112 5. Operators on Inner Product Spaces

% {V & subspace P&, A P ariE ¥ U T WSV g subspace # 8 V=WaW/,
PR LEEBEZHW LA vE- . A inner product space ® , R E 02 FiEiE @ E W
SRE- L APE R T TR,

Definition 5.1.10. 3% V % inner product space, S 3 V #1— i nonempty subset. 4
={veV|(v,w)=0,VweS}.

PR S+ % the orthogonal complement of S in V.

Question 5.4. * A& E_{Oy}t? HARE VL2

Bt ST A T SR E
Lemma 5.1.11. B3 V 5 inner product space.

1) % S & V 0 nonempty subset, ] St % V & subspace.

2
3

)

) ¥ 81,5 & V ¢ nonempty subsets % X_S; C S, B Sy C Si.
)
4) & W % V ¢ subspace, ] WNW+ ={Oy}.

¥ 8 % V ¢ nonempty subset, B S+ = Span(S)= .

(
(
(
(

Proof. £ V 5 inner product space over F (7 F=C & F =R).

(1) pAizz i OyesSt. » Fv,vaeSH RIENEIR rnseF 1 (rvit+sv,w) =
r(vi, W) +s{vo,w) =0, YWES. 7 F rvi+svy €St #3% St 5 V ¢ subspace.
(2) FVESy, 27 EL WeS ¥F (vyw)=0. FHZL weS F 8§ CS,

WES), #® veST, T Sy CSt.

(3) 1 S C Span(S), #d (2) ¥ Span(S)* CSt. ¥ - 2 G, F veSt PR
w e Span(S), F1F ¢y, €EF 113 Wi, W, €S @8 w=c Wi+ +c,W,, &
" (w,v) =c (wl,v>+~--+cn(wn,v> =0. 7 % v € Span(S)*+, #% S C Span(S)*,
# S = Span(S)*.

(4) FvewnWt, &7 vLiv, T (v,v) =0. %4 inner product i 5= v=Oy.

O

Question 5.5. & Lemma 5.1.11 (1) # S * % #3% 5 V ¢ subspace, S* 7 5 V ih
subspace. & @t (4) ¢ FEE W i V 1 subspace?

Question 5.6. FHP £ Wi, Wo 5 V 5 subspaces, B (W +Ws)* :WlLﬂWZL.

% W AV drsubspace 2 i 7 11 4] * Gram-Schmidt process 45 | W - ‘2 orthogonal
basis S = {wi,....wi}. »FHER vEV F4
v, W V, W
{7 < 1> Wl_i_.-._i_g
<wl>wl> <Wk,Wk>
Afpg VEW @ ® i’%f: i Wi %4 (v—v,w)=0. F&d Lemma 5.1.11 (3) & i @&

v—V €St =Span(S)t =W, Flpt A T ch i

Wi,
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Proposition 5.1.12. % V & inner product space £ W % V 1 finite dimensional
subspace. ¥} EE veV, T VeW & LT .

(1) v—vew+
(2) #ERL weW\{¥}, ¥ 3 [[v-¥] <|lv—w].
(3) ¥l < [lvl].
Proof. £ @ W ¢ ‘& orthogonal basis S = {wy,...,wi}, HEZZ veV, JI#* 5 5 #5it 2 i

Fov—veWwL @ (1).

RiEP-weW,d v—weW, AiF5

(V=Wyv—wW)=(V-VF+V—Wv—V+V—W) = (V-V,v—7V) +(V—wW,V—w).

2. ~ ~

B v—w|| > |[v-V| T E5x2FrrEE V-wWw,V—w)=0, * w=V. F& (2).
BigFlv—veWt 2 vew, #

V,v) =(V=V4+V,v—V+V) = (v-V,v—7V) +(

\.41
<
~

s (9] < V. @3 (3). 0

d Proposition 5.1.12 (2) A F4r v Z_W P JEH v 53T, #T0 ¥ ErE- ) 7 £ F)
W i orthogonal basis #EP~7 e @ § #77 fo. 3V ¥ * projy(v) X &7 ¥ 2 fz i the
projectionof von W. ¥ ¢t A P& 552 ¢ V 7 §_finite dimensional, ¥ & W E_V & finite
dimensional subspace, Proposition 5.1.12 %2k = = . 2 % W 7 &_finite dimensional, B
Proposition 5.1.12 ,T%?r - T a7

Question 5.7. #F#HM Proposition 5.1.12 ® ||¥||=||v|]| m2 & iE it 5 veW.

WA E R veEV, AFEF B X v=v—projy(v)+projy(v). ¢ > v—proj,(v)e Wt
projy (V) €W, 248 V=W+W". x4 Lemma5.1.11 (4), WNWL={0y}, X P @™
EELN

Theorem 5.1.13. 4 V % inner product space = W % V & finite dimensional subspace.
Al
V=waow

Fuley V & £ E_finite dimensional, = # &1 subspace » #_ finite dimensional, #7112
Theorem 5.1.13 #+** V iz #, ¢f subspace * & = . % ¥ B W & subspace, & [l
\% :Wi@(WL)L‘ AR RERNLE W= (WL)L?

Corollary 5.1.14. £ V 3 inner product space = W 5 V e finite dimensional subspace.
]
whHt =w.



114 5. Operators on Inner Product Spaces

Proof. # we W, RI$iz R veW!, Fl (w,v) =0, # we (WH)L. #x W
& F ve(WhH)E, § £41% Theorem 5.1.13, A FF #-v B3 v=w+w, 27 weW *
wewh 4 ve WhHt g (vw) =0, &F

0=(v,w) = (w,w)+ (W w)=(w w).

BT ET W =0y, tivv=weW, TEE (WHtCw. -

Question 5.8. F#HE M 3 - 4 dnner product space 1 subspace W (* % 3K finite
dimensional) ¥ 3 W+ = ((WH)* )L.

Question 5.9. % V % finite dimensional inner product space, S 5 V ¢ subset. # K
(SHt ¢ 24 A2 ~ 2 W,Wo 5 V i subspace, 3% (WiNWa)t =W+ Ws

3V ehd B osubsets S,8, FHYER veS,VeS ¥ (vw)=0, A% SLS ki
. Fulh & W,W' 5V ehsubspaces 2 W LW/ B W CWE &% Lemma 5.1.11 #
7 WNW ={0y}. _E W,...,W; 5 V e subspaces & XV =W+ + W, & ¥z F
i#j, 3 WilW;, RV 5 W,...,W i direct sum. 3P s 5 V - f& orthogonal

direct sum ® #-izf& direct sum *
V=WwH---BW
K457, bldcg W 5 V & finite dimensional subspace, Theorem 5.1.13 £, 22\ i

V=wBW"
5.2. Dual Spaces

Dual space ##% 4 fv inner product space (£ 4 5 3% 2 M 14, A ® § 3F  inner
product space % * dual space PR B ;—ﬁ- B, Aie- &0 AP L 4% dual

space.

Definition 5.2.1. #3%X V #_- i vector space over F, & f:V = F % — B F-linear
transformation, R f % — B linear functional on V. #t% ¢ linear functional on V 2} =

- 1 vector space over F, & P2 & V ¢ dual space, * V* Kk % 7

Question 5.10. ¥4 g nxn &L &0 determinant & % det: M, (F) = F 1 3 trace 3 #c
tr: M,(F) — F. 9%~ & &_linear functional on M,(F)?

¥ RE - T XV ih- e basis, {vi,...,V,} ELEE- W, W, €W, APTHIrE-
linear transformation 7:V —W & & T(v;))=w;, Vi=1,...,n. ¥ T Z i=1,....n 37
Y% vi:V — F %ri— 0 linear function on V, % &_

o [ 1 =i
WWD—{O,ﬁj#L

AT
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Theorem 5.2.2. 3% {vi,...,v,} 5 V - % basis, B| {v],...,vi} 5 V* eh— & basis.

gl en, S p 4 dim(V) = dim(V*).

Proof. § £ &P Span({v],...,vi})=V* « A FEE» T L feV* ¥ 5 tc,....cne€F
B E f=cvi+---+cpvy. d @i linear transformation ¥ 12 d basis #rE - Fr 2 R, A
PEEHI ..., €F BE fieavi+dev, F - B v, BB Y. Ko B
Vi, A f]ﬂiﬂﬁ
(c1vi+---+cnvy,) (Vi) = c1Vi(Vi) + -+ cuvi (Vi) = civi (Vi) = ci. (5.3)
BME L = f(Vi), TF 8 f=cvi+-Fcpv.
EF¥#EP {vi,...,vi} % linearly independent. K c;vi+ - +c,vi =0 % zero
mapping. 7 TEHEZE v, ¥ F (vt +av,)(vi) =0, &4 5 (5.3) #w =0,
Vi=1,...,n. O

XV - & basis {vi,...,V,}, AFH {v],... v} FHE {vi,...,V,} 7 dual basis.
Question 5.11. &3k {vy,...,v,} 5 V - % basis, H** veV,vi(v) 5 @7

F IRV 77 L F-space, & p X € B V* ¢hdual space 2 @7 T (V*)* (§£5 V e double
dual space). & % & (V*)* ¢ ¢ % % linear functional on V*. » ,Th{;m%’ o (V) Rl
0:V* = F i — B linear transformation ¥ 3, e feV* E3|- B F &, #F5d, FveV,
APv RV Vo F AT ERLIHER feVL V() =Ff(v). BEP Ve (V) AP f

WP ¥ % linear functional, ¥t Z & f,geV* M2 rsecF, 5

V(rf+58) = (rf +s8)(v) = rf(v) +s8(v) = r9(f) +s¥(g).

Theorem 5.2.2 £ 724 7 4 V &_finite dimensional ¥, dim(V) = dim(V*), #1127 ¥
dim(V*) = dim((V*)*). » ,Tkiﬁu dim(V) =dim((V*)*). % 2RV fo (V*)* & isomorphic,
FRAPT A VEHE DV fo (V) Beh- B E & isomorphism, S PEFLL V e (VF)*

£ canonical map

Proposition 5.2.3. ¥ g 7:V — (V)" &% t(v)=V,VveV. Bl 7 % - & one-to-one

e linear transformation. #F 9§ V i finite dimensional P¥, T 5 — 1 isomorphism.

Proof. # M 7 & linear transformation. & F]Z $#E & vyweV M2 rscF 33

T(rv+sw)(f) = f(rv+sw) =rf(v) +sf(w) = (rt(v) +st(w))(f), YfeV",

Bk t(rv4sw) foort(v) Fst(w) B TR A VL ke R Sk, A T(rv+sw) =
rT(v) +st(w).

EFHEP T 5 one-to-one, FFEM Ker(t) =0y. MK veKer(r), ¥ 7(v)=V
V* } ézero mapping. 7P WHEZ feV w3 0=9(f)=f(v). A F v#Oy,
TFEUHI eV #EF f(v)#0. d g4 FEE v=_0y.
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£ ¢ % V 5 finite dimensional, 4 7:V — (V*)* 5 one-to-one 14 2 dim(V) =dim((V*)*),

#¥% 1 5 onto, 7~ T % isomorphism. O

& dual space ¥ 7 — i#{r orthogonal complement #f i L, 24 i A G4 .

Definition 5.2.4. 53k V % vector space, S 3 V #1— 1 nonempty subset. £

={feV*| f(v)=0,VveS}
AP A SO % the annihilator of S.

Question 5.12. # & & _{0y}0? A& _VO?
Bt SO A4 T BBy Lemma 5.1.11 enfd 5.
Lemma 5.2.5. 3K V 5 wvector space over F.
(1) & S % V 1 nonempty subset, B] S & V* 1 subspace.

(2) & 81,8 5 V i1 nonempty subsets 7% &_ S} C Sy, B S(z) C S(l).

(3) & S & V & nonempty subset, B S° = Span(S)°.

(1) 7 £ ik 2 & V* ¢ i zero mapping O & SO % % fecS Bl EZ R rscF
3 rf+sg(v)=rf(v)+sg(v)=0,VveS. T rf+sgest. @z Y L Vvroen
subspace.

(2) & fESZ, 2aHEHELIWES ¥ F f(w)=0. mHZL weS F1S5CS, frwes,,
l"\:E_fGSO e SOCSO

(3) #1 SC Span(S), &xd (2) & Span(S)°C S0 ¥ - 35, % feS pHEE we
Span(S), ¥1%% & ¢y, cn €F 1 E Wi, W, €S 1T w=ciwi+- Wy, AP
3 f(w)=cif(wy) —i—---—i—cnf(wn) =0. 7% fcSpan(S)?, ¥z S° C Span(S)°, &
§% = Span(S)°.

O

¥ V &_finite dimensional inner product space, & W 5 V = subspace, B| Theorem
5.1.13 2 #5241 dim(W') = dim(V) —dim(W). B ** annihilator 2 7+ § 4p kb ch2 .

Proposition 5.2.6. BX V=WQU. B t— B isomorphism ¢ :U* =W, $Fu|¢ V %
finite dimensional, B]%t1Z &, ¢ subspace W ¢ 3 dim(W?) = dim(V) — dim(W).

Proof. d direct sum 25, Hiz & veV, # ari- hweWuelU % v=w+u. &
HER feU, Arai of):V=F 5 ¢o(f)(w+u)=f(u). %] f & linear functional
%% 24 & ¢(f) 7 5 linear functional, 7 ¥ @(f) € V*. ¥ &k TEH 5 weW,
Flw=w+O0yp, <@ ¢(f)(w)=f(Oy)=0, =% ¢(f)eW #m ¢:U" -W" & - &
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well-defined ¢ function. %% % %% ¢ 5 linear transformation. * % f,geU* ¥ f+#g,
LT R WU & ()£ g(), T ()W) £ ()W), B O() £0() <M 0 5
one-to-one. 1t ¢ £ onto FRFLFLHERL FeW), Attt f(v)=f(w+u) = f(u),
HY weWueUBEv=w+u “TEF g flyeU", 2FF o(flv)=/f, ¥ ¢ 5 onto.
% V % finite dimensional, %> & % subspace W, 3% i ‘F{K? #- W en- %2 basis
{Wi,...,wi} #F =~ = V - % basis {w,...,w,uy,...,w}. *THUAFF V=WaU, 8°*
U =Span({uy,...,w;}). ¢ Theorem 5.2.2 M2 2% } 5 cn% % NP5
dim(W?) = dim(U*) = dim(U) = dim(V) — dim(W).
O

v

Question 5.13. ## M 5 W, Wo 5 V 1 subspaces, B (Wi +Wr) =W2NWY. = £V %
finite dimensional, B (W; NW,)% =W +W).

Z R WO % V* e subspace, & 4 ¥ 02 B WO ¢ annihilator, T (WO)O. g Ao T

#g i2 Corollary 5.1.14 e 5.

Corollary 5.2.7. #3®% V & - B finite dimensional vector space, ® W i V &1 subspace.
¥ J& canonical map T:V — (V)" & 5 1(v) =¥, VveV, pl 1 (W)= (W°)°.

Proof. 3 we W, PRI E L feW', &G W(f)=/(w)=0, 7T t(w)=Wwe (W)°. @
(W) C (W0, 4 Proposition 5.2.3, 2 4 7:V — (V¥)* % one-to-one, # dim(t(W)) =
dim(W). ¥ - * @ Proposition 5.2.6 2 3 i

dim((W°)%) = dim(V*) — dim(W°) = dim(V) — (dim(V) — dim(W)) = dim(W).

#ae dim(t(W)) = dim((W°)?), #@& t(W) = (WO)°. O

B {8 2 R 4£ 34 dual space fr inner product space B b k. F AN T & LT R
Definition 5.2.8. £ V,W % vector spacesover F, #¢ F 2 C& R. 2 T: VW
E¥F vweV,reF ¥ 3 T(V+V)=TWV)+TV) 2 T(rv)=7T(v), RIH T - B

conjugate transformation. * % T &_one-to-one and onto, B2 & conjugate isomorphism.

1R 3% F=R P, conjugate transformation i*u{ linear transformation. # ¢ % F=C
¥ conjugate transformation = linear transformation § 3% % 4p 2 e, AP 4 5 BB 5 B

conjugate transformation a2 fr.

Lemma 5.2.9. 33X VWU ¥ 3 wvector spaces over C. T\ :V W, T, :W = U.

1) 2 I, ® % — B &_linear transformation ¥ — B &_ conjugate transformation, R
F
ToTi:V—=U % conjugate transformation.

(2) & T\, T, ¥ 5 conjugate transformation, B] ThoT;:V — U % linear transformation.



