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Hd
ToT*=(T1+Ty)o(T1—T) =T1"* ~Tyo Ty + Tro Ty — [,*?,
T=(T-T)o(N+T)=T1"%+TioT, —ThoT| — .
@ ToT*"=T"cT £2+&% Tjoh="ToT. O
r normal operator iR - %, AP K F F 4R ¥ @5 { % ¢ self-adjoint operator.
p ) B p J p

Lemma 5.5.9. 33X T:V >V, T1: V=V & self-adjoint operator.
1) T+Ty 7 5 self-adjoint operator.

3
4

(1)

(2) & W i T-invariant, B T|w 7% 5 self-adjoint operator.
(3) & T 5 isomorphism, ] T~! 7= % self-adjoint operator.
(4)

#iEd f(x) R[], £(T) 7= & self-adjoint operator.

Proof. (1) FI (T+T)"=T"+1Ty =T+T, + T+T; % self-adjoint operator.

(2)d T=T"# W 7 5 T*-invariant, #cd Corollary 5.4.4, (¥ (T|w) " =T*|w =T|w.
(3) ¢ Proposition 5.3.7(3) &= (T-1)* =(T*)"'=T7!, & 77! % self-adjoint.

(4) 4 Temma 5.4.1 & (f(T)) = F(T*) = F(T). & f(x) €RW, &4 F) = f(v), @3
)

f(T) % self-adjoint operator. O

Question 5.23. # T:V >V, T : V=V % normal operator, _F T+T, 7 5 normal
operator?

Question 5.24. B3}k T:V =V 5 self-adjoint operator ¥ f(x) € Flx]. ##M f(T) %
self-adjoint operator ¥ ® v % ur(x) | f(x) — f(x).

Bt self-adjoint operator # 5 M T £ & b H

Lemma 5.5.10. 3% T:V —V 5 self-adjoint operator. & A 5 T i eigenvalue, P
A eR.

Proof. #] T 5 normal, d Corollary 5.5.5(1) 4v, & veV S p 3t A 0 T 7 eigenvector,
W T(v)=Av, Bl v 7= 5 Ap$3t A 0 T* b eigenvector, & T*(v) =Av. e d T % self-adjoint
2 Bk, A PG T(V)=T*(v), # T Av=Av. #&d v£Oy, @ A=1, ¥ LcR. O
I ** skew-adjoint operator, % i+ 3 {r self-adjoint 4p &F i e B, T FEP o

Lemma 5.5.9 #p iz, 3% i i,/—;% L EP.
Lemma 5.5.11. 3% T:V -V, T;:V =V % skew-adjoint operator.

(1) T+T, 7~ 5 skew-adjoint operator.

(2) # W i T-invariant, B T|lw 7= 5 skew-adjoint operator.

(3) & T % isomorphism, B T~! 7 % skew-adjoint operator.
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Question 5.25. B*k T:V =V i skew-adjoint operator. E_F ¥ E X f(x) € Rlx], f(T)

7 % skew-adjoint operator?
B+t skew-adjoint operator 2% § T £ & L H

Lemma 5.5.12. B3%) T:V —V % skew-adjoint operator. % A 5 T &0 eigenvalue, P A

e real part (§3%) % 0.

Proof. #] T i normal, d Corollary 5.5.5(1) 4v, & veV L p 3t A 0 T 7 eigenvector,
T T(v)=Av, Bl v 75 5 4p ¥ A &1 T* i eigenvector, T*(v) =Av. 2d T % skew-
adjoint 2 B3k, AP F T*(V)=—T(v), * % —Av=2Av. t&d v£Oy, @ A +1=0, * A

22735 0. ]

1+ %t 7 M normal operator, self-adjoint operator 14 % skew-adjoint operator e
4 ‘I‘;K’v‘ "E* AP ¥R 0 normal matrix, self-adjoint matrix 12 2 skew-adjoint matrix. ]
4oiE {1 nx n matrix F8F rrE- B 2 - B self-adjoint matrix fr— # skew-adjoint matrix
2 fe. Pl Rp TR, A fl’“ﬁﬁﬂr £k

5.6. The Spectral Theorem

- &P AP over C fr over R enfrin & B 334, & @ 48 ¥ 1 normal operator h

spectral theorem.

5.6.1. Normal Operator over C. § £ 3% g V % finite dimensional inner product
space over C ¥ T:V —V % normal operator en25. L %) C % algebraically closed, #*
¥ 2% T & minimal polynomial % >4 f&. %3 & A,...,. 4 €C 2% my,....m €N
8 ur(x)=(x—2A1)™ - (x—A)™. &g, §]* Proposition 5.5.6 i ¥ 12 {8 3] over C e

normal operator £ spectral theorem.

Theorem 5.6.1 (Spectral Theorem: complex case). &K V 5 finite dimensional inner
product space over C 2 T :V —V % linear operator. B| T % wunitary diagonalizable % *

v E T % normal operator.

Proof. ¢ Proposition 5.4.10 & i* 5rig % T 5 unitary diagonalizable F] T % mnormal
operator.

X T 5 normal operator ¢ Proposition 5.5.6, & ur(x) = (x—A1)---(x—A), &
A eC AR, 2 V=WH---BW, &7 W,=Ker((T —Aidy)) =Ej, = A4 D
eigenspace, ¥

V=E,#---BE,,

#d Proposition 5.4.10 &= T % unitary diagonalizable. ([l

4 & C" } & standard inner product, 1% Theorem 5.6.1, 2 i 5 + {7 p]4BrE a5 58 eh

spectral theorem.



138 5. Operators on Inner Product Spaces

Corollary 5.6.2. BE#& AecM,(C). Bl A 5 normal matriz (7 AA* =A*A) % 2 *EF 5 &
unitary matriz P € M,(C) (% P! = P*) ¢ 8 P*AP % diagonal matriz.

A s F 35 M oself-adjoint operator 14 2 skew-adjoint operator 7 spectral theorem.

Corollary 5.6.3. B3x V % finite dimensional inner product space over C 2 T:V =V

& linear operator. i3 11T T

(1) T % self-adjoint operator & & v&% T & unitary diagonalizable ® T < eigenvalue
(N E S

(2) T % skew-adjoint operator & & v&3% T 5 wunitary diagonalizable 2 T £ eigenvalue
e U

Proof. 4] * Theorem 5.6.1, Lemma 5.5.10 #* ¥ & T & self-adjoint operator B| T &
unitary diagonalizable ® T e eigenvalue ¥ % F #. ¥ 2. % T % unitary diagonalizable *
T ¢ eigenvalue ‘¥ 3 § #ic, Pl 4 Proposition 5.4.10 473 & Ay,...,A4 € R 12 % orthogonal
projections m; € ¥ T =Aim+- -+ hme. 2B T =hnj+--+hr 2 Fl o =m #F

T*=T. 27 ## skew-adjoint 35, f b i iE. O

Question 5.26. ¥ T:V =V i self-adjoint, P| xr(x),ur(x) % @#3,542 £ T:V >V
% skew-adjoint, B xr(x),ur(x) % @3558 ¢

e $k ezt iy 5 self-adjoint matrix f- skew-adjoint g ¥ &% % .

Corollary 5.6.4. Bk A€ M,(C). 5 ™ 5.
(1) A*=A % ® *&% ¥ & unitary matriz P € M,(C) # ¥

4! o
PAP = ,
0 T

(2) A*=—A ¥ ® r& ¥ 5 & unitary matric P € M,(C) i {7
n o
P*AP = _
o Y
Y i, PFIE 0.

2 & Corollary 5.6.4 ® 7,....% # %4 2. ¥ * & skew-adjoint &35 § enF 5 0

— 4 4L 5 purely imaginary number (s #), # #ie4 ¥ 7 7 i & 0.



