Chapter 5

Operators on Inner
Product Spaces

iz- & ¢ AP & inner product spaces ® £ linear operators {2 . d ** inner

-

product spaces +* — & vector spaces § { ¥ % chgiE, AT A PE U LFE iR

T & linear operators. # i 3k #% hE_¥ * & inner product spaces, #71 i&— F ¢ &7 vector

spaces ‘¥ % vector space over C & &_R.

5.1. Inner Product Spaces

hig- & ¢, AP G E AL inner product space HE R E AAEF. FATERED

Real inner product space.
Definition 5.1.1. £ V % - i vector space over R. & Jufic (,):V XV >R & T chld
B, {45 V ih— B dnner product.
(1) (v,w)=(w,v), Vv,weV.
(2) (rv+sw,u) =r(v,u) +s(w,u), Vu,v,w €V and r,s € R.
(3) (v,v)>0,VveV. @ (v,v)=0 % ¥ v v=0y.

PEENPAV L real inner product space.

3% complex 92, 5 A wAE, # z€C, 2% 7 &5 z ¢ conjugate (& =4 #k).
Definition 5.1.2. £ V % - i vector space over C. & Jufic (,):VxV - C & X 1T ehfd
B, V- B dnner product.

(1) (v,w) = (w,v),Vv,weV.
(2) (rv+sw,u) = r(v,u) +s(w,u), Yu,v,w €V and r,s € C.

u’ )
(3) (v,v) >0,VveV. @mZ® (v,v)=0 % ¥ ricE v=0y.
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108 5. Operators on Inner Product Spaces

PNV L complex inner product space.

AR, — B vector space ¥ " F 7 ¢ ¢ inner product. % # PR V & - i inner product

space, % 77 # e L2 X - B inner product.
Example 5.1.3. & R" ¢ A3 %

<(x17--~,xn)7()’17---a)’n)> ZXIYI+"'+anna

Bt & R" ¢h standard inner product. 7" inner product z T, A P H R" L n-dimensional
Euclidean space.

A Cr PR R

<(x1,---,xn),<y17---,yn)> =X1Y1+ T XnYn,

L C" e standard inner product. Ftt inner product z. T, S P4 C" 4 n-dimensional
p p s -

unitary space.

i

uestion 5.1. BE3X V & - B over C e inner product space. % ¥V 5 = &_ vector space
P D A D

over R, % V % over R & inner product space?
A & t real inner product space A, d 3t (1) it fids, 1% (2) H3E R0
uvweV 1z rsecR 305
(W, rv+sw) = r(u,v) +s(u, w).
FrEFEiavvV,wweV 1z s s eR A5
(rv+7V sw+s'wW) = r(v,sw+s'W)+r(V sw+s'w)
= rs(v,w) +rs'(v,W) +r's(V,w) + s (VW) (5.1)

7 i & complex 5, RBld (1), (2) 3 E R uv,weV 112 rseC APy

(w,rv+sw) = (rv+sw,u) = 7(v,u) +5(w,u) = 7(u,v) +5(u, w).
Fr gt E g avvV.ww eV 1z s s eCiipg
(rv+ 7V sw+s'W) = r(v,sw+s'W)+r (v sw+s'w)

= rs(v,w) +rs'{v,w) + 5V w) + (V. W) (5.2)

% inner product (hT & ¥, (v,v) =0 % ¥ vix v=0y, i&— BIFTH 3 non-degenerate.
TV FEEN G LT i]’i’}:"r

Lemma 5.1.4. & V & - B inner product space * veV % X (vyw)=0, YweV, B
V:OV.

Proof. ¥ £ w=v, B|F (v,v)=0. #cd inner product é7% & v=Oy. O
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Lemma 5.1.4 #3734 P - BH 2V P A ZEF 5 Oy 9> 2. RFE vyueV, s &
(v,w) = (u,w), YweV, pld
(v—u,w) = (v,w) — (u,w) =0
Eraov=u HTUAFEG T FEH RGO g

Corollary 5.1.5. %k V & - B inner product space. & v,u€V & & (v,w)= (u,w), VYWeV,

Bl v=u.

Lemma 5.1.4 = # 2 §[ B4 24 5 f2 linear operator, ™M & e -k ¢ 25 * . &3 F

% real fv complex 77 5.

Proposition 5.1.6. 3 V & - B inner product space * T :V —V 5 linear operator.
(1) % V - B real inner product space, & (T(v),w) =0, VvyweV Bl T % zero
mapping.
(2) ¥ V &- B complex inner product space, % (T(v),v)=0,VYveV R T i zero
mapping.
Proof. 4z =xz & veV, 7| (T(v),w)=0,VweV, tcd Lemma 5.1.4 &= T(v) =0y. F] i
ﬁeiveV?$i,ﬁT:O.
3 * complex A5, J1* 3¢ (5.2) g3 EhvweV i reC APy
0 = (T(rv+w),rv+w)
= (T(vV)+T(w),rv+w)
= (T (v),v) +r(T(v),w) +7(T(W),v) + (T (W),w)
= r(T(v),w)+7T(w),v)
FAPSUE r= 1o r= VT, 7@ (1), W)+ (T(w),v) =0 fe (T(v),w) — (T(w),¥) =0.
]

ZE(T(v),w),Vv,weV. &&d ma SHcT=0.

% V ¥_- B inner product space, % *Fz %_over R & &_over C, # i *K € F T p
Cauchy-Schwarz inequality.

cm\¢

Lemma 5.1.7. B3&x V ¥ - B inner product space over F, 27 F=R & C. ¥ ix;
vev AP & (v =1/(v,v), RIF*EL vyweV, ¥ 7
(v, w)| < [IvI[[Iwl].

a—

2 v,w)=vl||w]| FErEE vvw H? 5 - B3 Oy 8L FhreF % v=rw.

3

Proof. § vow 7 5 - @5 Oy, A% 5 oo S0 2 9PtV BSK vow 3 5 Oy, ¥
WEL reF, ¥ F 3 R85 (5.1) A3

0 < (V—rw,v—rw) = (v,v) = 2r(v,w) 4+ r* (w,w).
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PREE = <V7W>/<W7W>7 a ;Faﬂ};

FF A Cmqlr 43 (52) iy
0 < (Vv—rw,v—rw) = (v,V) — r{wW,v) —F(V, W) + rF(wW, w).

BEEL r=(v,w)/(w,w) (LE F=(v,w)/(w,w), F15 (w,w) ER), 57}

F1i e F=C B (v,w)(v,w) = |(v,w)|* & @& inequality.

BUEPENR AT FRreF @8 (v—rw,v—rw)=0 ¥ v=rw. O

% % - B inner product 2 &, TF“TI&L? "E_E AT3) o norm. A F G AP G T

L

Proposition 5.1.8. Bx V ¥~ B inner product space over F (F=R & C). F¥> &,
veV A g v =/(v,v), B3V 5 10T e 5T

(1) [[v[=0 @2 |lv[[=0 %2 &% v=0y.
2) $v &8 reF 1A veV, t 3 |rv]| =V

@) #*EL voweV, ¥ 5 [[v+wl] <|lv]+[w].

Proof. (1)

E #&d inner product e F (3) ¥, A (2) 4 45 (5.1), (5.2) FF, fru A
PEERP (3)

3 (V4w v+ w) = (v, V) +2(v,w) + (w,w), 1 %2 Lemma 5.1.7 i &
v+ wl? = (vt w v w) < V2 + 2] v ]+ w2 = (VI w2,

FE (v+wl < [Ivll+[[wl]]. u

Proposition 5.1.8 (3) &t %”T,T* 973 = & 2 % 3% (triangle inequality). - # vector
space V, & 73 t— B 3¥k || || : V — R & & Proposition 5.1.8 e7= B 5 { $ 5 normed
linear space, m % ||| { £ E - B norm. *f1 - % inner product space ¥ 4 4| *
Proposition 5.1.8 #t Z_d} ¢h norm i 2 = % — {# normed linear space. ¥ 5 7 norm ¥t
WEL vweV, AP g vw ajed (distance) d(v,w) = ||[v—w|. @ 5 F distance
£ vector space # ' fL 5 metric space. #T11 inner product space » € &_metric space.
metric space ¥ 3 7 FEHE, AP T TLA sequence T ar B F i, F e BT AR TR

P THAL, A PR 5

Question 5.2. BX V A - B dinner product space. #F1* Proposition 5.1.8 #1 2 _1} e

norm P parallelogram law, T3 Z & voweV ¥ 3

[V - W1 o [ v = wf* = 2| v[|* + 2| w]>.
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Inner product space # ¥ 3 2 i 18 ¥] metric space, ¥ — & £ & S FRrLLE (or-
thogonal) ePE L. AP 0T e .

Definition 5.1.9. &3 V & - B inner product space. % v,weV & & (v,w) =0, Al
v,w % orthogonal, ¥ vl w k%t

F {Vi,o,Va} 5 Vih— e basis P HERL i£j FF oviLlvy, RPIRAPA {vi,...,v,} 3
V ih- 2 orthogonal basis. % orthogonal basis ¥ E & v, ¥ & ||vi|| =1, A PFH2L 2V

- %2 orthonormal basis.

2

ARE (v,w) =0, Bl (Ww,v) =0, *t/ v 1w E R wly.
Question 5.3. L & F 5 — B equivalent relation? v # & vR&: equivalent relation g 2 ¢

T &FE {Wi,...,w,} & V - 2 orthogonal basis, £ v, =

= HWHW” 1 Vi, Va} ﬁ}u

£_V - % orthonormal basis.

F — % orthogonal basis (£¢ orthonormal basis) {vy,...,v,} Wi L EZZ veV
A E L ad-v 8 2 {vy,...,v,} ¢ linear combination. i&E %] i F v=cvi+---+
CnVn, B *
(v,vi) = c1(v1,Vi) + -+ cn(Vy, Vi) = ci(Vi, Vi),
v

<V7Vi>
(Vi, Vi)
% V 5 finite dimensional p¥, &4 7 ¥ 241 *  Gram-Schmidt orthogonalization process 5 I

Cci =

V &h- ‘e orthogonal basis (¢ orthonormal basis). gt #w% it~ T iz B process.
FLEsw eV\{Oy} I £ vi=w. BFEBR wyeV\Span({w}), * £
(w2, v1)
(vi,v1)
AR (vi,vp) =0 2 Span({vy,v2}) = Span({w,w,}). ¥ 4% Span({vi,vo})=V, B
{vi,va} ,T&{V e % orthogonal basis. & BIE 35 3] w3 € V\ Span({w,wz}), X £
V3 =W3— (<W37V1>V1 + <WS’V2>V2> :
(vi,vi) (v2,v2)
AR P (v, va) = (v2,v3) =0 ® Span({vy,v2,v3}) = Span({w,wy,w3}). 4rpt - B T 3 4
,T&{gﬁ;ﬁ | w; € V\Span({wy,...,w;_1}), 2R 4

W;, V W;, V,_
Vi—W,'—(< & 1>V1+"'+7< S 1> V,‘1>.

Vo = Wy —

(vi,v1) (Vie1,Vi-1)
AR (v,vi) == (vi.1,vi) =0 & Span({vy,...,v;}) = Span({wy,...,w;}). d ** V &_
finite dimensional, i& B A2/ — =€ B k. 7 W 5] {Vl, . Vu} % V &1- % orthogonal
basis. £ i, i H BT ok A PRE BV T ||v ! ,]* ¥ 3| orthonormal basis.

¥-2w, %R~ 3 V- e basis {wi,...,w,}, Bld 3t w; € V\Span({wy,...,w,_1}), #7

"B FET a0 process, ,T}u? 1B 3|V eh- ¥ orthogonal basis.



