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5&%‘ V:E;LIEH‘--EBE;L,(, B'J‘Hf{ﬁ veV, fkff’gﬂﬁ V=V +- -+ Vg, H e V,'EE;Li. =
m; % orthogonal projection on E, , |4 Lemma 5.4.8 v mom; =0, Vi# j =

(1171'1 +~~+kk7tk)(v) =Mvi+- v = T(Vl) +-- +T(Vk) = T(Vl +°"+Vk) = T(V).
BET =M+ +hm, & (2)=(3).

F Z_, -JE T :ﬂ,lﬂl—l-“-—i-)tkﬂfk, £ Im(ﬂf,') :W/i, Al d T O Ttj :O, Vl#] A W; 1 Wj,
Vi#£j. % g B & W ¢h— %2 orthogonal basis, * £ W=W H.---BW,. % W=V, Bl
B = Ui.‘zlﬁi % V - ¥ orthogonal basis, * T & ve B, d 3 veW, § j#i, &P
”ﬁ ﬂj(V) = ﬂj(ﬂi(V)) :Ov. =4 T(V) :AiV, Wy AT e eigenvector. m %’. \% #W, £
Wi =W, 2B V=WH - -BWBW.,. &3 B > Wiy - 2 orthogonal basis,
B=U"!B 5 V - ‘= orthogonal basis. * $3t ve By G veWh Vie{l,... k}, &
T(v)=0%® T(v)=0y=0v, T v 5 T ¢eigenvector. {#% B % V #h- % orthogonal basis

v

® B¢ anE ¥ 5 T cheigenvector, I T % unitary diagonalizable. #3% (3) = (1). O

d Proposition 5.4.10 #* &g & T:V —V % unitary diagonalizable, Bl 5 % Ay,..., 4k €
F 14 % orthogonal projections my,...,m & # T =Am + -+ W, &F 5 T 9 spectral

resolution. * P¥d Proposition 5.3.7 &
T =+ + M =M+ + T
Ed mom;=0,Vi#£j? nt=m &
T oT =M+ + ATy =T oT".
f#& T*oT =T oT* i linear operator T & normal operator, i& & 3 i T — & 7 & $F 34

AL

Question 5.21. RFHEM F nxn matrir A 5 unitary diagonalizable, i] A*A = AA*.
5.5. Normal Operators

3\ P #4731 normal operator e F. d 334 34 60 normal operator & ¥ & t over
F (F=C & F =R) & finite dimensional inner product space. #7141 & & ¢ 1 vector space
- #_&_finite dimensional inner product space ¥ # over 7 field 5 C & R, 2 ira,ifﬂp 5

£,

Definition 5.5.1. X 7:V =V & linear operator, & T & & T*oT =T oT*, PIF T & -
® normal operator.

®A G- B nxnmatrix, F A & LA A=AA", RIFE A 5 - B normal matriz.
Question 5.22. - # orthogonal projection E_F % normal?
BANPFESZY d - B normal operator # 3| { % ¢ normal operator.

Lemma 5.5.2. 533 T:V =V % normal operator.
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1 7t % normal operator.

2
3
4

W,WL % 5 T-invariant, B Tlw 7= 5 normal operator.

*M

isomorphism, Bl T—' 7= 4 normal operator.
b

*M

1T
(2)
(3)
(4) 3

tiz R f(x) € Flx], f(T) 7* 5 normal operator.

4-5&’-

Proof. (1) d (T*)*=T, ¥ ¥ T* 7= 5 normal.
(2) d Corollary 5.4.4, & st pF W 7= 5 T*-invariant £ (T|w)* =T |w. &

(Tlw) oT|lw=TwoT|lw=(T"oT)|lw=(ToT")|w=Tlwo(T|w)"

(3) ¢ Proposition 5.3.7, & i aept i (T-1)* = (T*)7!) &
(Tfl)* OT71 _ (T*)fl onl _ (TOT*)il — (T* OT)71 — Tfl O(Til)*,

4) # f(x)=cpx"+---+cix+co, Bl f(T)=cy,T"+---4+c1T +coidy ¥ 4 Lemma 5.4.1
i B3

(
o f(T) =c(T*)" 4+ T +coidy. RF] ;T o f(T)* =c¢;¥j_oc;T% o (T*)”, 7 18

F(T)o (1) = Y aaT o (T
2y

F(T)" 0 f(T) = Y cjei(T) o T,
L]
R iE® ToT* =T*oT, 4= T% o (T*) = (T*)* o T, 8% f(T)o f(T)* = f(T) o f(T). O

% % A P 3F 24 normal operator PEE, hig- &P AFH - L F=CH F=R

P g DT, T @A P LB EH F=Cir F=R kFd B L]
B 4d normal hE &K (¥ ToT*=T"oT), HER v,weV, i3

(T(v), T(w)) = (v, T (T(W))) = (v, T(T"(W))) = (T"(v), T*(w))-

ITW)I? = (T (), T(v)) = (T*(v),T*(v)) = |T*(v)|>
FEuT ']@L_?‘

Lemma 5.5.3. 3k T:V =V & normal operator, ¥ & v,weV 35 1T dafd

(T(v),T(w)) =({T"(v),T*(w)) and [[T(V)[|=[T"(v)

% veKer(T), I F |IT(v)]| =||Ov||=0, 41 * Lemma 5.5.3 ¥ {# ||T*(v)|| =0, 7=
T*(v) =Oy. = i}u{;ru v e Ker(T*), ## Ker(T) CKer(T*). 2+ # Ker(T*) CKer(7),

Fr Ker(T) =Ker(T*). #F + d Proposition 5.3.8, 3V i # {§ 7 7|+ 5.

Lemma 5.5.4. 3k T:V =V & normal operator, P|3% i 5 1217 e B,

Ker(T) =Ker(T*), Im(T)=Im(T*), and Ker(T)NIm(T)={Oy}.



5. Operators on Inner Product Spaces

134

Proof. #] T*oT =T oT*, ¢ Proposition 5.3.8

Ker(T) =Ker(T*oT)=Ker(T oT*) = Ker(T"),

Im(T)=Im(ToT")=Im(T*oT) =Im(T").

4 ¢ £ 41 * Proposition 5.3.8 #t4rih Ker(T*) = Im(T)*,
Ker(T) = Ker(T*) = Im(T)™*.

Ker(T)NIm(T) = Im(T)* NIm(T) = {Oy }.

% 2| B ** normal operator £ & &

F1* Lemma 5.5.4, &4 i § +
Corollary 5.5.5. B3k T:V =V % normal operator, P2\ 5 11T iafs %’r

(1) veV &_T i eigenvector ® B eigenvalue 5 A % E v&x veV E_T* &1 eigenvector

» H eigenvalue 5 A.

(2) $E & meN, Ker(T") =Ker(T).
(3) #v,weV * uy(x) fv uw(x) 5 relatively prime (3 %), Bl vLw

Proof. (1) # i +rig T < eigenvalue 7 A ¢ eigenvector 5 Ker(T —Aidy) ® 7 nonzero
—Aidy) ® 9 nonzero element.

element, @ T* 1 eigenvalue % A ¢ eigenvector % Ker(T*
d Lemma 5.5.2(4) 2 "+ T — Aidy 7 3 normal operator, #zd Lemma 5.5.4 4

Ker(T — Aidy) = Ker((T — Aidy)*) = Ker(T* — Aid};) = Ker(T* — Aidy).
2 18 eigenvalue 3 A 0 T 0 eigenvector ij*u{ eigenvalue #

B Ker(T°%) = Ker(T). %P & ¢ Ker(T) C Ker
d Lemma 554 ¥ {8 T(v

2). mE veKer(T?), R

A &1 T* ¢ eigenvector.
(T°
)= R

(2) 7 A&

¥l T(v) € Ker(T) & T(v)€Im(T). Oy, =+ v € Ker(T).

Ker(7T°?) C Ker(T), B Ker(TOZ) = Ker(T).
v € Ker(T°™), pld T !(v) € Ker(T)NIm(T), & T (v) =

K

*‘%‘%"f gt% ETF P‘/fv
=Ker(T). 7% Ker(T°") =Ker(T).

Oy, 7 v e Ker(T°" 1). IKEF; wiEk, # VEKer(Tom 1)
(3) 4 py(x) fr uw(x) 3 Fvis & f(x),g(x) € F[x] # 17 f(x)iy(x) +g(x)pw(x) = 1. d 2

F(T) oy (T)(v) +8(T) o piw(T)(v) = 8(T) 0 ttw (T ) (v).

¥->d,d g(T)ouw(T)(w) =0y 4 we Ker(g(T)ouw(T)), * ¢ Lemma 5.5.2(4)
g(T)ouw(T) 7 % normal operator, #tf d Lemma 5.5.4 = w € Ker((g(T) o uw(T))*), 7
(&(T) o uw(T))" (W) =

<V7W> =

V=

Oy. £ d adjoint sHfd 4

(&(T) o tiw(T)(v), W) = (v, (8(T) o i (T))"(W)) = (v, 0p) = 0.
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w g% T:V —V &_linear operator, 2% i 3 #73j ¢ primary decomposition theorem, »
FeAE pr(x) = pr(x)"™ - pe(x)™, B¢ my,..om €N 2 opi(x),...,pr(x) € Flx] & 4p & ¢
monic irreducible polynomial, B| V=W, &---®&Wy, B #» W;=Ker(p;(T)*™). § T % normal

operator F¥, # primary decomposition § ™ T sk eA) 50,

Proposition 5.5.6. B&& T:V —V i normal operator, B ur(x) = pi(x)---pi(x), & ¢
pi1(x),...,pe(x) € Flx] % #p & 1 monic irreducible polynomial. ¥ 73 i=1,....n %
W, = Ker(pi(T)), 7!

V=WH. - -B8Ww.

Proof. B3k ur(x) = pi(x)™---pr(x)™. F1* Lemma 5.5.2(4) 2% i % p;(T) 7 5 normal
operator, #xd Corollary 5.5.5(2) = W; = Ker(p;(T)°™) = Ker(p;(T)). # 7 29T & i=
1,. .. ,k, Iif_(b 4}5 NT‘W,(X) = pl-(x), %5';%_

tr(x) = by () By, (9) = 1)+ i)

B i J Bl pry, (0) = pilx) § pry, (x) = pj(x) & relatively prime, ¥ Z & wie W,
w; €W, %l pw,(x) | pi(x) f= tw,(x) | pj(x), 5 ty,(x) §= pw,(x) 5 relatively prime. %
Corollary 5.5.5(3), = w; Lw;, #FE W, LW;, sx= V=W, H---BW,. O

T kAP 4 %A 84 %) g0 normal operator.

Definition 5.5.7. B3k T:V —V 5 linear operator. ¥ T* =T, RIF T 5 self-adjoint
operator. & T*=—T, RIf£ T 5 skew-adjoint operator.
F— B nxnmatrix A % L A=A" RIF A 5 self-adjoint matrix. & A= —A", PIfL A

% skew-adjoint matrix.

AR EAeM,(R) t0lA5, % A G self-adjoint matrix (7 A'=A) - 4= f 5 symmetric
matrix. @ § A % skew-adjoint matrix (7 A'= —A) - 4 HE skew-symmetric matrix.
& AeM,(C) 2, 3 ehd % self-adjoint £ 5 Hermitian 7 #- skew-adjoint # % skew-
Hermitian.

%P & e self-adjoint operator fv skew-adjoint operator ¥ 5 normal operator. #% i
b - & 4 23§ self-adjoint operator. ¥ § F 4 %] /i 5155 f4 normal operator £ %] % 3 14

T £ &

Proposition 5.5.8. B3 T:V =V % linear operator. s tri&— 1 self-adjoint operator
Ty :V =V 115 v8— 0 skew-adjoint operator Tr 1V =V B X T =T+ 1. F%[ 5, 3005

T % normal operator £ v&iE TioTh =TroTj.

Proof. & T % self-adjoint, 7> % skew-adjoint ¥ Ty +T>,=T. R|d Proposition 5.3.7(1)
T =T 4T =T —T, @ T =(T+T), L=YT-T"). &@a@a-p 7--5%

T\ =4(T+T"), Th=%(T—T), B4 Proposition 5.3.7(1) # T} =Ty, Ty = —To. ** T} 3

self-adjoint, T» % skew-adjoint ¥ T1+T =T. #={F&H 5 1t



