118 5. Operators on Inner Product Spaces

(3) & T1 % conjugate isomorphism, B Tl_1 W =V &% conjugate isomorphism.

Proof.

(1) i %P T 5 conjugate transformation ® T» % linear transformation i,
Vo RRAE0, G TR APFEPHEL vwWEV UE nseC ¥ G DhoTi(rv+sv) =
71, 0T (V) +sT,0T; (V/). A

LoTi(rv+sv') = LFT (V) +5T1 (V) = F(Ti (V) + 5T (T (V) = Flh o Ty (V) + 5T o Ty (V).

# ThoTy % conjugate transformation.
(2) # T1,T» # % conjugate transformation, & FPEM HZ L v,v eV M2 rnseC ¥ 7

ToTy(rv+svV)=rLoTi(v)+sThoTy (V). FF +

ToTy(rv+svV) =THFT (V) +5Ty (V) = (F)T(T1(v) + )T (T1 (V) = rTr o Ty (V) +sTh o Ty (V).

# ThoT,:V = U % linear transformation.
(3) & T % conjugate isomorphism, %] 7} 3 one-to-one and onto, Tfl W=V ighth
LT (W) =w,YweW. itz wweW 12 rseC, 213 T(T ' (rw+sw)) =

rw+sw 11 %
T (T (W) +5T (W) = F)T (T (W) + )T (T (W) = rw+-sw,
@ T (T '(rw+sw)) = T1(FT~ (W) +5T~(W)). F152 T % one-to-one, ¢* ¥ % 77
T rw+sw) =77 (w) +5T1(W).

B Tfl 7t 4 conjugate isomorphism. O

% V % inner product space over F, %% veV, ¥ g™ S p(v): V> F &5
wi (W, v), (T p(v)=(-,v)) Bl p(v) 5 linear functional on V, 7= % p(v) € V*. #7120 p ¥
1A - BV | VF dhmapping. ETER vV eV, A g

PV+V)(W) = (W,v+V) = (w,v) +(w,V) =p(v)(W) +p(¥))(W), VweV.
B p(v+v)=p(v)+p(V)in V*. ¥ E reF, pl
p(rv)(w) = (W,rv) =F(W,v) =7p(v)(W), VweV.
Wi p(rv) =7p(v) in V¥, iP5 0T ahg e,

a3

Proposition 5.2.10. %k V % finite dimensional inner product space. % Jg p:V — V* Z_

x

&% p(v)=(-,v), Bl p 5 conjugate isomorphism.

Proof. &2 &+ p % conjugate transformation, #7 % & ZZP p % one-to-one and onto.
BAHEP p i oneto-one. BE v,V eV B E p(v)=p(V), & TET (W,v)=(WV),

VYweV. Aa Corollary 5.1.5 £ AP i 5 v=v {#% p % one-to-one.
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i p & onto, i E LE = V - ¥ orthonormal basis {vy,...,v,}. #EZ & feV*,
J'Jy }Es V:f(vl)vl+"'+f(vn)vn- Y

P(V)(ve) = (vi, SV Vi 4+ 4 f(Vn) Va) = (Vi f(Vi)Vi) = f(vi), Vie{l,....n}.

¥ )’Ik{:m e p(v) e {vi,...,v,} i&- %2 basis hB-B ¥ 4p ke, =T f=p(v). @& p &
onto. U

AR Fl% p % conjugate isomorphism, 9 Lemma 5.2.9 4 p~!:V* -V 7 % conjugate

isomorphism.

Question 5.14. & Proposition 5.2.10 * ¥ 22 41* p:V —-V* % one-to-one 1 % dim(V) =
dim(V*) kP p:V = V* 5 ontov§ ?

Example 5.2.11. % g R" } ¢ standard inner product, 4 {ey,...,e,} 5 R" =1 standard
basis. & v=xje;+---+x,e, €R" B p(v)(e;) = (e;,Vv) =x;. » %{a%‘ﬁ p(v)=feR")*,
R f(ei):xi’ ViE{l,...,l’l}. F@j‘a :F'J.fe(Rn)*7 R p_l(f):f(el)el+"'+f(en)en~

¥ & C" 1} & standard inner product, 4 {ej,...,e,} % C" &1 standard basis. #
v=ziei+---+z,e, € C", R p(v)(el-) = (e;,V) = 7. JI* %L LE 4 op(v)=fe (ChH Bl
fle) =z, Vie{l,...,n}. &%, & fc(CY, Bl p~'(f) = fle1)e; +---+ f(e,)e,

5.3. Transpose and Adjoint

B 2R 2 {8 2 B s e 8 linear operator, 7 i § M 3% transpose {r adjoint R, *
— 4k eh linear transformation & % % —F" o iE - & ¢ AP Y g e d — 40 linear
transformation. # %_— B linear transformation 7 :V — W, & dual spaces W*,V* }F s\ i
¥ % & T ¢ transpose, m % V,W % inner product space, 3 % ¥ 12 % & T ¢ adjoint.
AP R 3 transpose fr adjoint 20 BF B k.

5.3.1. The Transpose of a Linear Transformation. § % # i 4£3f - # linear trans-
formation T : V — W ¢ transpose, # ¢ V,W ¥ & vector space over F. £ %% 3 B T
&7 transpose * F B V,W % inner product space m ¥ » % Z 3K i finite dimensional.
M ER feW*, d 3 T,f ¥ 5 linear transformation, #514 foT :V — F 7& % linear
transformation. + ﬁki;ru foT eV* #1113+ T & - B mapping T': W* —» V* H % %
5 T(f)=foT,VfeW" &y &, I L f.LgeW, nseF A5

T'(rf+sg) = (rf+sg)oT =r(foT)+s(goT)=rT'(f)+sT'(g),
gode T W* = V* 4 linear transformation. 24 P4 T % T 0 transpose. & T & T v T*
MG HER VEV, fEW A

FTE) =T"(f)(¥).

A& 7 f2- B Linear transformation T:V — W v T &1 transpose T': W* — V* & &

# R3] V,W & ordered basis 2 2 dual basis 7 representative matrix 2. B enfd 1%,
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Proposition 5.3.1. £ B = (v,...,V,), Y= (Wi,...,Wy,) & 5 5 V.W ¢ ordered basis ¥
LB = (vi,... V), Y = (Wi, W) A B A AR e dual basis #tiE s VI WF eh ordered

basis. ¥ T — B Linear transformation T :V — W, 23
g Ty =y [T
Proof. F1i TY(w})=wfoT €V* & WoT =cy,;Vi+-- +cnivy, Bl & T&
¢ji= Wi oT(v;) = Wi(T(¥))).
g T(vj) =dijWwi+-+dpy jWn, Bl cji=dij. Ra &t Recj 5 g-[T']y 0 (j,i)-th entry,
A dij 5 y[T]p (i, j)-th entry, 838 p.[T']r =y [T]}. O
% kAP 7] transpose dzk AR
Proposition 5.3.2. % V.W,U ¢ % wvector space over F.
(1) FrnseF 2 T1:VoW, T,: VW ¥ 3% linear transformations, B|
(rTy +sT2)" = rT} + sTy.
(2) 2 T:Vo>W, L:W—=U ¥ 5 linear transformations,
(ThoTy)' =T oT;.

(3) (idy) ' =idy+, #w|# , % T:V =W 5 isomorphism, B T':W* = V* 7 4 isomor-
phism *®

Proof.

(1) g =g feW", Fli f % linear, & 3

(i +5D2)'(f) = fo Ty +5Ta) = r(f o Ti) +s(f o Ta) = rTi(f) +sT3(f) = (rT{ +sT2)(f)-
@ (rT+sh) =T} +sT5.

(2) 13 ThoTy % i _V ¥ U 0 linear transformation, #7141 (ThoTy)' 4 & _U* 3| V* i
linear transformation. ¥ E & feU*, NP5

(ToTh)'(f) = fo(TaoTi) = (foh)oTi =Ti(fo T) = T{(T;(f)) = Ty o T1(f).

B (LoTy) =T/oT,.

(3) #r 4 feVs, A (idy)(f) = foidy = £, #71 (idy) =idy-. BE TV W
5 isomorphism, # 7% T 'oT =idy ¥ ToT '=idy. td (2) #

idys = (idy)' = T o (T71), idy = (idw)' = (T ") o T,

@3 T' % isomorphism ¥ (TY)~!= (Tt O



