matrix

A 0 O -+ 0 O
1 2 0 -~ 0 0
o 1 2 0 - 0
O -~ 0 1 A O
o 0 -~ 0 1 A

5 ,Tk{;wﬁi%ﬂ (i,i)-thentry 5 A, @ 48T 3 ni= ¥ ¥ (i,i—1)-thentry 5 1, # & =
By i 0L, SNPHL elementary Jordan matriz associated with A. @ d  associated

with A 7 elementary Jordan matrices 7% = 1 block diagonal matrix, ¥

no 0
. ,
O &
HY & J; ¥ % elementary Jordan matrix associated with A, £ 5 Jordan block matrix

associated with A.

ART L

%), *»EX

& 5 elementary Jordan matrix 0% & 5 1 s ot 2 (F (Li+1) 0

4
a5
& #%- ordered basis "8 B w0 {6 3, 2 ¥ e A BB L similar.
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Question 4.10. BX T:V =V % linear operator £ B = (Vi,Va,...,,Vye1,Vy) » V e
ordered basis. ¥ [T]g % elementary Jordan matriz associated with A, % J& ordered basis

B = (Vs Vie1,.-+,V2,V1), R [T]B' P f@_ﬂj;‘ £ matriz?

ET AAPIEP nilpotent linear operator ¥ ¥ 45 ¥| ordered basis ¢ H representative

matrix = Jordan block matrix associated with O.

3

Proposition 4.3.4. B3&X V % finite dimensional F-space. % T :V —V & - B nilpotent
linear operator of index m, B| % t V &7 ordered basis B # 1%

[T]g = Jordan block matriz

associated with 0.

Proof. £ §; 5 Ker(T) - & basis, #-2 4% % 5 Ker(T°?) ¢h— ' basis S, - & T4 & 7|
#5 S, 5 Ker(T°™) =V & ‘& basis. » )Th{;ﬁ,g i=1,....m ¥ S; & Ker(T*) 1 basis
(AR Lemma4.3.1 £3#APF i=2,...m P S 1CS). Y& {Vi,....,V} =S \Sm1 &
4 linear independent subset (T # #.7 # &). Corollary 1.4.4 £ 2724 Span({vy,..., vy })
fe Span(S,,—1) = Ker(T°" 1) eh2 & 5 {Oy} %4 Lemma 4.3.2 &= {T(vy),...,T(vy,)} %
Ker(T°"~1) ¢ & linearly independent set ¥ Span({T(vy),...,T(vi)})NKer(T*"2) = {0y},
#xf1* Corollary 1.4.4 &= {T(vy),...,T(Vg,) }USn_2 % Ker(T°"~!) ¢ &hlinearly independent
set. & {T(v1),...,T(v,)}USp_2 7 % Ker(T°"!) 5 spanning set, A ¢ T‘L{Ker(Tomfl) e
- & basis. @ % {T(vi),...,T(Vg,)}USm_2 # &_ Ker(T°" ') 1 spanning set, |2 "7 %
Ker(T°"1) @ B vi 41,...,Vi, & 18

{T(Vl)7"'7T(Vk1)7vk1+17"'7Vk2}USm—2
% Ker(Tom*l) ¥ - % basis. + ih{;mf\ - e Sy \Suo2 *
{T(Vl),'-‘;T(Vkl);VkIJrl;-H;sz}

et RV, Vi T (V) T (Vi )y Vig 1y -3 Vi fUSm—2 17 5 Ker(T") =V - &
basis.

BT R BB Sm—l\Sm—Z gl 4 {T(V]),...,T(Vkl),Vkl+1,...,Vk2}. £ :'E’H'” Lemma
4.3.2, & i se {T2(vq),...,T?(vi,), T (Vi 11)s -, T(Viy) Y US55 Ker(T"2) ¥ ¢ linearly

independent set. #7r4 & 4c » Ker(T"72) @ ha % Vi, iq,...,Vi, & @
{T°2(v1), ., T (Vi) ), T (Vi 51)5 -+ T(Viy) s Vi1 -+ Vi U Si3
% Ker(T°"=2) ¢ basis. » A P# Sy \Smz £ &%
{T°2(v1)y o T (Vi)s T (Vig 1)+ s T (Viy )y Vig 15 -+ Vis }

P - BT AR S \S B A S RO T WEIT(S),) E- ek
Ker(T°') ¢ linearly independent set, £ 4c » Ker(T) ¢ eh3 f & SV & (% T(S.,)US/ US|
% Ker(T°) 1 basis. :}%%,ﬁk{% Si/Sici * S;=T(S; | )US! B~s. Aqpr T Jl& kAT
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Sm\Sm—] ViV
Sn—1\Sm-2 ~ T(Vl)v--~T(vk|)~ V4155 Vky
Sn—2\Sm-3 ~ T(V1),..., T2 (v,), T(Vig 1)+ 5T (Viy ), Vig+ls-- s Vig
Sy~ T (ve), T (k) T2 2 (k) T2 (Vg )y T 3 (Viga) o T3 (kg )y o Tk 1) T (Ve ) Vi 4155 Vi

B {6 — iﬁﬁ%ﬁ.};{d&%@ S\ S) A E
T2 (V1) T2 (Vi) T (Vi) T (Vi)

T(vkm—3+1)7 try T(Vkm—Z)’vkm—2+l ’t ’vkm—l

“ o T, {83 Ker(T) ¥ ¢ linearly independent set
{Tom—l (V]), ceny Tom—l (Vkl), Tom—Z(Vkl_H)’ ceny Tom—Z(sz)’ ceey

T2V, s11)s- T (Vi 5), T(Viey 915+, T (Vi )}
£ 4er Ker(T) ¢ s07 % Vi, 41,...,Vk, € B = % Ker(T) 5 basis. #7 F 6 Bl & it -
# row ﬁﬂy’u%q’%{?ﬂﬁ Sy eh 2, W Ker(T) 0 basis. #-2 2B §,\ 8 g @E&é&iﬁ
Pk S tha %, F Ker(T°?) th basis. BB 7 Bk S\ Sy 75— B row 2 2 0T
L row ¢ E T 5 e Ker(T%) e basis. « Fpt b & ¢ ehg 24 e V=Ker(T") th
basis. % Jg #v 38 5 - B column — B column d F LT # A #7135 = &9 ordered basis
B, ™ B%-BAE i viEFLT(vV), - EF% mBi T (v) £F % vy, T(v2),...
[T]p T - B Jordan

- T ERERE S Vkm717T(Vkmfl>7vkmfl+17"'7Vkm' %% % '%‘ A
Y(v1)) e384 &0 block e

block matrix associated with 0. &4 [T]g $+& (vi,T(v1),...,T°""

)

E
o 0 o0 .- 0 O
1 o --- 0 O
o1 o0 o0 - 0
O - 0 1 0 O
o o0 --- 0 1 0
iz— B associated with 0 e m x m ¥ elementary Jordan matrix. O

Question 4.11. &} & &P ¢ [T]g ¥ (Vi,11,T (Vi 11),-.., T 2(vy)) 384 ¢ block £
A rg e elementary Jordan matriz? &3 (vi, |, T (Vi, ) T¢ (Vi 41,5 Vk,) 384 > &

& e matrices?

Example 4.3.5. ¥ J& linear operator T : P4(R) — P4(R) %% & T(ax*+bx* +cx’ +dx+e) =
dax® +3bx+2c, {xF % 2|%r T % nilpotent of index 3. 7] Ker(T) = {dx+e|d,e € R}, i
15 7] Ker(T) - 2 basis S; = {x,1}. @ Ker(T°?) = {bx’ +cx* +dx+e|b,c,d,e € R}, 2 i
B S S L S ={xx%x 1} & 5 Ker(T°?) ¢hbasis. s is# S #H~ 5 S3={x* 2% % x,1}
#H % Ker(T) =V ¢ basis.

RS\ ={x*), &y B T(x) =422 2 S chm & {4 x,1} 5 Ker(T°?) t hlinearly
independent set, ¥ 4c » x* & ¥ {4x>, ¥} US| = {4x?,x°,x,1} 5 Ker(T°?) ¢ basis. s p&*
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{42,833} B~ % S\ 81 = {33} BE T R T(4x?) =8,T(x*)=3x, F15 {8,3x} ¢ % Ker(T)
e basis #TI0F FAer A F B 4R {83x) BN S| AP T 2 Bl

S5\ 8> = {x*} x

$H\81 ={x, ¥’} ~ T =42 ¥
Sy ={x,1} ~ T(T(*)) =8, T()=3x

#r11 % & ordered basis B = (x* 4x%,8,x%,3x), i 18 5|

00000
10000
Tlg=]0 10 0 0
00000
000710

H 4 4 Example 4.3.5, 24 2 & E 445 3| ordered basis 1{ & 2% T 1 Jordan form ¢
¥ it 3555, 1% Proposition 4.3.4 gz @ #r% chl & AP Ao Jordan block matrix ¢ eh
elementary Jordan matrix =i gt,i*u H B % ¢ column i #c, @ column i &ﬁk{h’%‘] % ¢
B 16— B row h~ % B, T #(S)) =dim(Ker(T)). ¥ ¢t & - B column e~ % TI%%:,TA{*C?
144 i ¢ elementary Jordan matrix fF #ic. 40 % — B column ,7&{7\ BoSy\Sm_1 7~
EV,EBEFLTV),....T" (T Empad, v b’%*}{%z’@;ﬁﬂij&%— # m x m I} ¢ elementary
Jordan matrix. iH¥ m xm ¥ 0 elementary Jordan matrices =@ ﬁf:i& AR5 m B
e column i, F AP APT gl PR ﬂtﬁk{ ki,  Sp\Sp—1 e~ % B
¥, ~ ,T*u{ dim(Ker(7°™")) — dim(Ker(T°"')). ¢ Lemma 4.3.1, &% i 5vpt #cx < 2 0. X
¥ (m—1) x (m—1) F§ ¢ elementary Jordan matrices 713 #c, ,Th{ Proposition 4.3.4 #
1 ky — ki,  dim(Ker(7°"~')) — dim(Ker(7°"2)) — (dim(Ker(7°")) — dim(Ker(T°"~1))),
#3 7 s 0 (Lemma 4.2 &4 3738 v 3330 0). BIZ, ixi f§ < elementary Jordan
matrices ei# #k 5 dim(Ker(7°)) — dim(Ker(7°~1)) — (dim(Ker(7°*!)) — dim(Ker(7))).

% Example 4.3.5 ¢ ¢ T % nilpotent of index 3, 7 # Jordan block matrix ¥ - 27
3 x 3 F# e elementary Jordan matrix. & dim(V) =35, #&®& i 3 — ® (% Al Jordan block
matrix (fFHg X AT EI 6x6). THUFTF A A EF - B 2x2 Ff i elementary Jordan
matrix, & 4 3 @ B 1 x 1 F§ 7 elementary Jordan matrix. % i dim(Ker(7T)) =2, #7 # i
3 2 i elementary Jordan matrices, F]* "$ is%. 2o T i = & Jordan block matrix — F_
Hd - B 3x3 FFfr— B 2 x2 F§ e elementary Jordan matrices #7 e = .

oA P w ¥l T ¢ minimal polynomial 3 pr(x) = (x—A)" eafF3;, ppF T —Aid
= nilpotent #7124 Proposition 4.3.4 4ri % ordered basis B # F [T —Aid]g=J % -
diagonal ¢ % 0 ¢ Jordan block matrix J. @ % dim(V) =n, #] [T —A4id]g = [T]g — AL,
#i® [T]g = AL, +J, & - & diagonal ¥ 5 A 7 Jordan block matrix.

Theorem 4.3.6. H3&X V 5 finite dimensional F-space. % T :V —V % linear operator &

characteristic polynomial §= minimal polynomial » %| &

Hrlx) = (= )+ (v = A%, fr(e) = (= Aa)™ - (= Ag)™
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2P ..., 4 5 FPpReani, R5 &V e ordered basis B & 17

], Ji O
B () " )

B BB J 5 cixc FEe Jordan block matrix associated with A;, @ & %= J; 7 elementary
Jordan matrices i ﬁici*u—«‘?\ A =0 geometric multiplicity, ¢ dim(Ker(T — A;id)). ¥ ¢t J;

B B FE e elementary Jordan matriz 5 m; X m; F&.

Proof. ¢ Primary Decomposition Theorem 8 V=V, @®---®V;, £ # V;=Ker((T — A;id)”"™)
2 oppy, (x) = (x=A)". # Tly,—Aid|y, & nilpotent, #=f]* Proposition 4.3.4, # i* &v 33
w B » V; 0 ordered basis, ® ¥ [Tly]g # Ji &1 ¢;x¢; [§ 7 Jordan block matrix
associated with A;. #&#- By,..., B & B #5[2) =% V & ordered basis B, ¥ # [T]g = #7& 1

Jordan matrix. |

Question 4.12. =i J1* Theorem 4.5.6, % P % T 7 characteristic polynomial Xr(x)
FURAES Flx] P oa- S 5N 2k, 2T ahE - B eigenvalue 0 algebraic

multiplicity %> 2 geometric multiplicity, ®| T % diagonalizable?

# Theorem 4.3.6 ¥ T 1 representative matrix i*wfﬁ_; T & Jordan form. % & $i§ 3

R AT 0k e (x), ur(x) KREF ] T 0 Jordan form, 7 G PEI R F AR, AR U

Example 4.3.7. 3% T:V —V 5 linear operator & xr(x) = (x—24;)3(x— L)% # ¢

M # L. 2k EFZt T e Jordan form # ¢ 92538, g L d deg(xr(x)) =7, # dim(V) =7,
#7100 T ¢ Jordan form — % & 7 x 7 matrix. ¥ *F %] yr(x) 7 @ BAp R e =X F]&, AP0 v

¢ Jordan form, - €& 3 & % Jordan block matrix #r& =, # ¢ - B & 3x3 ¥ associated
with A1, ¥ — B&_4 x4 ¥ associated with A,. 3 i 38 & &5 B Jordan block matrix &_
d 7R elementary Jordan matrix #1%8 =¢.

R "F% 3 x 3 ¢ block Jordan matrix associated with A; ¥ it %, & ur(x) ¥ 4
(x—24)3 fﬁ“ﬁ%, Ald Theorem 4.3.6 4y block » - 3 — # 3 x3 ¢ elementary Jordan
matrix, #7114 ¢ pFiz— B Jordan block ,Tklz‘?"— i# 3 x3 &7 elementary Jordan matrix. %
pr(x) &7 4 (x—A1)? L IR S (x—241)3 ¥'%, Pl % J Theorem 4.3.6 42 block 4
- Z_j —  2x2 ¢ elementary Jordan matrix, © ¢* block % 3 x 3 matrix, *714 &3%:E 3
- B 1x1 9 elementary Jordan matrix. #7875 % block £.d - B 2x2 fr—
1 x 1 matrix #rie &, &% (x—A) | ur(x) & (x—2A1)%fur(x), ¥ 4o block .4 3

v

1 x 1 & elementary Jordan matrix #ri =, AP ELE 557 4

ke 3 2 1
i 0 0 i 0 0 i 0 0
block Jordan matrix 1 ),1 0 1 A,l 0 0 ),1 0

0 1 XA 0 0 XA 0 0 A
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#r12 Jordan block matrix associated with Ay # ¥ d  pur(x) 2
I 3% 4 x4 e block Jordan matrix associated with A, &7% &t fFi%, A x—2A; ¥ ij%f“,f Ur(x)
ke B s 4,31 BF fem e - e, @ EF A block 7 elementary Jordan matrix £

VO AR E 0 NP A AT 4

xody e | 4 3 1
A 0 0 O A 0 0 O A 0 0 O
block Jordan matrix ! ;LZ 0 0 1 12 0 0 0 AZ 0 0
0 1 A O 0O 1 A O 0 0 A O
0 0 1 A 0 0 0 A 0 0 0 A
Fx—Mb ¥ ?;_”,f Ur(x) e0E % K B i 2 PR, 0 PF associated with Ay ¢ 4 x4 7 block

Jordan matrix ¥ #4r— % F - B 2x2 7 elementary Jordan matrix, ® # i G384 F ¥ 4y

H - 1 2x2 ¢ elementary Jordan matrix & £ 3 @ # 1x 1 ¢ elementary Jordan matrices
AT ﬁﬁ{it“ PFiz— B block § ¥ it 4T A fE R

A, 0 0 0 A 0 0 0
1 4 0 0 1 4 0 0
0 0 A4 0 |’ 0 0 A& O
0 0 1 X 0 0 0 A&

¥ R0 i‘u.—‘? 1 * Ay & geometric multiplicity (T dim(Ker(7 — A2id))) Xk 2|%77 . & geo-
metric multiplicity % 2 B block Jordan matrix 3 # '%‘ (d 3 B 2x2 elementary Jordan
matrices 7% =), @ geometric multiplicity % 3 E‘?fj%;{?é H(rd - B 2x2 405 B 1x1
elementary Jordan matrices #7e=).

#-3 B Jordan block matrices F& % {5, % i ,T.*-LE'E #A-%_ T ¢ Jordan form 7, bl4e 3
Ur(x) = (x—41)2(x — A)? 0125 T 0 Jordan form v FRe

M0 O O O 0 O
1 4 0 0 0 0 O
0 0 44 0O 0 O O
0 0 0 &% O O O
0 0 0 1 A O O
0 0 0 0 I A O
0 0 0 0 0 0 A

A% ur(x) = (x—A)*(x—A)? B T 1 Jordan form ,T*u’ﬁ B AV i, § A 07 geometric
multiplicity % 2 fv 3 B, T 7 Jordan form 4 % &

Ay 0O 0 0 0 0 O A0 0O O O 0 O
1 4 0 0 0 0 O 1 4 0 0 0 0 O
0O 0 44 O 0 O O 0 0 44 O 0 0 O
0 0 0 % 0 0 0 [, 0 0 0 &% O O O
0O 0 0 1 A& O O 0 0 0 1 A O O
0O 0 0 0 0 A& O 0 0 0 0 0 A& O
0O 0 0 0 0 1 A 0 0 0 0 0 0 A
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Question 4.13. % Evample 4.3.7 % xr(x) = (x—A)(x—)* % ur(x) = (x—A1)?(x—12)?

B, Ay £ geometric multiplicity % P B3 ¥ i Z_1 & 4 72 2 X P EFERFET_A 0 geometric
multiplicity v5 ?

$30 nxn s A s

=\

MR EOETIE 4 )T‘ T HF AeM,(F) 2 characteristic
polynomial 7 112 2 8 2% Fld ¢ - % 5544 2a(0) = (- A (r— A6, R
% invertible matrix P € M, (F) # ¥

n QO

Pl.AP= " :
O
B¢ E B J i cixc P Jordan block matrix associated with A;. i matrix % i fE
A ¢ Jordan form.

\

Cn\ﬂ-
S

AP 4o 45 P oinvertible matrix P 8 8 P71 A-P % Jordan form 'p‘ £33
i A & 4o {8 F] triangular form A58 3 A v 3 block diagonal matrix. i {r]
Ha(x) = (x—= A1) - (x— Ak)™, 1 * Proposition 4.3.4 ¢n= ;2 3¢5 - B i=1,... k, 5\ i
& EF - B (A—AL,)™ <0 null space N((A—A;L,)™) &0 basis (# ¥ 4p 3% Proposition
4.3.4 7 Ker(T™) 1 basis), m N((A—A;1,)™) k|4F E_primary decomposition ® #7% Jg
invariant subspace, #7124 ¢ 2 & & 4F AR basis ehds (T, B 35 5] P g FhAeT S
- Bi=1,...k £ I NA-XL,) hbasis S, £ #2 H* 2 S #2 2 5 N(A-1)?) e
basis. izth— 2 T3 E F|E I N(A—A)™) o basis S, T K4 S, \Sm—1={v1,..., Vg },
R 1@ {Avy, AV} B2 g {AV AV Vi e, Vi B 28 S, o RIS R A S
((A—?L,-)m' D) thbasis LB % Sy 1 \Spy2- TH- L T2 EIHH\S AR K
Proposition 4.3.4 #-ix4* bases £t 5 & 3| P. i —F’]— TE ]S

IS

Example 4.3.8. % & 5 x5 matrix

2 1 1 1 0
1 4 2 2 1
A= -1 -2 0 -1 -1
0 0 O 1 1
0 —1 1 -1 0

B2 2% & Example 3.5.10 » 2 4% 3| invertible matrix P & ¥ P~'-A.P % block diagonal
matrix, #% ¥ & Example 4.2.6 » % {#x 45 7] invertible matrix Q # ¥ (P-Q)*1 ‘A-(P-Q) &
upper triangular matrix. 7 & # A it 5 Jordan form )I.*Jr &L H#- A Y % block diagonal
matrix £ i* 5 Jordan form iz ff, 2 E & * Proposition 4.3.4 973 2 rJ2.

F xa(x) = a(x) = (x—1)*(x—2)%, § £ L% A—I5 “null space 5 dimension 1, # i {7
S1={(0,0,—1,1,0)'} % H basis. #&F#+ 2 S, ={(0,0,—1,1,0)%,(1,0,—1,0,1)'} % (A—1Is5)?
¢ null space 0 basis. A {8 # ~ =+ S3 ={(0,0,—1,1,0)",(1,0,—1,0,1)",(—1,0,0,0,1)'} 3
(A—1I5)? s null space ¢ basis. F] 4 vi = (—1,0,0,0,1)' € S3\ S5, 2P ¥ & vo =Av| —v| =
(—1,0,0,1,— 1)}, ® #-2 B % S\ ) k. §is @ v3=Avs—v, = (0,0,1,—1,0) B~ §; ¢



4.3. Jordan Form 97

~E. AP G {v,vo,va} 5 (A—1I5)? & null space 1 basis *
Avi =V +Vy, Avy) =V +V3,Avsy = V3.

Fieanst i3 S ={(0,-1,1,0,0)'} 5 A—2Is ¢ null space 7 basis. #-2 3+ 3
s, ={(0,-1,1,0,0)',(1,0,0,0,0)} & (A—2I5)* hnull space 1 basis. =¥ & v =(1,0,0,0,0)
VL= AV, -2V, = (0,1,-1,0,0)t B i (0,—1,1,0,0)L s pEA A (b Vi) 3 (A—2s)

£77 null space 7 basis *

/ / / / /
AVI = 2V1 +V2,AV2 = 2V2.

Eis £
-1 -1 01 0 1 0000

0 0 00 1 1 1000

P= 0O 0 10 —1 @ plap=[01100

0 1 -1 0 0 00020

1 =1 00 0 00012

fa o Section 4.1, 2 P ¥ A,B<€ M,(F) 5 diagonalizable pF, 2\ i 7 2 -4 44 4
M % eigenvalue if F HE P R D YT A B ¥ F 5 similar. F ¥ 7% A, B 0 characteristic
polynomial # F[x] ¥ % 2 4 f#= - = 77 monic polynomials 3k, P # W8 AB it &
Jordan form % 2|%7v 7 E_F 5 similar. F A7 A AEE 2 pa(x) = xe(x) T oua(x) = up(x).
FH? 5 - BAAPE ¥ AB * 5 similar, @ % ¥ 4p x;iag ,‘%gd A,B 1 Jordan form
KrFEE. Y A B vh& - B eigenvalue, % # A,B ¥>% associated with A #7 block Jordan
matrix ® ¢ elementary Jordan matrices fif § £# g4k, RSv A~B. F 2, F A~ B,
AP ¥ # A B A S % - B linear operator T * % F ordered bases #T{8 ¢ representative

matrices. @ *% associated A 7 elementary Jordan matrices #% 1 14 #ici B #cd F A i
... dim(Ker((T — Aid)* 1)), dim(Ker((T — Aid)*)),dim(Ker((T — Aid)**")),...

iz dimensions 2. & e 7%, @ izt B %4 ordered basis ¢1i% B~ & B #7121 A, B associated
A 5 elementary Jordan matrices % B FF BB B g 4p b, 4 i&{A,B FLi A AR
Jordan form. %] i Jordan form ¥ 1 * % #| 7 & B matrixes £ F & similar, #74 Jordan

form ¥ AR % — 44 canonical form.

A 0 0 O
. 1 4 0 0 .
Exercise 4.10. Let A = 01 2 0 € My(F). Suppose that r,s,t are nonzero. Find

0 0 1 A

A 0 0 O

. . . —1 r }L 0 0

an invertible matrix P € M4(F) such that P~ -A-P = 0 s A 0

0 0 ¢t A
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Exercise 4.11. Find the Jordan form J of the following matrix A and find an invertible P
such that P~1-A-P =1.

1 8§ 6 4 0
0 1 0 0 O
A=1 0 1 2 1 0
0 -1 -1 0 1
0O -5 4 -3 -2

Exercise 4.12. Suppose that A,B are square matrices over F. For the following given
characteristic polynomials, find all the possible minimal polynomials of A and B and find

all the possible Jordan forms for the corresponding minimal polynomial.

(1) 2a(x) = (x=2).
(2) xa(x) = (x— A1) (x — A2)3, where A; # A,.

Exercise 4.13. Let A, B be square matrices over F with y4(x) = xp(x) = (x — 11)*(x — A»)*
where A; # A,. Suppose further that ps(x) = pp(x). Prove A and B are similar.

Exercise 4.14. Consider the following nilpotent matrices

000 1 0O0O 000 1 0O0O0
000 O O0O0O 100 0 O0O0O
010 0 O0O0O 000 O O0O0DO
A= 000 O 00O}, B=1 00O O O0OOO
000 O O1PO0 010 0 010
1 00 0 O0O01 000 O O0O0°1
000 -1006O0 000 —-1000

Show that A and B are not similar.
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