4.4. Rational Form

4 V #_over F &1 vector space ¥ T:V —V 4 over F &1 linear operator. & F % &_
algebraically closed, B] T = characteristic polynomial # 7 — ¥ 11 % > &~ = Fx] } 0
- & AR NP RIFE N AT L T, o@D £ i (Vo5 ordered basis i@ 8
T & representative matrix ¥ & # f§ B 975 5¢.

& ¥ T 0 representative matrix i* 3 f§ ¥ ¢ form, i*ud» BV B = — 2 T-invariant
subspaces 1 direct sum. & = 4% % & & -] 0 T-invariant subspaces 7 direct sum, T &0
representative matrix '?”1 B A% 8 o0 form. b]4e T E_diagonalizable P, %‘u% + Ve
18 = — ¥ ]-dimensional T-invariant subspaces #7 direct sum. # 7 &k i ,T*‘u{.% HHE
veV, Bl & 7 v | & T-invariant subspace 3 i#.

Bk W 5 @ Z v ih T-invariant subspace. %l 5 ve W, #&d W % T-invariant, ¥
T(v)eW. FIE T2v)eW, T(V)eW, .., &d &FfFpz @ T(v)eW,VieN. £ d

W % over F ¢ vector space, ¥ B Z & aqg,a4-1,...,a1,a0 €F ¥ F

adTOd(V)+ad,1TOd71(V)+"'+alT(V)+a0V€W~
B2, #werg fx)eFl] v 3 f(T)(v)eW. BY &
Cy={f(T)(v) | f(x) € Fl]},

AipF GGCW. F 54 G i — B vector space, vz Cy » W ifsubspace. * 3t iE §,
we Cy, f}“”ﬁ W= adTOd(V) +-4+a1T(V)+apv, 2 *® ay,...,a1,a0 € F. #71!

T(W) =agT* ™ (V) +- - +a;T?(v) +aoT(v) = g(T)(v) € Gy,
B gx)=ax?™ +-- +ax* +aox € Flx]. &3P 7 Cy ¥~ B T-invariant subspace. ¥
PR fE- B & § v e T-invariant subspace, - %.& 7 Cy i&— i T-invariant subspace.
5 ik{;fu Cy 4_% 7 v # ) &0 T-invariant subspace. i3 11T 2. T _&.
Definition 4.4.1. H3X V # - # F-space * T:V —V & - i F-linear operator. % %_

veV, ¥ C={f(T)(v)| f(x) e Flx]}. & Cy & — B T-cyclic subspace spanned by v.
HP v FLi® Gy h- B cyclic vector.

£ ;2 & Cy (the T-cyclic subspace spanned by v) f T 3 B, d ** 3872 € 347 F
linear operator R erff 0%, #7020 5 7 BELH T AP EE Gy ¥ 3 M T ke, - LRE G T

% #_the subspace spanned by v, m ® — B T-cyclic subspace 7 cyclic vector ¥ 7 v — .
Question 4.14. *4 7 v b R R Y - B Cy 7 cyclic vector v5 ¢
Question 4.15. &3 A-fm2 T C, § %3 Span(v)?

#FTRAPRLE-H KT j2 G &- B T-cyclic subspace. § £ d 330V i3t eh
vector space V ¥_ finite dimensional, #1112 Cy » #_— i finite dimensional vector space.
F et {v,T(v), T°%(v),...,T°(v),...} % linearly dependent. = ,ﬁ&{;ﬁa% & keN, mz
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ap,di,...,ar €F % > 5 0 i ¥ akTok(V)+"'+Cl1T(V)+a0V:Ov. T AP T S
3 f(x) eFlx] #7 f(T)(v)=O0y. i &g B 125 0= #cde ] 9 monic polynomial 3+ 24
PR Gy F i Y e FILG T 2 TR,

Definition 4.4.2. 3% V % - % finite dimensional F-space, T :V —V % — i# linear operator.
wArg 2R SIS f(x) e Flx] % & f(T)(v) = Oy, ® = #cd. | 5 monic polynomial
the T-annihilator of v, 2 * uy(x) k% 57

F A () 3 Rfev i BAc T+ § M, 3 Ed 3024 P 234 ¥ - o linear operator,
AL G BT ihfkie.

Question 4.16. > &, 9 linear operator T :V —V, & B-&_the T-annihilator of Oy ¢

AR g RIL (division algorithm), v ¢ T-annihilator f= Lemma 3.3.5 ® 3 B
% T ¢ minimal polynomial § ¥ & i e B, d 2P > 2 4p e, i’é%{ﬂ__,ﬁk‘.% Pt
Lemma 4.4.3. B3 V 5 - B finite dimensional F-space, vEV 2 T:V =V i - B linear
operator. R4t f(x) € Flx], f(T)(v) =0y & X r&%E uy(x) | f(x).

17 Lemma 443, # 78 ¢ i py() | xr() 2 m() | ar(), &99 % 1(T) =
ur(T) =0, “rugE g veV ¥ 35 xr(T)(v) =ur(T)(v) =O0y.

APV UEE Uy(x) KTFEC. FRAPG LTS,
Theorem 4.4.4. 3%k V i — B finite dimensional F-space, T :V —V % — & linear operator.
= veV, ® 3 T-annihilator %

Ly (x) =x!+ag x4+ +aix+ap,
Bl
{(v,T(v),...,T° Y (v)}

% Cy - 2 basis. b m T WLF & Cy T e linear operator Tle, : Cy — Cy, 7 5
Tl|c, 7 characteristic polynomial 4= minimal polynomial ‘& % ** v 1 T-annihilator, 7+ %
x|, (%) = pir|, (%) = v (x).
Proof. % £ %M S={v,T(v),....,T°"!(v)} 3 linearly independent. ¥ S # 4_linearly
1ndependent7 Fe 57 5 =X #eo] T E Y d—1 ¢ polynomial f(x) € Flx] & & f(T)(v) = Oy.
e py(x) B PR AP R, w®% S & linearly independent.

BFHP Cy=Span(S). L1 F 3%

Span(S) = {g(T)(v)|g(x) € F[x],deg(g(x)) <d —1},

#iv Span(S) CCy. #a EXEHNEL WG, ¥ ik gx) €FQ] & # g(T)(v)=w.
HF deg(g(x) <d-—1, FI¥ # we Span(S). @ & deg(g(x)) >d—1, pld ik R, TR
h(x),r(x) € Flx] 2 <d—1 @@ glx) = hp () +r(2). &3 p(T)(v) = Oy,
y(T) (V) +r(T)(v) = h(T)(Ov) +r(T)(v) = r(T)(v),
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#3 we Span(S). ###® Cy C Span(S).
#A g Tlc, 7 characteristic polynomial x7|, (x), & T & deg(xr|, (x)) = dim(Cy). @
d 8§ i G - & basis, ® dim(Gy) =d. * veCy, gik T Hk . (T)(v) = Oy. #1

Lemma 4.4.3 £ 32411 py(x) | X7, (X). B 188 py(x) ™2 xp (x) & 5 monic 22 ¢ i
i degree ¥ & d W& xr|, () = uy(x). B pp (T)(V) = Oy, & i¥ py(x) | drp, (x). £ 9
deg(ur|, (x)) < deg(xr, (x)) = deg(uy(x)) ®3E Ury, (X) = py(x). O
Question 4.17. F deg(uy(x)) =d, i @M Cy ¥ chnF ¥ “&a- "B g(T)(v) £7¢
g(x)EF[x] ® deg(g(x))<d—1+57

Theorem 4.4.4 # Cy izl basis A€ &, AP F 1T E K.
Definition 4.4.5. B3 V i - B finite dimensional F-space, veV ® T:V >V i - &

linear operator. % deg(py(x)) =d, & P 4L {v,T(v),...,T°"1(v)} & Cy - = cyclic basis.

% deg(uy(x))=d P, 2 ¥ 24 B Tle, :Cy = Cy ¥4 B=(v,T(v),..., T (v)) i&— B
cyclic basis #73 & ¢ ordered basis £ representative matrix 5 . d > T(v)=0v+1T(v)+
0T (V) + -+ 0T (v), 2 i &vif ¢ matrix 9% - B column f& 5 (0,1,0,...,0), 3=
F T(T(V)) =0v+0T (V) + 1T?(v) +---+ 0T 1(v), 2 5 »* matrix % = B column
&5 (0,0,1,0,...,0)" i##k- 2 ¥ {# 3% d—1 B column. I & { - B column, ¢
W T(T*N (V) =T2(v), #&¥ py(x) =x"+ag1x '+ +axtap, 4 m(T)(v) =0y, #
TV) +ag_1T° (V) +- -+ a1 T (V) +apv = Oy. 7=

T°YUv) = —(agv+a\T(V) +---+aq_1 T 1(v)),

Flt 8 {8 - B column i (—ag,—ai,...,—aq—1)". #r00Fw Tle, ¥3% B 40 representative

matrix &
00 0 —aqag
10 0 —-a
0 1 0 —a (4.3)
0 0 1 —aqd—

£

Question 4.18. %2+ ¥

fx)=x+a,x¥ '+ tax+ag, }kAEE (4.3) f£ 5 the companion matriz of f(x).

X 0 0 ap

-1 x 0 ap
det 0o -1 0 ap

0 0 —1 X+ag—q

Example 4.4.6. ¥ & T :R3 > R?
(0,0,1), B T(v) = (0,1,0), T°%(v) = (0,0,—1) = —v.

T & T(x,x0,x3) = (201,01 +x3,01 —x2). FJg V=
d T3 (V)= -T(V),.. (*% %
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Cy = Span({v,T(v)}) = Span({(0,0,1),(0,1,0)}). 4 {v,T(v)} % linearly independent
{v,T(v),T%*(v)} % linearly dependent 4 v ¢ T-annihilator % degree 2 ¢ polynomial.
FRLATAHV) =—v, T T2V)+0T(V)+1v=0y, &4 P F uy(x)=x*+1. =~ 3% 2
xr(x) = pr(x) = (x=2)( + 1), “FAER F () | xr(x) 1A () [pr(x). ¥ AR

B=((0.0.1).(0,1,0)), # 7 @l [Tlls=( |

Question 4.19. % k #_# % chl BHcn & {v,T(v),...., T (v),T*(v)} 5 linearly inde-
pendent, R| deg(uy(x)) & @2

% 32 finite dimensional vector space R REPF, S il F € * induction (#cH fﬁ? i
,2 1* L § L7 31 dimension ' ] G, £ % dimension ofiz < AL 0L S L fi) 0

2%, Quotient space ’T} L §_#%- dimension it = # | e B2 E (vwEE- TE W LV i
Subspace Al dim(V /W) =dim(V) —dim(W)). 3% T:V —V % linear operator ¥ WCV 3
T-invariant subspace, B| & P ¥ 12 % - BiTecha @ T:V/W > V/W. R 3 & 5 T(V)=T(v).
Az P T £ well-defined, ~ ,T‘u{‘?fu? v=ueV/W,R T ) =T ( ) inV/W. ka v=1u
#7 v—ueW, &f|* W i T-invariant 1 T(v—w)eW, * T(v)—T(w) eW. &2 AP
T(V)=T) it T chz k@ T(V)=T@). & T hik, APz b @5 T:V/W—-V/W
% linear operator. #* P # T :V/W — V/W % linear operator induced by T on the quotient
space V/W. 5+ THe T F3F 5 enfphi e, 5 0T anfd

Lemma 4.4.7. ®X T:V =V i - B F-linear operator, W CV % T-invariant subspace ® 4
T:V/W—=V/W % linear operator induced by T, R|¥** E & g(x) e Flx] * 7 g(T)=g(T).

Proof. & ¥ & #® * 4vif g(T) 3 V/W — V/W & linear transformation @ * % g(x) =
X'+ dextc, IR ER VEV/W, g(T)V) =T (V) + - —I-clT( )+ cov. * F
Toz(v) =T(T(V)=T(T(V))=T(T(v))=T3(v), {I* &ZEiFp2v T T*(V)=Tc(v), Vie N.
Flet E

8(T)(V) = caT" (V) + -+ 1T (V) + coV.
¥ - 3 & 5] W &% g(T)-invariant (Lemma 3.5.2), #& g(T) 7= % V/W — V/W ¢ linear

transformation *

8(T)(¥) =g(T)(v) = caT"(v) + -+ +c1T(V) +cov.
Bisd V/WP AZ2EF8 e £18 g(T)V)=g(T)(V),VveV/W. &8 ¢(T)=¢(T). O
1% Lemma 4.4.7, 22 P % 2 {# 5| T 4v T 41 minimal polynomial 2 & e 4.

Corollary 4.4.8. X T:V =V i - & F-linear operator, W CV % T-invariant subspace
25 T:V/W—=V/W i linear operator induced by T, P

pz(x) | pr (x).

yeohsr veV, £ uy(x) i the T-annihilator of v, B34 i %

py(x) | py ().



