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T 2 pr A~ B linear transformation # kernel fr image fr# transpose 7
kernel ¥ image z B eBf 2. 1% B % % ¥ 1T & 0 vector space ¥ =& . F iE AP IE

finite dimensional & 35.

Proposition 5.3.3. B&x V,W ¢ & finite dimensional vector space, T :V — W % linear

transformation, T': W* —V* 5 # transpose. R

Ker(T') =Im(7)°, Im(T") = Ker(T)°.

Proof. &% feKer(T"), ¥ T'(f)=foT=0inV*. &7z veV, ¥ 3 T'(f )(V)
fT(V)=0. 8 fe{TW) |veV¥=Im(T)’. £ 2., % feIm(T)?, 4 7%z d veV, ¥ 3
f(T(v))=0, =2 TY(f) =0 in V*, #& f € Ker(T").
¥-26, BX felm(T"), *3hgeW" @ f=T(g) =goT. #&¥izx veKer(T),
A G (V)= 8(T(V)) = g(Ow) =0. + #AE f € Ker(T)', 7 Im(T") € Ker(T)0. 5]
T':W* —V* % linear transformation, §]* Theorem 5.2.2 3\ i 3
dim(Im(7")) = dim(W*) — dim(Ker(7")) = dim(W) — dim(Ker(T")).

£ 4 Ker(TY) =Im(T)° 2 2 Proposition 5.2.6 4

dim(Ker(7")) = dim(Im(7)°) = dim(W) — dim(Im(T)),
G

dim(Im(7T")) = dim(Im(T)).

m % T:V—W % linear transformation, #x4v dim(Ker(7)) = dim(V) — dim(Im(7)), £ ¢
Proposition 5.2.6 4+

dim(Ker(7T)°) = dim(V) — dim(Ker(T)) = dim(Im(T)).
# 18 dim(Im(T")) = dim(Ker(T)?), ¥ 3% Im(T") = Ker(T)°. O

Question 5.15. % Proposition 5.3.3 évg @ @ A i deig dim(Im(7")) = dim(Im(7)). 2%
dim(Ker(T")) = dim(Ker (7)) ?

IR Tt :W* = V* 4 & linear transformation, # i g X+ ¢ 34 ¥ g T' ¢ transpose, »
,T" 2_( — (W*)*. w - T 4 V 5 finite dimensional, #* * 5 - % isomorphism
V—>(V )*, ﬁé& sHEZ veV, wv)=vEa P ¥(f)=f(v), VeV NFEg 00T aiR
7T
v — 5 w
l‘L'V lfw
(V*)* (T (W)
REFEL veV, AP (TH' 1 (v)) =VoT € (WH)*. « ﬂ} LR B ER feWr RN

(il

(T (v (V) (f) =¥oT"(f) =9(foT) = foT(v) = f(T(v)).
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—

T-2a T(V)eW, “t y(T(v) =T(v) € (W' + itz feW:, 2
w(T(V)(f) =T(W)(f) = F(T(V)).
@3 (T (w(v) = w(T(v)), Yvev, =%
(THY' oty =1 oT.

APHEP T PR VBB T 5 - B commutative diagram. £ v} 1y % isomorphism, #&

T, (V¥)* =V i & (7 5 isomorphism). 24§ 12T 2 %

Proposition 5.3.4. BX V.W ¥ % finite dimensional vector space, T :V — W % linear

transformation. £ 1y M E Ty A B 5 V (V) z2 W (W' 2 B 7 canonical map. B

(TY'=tyoTor, .

d Proposition 5.3.1, 3% i ¥ #-— # linear transformation 7 transpose fr— i# matrix
transpose 4p i@ 5. 3\ i ¥ 12 - Proposition 5.3.2, 5.3.3, 5.3.4 # = 7 B matrix 7 transpose
T

Question 5.16. £ B = (vi,...,V,), Y= (Wi,...,Wy) & % 5 V.W 7 ordered basis * %
B=(, W), 7= Wiy, W) A5 (V) (W) e ordered basis, 2 7 Vi =1y (vi), W) =
Tw(w;) (v :V = V)", tw: W —= (W*)" & canonical maps.) 1% Proposition 5.3.4,
5.3.1 7P

(IT]p) =7 [(TY)']5 =y [T]p-
5.3.2. The Adjoint of a Linear Transformation. # & k& i & 53¢ e & - B linear

transformation T :V — W &7 adjoint. § % % # adjoint eh2 & £ F & V,W ¥ % finite
dimensional inner product spaces. ® g~ T, B NP py Vo VE oy W W A

v

pv(v)=(,v),YveV 1z py(w)=(-,w),YwWeW ¥ py,pw ¥ % conjugate isomorphism.
AP & T e adjoint T W =V %

T* =pyoT opy.
BT 2ZHEL weW, AP
T*(w) =py ' opw(W)oT = py ' ((T(-),W)).

d Lemma 5.2.9 (1) & & Topy : W — V* % conjugate transformation, #z# ¢ Lemma

529 (2) # T*:W =V % linear transformation. #% ¥ 3 1 T &7 commutative diagram.

V 1 w

[ [

Ve o
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Theorem 5.3.5. ®% V,W ¢ i finite dimensional inner product space, T :V — W &

linear transformation. B] T &0 transpose T* W —V, & ¥i— &0 linear transformation % &_

(T(v),w) =(v,T*(w)),VveV,weW.

Proof. s\ i e & T* % linear transformation. A EZZ we W, 25 py(T(w)) e V* &
EHEL veV, 3 pv(T"(w)(v)= VT (w). ¥- =5 py(T"(w)) =T'opw(w), @ $ix
B veV, &3 Topw(w)(v) =(T(v),w). #& (T(v),w)=(v,T"(w))

- BR T WV EE(T(v),w) =(V,T'(w), VveV,we W, Pl g,
veVweW %3 (v,T*(w)) = (v,T'(w)). & Corollary 5.1.5 %= T*(w) =T'(w), Ywe W, {#
@ T =T" O

£ ;2 & Theorem 5.3.5 ¥ % ;% &1 inner product ¥ W #7 inner product, + i % V &
inner product. % — B linear transformation 7 :V — W 4% inner product, 7= ¥
(T(v),T(V))=(v,¥), Vv,V eV.

A fp 23 T % oneto-one. =X %5 %F veKer(T), Bl (v,v) =(T(v),T(v))=0, ¥
# v=0y. #&% dim(W)=dim(V), #] T % isomorphism, #% i fi& & 77 isomorphism 3
inner product isomorphism. #* P# linear transformation 7' :W —V € 4_inner product

isomorphism. i&#%_%] 3
(T7H(w), T~ (W) = (T(T™' (W), T(T~' (W) = (w.w'), Yw,w eW.
A 2T A% inner product isomorphism 17 j#

Corollary 5.3.6. B3k V.W % finite dimensional inner product spaces, T :V —W % linear

v

transformation £ T*:W =V 5 # adjoint. P] T &t 5 5 % 9 (equivalent).

(1) T % inner product isomorphism.

(2) T % idsomorphism & T~'=T*.
Proof. (1)= (2): #*E g veV,weW, A5

(T(v),w) =(T(v), (T~ (W))) = (v,T"'(W)).
#41* Theorem 5.3.5 } M adjoint swi— F% T =T"
2)=(1): gz vwveV, ¥
<T(V)7T(VI)> = <V7

# T % inner product isomorphism. O
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% kAP F] 0 adjoint PR AR

Proposition 5.3.7. %k V,W.U % 5 finite dimensional inner product space over F.
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(1) #rnseF 2 T1:V->W, T,: VW %35 linear transformations, B|
(rTi 4+ sT2)* =71} + 575
(2) FT: VoW, L:W—=U ¥ 5 linear transformations,
(ThoTh) =T oT,.

(3) idy =idy, #%l¥, & T:V W 5 isomorphism, B] T*:W —V 7% 5 isomorphism

=X
(r)~t= (7"
(4) & T:V —>W 5 linear transformation, R
(T*)" =T.
Proof.

(1) g#*» =& veV,we W, §1* inner product e F 24 i 3
(T +5T2) (v), W) = r(Th (v), W) +5(T2(v), W) = r{v, T{'(W)) +5(v, Ty’ (W)) = (v, (T} +5T5)(W)).
txd adjoint awi— M8 (rT) +shh)* =71 +5T5.

(2) F15 ThoTy % #_V F| U & linear transformation, #72 (ThoTy)* 5 & U 3|V &h
linear transformation. ¥ ZEF veVuelU, AP 5

(TyoTh)(v),u) = (Ta(Ti(v)),w) = (T1 (), Ty (w)) = (v, T} (T3 (w))) = (v, T} o 75 (w)).
txd adjoint dri- HEE (LoT) =T oT,.

B) i vweV, Airg (v,v) = (idy(v),V) = (v,idy(V)), #7241 * Corollary
5.1.5 ## idy (V) =V, VvV eV. 7 idy =idy. ¥ T:V — W % isomorphism, # i 3
T'oT =idy ¥ ToT '=idy. #d (2) ¥

idy =id}, = T*o(T7Y)*, idy =id}y, = (T~ 1) oT",
#% T* % isomorphism 2 (T*)~!=(T"1)*
(4

F] T*:W —V % linear transformation, #iZ & veV,we W i3

(T"(w),v) = (W, (T")"(v)).

¥- >
<W,T(V)> = <T(V),W> - <V,T*(W)> = <T*(W),V>,
AR (T (V) = T(v), Vv eV, @ (T*) =T. 0

Question 5.17. F4|* adjoint FT_& 7P Proposition 5.5.7.
9

#T ok, AP kg - B linear transformation fr# adjoint v ¥ ¢ kernel fr image 2.

Proposition 5.3.8. &% V,W % finite dimensional inner product spaces, T :V — W &

linear transformation ®* T*:W —V i 2 adjoint. P



