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d minimal polynomial # & = ur(T) =0, tcd Lemma 5.4.1, % ur(T*) = (ur(7))* =0,
e e (x) | i (x). B 32d (T7) =T, 7 pr(x) |- (x), £ %3 2 5 57 3 0% P~ conjugate
@ () | (). #3 ure(x) = Br(x). 0

3 B linear operator {7 decomposition, # & & 1if &_T-invariant subspace. ¥ W 3
T-invariant subspace, #* 7 p X ¢ ¥ W 2 % % T*-invariant subspace. — 4 ki3 - 2

W, EAPG 0T RS

Lemma 5.4.3. 3 T:V —V % linear operator, B W CV % T-invariant subspace % & *&

= WL CV i T*-invariant subspace.

Proof. % W % T-invariant, £ P W' 5 T*-invariant, :T‘}““{'t WRHEL WeW ¢ 7
T*(W)eWL. #a s weW, pld T(weW 22 weWt @& (w,T*(W)) = (T(w),w)=0.
pTEp THW) € WL, & Wt i T*invariant.

F 2, % Wt i T*invariant, | d * & =1 (WHL =W % (T*)*invariant, ¥ T-

invariant. O

% 7 - B inner product space V, 2 2 subspace W, # E # ¢1 decomposition 5 V =
WHEWL. #t§ W i T-invariant B, 2 p 2% ¢ B £.F W 7~ 5 T-invariant. ] *

Lemma 5.4.3, izh|4F® & 1 @ pF W 7= 5 T*-invariant.

Corollary 5.4.4. 3% T:V =V % linear operator 2 W CV i T-invariant subspace.
Bl Wt % T-invariant subspace & ® v& % W 5 T*-invariant subspace. ¥ b % W 54
T -invariant fv T*-invariant, B

(Tlw)" =T"|w.
Proof. ¢ Lemma 5.4.3, & 4 Wt % T-invariant % §** W = (WH)* 5 T*-invariant. »*
FHER DWW eEW ¥ 7
(Tlw(w),w') = (T(w),W) = (W,T"(W)) = (W,T"|w(W)),
@z (Tlw)* =T w. O
#T ORI B B 4R 0 linear operator # H adjoint B B TR, F A w AR E
V=W &Ww,, IR SER veV, w3 ferE— w eW, wyeW, 2 HFv=w|+Ww. PP A e

TE wow, VoV, 5w (V) =W NPH mww, & projection on Wy along W, & i1
B, 2 V=W @WZ/, 2Y W, %WZ/, Rl tw, w, # Tow, W -

B0y

Question 5.19. 4ot #rit Ay, (V) G P72 TEPE V=W OWo =W, &W, it Wo #W,

ﬂlj TL-Wl,Wz % 7'CW1 7W2,'

% V &_finite dimensional inner product space, 24 ¥ d V=W, oW, £18 V=W oW;".
TEFEFEWEWINWH RIHER veV, 21 F v=wi+wy, 27 weW,wmeW,, &
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# (v,w) = (wi,w)+(Wy,w) =0. ¢ Lemma 5.1.4 #&+ w=0y. £ d

dim(Wi- +Ws") = dim(Wit) + dim(Ws") = dim(W3) 4+ dim(W;) = dim(V),
@V = Wli @Wz A AT R B W, 20 adjoint wy, g
Proposition 5.4.5. & V=W, oW, B| V=Wl oW;" ¥

o,y = T

Proof. & ¢ &v V=Wl oW, &z i v,weV, 2t weW,waeW 12
Wi e Wik Wy e WsH B B v=w+wp,V =w| +w,. P

<7FW1-,W2(V)7V/> = <W17W/1 +Wl2> = <W17W/2>‘
F-

(V. Tt s (V) = (W1 +wa, Wh) = (Wi, w5).
#& (w, w, (V), V) = (V, Tyt e (), VvV eV, * my = Tyt wit- O

AP Frig & inner product space ¥ & ¥ * 1 decomposition ,T*L{V =WHW=L. pbtpFst e

# projection Ty w1 & orthogonal projection on W. & 7 = ig, 12 {8 2 " 3% ¢ 4= orthogonal
projection on W * my k& (F15 v & W 3 B). §1* Proposition 5.4.5, & 7§ + 3
DR

Corollary 5.4.6. % V E_ finite dimensional inner product space = W 5 B subspace. %

Tw 1V —V % orthogonal projection on W, B @y = m3? & T = Ty

Proof. $tZ & veV, 24 v=w+w, 27 weW,w Wt %
nﬁ’vz(v) = iy (mw (V) = 7w (mow (W+ W) = 1w (W) = (v),Vv € V.
% my =m?. ¥ - > &, 1% Proposition 5.4.5 1 % (WH)L =W, 2 4

* * _ . _
ﬂ"W — ﬂW,Wl — ﬂ(WL)L’WL — ”W,WL — T[W

O

Question 5.20. FHEMP HEZE veV, my TL“K Proposition 5.1.12 ¥ # 7 projection projy .

— & linear operator T:V —V &% &L T2 =T, B # % idempotent. 4 Corollary 5.4.6
g PP AN P Arif i @ 0 projection W % idempotent (% % orthogonal projection 2 K ).
I T =T 5, P H 5 self-adjoint. — 4 ¢7 projection 7 ¢ &_self-adjoint, “$ L

#_orthogonal projection, iz & d **3% i 5 T &% .
Proposition 5.4.7. 3% T:V =V % linear transformation % &_T°> =T, B ™ 7|4t %
Yy

(1) T % orthogonal projection.

2) T*=T.
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(3) Ker(T) =Im(T)*.
(4) Im(T) = Ker(T)*.

3%

3
s
=

Proof. 5 LA PP F T % idempotent (7 T?=T), Bl T = Tm(T) Ker(T)- 1€
V=Im(T)®Ker(T). %+ dim(V)=dim(Im(7)) +dim(Ker(7)), #7141 ¥ & P

Im(T)NKer(T) = {0y},

<

Pld Im(T)+Ker(T)CV, # 8 V=In(T)BKer(T). X% % ve
#® v=T(w), tcd T?=T, ©§ T(v) =T%*w)=T(W)=v. & 4t veKer(T) ¥
v=T(v)=0y. e & V=Im(T)PKer(T), =¥ Z& v, ¥ 3 weln(T),w e Ker(T)

Bv=w4w. 78 T(V)=T(W)+T(W)=T(w). ewm ¢ wxr welm(T), | T(w)=w,
#e4t T(v) = w. ¢ fr projection on Im(T) along Ker(T) ¥ Ty 1) ker(r) ¥ v 01T 40, 22

Tﬂ

B T = Tym(7) Ker(T)-

#d  Corollary 5.1.14, # i 53 Ker(T) = Im(T)+ % * v& 3% Im(T) = Ker(T)* (7
(3) = (4). = % Ker(T) =Im(T)" P Fim(r) Ker(r) = Fim(r)im(r)L> & T = Tim(r) Ker(r)
orthogonal projection (¥ (3) = (1)). * % T & orthogonal projection, f]d Corollary 5.4.6
e T*=T (% (1) = (2)). $44]* Proposition 5.3.8(1) 4% T* =T, B Im(T) = Ker(T)~*

|
(2 Ker(T) =Im(T)*) (* (2) = (3)(4) Wi 252, 0

- Ak, APV - B finite dimensional inner product space & = orthogonal
direct sum V =W, B---BW;, & B W= ®;xW;. ¥4 m & orthogonal projection on W,
(?-'I"' ﬁi:ﬂwi) ﬂjl&g 5 ’Fj A

T+ m =idy.
A AL 5 orthogonal resolution of the identity. LR »PEA PG nl=m, 1 =m M E §
i#jF mom=0. FFF, NP5 T2 8%,

Lemma 5.4.8. B3k V % finite dimensional inner product space & Wy, W, % V &1 subspace.

£ m,m & % % orthogonal projection on Wi,Wa. R 5| 5 % 1 :

(1) Wy LW,.
(2) o =0.
(3) Th O Ty =0.

Proof. $>*Z & veV, d 3t m(v)eWy, &5 Wi LWs, Bl my(v) e Wit #3% m(m (v)) =0y,
VveV T rom=0. FE¥ ¥ mom =0.

BHEL weW,waeW,, 20735 (Wi, w) = (m1(W1), m(W2)) = (Wi, 7] (m(W2))). F1 m
% orthogonal projection, d Corollary 5.4.6 #= nf =m. #&% mom =0, B (W,wy) =
<W1,0v>=0, ?g?g.WlJ_Wz. P\-"ﬂ—l%‘ 71?2071?1:07;“??5' W, L W;. (|
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% RRiE 4 2P 3R B, B 3 linear operator T:V — V, VP ¥ 5 | V - 8 basis
H_d T & eigenvectors #7 = B4 77 T &_diagonalizable. #F %, &% - 2 T &4

eigenvectors 75 = V - % orthogonal basis (& orthonormal basis), B|#4 i § M T e &.

Definition 5.4.9. 3% V &~ B finite dimensional inner product spaceover F * T:V =V

% linear operator. # 35 f— & T &1 eigenvectors 35 = V ¢1— % orthogonal basis (&
orthonormal basis), B2V P H T % wunitary diagonalizable (§ F=R PF, 5 chZ ¢ 8§ T
% orthogonal diagonalizable).

% A € - B nxnmatrix over F, %% g F" } ¢ standard inner product, % - % A &
eigenvectors = F" - % orthogonal basis (¢ orthonormal basis), PV 4L A & unitary
diagonalizable (% F =R P, 5 03 € FB|H A % orthogonal diagonalizable).

At WP F - B matrix A 3 unitary diagonalizable pF, & F =C e 4 7 %
4- B matrix P 2 X_ P =P ! #1 PAP % - diagonal matrix. itk eaErE P H d 7%
£ eigenvectors #f = £ orthonormal basis #7ie = e, &P AL unitary matriz. @ & F =R
R, 57 7 - B matrix P % & P'=P! ¥ PAP % -  diagonal matrix. &4k
B P § d 7R eigenvectors #7 = ¢7 orthonormal basis #7ie = i, AP H L orthogonal
matriz. LE»,T%%L unitary diagonalizable (& orthogonal diagonalizable) & fLéd k. % 3 3
Az, A3 4 F A unitary diagonalizable 2 orthogonal diagonalizable, - % unitary

diagonalizable % ffz . &7 &V i# &34 unitary diagonalizable linear operator e 2.

Proposition 5.4.10. #&&x V & - B finite dimensional inner product space over F *

T:V =V & linear operator. BT 7| & % i .

(1) T % wunitary diagonalizable.

(2) Fetpd M,... . hk€F B V=E, B---BE,, 87 Ej, = A @ eigenspace, ¥
E), ={veV|T(v)=Av}.

B) v A,.. h€eFRET=Am+ -+Ahm, B° m 5 orthogonal projection *
B E_monm; =0, Vi# j.

Proof. 3% T % unitary diagonalizable, B%& {vi,...,v,} 5 T - ' eigenvectors 7%
= ¢ orthogonal basis. #-H if % € £ ¢ {7 4p F eigenvalue #h eigenvectors i fr— 42,
7K Vi,...,V, & eigenvalue i Ay 9 eigenvectors, Vi 41,...,V, & eigenvalue 3 Ay &9
eigenvectors, & 44t (B¢ 5B A4 ¥ApR). AP L EP W, =Span({v;_,+1,...,v;}) &>
E). % W,CE,, ~d T % diagonalizable vV =E; @©---QE,,. 33}
dim(V) = dim(W;) + - - +dim(W;) < dim(Ey, ) + - +dim(Ej, ) = dim(V),

## dim(W;) = dim(Ey,), ¥ Wi =E;. {xp R, $3 if£j3PF5 W, LW, «#®#&
V=EB - --BE,. Fz2,% V=EB -HE, Al¥ g+ ® E, ! - = orthogonal
basis, d **ig# E,; _t ¢ orthogonal basis ¥ .= V - ‘e orthogonal basis, * ¥ 5 T

eigenvectors. ## (1) < (2).



