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Question 4.22. #J* T°¢(v) € Span(v,T(v),..., T (v), p(T)(v)) k&P (4.7) & Cy D

— 2 basis.

0 -1 0 1
Example 4.5.2. ¥ g A= (1) (1) _01 8 LB pa(x) = (2 +1)2 T A2+ sl
0 0 -1 0

space & N(A%?+1;) = Span((0,1,0,1)%,(0,0,1,0)"), i ¥ R*=Cy, # 7 v N(A%+1y), *
Uy(x) = (> +1)%. #1283~ v=(1,0,0,0), |4 Theorem 4.4.4

1 0 -1 0
0 1 0 -2
20 A3
{v,Av,A"v,A°v} = o Il ol 1 : .
0 0 0 -1
i R*=Cy #- % basis. #® Lemma 4.5.1 % 52\ ¥
1 0 0 0
0 1 0 -1
2 3 i
{V,AV, (A" + 1)V, (A° +A)v} = o Lol | .
0 0 0 1
7 5 RY=Cy th- % basis.
0 1 -1
FAY R B=| -2 3 -2 |, @ ()= (x— D% # Span((1,1,0)(~1,0,1)) 3
-1 1 0
B_13 7 null space, %‘é\ w= (I,0,0)t, e TFE—’); Cw 2] CYCHC basis ;
1 0
{w,Bw} = 0.l -2
0 -1
X m Lemma 4.5.1 2 372 i
1 —1
{w,(B—L)w} = o, -2
0 —1

7 L Cy 11— % basis.

ETRAPRIFHEY (4.7) - 2 basis, B] T|c, 0 representative matrix 7 . ¥
W O0<i<m—1,0<j<d—1, 4 Vigyjr1=p(T)(T(v)). & fr“fj-&{sﬁ TR B=(Vi e Va)
i&- ® Cy  ordered basis. B& px)=xI+ag 1 x "+ taxtao, § 1<k<d—1p,
NG T(v) =T(TH (V) =TKv) = vipy. @

T(va) =T(T*7'(v) =T*(v) = p(T)(v) —ag1 T (v) = —a1T(v) —aov

= —apvi—apvy—-:-—aq-1Vq +Va+1.
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. %@{;L [T|c,]p i&— # matrix &% d % column 4 %] 3

0 0 0 —ag

1 0 —aj

0 1 0 —ar

O 1, O ,...;) 1 |,| —as-
0 0 0 1

0 0 0 0

0 0 0 0

» %a{;;r d B column #73}= ¢ matrix

Cow)

U

(o)
A B9 Cy,) & dxd £ companion matrix of p(x), @ U & dxd £ matrix
HAak+ P43 126 =89350 B850 Z (m—2)dxd 5 zero matrix. 2§
id+1<k=id+j+1<(i+1)d—1, 27 % T(v)=T(p(T)(T(v))=p'(T) (T (V) = Vii1.

@y k= (i+1)d pF

T(Visna) = TP(TNT(v) =p(T)T(v))
= pUT)V) —ag 1 p(THT (V) = —arp'(T)(T(v)) — aop'(T)(v)
_ { —aoVid+1 —alv,-d+2—---—ad_lv(i+1)d+v(i+1)d+1, ifi+1 < m,
—A0Vmd+1-d — A1 Vmd+2—d — " — Ad—1Vmd; ifi+1=m.
w18 3
Cow)
v ¢, O
[Tle,p = u -
() Cp(x)
U Cpy

T mdxmd %' LH % the classical matriz associated with p(x)™.

Example 4.5.3. # P3¢ & Example 4.5.2 # |, i B~ % [ e basis #7{8 ¢ similar matrices.

1 0 -1 0 00 0 -1
e e s . . o1 0 =2 _ 1 00 O
1 * v #7352 ehcyclic basis, 4 g Py = 0o 1 o | Pl PAP = 010
00 0 -1 001 O
1 00 O
2 Uy(x) = (x*+ 1) =x*+2x> + 1 ¢ companion matrix. @ %% & P, = 8 (1) (1) _Ol ,
00 0 -1
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0 -1 0 O
—1 1 O 0 v . . . 3 2 2 N
Al Py AP, = 0 1 0 —1 % classical matrix associated with py(x) = (x*+1)=. &
0o 0 1 O
2 0 -1 v 2 .. . .
R 1 0 % x“+1 9 companion matrix.
BtaE B d %t u=(1,1,00ENB-L) ¥ ugCy, 2P R=Cy®Cy. Y R
1 0 1 0 -1 0
Oi=|0 -2 1 |,2&m% 0;/'BOI=| 1 2 0 |, B hrational form. @ &% &
0 -1 0 0 0 1
1 -1 1 1 00
Q=0 -2 1 |,2F% 0,'BO,=| 1 1 0 |, 5 B Jordan form.
0 -1 0 0 01

Question 4.23. FEF P the classical matriz associated with (x —A)" i*ur?—\ mxm 7 ele-

mentary Jordan block associated with A.

¥4t - & enf-a)) 5 - B F-linear operator T :V — V &7 minimal polynomial pr(x) =

p1(x)™ - pr(x)™, §1* cyclic decomposition theorem (Theorem 4.4.10),

V:CVL1 @...CVMI @...@Cvk,l O DCy

ko ?
# ¢ & - B v 0 T-annihilator & py, (x) = pi(x)™ & L my=mi1 > mip > - > M. 2
PE B Gy, , 2P EPde Lemma 4.5.1 ¢ (4.7) igtk - % ordered basis, 28 2 & = V

v

ehi- 2 ordered basis 8, R [T]g = ™ T 4}3% 0 block diagonal matrix

Ar

A17n1

(7] = O O ,

Akt

)

Ak,l’lk

#d & - B A; & classical matrix associated with py, ;(x) = p;(x)™. &+ & 37N P 0

= ‘ﬁ—‘f‘;’fig similar to &) 5% > L AP H P L classical form.

Example 4.5.4. 3¢ 2t 4§ Example 4.4.11, 531 A # classical form. &4 5 7 3 4= 8, &
i * Example 4.4.11 8. 7] ty, (x) =2+ 1, Uy, (x) = (x—1)2 2 & gy, (x) =x—1, %
J& Cw,, Cw, v Cw, 4= Lemma 4.5.1 ¥ (4.7) i&#k 77 ordered basis (wi,Aw;), (W2, (A —1I5)wy)

T E(wy), #7A5 RS 1 order basis. 3% £

1 210 -1 0 -1 000
0101 0 1 0 000
o=l00 11 0 |,mQo4=10 0 1 0 0
00071 0 0 0 110
0000 1 0 0 001
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% A #rational form.

Question 4.24. ¥ & square matriz A, % [.LA()C) =pi(x )’"1 copr(x)™, B P opi(x) F AR en

monic irreducible polynomial. & my =my = mp =1, :FWM A &0 classical form ,T* L §_

-

rational form. ¥ - > &, % deg(pi(x)) —deg( 2(x)) = =deg(pr(x)) =1, FHRP A o

classical form i&{ Jordan form.

% F1¥ rational form 12 2 classical form 487 | # 5 © & &g & - # cyclic vector v; ;
e annihilator p;(x)™ ,T*u’v’ " Fg 2 H rational form % classical form. i&- ‘% annihilators
g HER, AP G UT O A

Definition 4.5.5. 3% T :V —V % F-linear operator, *®
V= CV1.1 @"'CVM] @...@CM @...@Cvk_nk’
# ¢ & - B v;; 0 T-annihilator 5 py,(x) = p;i(x)™ & Lmp >min > > myy,. 3 FH

(pl (‘x)ml,l R 7p1 (x)ml’nl yc 7pk('x)mk?] LA 7pk(x)mk’nk)

i#— % polynomials & T ¢ elementary divisors.

#]4r . Example 4.4.11 # A ¢ elementary divisors ﬁ} E (2L (x—1)2%x—1). 8i13
elementary divisors 45 7 & #7 3 v, ; &0 T-annihilators, #7r2 ¥ i § ¥ i pi(x)™ii = pi(x)™it
s BHETV - - 7. Hldo— B linear operator T :V — V e cyclic decomposition %
V=CyPCy®Cy 27 py(x) = (x+ 1) tw(x) = u(x) =x+1, B| T ¢ elementary divisors 3
(x+ 13 x+1,x+1).

AR AP 2R ker(pi(T)”), Vi €N %2 T T 5 elementary divisors. # i 2% i
worrd xr(x) fo pur(x) ® 3] T 0 elementary divisors e7% i i, § AN P F & 10T 5 B

elementary divisors e+ 5.

Lemma 4.5.6. 3% T:V —V % F-linear operator *
(pr(0)™ ", pr ()™, pr(x) ™ pr(x) ™)
% T e elementary divisors, 2 ¥ m;jy >mijz>--->mj,, Vie{l,...,k}. Bl
() = P (0™ py () ()™ ),

Uz (x) = p1(x)™ pa(x)™t - pr(x)™
Proof. ¢ elementary divisors e73_% 5 & v; JjEV it ¥

VZCVl,l@"'CVLnI@' Cvkl@"'@cv

ko ?
# ¢ & - B v;; 7 T-annihilator 3 py, (x) = pi(x)™4. ¢ Theorem 4.4.4, 3% i } xric,,, (x) =
Uy, ;(x) = pi(x)™, #cd Lemma 3.5.5 ¥

= HXT|CV['J (x) = Hpi(x)mi’j_
i,j i
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¥ ¢bd Theorem 4.4.10, 2 i = 4w ur(x) = pi(x)™ pa(x)™ - pe(x)™, Rl m;j = miy,
Vie{l,...,k}. &= @& ur(x) = p1(x)™ 1 pa(x)™1 - pr(x)™1. O

A T k] F Ep 2 ¥ elementary divisors 977 2.

Example 4.5.7. % T :R!© - R!® % R-linear operator ¥ yxr(x)= (x> +1)3(x—1)* r2 2
Hr(x) = (P12 (=12, F 58 i (412 125 (x—1)° - 2§ 4
divisors # . # i (¥ +1)* # § NmA . TLFL & qrx) ¢ (6 )
d Lemma 456 «wf@®F - B x>+1 ¢ . ¥- 2 a7t - B (x—1)72 g ma
elementary divisor ® , & 7 *’*i&{”ﬁ B x—1 g MR EELFE xr(x) ? 3

#7110 T ¢ elementary divisors € § & 87 iv, — B & (2 + 1222+ 1,(x—1)2,(
¥- BE(P+1D)2°+1,(x—1)2x—1,x—1)).

F . T e elementary
+1) 7

=
|
[a—
\_.B
=t

I *% Example 4.5.7 ¥ T ¢ elementary divisors I & £ 78§+ it , IT‘.*CJ e >d xr(x)
foour(x) k7. prEAPYT Y R dim(Ker(T —id)). # dim(Ker(7T —id)) =2 %
7 Ker((T—id)*®) # 7 B & @ # T-cyclic subspaces £ direct sum, f i& #8435 4
(P+1D2x24+1,(x—1)%,(x—1)?) 5 T ¢ elementary divisors. @ % dim(Ker(T —id)) = 3
% 7 Ker((T—id)*®) ¥ % % = # T-cyclic subspaces £ direct sum, fig 255 i 5
(2+1)2x%+1,(x—1)2,x—1,x—1) 5 T 1 elementary divisors. I *— ikefa5 2 ir“i.}-;
R R A - B Ker(pl(T)) iR . £ 245 11T ehfd i

—~

~

I

Lemma 4.5.8. X T:V =V % F-linear operator ® f(x) € Flx] & ur(x) 3 5. 2l
Ker(f(T)) ={O}.

Proof. d *t f(x) & ur(x) 3 7, 5 & g(x),h(x) € Flx| & # g(x)f(x) +h(x)ur(x)=1. RF
weKer(f(T)), ¢ pur(T)(v) = f(T)(v) =0, # v=g(T)(f(T)(v)) +h(T)(ur(T(v))) =0. 0O

% T:V —V i linear operator ¥ V=W, @---W,, 2 ¢ W, & T-invariant subspace, R
Ker(T) =Ker(T|w,) ®--- & Ker(T|w,)- (4.8)

A FEEvVv=w+-+weeKer(T), ¢ w,eW, Bl Oy =T(v) =T(w;1)+ -+ T (wg).
d 2 T(w)eW, 2 V=W & ---&W; % inner direct sum, 4 Proposition 3.4.6 (2) +

T(w)=-=T(wg)=0y. = ,Tk{;m w; € Ker(T)NW; =Ker(T|w,), Vi=1,...,k. &%, &
f(x) € Flx], Bl d > W; 7= % 5 f(T)-invariant, #zd ;%3 (4.8) #
Ker(f(T)) = Ker(f(T)|w,) © - ®Ker(f(T)|w,)- (4.9)

BERT: V-V primary decomposition V=W, ®---®&W,, 2 * W, = Kel’(p,-(T)Omi)
2 pi(x),...,pk(x) % 48 & &7 monic irreducible polynomials. 2% i, j € {l,....k}, ¥ **§
i 7 J P, My, (%) =p}/(x) % pl(x) 3 F, & P¥ Lemma 4.5.8 4 3% 2 i Ker(pl(T)|w,) =
Ker(p(Tlw;)) ={0}. £ 4 3£+ (4.8) #

Ker(p{(T)) = Ker(p{(T)lw) @ ® Ker(p}(T ) |w,) = Ker(pi(T)lw,).
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T‘f‘?‘ & Ker(p ffﬁPﬁi“}‘»Ker(pl( Nw), FI- 2 &2 - BPAPELE LK T:V -
B ur(x) = P(x)’" E R R
TR T:V->V, 27 ur(x) =px)™. Cyclic Decomposition Theorem % ¥ 3% i
V:CVIEB-"EBCVA,, AP g3 i=1,.. 0k Uy,x)=pxX)™ 2 m=m >my>--->k>1
T (p(x)™,...,p(x)™) & T ¢ elementary divisors). 4@ 41 #* Ker(p/(T)) % 2% T b

elementary divisors ¥t ? 3% 5 T B

Lemma 4.5.9. % T:V —V % F-linear operator, veV # T-annihilator 5 p(x)", £ ¢
p(x) € Flx] 5 monic irreducible ® deg(p(x)) =d. R
: ld, if1<I<m-—1;
1 _ ) >t = ’
dim(Kex(p(1)le)) = { oy 1 50

Proof. ¥t Ogigm—1,0<j<d—1 £ Vigyjp1 =p(T)(T%(v)). ¢ Lemma4.5.1, & i 4

B={vi,....,Vma} % Cy 7 ¥ basis. ¥E wWeCy, BlF5tcl,...,.cnga€F # ¥ W:kaglckvk.
T4 > m, p’(T)(v):O azé 1<I<m—1p*

m—1d—1 m—Il—1d—1

Z;,) Y ciar P TH(TNT (v) = Z(,) ;)Cid+j+lpl+i(T)(TOj(V))-

i j= 1= =

Ft % w e Ker(p!(T)|c,) = Ker(p'(T))NCy, Bl 4 B % linearly independent v ¢ = ¢, =

.. :C( ,)d—O. i weSpan({v(m_l)d+1,...,de}). 115 5 'é A Span({v(m_,)d+],...,de}) C
Ker(p!(T))NCy, &85 dim(Ker(p'(T)l|c,)) = md — (m—1)d = ld.

I >m pE, %] p/(T)(w) = Oy, for all we Cy, & Ker(p'(T)|c,) =Cy.
dim(Ker(p'(T)|¢,)) = dim(Cy) = md.

-0

AApin kA e 5, f1* Lemma 4.5.9 24 5 dim(Ker(p(T)|c,,)) = deg(p(x)), & f1*
X3 (4.9) @
k
dim(Ker(p(7))) = }_ dim(Ker(p(T)|c,,)) = kdeg(p(x)).
i=1
# 7 2., dim(Ker(p(T)))/deg(p(x)) £ 3734 V 7 0B = % -5 T-cyclic subgroup 7 direct
sum. F 32 3E m; >2, B dim(Ker(p?(T )c,)) =2deg(p(x)). @ F m; <2, Rl dim(Ker(pz(T)|Cvi)) =

deg(p(x)). Flu*

k
dim(Ker(p*(T))) = }_ dim(Ker(p*(T)|c,,)) = 2(k —s1) deg(p(x)) +s1 deg(p(x)),
i=1

e s =#{1<i<k|m=1} & pLEAPT
dim(Ker(p?*(T))) — dim(Ker(p(T))) = (k —s1) deg(p(x))

# 4 T i elementary divisors ® § 5 > B 2 p(x) #°¢ 1>1 )58 a2 AP T o5

elementary divisors * 3

= (2dim(Ker(p(T))) — dim(Ker(p*(T))))/ deg(pi(x))
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BE plx). Epedpdn, 245 s=#{1<j<k|m=t} Bl§ 1<I<k P,

dim(Ker(p'(T))) = (I(k— (s1 +s2+---+511)) +51+ 250+ -+ (I — 1)s;_1) deg(p(x)).

dim(Ker(p! (7)) — dim(Ker(p'™ (1)) = (k- (s1 +52+ -+ s51-1)) deg(p(x))  (4.10)

Bl R P o S i TUR

Proposition 4.5.10. % T:V —V & F-linear operator ® ur(x)=px)", £ ¢ p(x) € Flx]
% monic irreducible polynomial. % 1<1<m P&, T 1 elementary divisors ¢ p(x)! 9131
SIS

dea(p(0) (2 dim(Ker(p'(T))) — dim(Ker(p'~'(T))) — dim(Ker(p'*" (T)))) ,

Proof. §1* % & th{i 85 T ¢ elementary divisors ¥ p(x)! Jeh=c#c i 5. 4 25 (4.10)
APy 1<I<m-1p

dim(Ker(p'(T))) — dim(Ker(p'~ (7)) — (dim(Ker(p'*! (7)) - dim(Ker(p'(T))))

=k—=(s1+s2+-+s-1)— (k—(s1+s2+---+s57)))deg(p(x)) = s;deg(p(x)).
¥ ob g I=m P Ker(p™(T)) = Ker(p"t(T)) #7214 5 (4.10)

2dim(Ker(p™(T))) — dim(Ker(p"(T))) — dim(Ker(p"*(T)))
dim(Ker(p™(T)) — dim(Ker(p™'(T))))

= (k—(s1+s2+-+sm1))deg(p(x)) = smdeg(p(x)),
B gL, O

Proposition 4.5.10 ¢ 4= % 3 B4f f2, 2§ v 7 & Jordan form iz j . f B3 Jor-
dan form p¥, d 3t % & f_ minimal polynomial ¥ 2 = > & f& #710 p(x) o=k #K i 1.
E fr“ L7 ) * i Jordan form h2ER], kP Ker(p!(T)) 4 elementary divisor 1k
oo p AT R G A, BE uy(x) =p"(x) 2 ¢ p(x) 5 irreducible ¥ deg(p(x)) =
d. 1]“ o3 v, T(V),..., T4 (v) € Ker(p™(T)) \ Ker(p"~1(T)) % linearly independent
P(T)), pTYTW)),..., p(T)(T4 (¥)) € Ker(p (1) \ Ker(P" (). &4~ 54 3 51

|

i# 1) classical form ¥ C ¢ basis. Vi % R P30T AR

Ker(p"(T))
Ker(p""~1(T))

Ker(p(T))
Bk BRE N 4 ﬁﬂi&{Cv A5 a1 4~ 7. fe Jordan form 35 7 e 18 Jordan form
E R E - BTG - B (F5 deg(p(x)=1), 7 &% - & €7 d=deg(p(x)) B
B.om AR m A mﬁk{ Uy(x) =p"(x) » p(x) =k >,
I V=Cy @ @Cy,, B P i=1,..k Uy, (x) =p(x)™ A5, AT EF kR,
dotE i en® - g 3G d=deg(p(x)) B BE, “TH AT - K, Tk & Ker(p(T)) &-
k£ G kd B2, 7% dim(Ker(p(T)) =kd. Flpt © & AL 5 =dim(Ker(p(T)), i{ 4
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V¥ B = n/d i cyclic subspace 1 direct sum. % & £ n +dy = np = dim(ker(p?(T))).
d 3 - K gk o~ p(T) ¢ 837 - kg d Lemma 432 v dy <nj. & F 4
n+ds =n3 =dim(ker(p*(T))). B2} d3<dp. iTtk—- 2 72, £ n = dim(ker(p(T))) =
d; =n —n_1 = dim(ker(p'(T))) — dim(ker(p'~1(T))). iR &4 d %7 m,j* L E % I R2F 4
B2, S B dp gk d=deg(p(x) “TEFINPF mdy> o Zdy BT RAPT UE
- By om R PEATRSR. BAT - K on BE, - BRHAT o B,
ZRAVEZHBELY IAEY 4 B RETEORARGEG F SRR, 0T E%],T&{
m =73, deg(p(x)) =2, nj =8,dy =6,d3 =2 17

LG AWM, Y- G 3 K. o, 2T 2k, RS- 1. B - iR
~ K G A BB L BEEA A - B basis ! e B, BT 6 B AR e £ RO p(T)
Bee . FpF - M N4 - B classical matrix. ® H F ehEL R £ ﬁ?iﬁf}'\? 7o 1A, & eh
T-cyclic subspace 5 basis, F]* 3%t # ek ﬁs:)]* A HYHEE px) (o> Fli x5 n/d
#, 1L £ ¥ 8 = i T-cyclic subspace mllﬁﬁti}a\dlm(Ker( ))/deg(p(x)). @ 1 & i
#2 3 (d—diy1)/d #7072 T i elementary divisor # pl(x) hip #ic 5

W (dim(Ker(p!(T))) — dim(Ker(p'~!(T))) — (dim(Ker(p' " (T))) — dim(Ker(p'(T))))).

d  Proposition 4.5.10, #% i 1 &= T 1 elementary divisors % > ¢ Ker(p (T)) PR
iEfr V & basis 3£ B~ & B . ’I} LA F E P LR D cyclic basis, 238 ¢ F 148 e oeh
elementary divisors. #7.4 $8¥ 12 it = 4p fe <0 rational form fv classical form. -«

rational form {r classical form $%4_canonical form. % 5 17 2 535,

Theorem 4.5.11. X A,B % nxn matrices. B A fv B 5 similar % 2 v&% A fv B ¥ 11
it = 4p ¢ £0 rational form » F 2 vEF A fo B ¥ 110t 2 4p e 0 classical form.

# Theorem 4.3.9 v P i § A€ My(F) £ xa(x) # M & Flx] » % 2 & &= - XD
monic polynomials 3k f%, B A 7 transpose A'fr A 5 similar. F AL K DliE B RIL

- drapknsy FG AR UFEPER { - Lok,
Theorem 4.5.12. & A % nxn matriz, B A 7 transpose A' fv A 5 similar.

Proof. #] ps(x) = pa(x ) F Ua(x) = pr(x)™ ()™, AR FH Vie {1,... k) #
1 <1 <my pi(x)! 31 A& A 9 elementary divisors =t #ic & 3t 4 IR A AL 0 ele-
mentary divisors #1=% ﬁz w4 Aqe A' 5 4P F 0 elementary divisors, #7114 & i 5
similar. 2@ p(x)) HM L A 5 elementary divisors ==t # % Proposition 4.5.10 +d
dim(Ker(p!~'(A))),dim(Ker(p}(A))) %2 dim(Ker(p/™'(A))) *ti-2. @ 43 d jeN, 24

2

F
dim(Ker(p/(4))) = dim(Ker((p} (4))")) = dim(Ker(p/(4))).
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v

R EE N L. O

|

WA PERIE ABEM,(F) 2 G- By F xinfield F @ 8 & M(F) ¥ A~B
(%% & P e M,(F) invertible # ¥# B=P'-A-P), Pl & M,(F) * A~B (¥t P € M,(F)

invertible ¥ B= P! ‘A-P). i BEFAFLI AB ’Fj = Mn(F) 771 matrices PF T 0
£ elementary divisors 48 ¢ ¥ 724818 A, B § * M,(F) i matrices F¥ v if*  elementary
divisors » Ap . FE ihkm &, i]'*u‘é{’{:ﬂ FE Y



