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Proof. @ pr(x) & &, =L veV, ¥ ur(T)(v)=0y €W, # ur(T)(v) =0y = Oy .
#d Lemma 4.4.7 v

ur(T)(v) = pr(T)(¥) = pr(T)(v) = Oy -
41* Lemma 3.35 (2* & T) @ uzp(x) | pur(x).
2, 5] uy(T)(v) = Oy, 2 @ uy(T)(V) = Oy, #d Lemma 443 (£ % v 112 T)
F oy (x) |y (x). O

TR AFEFIRZ TGV Uy(x) = Uy(x), Blders T e,

Lemma 4.4.9. £ T:V =V i - & F-linear operator. %% veV, ¥/ T:V/Cy —V/Cy
% linear operator induced by T on V/Cy. & WEV & X Uy(x) | Uy(x), Pl 3 2 ueV & &
u=weV/C 2 t(x) = pu(x) = pw(x).

Proof. #] uw(T)(W) =Oy/c,, 11* Lemma 4.4.7 # ux(T)(w) = Oy, 7 ¥ ux(T)(w) € Gy.
¥72, v f(x)eFx] @4
ps(T)(w) = f(T)(v). (4.4)

% pw(x) | ty(x) 2 83K, 12 d Corollary 4.4.8 v Uw(x) [ tw(x) ¥ & pw(x) | tv(x), 7™ ¥
B h(x) € Fi @ @ py(x) = h(x)pw(x). #&d %3¢ (4.4) @

py(T)(w) = (T o uy(T) (W) = h(T) o f(T)(v). (4.5)
M Uw(x) | ty(x), #cd Lemma 4.4.3 22 % 5% (4.5) & Oy = uy(T)(w) = h(T) o f(T
= 41* Lemma 4.4.3 17 uy(x) | h(x)f(x), 7= ¥ h(x)uw(x) | A(x)f(x). & 2 & uy(x) |f(x)a 7
i gx) € Flx] # ®

%
;

N~—
—
<
\_/
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g
f(x) = pw(x)g(x). (4.6)
L u=w—g(T)v). Flg(T)v)eCy, #F3 u=weV/C. F1* uxg(T) 5 linear
operator ¥
pw(T)(w) = p(T) (W — g(T)(v)) = pw(T) (W) — w(T) 0 g(T)(v),
Arosd 5V (4.6) 1R BN (44) #

Rl Lomma 443 @ pa(x) | w(c). 25 G=W, 5 fin() = fa0), ™ ta(x) | (o). 2
b b Lemma 4.4.8 2 72 i ug(x) | gu(x), #F Uu(x) = tg(x). O

N deg(,uw( ) =d, 8% {W,T(W),.... T (W)} ¢ 2 Cy - & basis, + i
{w,T(w),..., T Y )} jeA e § £ Cy - 2 basis. 7 i & Lemma 4.4.9 cigk i @ T 2
R IR ﬁau**f{ T, T )} 4o (T, T @) 244 LG 5
Gy = Gy - %2 Dasis.

B w 24 primary decomposition theorem E# 11 T £ & chE 32,
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Theorem 4.4.10 (Cyclic Decomposition Theorem). 3k V 5 finite dimensional F-space
2 T:V =V i linear operator. B V ¥ ©0 & = — & T-cyclic subspaces £ direct sum. ¥ F
2,oE pur(x) =pi(x)™ - pe(x)™, B¢ pi(x) € Flx] % 48 & 0 monic irreducible polynomial,
PlV=W&---oW, #+¢

Wi = Ker(pi(T)™) =Gy, @--- 0 Gy,

in;?

m 2 & B v o T-anndhilator & pi(x)™7 & & mj=m;1 >mijp > -+ > mj, > 0.

Proof. ¢4 primary decomposition theorem7 Aip s Tly, : W; — W, ¢9 minimal polynomial
opilx)t. FaEEE - B W, TR S 2324t eh T-cyclic subspaces 7 direct sum,
Ald Corollary 3.4.7 ¥ {8 V ¥ 11 ¥ = - & T-cyclic subspaces 7 direct sum. #f 14 #4 i
WEFEME T:V—>V & F-linear operator voxr(x) =px)™ # ¢ p(x) € Flx] €. monic
irreducible polynomial 2,7 5 A vi,..v, eV @ B V=Cy, ®---DCy, 2 {3+ 1<i<n,
Wy, (X) =p(X)™ B Em=m >my>--->my.

A % dim(V) T’Fg:%‘fﬁﬁf‘:p\ 2P, o dm(V)=1 P, (xp RE T v#0y
MV, ARG V=0 F opr() = py(x), ST RILE 2 RER P I A AR | dim(V)

SR 2 g R BRR pup(x) = p)", E B vi €V i B p(T)™ (vi) #Oy. F
/,Lvl( )| pr(x) :p(x)’" M E p(x) 5 irreducible, #7140 % omy <m & & Uy, (x) = p(x)™. K@
Fom S d )1 L p(T) (1) = Oy ok i vy SES R 3§, S0
mp>m—1, FPE m =

wE s T:W/Cy, —V/Cy, induced by T on V/Cy,. L& #* ¥ uz(x) | ur(x) (Corollary
4.4.8), gdr ur(x) = p(x)™, ¢ m' <m. Fptd dim(V/Cy,) <dim(V), A w0 E o e
B i 2 TR TF R Wo,..., W, EV & &

V/Cy, =Cy; & & Cyy,
T 2<i<n Uy(x)=px)"i BE m>m =my > >my. 294 mp<m=my, T
M, (x) | ty, (x), #7021 % Lemma 4.4.9 5, 5 v, eV & 8 vi=W; ¥ Uy, (x) = Uy (x) = p(x)™.
HF deg(p(x)) =d, ¢ direct sum 2% (Proposition 3.4.6) 1 2 Theorem 4.4.4 &+
2T ) T (W) Vs T @) T (W)

L V/Cy =Co® - &Cy th— % basis. T T (V) = T°(v;)) (Lemma 4.4.7), 11 %
{vi,T(vy),...,T™m=(v{)} % Cy, - % basis, 1 * Proposition 1.6.2 ehz f# #7 % 51

/24‘- ‘}\‘ IFH %Ea‘,
(vi,T(v1),..., T (y), vy, T(va), ..., T (vy), .. v, T(Vs),..., T (v,)}

5V ih- & basis. Fli 89t 1<i<n, {v,,T(v;),...., T (v))} 5 Cy, th— % basis, &
d direct sum 25 (Proposition 3.4.6) ##

V=Cy &Cy, - BCy,.
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Question 4.20. % Theorem 4.4.10 7P ? | 5 @ & % Wy, ..., W, 33 vy,...,V,?

Question 4.21. ¥ 2 * cyclic decomposition theorem F#p & ur(x) = (x— A1) (x — A),
He NLi#Aj fori# j, B T & diagonalizable & ?

FI* primary decomposition theorem, % ¥ 245 ] V 7 ordered basis B, # ¥ [T]g

Al.'O
O )

m;

% 11T e block diagonal matrix

Nhud

® & & A; ¢ minimal polynomial % p;(x)™. @ cyclic decomposition theorem 2 ¢ i

B ¥ r2d - 2 cyclic vectors #73; = £ cyclic bases #Tl =, ) PFE - B A; ¥ B =

G O
O .. Ci7ni )

P

¥ & i C;; & the companion matrix of p;(x)™/. &+ & 3F3N P E e L ‘r‘;'? ¢ similar

Nhud

to iR e i NP S rational form.

Example 4.4.11. % g over R, & # & £ A &7 rational form, # ¥

2 -5 -1 6 1
1 -2 0 3 1
A=]10 0 2 -1 0
0 0 1 0 O
0 0 0 0 1

BAED k)= 2+ (x—1)3 £ RKE ualx) = 2+ 1)(x—1)2

B %% J& primary decomposition, F ! A2 +15 22 (A—I5)? shnull space Wy, W, & Wi, W,
2~ i basis & % 5 {(1,0,0,0,0)',(0,1,0,0,0)'}, {(—1,0,0,0,1)%,(1,0,1,0,0)%, (—1,1,0,1,0)'}.

d dim(W)) =2 7 &&= W, & £ § - B cyclic space. % §F * B w; = (1,0,0,0,0)", 7]
Aw; = (2,1,0,0,0)' (/L& A%w; = —wy). T W, =Cy,.

IR E-W, & fZ= cyclic subspaces £ direct sum, 2 i 7 AE I wy 3% & (A—I5)wy #
(0,0,0,0,0).. ¥4 + %3 wy = (1,0,1,0,0)', B Aw, = (1,1,2,1,0) ;LR A2wa = 24w, —w»),
#0100 dim(Cy,) = 2. d 3% dim(Wp) =3, A avig Wy B 5 Cy, v ¥ - B dimension 3 1
cyclic subspace =7 direct sum. pt cyclic subspace & » eigenvalue 3 1 &7 eigenvector ws
S8 @ 1wy Cyy. A PEE wy=(—1,0,0,0,1)}, #5123 4

1 211 -1 0 -1 0 0 0
0101 0 1 0 0 0 0
P=(00 12 0 |,mP'AP=[0 0 0 —1 0
0001 0 0 0 1 2 0
0000 1 0 0 0 0 1
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% A #rational form.

9 ¢ & Example 4.4.11 ¢ | AP ¥ 2 {Pen| %700 A 0 rational form. F] 5 ya(x) =
(2 +1)(x—1)% #r12 A2+ 15 hnull space &4 — & cyclic subspace 742, » H cyclic vector
¢ annihilator 2 x>+ 1. @& pa(x) = (x> +1)(x—1)? #r12d Theorem 4.4.10 v, (A —I5)?
null space * — %} - f# cyclic subspace & cyclic vector ¢ annihilator 3 (x—1)% % Fa
A A 4] e cyclic subspace # cyclic vector 7 annihilator 3 x—1. #7124 A &7 rational
form i )a = B blocks = diagonal matrix 2 ¥ & i block 4 %] & x2+1 x2—2x+1 HE x—1
£ companion matrix. — 4% k3 -  matrix 0 rational form I % it #d H characteristic

polynomial = minimal polynomial Jf‘unh rE. AEANPT I AHE AT VoA A ¥ -

-

+

= & rational form ®¥_- B canonical form, ,T‘U{Fn,% # 46 §_similar (hE ¥ vEE T
r2it & ke 4k e rational form. AP € AT - &34 = classical form 2 {8 £ 3T 58 PR

4.5. Classical Form

% — B linear operator 7 minimal polynomial ¥ 14 % > & f# = - =& § 38 ;% eha ff B, KﬁE
2£v L3 €19 (7 diagonalizable), #* linear operator 7 rational form i 7 &_Jordan form.
pLg? AP R 4o e ¥ %hiE P cyclic subspace - % basis, #-H it & #73} 9 classical
form. # i %% % 5 1 classical form Tj}u{ Jordan form g .

% T:V —V &_F-linear, 3 veV, ¥ g T-cyclic subspace Cy. 4r% v ¢ T-annihilator
FOUB R Uy(x) =px)" (B4 p(x) € Flx] 7 § BX 5 irreducible), v g — T % deg(p(x)) =d,
Bl {v,T(v),T*(v),...,T°™ 1 (v)} 5 Cy ¢h— ‘& basis, £ 5 cyclic basis. 2 ¥ 11 % 1™

— %70 basis.

Lemma 4.5.1. B&X T:V =V A_F-linear, % veV. & uy(x)=px)", 2 ¢ px)eF[}x]
2 deg(p(x)) =d, Rl

v T(v) e T°=1(v)
v v od=l(y
p(T:)( ) P(T)(:T( ) P(T)(T: (v)) (47)
PN Tv) pHTNT(Y) e P HTT(Y))

&_Cy - 2 basis.

v

Proof. 4 puy(x)=p(x)" % dim(Cy) =dm. F]|i (4.7) » £ 5 dm B~ %, Fw@EP v iFS
linearly independent over F, B v i &_Cy - ‘& basis.
B 0<i<m—1,0<j<d—1, %5 hy(x) = pl (0, Bl pi(T)(T)(¥) = hy (T)(v).
5 deg(hij(x)) =di+j, 2 wE (i,)) # @, )), B deg(hi;(x)) # deg(hy j(x)). # 7% 2, ¥
C0,05-++Cijs-rCm-14-1 €EF 2 25 0, Bl Y, ;cijhij(x) #_ F[x] ¢ - & nonzero polynomial.
REFi- 22 25 0 {c;} BREF Y, ;ci;jp(T)T(v)) =0y, %7 h(x) =Y, cijhij(x)
i - 1 nonzero polynomial € & X_h(T)(v) =Oy. %<& # deg(h(x)) < dm = deg(uy(x)), i&

1L

A, =& (4.7) ¢ éh~% % linearly independent.

A

O

{v annihilator &2 & 4p 4



