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# 3 K € 0 representative matrix [T]e. ] * Primary Decomposition Theorem, #% i ¥ 12

15 3] F" ¢h ordered basis B i 1% [T]g block diagonal matrix. #4 @

[T]B = ﬁ[id]e ’ [T]s : s[id]ﬁ = s[id]ﬁl ‘A e[id]ﬁa

AT L4 P = fidlg. fj*u{;fu%’ #- ordered basis B -  column - & column (column
by column) =ik B £t = 7 n X n matrix )I}Dil-\/ P REE e P F N e B £ R
Ha(x) T2 4 f# = 4p B 59 monic irreducible polynomials e3k & pa(x) = p1(x)™ - - pr(x)™.
%7 ki AFE - B pi(A)™ & null space N(p;i(A)™) (¢ T4k 5] Ker(pi(T)™™)). B 5]=
® null space &1 basis {4, #-2_ column by column =ik B 2 £ 55 P v

5. DiAGoNAL FroM

- &0 AP R A | H o T-invariant subspace 21, 51i& #73) ¢ eigenvalue 14 %
eigenvector, 71 WP R 257 02 18 B] diagonal form.

¥ — B linear operator T:V —V, ,f 7 {0} 7t B fi B en T-invariant subspace p #8 &_
dimension % 1 &1 T-invariant subspace. L% U % T-invariant subspace * dim(U) =1, =
T 2 Vv#£Oy f% # U=Span({v}). ¢ U % T-invariant eniE3k, # 7 & T(v) € U = Span({v}).

JI}T‘LFR‘; FRACF @E T(v)=Av. X F 0T e K.

Definition . B3k T:V —V % linear operator, # 3 A€F M % veV ¥ v£Oy @& {7
T(v)=Av, BRI A & T - B eigenvalue, @ v & T - i eigenvector.

AR, H eigenvector v AP E v £ Oy, @ 3 eigenvalue A AP T E & A £0.
- fj%ﬂk?b Oy 83 & T(Oy) = A0y, 2% 3 g igfd trivial 02, &7 £ Oy =
eigenvector ¥y- > —4:' VEOy B X T(V)=0v=0y, %7 v 5 Ker(T) ch~%. #t1u% 0
% T e eigenvalue, % 57 Ker(T) # {Oy}, 7= T:V —V % &_one-to-one.

E 3 7| - B linear operator 3 URE eigenvalue {r eigenvector, #£ 5 + E A3 T 3 %
¥ eigenvalue, £ ] * iz & eigenvalue #H ¥ & < eigenvector 45 1. B ABFEF 1
T:V —V ¢ eigenvalue, Bl % 3 & v£Oy & 7 T(v)=Av, # Aid(v) —T(v) =O0y. ~
A veKer(Aid—T), 7 Aid—T i&— B linear operator # &_isomorphism, %]
det(Aid—T) =0. 4cfe f det(Aid—T)? whg—- T, 2P Z L V ar— B ordered basis
B, # & Aid—T $** B 5 representative matrix [Aid —T]g. & % & det(Aid—T) ﬁ*u%’\
det([Aid —Tlg). # @ & dim(V)=n, PI3v i 5

[Aid—T)g = [Aid]g — [T]g = A[id]g — [T]g = AL, — [T]g.

FlpoF A€ F AT eh- B eigenvalue, | det(Al, —[T]g) =0. = T < characteristic
polynomial % x7(x) = X1, (x) =det(xl,—[T]g). #4, ¥ A €F &_T ¢h— B eigenvalue, P
xr(A)=0. 2., F LEF 5 xr(x )—O 2. - 13, B det(Aid—T) =0. %*\»T'r Ad—T - B
linear operator # #_one-to-one, * T F L veV ¥ v#£Oy & 8 T(v)=Av. F]L A5 1

SR
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Proposition . 3K V % finite dimensional vector space ® T :V —V % linear operator.
Pl A €F 5 T 1 eigenvalue & 2 v&E% xr(A) =0.

% dim(V)=npF, d 3 yr(x) €F[x]| - BZEi nen 338, v & F ¢ RanBiks ?
3 oni (§8 Va3 1), 10 T ®ic3 3 L% B cigenvalue. 5 A €F 5 xr(x) 0
-1 R (x—A) | xr(x). * x—A % F[x] ¢ monic irreducible polynomial, #7141 & # yr(x)
/4 f# = monic irreducible polynomials 73k & xr(x) = p1(x) - pe(x)%*. 2 pi(x) » & #Kk
- e o sn :T%{:'}\ - B T 7 eigenvalue. AP x—A %ﬂ,f xr(x) kB = > 3
AR F]PL G T AT K.

Definition . B3k V % finite dimensional F-space, T :V —V % linear operator £ A 5 T
- B eigenvalue. A PH x—A F %}f“ﬁ? xr(x) i % X > 5 A &7 algebraic multiplicity.

$ 3T #r3 ¥ i 0 eigenvalue {6, 2 FRRT 11l Tz eigenvalue #1#f & ¢ eigenvector
T, % A & eigenvalue, Wt FEHTF B A VAOy U E T(v)—Av=0y 2 3% v JT*quL
eigenvalue 3 A ¢ eigenvector. » ¥ & 3 eigenvalue 3 A 7 eigenvector i*u{ Ker(T — Aid)
P2k Oy A& AP R € Y g T e vector space.

Definition . B3X T:V =V 5 linear operator * A 5 T =h— B eigenvalue. %

E,(T)=Ker(T —Aid) ={veV |T(v)=Av}.

<

2z & T $&> A i eigenspace & dim(E, (T)) 5 A 7 geometric multiplicity.

B VEE)(T), d > T(T(v))=T(Av) =AT(v), 32 & T(v) € Ex(T). 8+ E)(T) -
# T-invariant subspace.

Algebraic multiplicity ¥ 7 — 2 ¢ % *% geometric multiplicity, A @ 82X T - & eigen-
value A 7 algebraic multiplicity = geometric multiplicity 3 # it 7 I, % 3T F 2 & v 3
FRAAM %5 . APt Primary Decomposition Theorem kFpi. % 5 g 97 % 033
5, Bk

pr(x) = pi(x)™ - pe(x)™ and - xr(x) = pi(x)" - pr(x)*
2 pi(x),...,pr(x) % 4p 2 7 monic irreducible polynomials ¥ #15 A i T 1 eigenvalue,
AL pr(x)=x—A. 4 V;=Ker(p;(T)"™), for i = 1,...,k, B Primary Decomposition
Theorem 2. 77 3% i

V:Vl@...@vk

g

Hrp, (x) = pi(x)™ and  xgp, (x) = pi(x), Vi=1,... k.
FlEK pr(x) =x—A, 43
Vi =Ker((T — Aid)*™) D Ker(T — Aid) = E; (T).

d gt & A i geometric multiplicity dim(Ey (7)) < dim(Vy). ¥ - 2 &, & 2 & ¢ » A
e71 algebraic multiplicity, @ *~ xr, (x) = (x—A)1, &= deg(;{T‘V1 (x)) =c1. F]% — & linear
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operator 7 characteristic polynomial 7 degree % }* operator #7 €7 space 2. dimension,
#1 dim(V)) =c;. Fpt AP dim(Ey(T)) <cp, @ 3]020F el 5.

Lemma . 3= V % finite dimensional F-space, T :V —V & linear operator * A 5 T &1
- B eigenvalue, B A &0 algebraic multiplicity = >+ E 32 geometric multiplicity.

% A AT e eigenvalue FF, d 3t E)(T) 5 ¥ 2L Oy e~ 2 | v dim(Ey(T)) > 1, »
¥ Z . A &7 geometric multiplicity & + 3t %3t 1. M pFE A &0 algebraic multiplicity #_
I, Pld % - Lemma “ A 7 algebraic multiplicity % **#H geometric multiplicity (= A
geometric multiplicity #** 1). f— & efF2), AP iz A 0 algebraic multiplicity € % **

H geometric multiplicity *27 25 14T kg %

Proposition . B3%X V 5 finite dimensional F-space, T :V —V % linear operator * A %
T en— B eigenvalue. P A 71 algebraic multiplicity % >t B geometric multiplicity % * v& &

x=Apr(x) & (x=2A)*f pr(x).

grulen B xr(x) TR AAfES Fl] ¢ th- % AR, 7 gp(x) =
pr(x)tepp()%, B2 & - B opi(x) T E- X FEN A MHEEE-B A 9 al
gebraic multiplicity fr geometric multiplicity % 4p %, R|d % - Proposition 4 ur(x) =
p1(x)---pr(x), Flet 18 V; =Ker(T — Aid) = E5 (T), Vi=1,...,k. F]* 4 Primary Decompo-
sition Theorem *v

V=E(T)®---®E,(T).

» /?u—f";;fuﬁb Vv f]%g F_eigenspaces 7 (internal) direct sum. %] % #  eigenspace ? 1zt
Oy ~% ¥ % T & eigenvector, #711 E; (T) » ¢hiz— % basis §; ¥ d T &0 eigenvector #f
wE RV =By (T) @O, (T), &1 F SiU--US; 5 V ér- e basis, 4 it V
- 2 basis .4 T eheigenvector #7 =, FLEK {v},...,v,} & V ¢— 2 basis, £ ¢ v; &
T ¢ eigenvector ¥ H ¥/ e eigenvalue 5 y G4 Y 7 — AP R ), L P4 g V &1 ordered
basis B = (Vi,...,Vy). 8 38575 i=1,....n, % F T(v;) =%V, & FF 5]
N o
[T]g =
o 12
% — B diagonal matrix (¥ & 4E'L). F]P§ 1T 2 T &,

Definition . 3% V i finite dimensional F-space ® T :V —V % linear operator. % V %

- % basis .4 T 5 eigenvectors #rie = PRI T & - & diagonalizable linear operator.
A g T R enk Tk 2% B linear operator % % diagonalizable.

Theorem . B3X V 5 finite dimensional F-space ® T :V —V % linear operator. P12

(1) T - & diagonalizable linear operator.
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(2) % &V < ordered basis B # # [T|g = — ® diagonal matriz.

(3) T i1 characteristic polynomial yr(x) ¥ 14 % 2 A f&= Flx| ¥ - =& 5 38 3% 2. % 4,
* T = - B eigenvalue =11 algebraic multiplicity v geometric multiplicity 4p % .

(4) T 1 minimal polynomial pur(x) ¥ 2% 2> & &= Flx] » 4p £ &7 monic — =x % 7 ;%

2 %k Ff.

LA T 7‘53 34 linear operator, #\ i & 5 3 g (T nxn 07 L G AR e
BB ABE AEM,(F), 2. F #73) i eigenvalue 17 % eigenvector.

Definition . %X A€M,(F). # 3 AcF 1% xcF" 2 x#0 #1# A-x=2Ax, BIf A

% A - 1 eigenvalue, m x 5 T - B eigenvector.

#£7T k1 * A ¢ characteristic polynomial y4(x) % # | A &1 eigenvalues A 1 2 &
N(A—AL) X #F 3] A tp$3t A e eigenvector, & 7 B > eigenvalue 7 algebraic multiplicity
Fr geometric multiplicity, ... & &8, 34 i fif‘u?» £ ¥4

Ay ¥ 2 K @3} diagonalizable matrix 4e7 .

2

Definition . B3k A€ M,(F). %% te— & F" basis .4 A i eigenvectors *72=  RIF A
% — 1 diagonalizable matrix.

s 5§ 4ok linear operator k 2| #746"L A £ F 5 diagonalizable «h% i & i

Theorem . B Ac M,(F). R ™ E %W o,
(1) A &~ & diagonalizable matriz.
(2) %t PEM,(F) % invertible # ¥ P~'-A-P 3 - ® diagonal matriz.
(3) xalx) " M 2 A fEx Flx| ¥ - =t 53N 2k, ¥ A % - B eigenvalue 1
algebraic multiplicity = geometric multiplicity 4p % .
(4) pa(x) ¥ 12z 24 f@= Flx] ¢ 4p & 0 monic — =% % 38 3% 2. L 47

# A % diagonalizable, # & Theorem ® P~!.A.P i&— i diagonal matrix i*wfﬁ_; A
diagonal form. N PHEFBFEP - TioP P P P ¥ A 14 5 diagonal form. 3K
1l 0
P l.AP=D=
O ’}/I’l
2 L P cF" % P ii-th column. % & #%i#F £3 Baiip sk 2 i-th column 3 &, 3
3 A-P ii-th column % A-P, @ P-D ¢ i-th column iz ¥%P, #*71fl* A-P=P-D ¥
A-P.=AP, » ,T* K 3 P e i-th column P f].%{— i eigenvalue % v €7 eigenvector. ]t s
™ r & #— B diagonalizable matrix A & eigenvectors #1% = F" ¢1— %8 basis, 3% PR "8 5 —
# column - B column 3 » , #7{8 ¢ invertible matrix P, TI.*-L{? TUR-A ¥ AT S fjh{;ﬁ,
PUAPi- B EEL
Bfs AP 5 @A B diagonalizable matrices, #-H it = diagonal form & )’J'fu? IR i
H X F % similar. B 4583 F A 5 diagonalizable, * B~ A, B B % % diagonalizable. i&
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B )% Bk P L oinvertible * P7l.A-P=D % diagonal matrix. ¥ % & Q 5 invertible &
#B=01.4.0 8

(@ '-P)B(Q P =(P-0)-(Q1A-Q)-(Q - P) =P -A-P=D.

X 7] Q -P % invertible ¥ B % diagonalizable.

¥ - > % % AB % i diagonalizable, 5 A~ B, % 7 v 3 40 [¢ e characteristic poly-
nomial, F]#* 5 4p e 7 eigenvalues ¥ A fr B - elgenvalue e algebraic multiplicity %
pE. A E- 113 eigenvalue 1 algebraic multiplicity * % >t # geometric multiplicity, #712
#- A,B it % diagonal form {é - & eigenvalue # 2 ¥t & R P h=t# g AR, F 2,
# % A,B v 5 diagonal form {é F — B ecigenvalue % 4 ¥t & R F h=tBedp b, & 7 ¥
diagonal form & s =¥ s § 37 #{5, & B diagonal form g 4p % . R HEMi-F T &7
H_#- eigenvector #7735 = i1 ordered basis i F £ AT B (b4 (i,0)-th entry fv (j,j)-th
entry I 3 £ £k & P & i-th column fv j-th column 3 #%), #7128 5 A ~ B.

6. TRIANGULAR FORM

% linear operator T £ characteristic polynomial ¥ % 2 4 f# = — =t £ monic polynomials
gk fF P, T 7 - T 4_diagonalizable. iz— & ¢ NP RIFIH AR T 7 00t & B4k
)38,

AR AT AP DEX () FURIA[ES - RN FE N R (o) = (x—
A (x— A )%). iz B3R § V over ehfield F &_algebraically closed (#]4- F =C) p* p
€ = 2. f1* Primary Decomposition Theorem, #' i 3K T £ minimal polynomial %
Ur(x)=(x—21)". = ?65'_\;& (T — Aid)°" = 0.

% — & linear operator 7:V =V B & T°" =0, N P H2 5 nilpotent, @ | e F#ic
m & # T°" =0, £ 5 i nilpotent operator e inder. F] 5 #* i3k T —Aid 5 nilpotent
P index 5 m. APk FuFEH mlpotent operator =4 ’%‘r

%135 — & linear operator T:V — V. & veIm(T%), 2 7 5 2 ucV & & v="T"(u), F
Fi>2m@ APt v=T"1T(u) e Im(TO’ D). w28 g 224 72 & chain of subspaces

VOIm(T)D2Im(T?) D --- DIm(T°"H DIm(T) D---.

Fuleh, § T % nilpotent of index m, 2% i 5 T 527,

Lemma . X dim(V) >0, & T 5 nilpotent operator of index m, B3\ 3 11T &7 chain
of subspaces.

VOIm(T)2Im(T?) D - D Im(T°"H D Im(T) D --- D Im(T°" 1) D Im(T°") = {Oy}.

ETRAPRP E dim(V)=n* T:V —V % nilpotent operator of index m, 4rim #-H
it % triangular form. § £ B~ Im(T°" ') ¢ ordered basis (vi,..., Vg, ), /L & & PF 24 i 4
T(v;) € Im(T°™) = {0y}, #
T(vi)=0y,Vi=1,...,k;.
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FF A {Vigr Vit BE (VL Ve, V) R Im(TO’"_z) & ordered basis. b P 3% i
A

F
T(v;) € Im(To’"_l) =Span({vy,..., v, }), Vi=k +1,... ko,

@ 2 4% ordered basis (Vi,..., Vi, Vi) T8 T|Im(Tom—2) £ representative matrix

Ok1 ki *
Okz—kl,kl Okz—kl ko —ki ’

Bo 0 275 ixjHaREl a Lt b S- Bk xky—k Pzt BT
Ko » {Vi gt Vig ) 8 (Voo Vi Vg, - o5 Vi) Im(T°"=3) ¢ ordered basis.
peF 2% i g

T(v;) € Im(T" %) = Span({Vi,...,Vk,,---, Vi, }), Vi= ko + 1,... k3,

2 417 ordered basis (Vi,...Ves---sVigsooosViy) 5717 T|Im(T°’"*3) £ representative matrix
&

O 1 * *

Okz—kl e Okz—kl ko—k *

Okt k; Okz—kako—k;  Oks—ky ks —ky
- 2 T2 APF ED Im(T) 0 ordered basis (vi,...,v, ), £ ¢ #> j=1,....m—1,
3 (Vi,...,v;) & Im(T°"J) ¢ ordered basis

T(v;) € Im(T°"~U=V) = Span({vy,...,vi, ,}), Vi=kj_1+1,....k;.
Betsde » {vi 41V} ®E (VLo Ve ..., V,) & V i ordered basis, ¢t BF

T(v;) € Im(T) = Span({vi,..., Vg, }),Vi=kn_1+1,... kn,

@ 2 J1* ordered basis (vi,...,Vk, ,,...,Va) T8 T £ representative matrix %
O x «x
: T S
O 0 O

T- BEELEH LMY S 0 9 upper triangular matrix (+ = & #BHE), S0 A LT e

AN

Proposition . &3k V & finite dimensional F-space £ T :V —V 5 linear operator. R
T % nilpotent % £ #6335 & V 0 ordered basis B # 1% [T]g & upper triangular matriz ®
[T]p h¥t & &y 5 0.

¥ BE - T, ¥t linear operator T:V — V., & 3 3| Im(T), &2 ¥ 124 * V 1 ordered
basis B, & ¥ ¥] representative matrix [T]g. & & [T]|g ¢ column space C([T]g) (3" i *
C(A) % 77 4L A &1 column space). #& ¥ #- column space e % * TE_I BRAV
,Tf'u?f»’ﬂ Im(T) eh~% 7.
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R P w 3| T o9 minimal polynomial 3 ur(x) = (x—A)™ a2, gt pF T —Aid 3
nilpotent #t 4 d % - Proposition #r 3 & ordered basis B # # [T —Aid]g=U % - B
diagonal '# % 0 =7 upper triangular matrix

0 * =
U= : Lok
0 --- 0
Ao w dim(V)=n, 7 [T - Aid]g = [T]g — ALy, &= # [T]g=AL,+U, 5 - & diagonal ¥ &
A €1 upper triangular matrix

A ox %
AL+U = %

O A

Theorem . B3X V % finite dimensional F-space. & T :V —V & linear operator

hud

characteristic polynomial %
xr(x) = (x—=Ap) - (x = A) %,
He AQ,.... 4 32 FY4pRean~d, PEaV o ordered basis B & ¥

HY & B A L ¢ xc FE upper triangular matriz
)L,' * *
’ *

0o .,

iz— B Theorem 4 372\ i* § T ¢ characteristic polynomial # %= & & f&= F[x| ¢ -
5N RAE, BEAR T Foav A 4 it = diagonal form # i - % F 121t =& triangular form.

EEFAp L ?1 linear operator 4 ¥HJ& 3] n X n matrix 02 #%.

Theorem . B3& A€ M,(F) & & characteristic polynomial Fv minimal polynomial » %] &

Xa(x) = (x =) (x = A%, palx) = (0= Ag)™ - (x = Ag)™
He A, 5 F ? 4pR 2. P33 & invertible matriz P 1é ¥

a4 0
O a)
He &2/ A 5 ¢ xc FEeh upper triangular matriz

/l,' * *

Pl.Aa.p=

*

O .' A
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B AEMy(F) T ga(X) = (x— A1) - (x — A%, ta(x) = (x— Ay )™ - (x — Ag)™e. 25 i

WP 4ot 45 3 invertible matrix M @ 18 M1-A-M % upper triangular matrix. _FT A 2 )
* primary decomposition 3 j* 35 ¥| invertible matrix P # 7 P~1.A-P % block diagonal

A O
O " AL

=¥ Y R+ - B ¢ X ¢ matrix A;. F1 5 pa,(x) = (x—A)™, A; — Ail,; A_nilpotent of index
mj, PEE LAY (A — l,-lci)’"i_l e column space - % basis, R i+ = (A — )Ll.[q)mi—2
11 column space - % basis, i&Hk—- B T3 E I~ = FC fh- & basis. % 4 iz basis
™ column by column i& B % = 7 ¢; X ¢; 7 matrix 7 Q;, B3 Qi—1 -A;-Q; % upper
triangular matrix. # {$ ¥zt Q; A diagonal iz ¥ & B3~ B2 nxn 0 invertible

0 O
O ) Ok

matrix

matrix

irug & 17
0410, O
(P-Q) A (PQ)=0""(PTAP). Q= :
O 0! A O

% upper triangular matrix 7 .

7. JORDAN FORM

#4prE v 5 Triangular form ¥ % % 5 3| P 243 B £ F 5 similar. 3% PP
{ 4 eh ordered basis #-H it % #73) 0 Jordan form. & & ¢ AP ER yr(x) ¥ MR A
faa - S BNk A (T xr(x) = (— AT (x— A)%). B R e P L2436 nilpotent
i35,

¥t - % linear operator T :V — V. i&—- =t & P33 T,T°%, ... e kernel B b 4. %
v EKer(T%), 4 7 T°(v) = Oy, & & T (v) =T(T(v)) =Oy. #t2 {0 p X3 12T h
chain of subspaces

{Oy} C Ker(T) C Ker(T°?) C --- C Ker(T* ') C Ker(T*) C --- .

#Fulen, § T 5 nilpotent of index m, 2% i 5 Ker(T°*!) £ Ker(T), Vi=1,...,m— 1.

Lemma . X dim(V) >0, & T 5 nilpotent operator of index m, B3\ 3 11T i1 chain

of subspaces.

{Oy} CKer(T) C Ker(T°?) C --- C Ker(T*"!) C Ker(T) C --- C Ker(T°™ ) C Ker(T°") = V.
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IBK i>2, F vi,...,vs € Ker(T°F!) % linearly independent ¥
Span(vy,...,vy) NKer(T%) = {Oy},
Bl T(vy),...,T(vs) € Ker(T®) 7& & linearly independent. & § + &
nT(vi)+---+rT(vs) =0y,

pld T(rvi4---+reyvg) =0y & rivi+---+rev € Ker(T) C Ker(T). #%+d Span(vy,...,vs)N
Ker(T%) = {Oy} 2. B3& & rivi+---+ryvg=0y, £ 4 v,...,vy & linearly independent
rp=--=r;=0, #% T(v1),...,T(vy) & linearly independent. ¥ *} i, ¥ {7

Span(T(vy),...,T(vy)) NKer(T*~ ) = {Oy}.
THF L E v=rT(v)) 4+ 1T (vs) € Ker(T ), gy

Oy = Toi_] (rlT(Vl) + -+ Y‘ST(VS)) = Toi(Y'lV] +-F rsVs),
W r1vy + -+ rgvg € Span(vy,...,vs) NKer(T%) = {Oy}. £ 4 vi,...,v; & linearly indepen-
dent # rj=---=r,=0, #FF v=0y. P F LT 2 2%,
Lemma . 3% T:V =V 4 linear operator. % i>2 B, % vi,...,vs € Ker(T°*1) %
linearly independent ® Span(vy,...,vy) NKer(T) = {0y}, B T(v1),...,T(vs) € Ker(T*) =
linearly independent ® Span(T(vy),...,T(vs)) NKer(T°~1) = {Oy}.
#Fule FV 5 finite dimensional F-space, B

dim (Ker(T°*")) — dim(Ker(7")) < dim(Ker(T*)) — dim(Ker (7).
#FTORAPARP @3 Jordan form, {5 £ FP e 7 3] Jordan form.

Definition . 52T A € F, 3% 1 x 1 matriz (L) 11 % o™ 25380 { B F¢ square matriz

A 0 O --- 0 O
I 2 0 -~ 0 O
o 1 A 0 - 0
O -~ 0 1 A O
o 0 --- 0 1 A

% jih{;;bﬁisﬂ (i,))-thentry 3 A, a ¥ &M T 3 iz ® * (i—1)-thentry 5 1, 8 i =

E¥ 5 0t APH L elementary Jordan matrix associated with A. @ 9 associated

with A 1 elementary Jordan matrices #7 % = 1 block diagonal matriz,
no 0
O i)
2P RBJ ¢ i elementary Jordan matriz associated with A, # % Jordan block matrix

associated with A .
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AR F B A elementary Jordan matrix shE & 5 1 A ARG 3 (T (G,i+1)
%), %5 & % ordered basis "8 B W {5 34, F B MieS AEL S similar.
T - B 2322 A nilpotent linear operator ¥ ¥ 3% ] ordered basis ¢ H representative

matrix & Jordan block matrix associated with 0.

Proposition . H3X V 5 finite dimensional F-space. & T :V —V & - # nilpotent linear
operator of indexm, P13 &V ¢ ordered basis B i % [T]g & Jordan block matriz associated

with 0.

TF 2 APRE i dim(ker(T), i it 2] %7 T ¢ Jordan form 5 . § & &1 n =
dim(ker(T)), £ 4 ni+dy =ny =dim(ker(T°?)). ¢ % & Lemma 4vdy <nj. ¥4 m+d3=

=dim(ker(7%?)). F2F d3<dp. TH- 2 Ti 4 n; = dim(ker(T)) & di=n;—n;_| =
dim(ker(7)) —dim(ker(T1)). &% ny>dy > >dy HTRAPFTUE- BT m
R cnghet e einfl BRT - K Gong BE #J - KL AT & B, SRR AL
FoHAELY i AELY 4 BE RETEORARGET FARE S, 0T Fﬁiﬁ{m:l
ny=4,dy=3,d =1 «0Rgl?;

£4 4 Vo G 3 A, Fo, T 2K, RG-oti 1k, 5o
rﬁf!l\!:'j‘dt‘%\ﬂ-— ﬂg; basis v E‘f’l'?”E_, ',‘E‘Y_'E‘i Eﬁf%!’—-%\ 7T ﬁb\axr?’___l’l“)‘ T ':'Tlf*mr?’__. '_T].L

& - ifg i~ & - B elementary Jordan matrix ¥ H } ggh it & mi]*u v pera e T-
invariant subspace £ basis, ] 3%t H# R ﬁ:ﬁk—k“ elementary Jordan matrix =nf# #c.
Fls £ 3 np W, #7020 Jordan block matrix ¥ &7 elementary Jordan matrix % ﬁﬂ:fi*u'{
dim(Ker(7)). # -k Bt 3 di—dipy #7014 i xi F§ 0 elementary Jordan matrices €7
## 5 dim(Ker(T%)) — dim(Ker(T° 1)) — (dim(Ker(T°*!)) — dim(Ker(T°))). &4t B¢

1% £ ¢ Jordan block matrix

0 0 O i
1 00
010
00
1 0
00
1 0

1

TP w 3] T ¢ minimal polynomial % ur(x) = (x—A)" a3, B T —Aid 5
nilpotent #1473 f ordered basis B # ¥ [T —Aid]lg =J &= - # diagonal ¥ % 0 £ Jordan
block matrix J. £ & dim(V) =n, F] [T —Aid|g = [T]g — Aly, #<iF [Tlg=Al,+J, & - B
diagonal ¥ 5% A &1 Jordan block matrix.
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Theorem . B*x V % finite dimensional F-space. % T :V —V & linear operator H

characteristic polynomial F= minimal polynomial 4 %] &
xr(x) = (x = Ag) - (x = L)%, par (x) = (= Aq)™" - (x = 2™
BY A,.... M 5 F P ApRen~Z P33 AV e ordered basis B i# 1%

J
T]s = 1~..O |
O Jk

HP 2B J; 5 ¢ xc B Jordan block matriz associated with A;, @ 2 2= J; e elementary
Jordan matrices 1B ELT%{ Ai €0 geometric multiplicity, T dim(Ker(T — A;id)). ¥ ¢+ J; *®

BB Fg e elementary Jordan matriz 5 m; X m; Fg.

B nxn hEENFL 5 A REOTE, » ,T}u{;fu-? A€ M,(F) ¥ characteristic
polynomial 7 1 % 2 & f# Fla] # - % 35 R A 2a() = (r— )% - (x— A%, B
% invertible matrix P € M,(F) # {¥

ho 0

P l.A.P= - ,
O &
#PEBJ 5 ¢ xe P Jordan block matrix associated with A;. i % matrix % f 5
A =1 Jordan form.

P 4o e 35 3] invertible matrix P ¢ ¥ P 1.A-P % Jordan form. p L1 R
7% & 4ri® 3 triangular form F35 43 A i L block diagonal matrix. & &_%] 3
Pa(x) = (x—A)™ o (x =)™, > E - B i=1,... 0k, A PR EF I - 2 (A—/liln)mi m
null space N((A—A;L,)™) < basis, @ N((A—AL,)™) k|4 &_ primary decomposition *
#7 ¥ J§ ¢ invariant subspace, #7123 {3 & £ 4F fA % % basis eh#s (F. R 45 5] P g i

TN E - B oi=1,....k 457 NA—A1,) 7 basis Sy, £ B2 LSS, 2D
L N((A=A)?) #hbasis. ©H- 2 T2 3 383 N(A—L)™) ¢ basis S, T %4
S \Smy—1 ={V1,..., Vi, }, K118 {Avi,.. Avg b B2 3~ 2 {Avy, LAV Vi, Vig )
2818, ,EEd L N(A-L)™ 1) chbasis 8% S |\ Sy, 2. &- £ T2 2 3
#- 5\ S FK R ﬁxfg #-izdt bases #E5 # 1 P

Ewom NPT F ABEM,(F) 5 diagonalizable P, 2V ¥ 1 H#-H #4 & A i~ ¥ e eigen-
value if § (hE # K 2|%7 A B £_F % similar. F 7% A B 7 characteristic polynomial #
Fx] ¥ % 2 & f& = - = &7 monic polynomials 73k, 27 120 #- A B it 5 Jordan form
k2 g v P A E 5 osimilar. F 2R A ATE R I pa(x) =xe(x) o omalx) =uplx). FHP F
- BAPEGTT A B * 5 similar, @ & ¥ 4p Eﬁf]*u’%' %’%’r} A,B & Jordan form kFx 2. %
A B & — B eigenvalue, & #- A, B ¥>% associated with A #7 block Jordan matrix # &
elementary Jordan matrices wif § €& S 40k, PlSvA~B. F 2, F A~B, AP 7 ¥
A,B A% % — B linear operator T * % ¢ ordered bases #71¥ &7 representative matrices. o
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*t associated A £ elementary Jordan matrices 7% 1 Ff BB fic 2 37 A4
. dim(Ker((T — Aid)* 1)), dim(Ker((T — Aid)*)), dim(Ker((T — Aid)* 1)), ...

iz¥ dimensions 2. FF eff %, @ iz B % e ordered basis 7% B~ B, #7120 A, B associated
A ¢ elementary Jordan matrices % B Ff#cch R #cg Ap e, » T&{A,B VLl S ARk en
Jordan form. %] % Jordan form ¥ ™ * k %] 2 3 B matrixes £ F 5 similar, #72 Jordan
form ¥ 4R 5 — 44 canonical form.

B fs A s Jordan form - BEER g F . wEE- T, F AEM,(F) B A 4r A 0
transpose A' 7 #p I £0 characteristic polynomial 4= minimal polynomial. &4 7 A f= A
3 7 i 5 similar. ¥F F§ xalx) ¥4 & Flx] ? % 24 f# < - = 7 monic polynomials
Ak, AT R A~AL 2L 5 E A M(F) B dim(N(A))+dim(C(A)) —n x #
% dim(C(A)) = dim(C(A"Y)), #rr2 2 7 {8 dim(N(A)) =dim(N(AY)). &I ¥ 5 - B A
eigenvalue A (# € 4_A' & eigenvalue), 2% i §

dim(N((A—A1,)")) = dim(N(((A— A 1,)")")) = dim(N((A' = 1 1,)")).

Arrd - A 1t 5 Jordan form, # — 1B Ff #iceh elementary Jordan matrix associated with A v
At [ P e elementary Jordan matrix associated with A ﬁx"ﬁ'ﬁ e, ﬁ‘h—fﬂ\;@ A fe A' ¥ 12
it = Ir $& 0 Jordan form. 25 10T 2 B %

Theorem . BEEX AEM,(F). & xa(x) ¥ 2 & Fx] ® % 2~ f&= - =X 1 monic polynomials
sk &, Bl A 0 transpose A' v A & similar.

SIS AP e R TIE ABEM,(F) ® - B F ~infield F @ 8 & M(F) » A~B
(3% & P € M,(F) invertible # (2 B=P"1.A-P), | & M,(F) ¥ A~B (¥t P € M,(F)
invertible # # B=P 1-A-P). *t 0 EF 3 F ya(x) ¥ 2 & Flx] ¢ - =t
monic polynomials 3k 2o Bk, AP 7 (8 A~ AL



