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(1) % weKer(T*), * T*(w) =0y, »FHEZZL veV, iy
(T(v),w) = (v,T"(w)) = (v,Ov) =0,
@ welm(T)t. 72, Fwelm(T):, P ER veV ¥ 35 0=(T(v),w) = (v,T*(w)).
#cd Lemma 514 ##% weKer(T*). ¥- 26, Fvelm(T*), 27 3 weW ##
v=T*w). &z g vV eKer(T), ¥3 (vV,v)=(V,T"(w)) =(T(V),w) = (Ow,w) =0,
veKer(T)r. #% Im(T*) CKer(T)*. & is41* Ker(T*) =Im(T)* #
dim(Im(7*)) = dim(W)—dim(Ker(T*)) = dim(W) — dim(Im(7T)*)
= dim(W) — (dim(W) —dim(Im(7"))) = dim(Im(7"))

% %] dim(Ker(7)*) = dim(V) — dim(Ker(T)) = dim(Im(7)) # dim(Im(T*)) = dim(Ker(T)")
# @ % Im(T*) = Ker(T)™.

(2) % T is one-to-one, P Ker(T) ={Oy}. #d (1) % Im(T*) =Ker(T)* ={0Oy}+ =V,
#®% T* % onto. ¥ 2, % T* 5 onto, ¥ Ker(T)* =V, 4 Corollary 5.1.14 =

Ker(T) = (Ker(T)*)* = v+ = {0y}

## T 5 onetoone. F|#* pt 2% BT * TF B~k @5 T 5 oneto-one % ¥ *E &
(T*)*=T % onto.

(3) fxm A Ker(T) CKer(T*oT). % veKer(T*oT), R

(T(v),T(v)) =V, T(T(v))) = (v,0Ov) = 0.

#HT(V)=0w, T veKer(T) fI* pB%BT* T Bk L% (TH)* & Ker(ToT*) =
Ker(T%).

(4) xp ggA G In(T oT) CIm(T*). #%ad (3) A5

dim(Im(7* o T)) = dim(V) — dim(Ker(T* o T)) = dim(V) — dim(Ker(7)) = dim(Ker(T)"),

£4 (1) Im(T*) = Ker(T)* # 4 dim(Im(T*oT)) = dim(Im(7*)), % # Im(T*oT) = Im(T*).
f* LR T P T B @25 In(ToT*) = Im(T). 0
Question 5.18. #F# P Ker(T)=Im(T*)* 2 Im(T) = Ker(T*)" .

3 T:V =W 4ev hadjoint T%: W — V 3 representative matrix 4 A5 — % 0BE 7%,
d ** adjoint fr inner product 3 M, #714 V,W #7i 5 ordered basis &+ % fr inner product
7B, £FF E 4 HBEV {c W & orthonormal basis #7% = &1 ordered basis f = (vi,...,V,)
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Fey=Wi,...,Wn), 2 T(Vi) = C1iWi + - +CpniWm, Bl R T& 4[T]|g 7 (j,i)-th entry = cj;.
Ao F {wi,...,W,} & W i orthonormal basis, 24 75 c¢;; = (T(v;),w;) = (v;,T*(W;)). ¥
= 3% F TH(W;) =dyjVi+- - +dyjVa, Bl g[T*]y 0 (i, j)-th entry =

dij=(T"(W;),vi) = (vi, T*W;) = Cj;.

o ,Th{’éu g[T*]y ## ,[T|g LB~ transpose £ #-# i entry B~H conjugate @ . 45 1

Definition 5.3.9. B3 A € Myn(C) £ BEMyxm(C). 973 1<i<n, 1<j<m, £ a;; %
A & (j,i)-thentry ¥ b;; % B ¢ (i,j)-thentry. ¥ b j=a;;, Vie{l,...,n},je{l,...,m},
RIFE B % A <0 adjoint ® 12 A* R 4 on.

BAR, BN TE (A) =A, 2 F AEMp(R), Bl A*=AL x kgt 2 E, A T 2
%

it

Proposition 5.3.10. E3x% V.W i finite dimensional inner product space, ® 4 %|iE B~ V
v W & orthonormal basis #7 % = i1 ordered basis B = (Vi,...,Vy) Tv Y= (Wi,...,Wp). &

T:V—W i linear transformation £ T*:W —V 5 T < adjoint, B

d Proposition 5.3.10, #V i ¥ #-— B linear transformation 7 adjoint fr— # matrix
adjoint 4pi 5. 2% i ¥ 12 #- Proposition 5.3.7, 5.3.8 3 = 5 B matrix ¢ adjoint 4 .
¥ ¢t &1 e0E_ A Theorem 5.3.5 ¥ # {353 33 — % linear transformation 7 adjoint &_

1>
33

PE— e, e H_ A% 7 - B inner product i 2. T, A% F &0 inner product 2. T, — B

=z

linear transformation € 3 # F ¢ adjoint, #% i* g =Rl
Example 5.3.11. ¥ & T:R> > R> = % %
T (x1,x2,x3) = (4x1 +x2 + 2x3,4x1 +4xp +4x3,2x1 +x2 + 4x3).
4 & R® } & @ inner products (,) ™ % ((,)), #¢ () % standard inner product, ¥

((x1,2x2,x3), (V1,¥2,¥3)) = x1¥1 + X2y2 + x33.

3

((,)) P&
1
(((x1,x2,23), (V1,¥2,33))) =x1y1 + Rl +x3y3.

£+ & R3 % standard inner product space, B €

|

={(
4 1 2

% ordered orthonormal basis. P [T]e=| 4 4 4 |, #&+d Proposition 5.3.10 ¥
21 4

[T*]g = , gt 253 T*(xl,xz,X3) = (4)61 +4xr 4+ 2x3,x1 +4xp + x3,2x1 +4x7 +4X3).

N = B

4
4
4

o= N
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=% R 5 ((,)) 5 inner product ¢ inner product space, B+ B~

B ={(1,0,0),(0,2,0),(0,0,1)}

4 2 2
% R? #- % ordered orthonormal basis. #* ¥ [T]Jg=| 2 4 2 |, ¢ Proposition 5.3.10
2 2 4
4 2 2
WTlp=|2 4 2 | #&wpd@mTI =T, %
2 2 4

T*(x1,x2,x3) = (4x1 +x2 + 2x3,4x1 + 4xp +4x3,2x1 + X2 + 4x3).

5.4. The Adjoint of Linear Operators

- & ¢ AP R L fE - B linear operator T :V —V & adjoint. # % € £33 -
¥ ) e operator 0 adjoint. #712 & & ¥ &0 vector space V A ik ¥ — B finite dimensional
inner product space over F, 2 ¢ F=C & F=R.

% T:V —V 5 linear operator, B| 2 adjoint T*:V — V 7= % linear operator. #7.4
HiEzd flx) e Fix], f(T*) ™3 @& °F % linear operator. & P x R f(x) € Flx|, f(T)
adjoint 5 P F #4&. § L% f(x) =cX"+ - +cix+co, AP EE f(x) ="+ +T1x+ 0o,
RlF T B

Lemma 5.4.1. 3 T:V =V % linear operator, RI¥E R f(x) € Flx] ¥ F
(f(T)" = F(T7).
Proof. § % d Proposition 5.3.7(2) 4 (T°")" = (T*)™". &% f(x) =cux"+---+c1x+co, B
£ ¢ Proposition 5.3.7(1)(3) #&
f(T) = (T +-+aT+coidy) =¢,(T™")" +---+e1 T" +coidy
= G (T")" 4+ T +egidy = f(T7).

O

d Proposition 5.3.10 4 # Lemma 5.4.1, 24 8 + # 18 5] T §c T* ¢ characteristic

=

polynomials yr(x) fv xr+(x) 2 B enB %, 12 2 ¥ i ¢ minimal polynomials pr(x) fv tr(x)

Z_ B ehBg 4.
Lemma 5.4.2. & T:V =V % linear operator, B
xr+(x) =%r(x) and pr-(x) =r(x).

Proof. ¢ ** characteristic polynomial £ ordered basis =:E B~ & Bf | #7124 3% 19 4 %] i B~
V - ‘& orthonormal basis #7 % = 1 ordered basis B. ¢ Proposition 5.3.10 4 [T*]g =

((Tlg)", =8 xr-(x) =27 ().



