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5.6.2. Normal operator over R. % over C sfi-jmsv i % 3] C 5 algebraically closed,
d >t R[x] ¢ 7 irreducible polynomial, 3 ¥ it £.= st en, Flpt AP g & % H @ oh 2 e
over R ehfi-2}. 3% V & over R 7 finite dimensional inner product space, g * 1 & &
A5 T:V =V i normal operator I 7 — % 5 unitary (orthogonal) diagonalizable. k2
% +d Proposition 5.4.10 2 &g £ T 5 unitary diagonalizable, | % & Ay,... 4 €R *

m,...,M, » orthogonal projection @ {8 T = Am +--- + A4y 2 FFF)
=M+ A T = M 4+ A =T

@4 T & 5 self-adjoint operator. ¥ F A5 11T 2 B %,

Theorem 5.6.5. 3k V i finite dimensional inner product space over R 2 T:V =V &

linear operator, Bl T % wunitary diagonalizable & = v&% T % self-adjoint operator.

Proof. s & @ v T % unitary diagonalizable B T % self-adjoint operator. LK T %
self-adjoint operator, #] T % normal, #d Proposition 5.5.6 & ur(x) = pi(x)--- pe(x), &
® pi(x),...,pr(x) % 48 £ ¢ monic irreducible polynomial in Rfx], * V=W, H---BW,, #
P Wi =Ker(pi(T)). A Pacip $#93 i=1,...,k pi(x) ¥ 5 — = & polynomial, ¥ 75
LeR @ pi(x)=x—A. »FEREW=E, 3 )., 1 eigenspace, T V =E; B---BHE, , #
d Proposition 5.4.10 == T % unitary diagonalizable.

JLEB~ V - % orthonormal basis #7% = 7 ordered basis B = (vi,...,v,). & T =T
11 % Proposition 5.3.10 4w [T]5 = [T*]g =[T]g, ™ ¥ [T]g & self-adjoint matrix in M,(R).
¥ 2 [Tlg 5 * M,(C) 7 matrix 7 5 self-adjoint, #& £ * Corollary 5.6.4(1), # i &3 &
YisoosYn€R & 17

X1 X)) =xr(x)=@x—n)(x—1).

e pr(x) LR ﬁ*"‘ Rix| ¢ - = 55858 sk g, = ur(x) [ or(x), Wi &
LER &8 pl(x): O

A5 E R OB symmetric matrix 9§ Sl H
Corollary 5.6.6. E&x A€ M,(R), B| A'=A ¥ *& % 5 & orthogonal matriz P € M,(R)
(P 1=PY) @ PAP 3 M,(R) ¥ 5 diagonal matriz.

% T k2P over R ¢ skew-adjoint operator.

Lemma 5.6.7. B3k V % finite dimensional inner product space over R ® T:V -V %

2

linear operator, B] T % skew-adjoint F E*&EF ¥ EZ veV ¥ 3 (T(v),v)=0.

Proof. # #£3 # over R ¢ inner product 7 ¥ {2, ¥ (v,w) = (w,v), Vv,we V. JRIEXK
T"=-T,REER veV ¥ 3

(T(v),v) = (V,T°(v)) = (v, =T (v)) = =(T'(v),v),
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Fz, #HEL veV %3 (T(v),v)=0, AIHEZ L vyweV, A3
0=(T(v+w),v+w)=(T(v),w)+(T(W),v).
FroygiEzg vwweV ¥ 3
(T(v),w) = —=(T(W),v) = (v,=T(w)),

1% adjoint & - 4+ (Theorem 5.3.5) ##% T = —T. O

4 T 5 skew-adjoint, B x—A € R[x] &_ur(x) - x F]38, ¥ LR 5 T -
B eigenvalue. 4 veV 5 4p#3t A 7 eigenvector, ¥ T(v) =Av. d Lemma 5.6.7
0=(T(v),v) =(Av,v) =A(v,v). d 3t v£O0yp, #ix 1 =0. » %*u‘{;ﬁ.x A_ur(x) vE— ¥ i 0
Bl TN R ARG TR

Corollary 5.6.8. B3 V % finite dimensional inner product space over R @ T:V =V
% monzero skew-adjoint operator. & T % isomorphism, B % & by,....by €R ¥ 4p L ¥ 2
50 @@ ur(x)=0>+b3) - (¥*+b}). ¥ T * &_isomorphism, B3 & by,...,by €R ¥ 4p

2935 0R%E ur(x)=x(x>+b})--- (x> +5b7).

Proof. # 2 4v ur(x) & R[x] # ¥ it eh- X FN 5 x R J’iﬁ pr(x) & Rfx] ¢ # i
S G E N x2+rx+s€R[ ], & ur(x) - B = FF3. B4 cyclic decomposition
theorem i & vEV % & puy(x) =x> +rx+s. ¢ Lemma 5.6.7, 2 (T2 (v),T(v)) = 0.
x T (v) = —rT(V) —sv, & @

0=(=rT(v)—=sv,T(v)) = —r(T(v),T(v)) —s(v,T(v)) = —r(T(v),T(Vv)).

Ra T(v)£0(F P uy(x)|x), &® r=0. @ * 3 5s<0, f| x>+s # 5 irreducible polynomial,
Fear s >0, @ up(x) s- F i ez TP FRN L 24D B bA0 AN

H.% T % isomorphism, ¥ Ker(7T) ={Oy}, # x 2 ¥ it 5 Ur(x) 'r!'ﬂ"ﬂ‘“ #= Ur(x)
3 = s F5Y, 2 d Proposition 5.5.6 fr ur(x) hE FN 2§ £A4F IR, EE O &
bi,...,bpy ER ¥ 4B 2 2 5 0 7 ur(x) = (x? +b2)---( +b3). mET —«x-\lsomorphism,
¥ dim(Ker(T)) >0, #4rx & 5 ur(x) %8, #EF L by,... . eR 3R 72501
B pr(x) =x(x>+b7) - (x> +b3). O

% T % skew-adjoint operator ¥ p(x) {,LLT ) P FF, £ W =Ker(p(T)) ¢ primary
decomposition theorem, 2 % & 7 j2 T|ly. % px)=x ¥, W =Ker(T) &P T|w % zero
mapping. # & ¥ & p(x) =x>+b% b#0 mﬁ-zlj. B W= Ker(T°? + b%idy), 5 T-
invariant, # ¢ Lemma 5.5.11(2), T|w 7 3 skew-adjoint. * 3P up, (x) =x*4b?, #7123
[ARERE S 4 SRR p

Lemma 5.6.9. B33 V % finite dimensional inner product space over R 2 T :V —V
% skew-adjoint operator. Bk ur(x)=x>4+b> B¢ bA£0, B 5 & V - 2 ordered
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orthonormal basis B & 7 [T|g % 1T ¢ block diagonal matriz

M O
[T]p = JH Y M:(Z _Ob>. (5.4)

(0] M

Proof. @B~ veV ¥ |v|=1. T T2+b%dy =0, &7 F T(T(v))=—b’v. ¥ & T-cyclic
subspace W = Span({v,T(v)}). %]

ITWI? = (T ), T(V)) = (v, T(T(v))) = (v, =T(T(v))) = (v,b%) = b".

£ vV =3T(v). 4 Lemma 5.6.7 &= (V/,v) = L(T(v),v) =0. & Bi=(v,V) 5 W ch- i
ordered orthonormal basis. %]

T(v)=bv,T(V)= éT(T(V)) = —bv,

= () o)

YR V=WHW. F|W i T-invariant, ¢ Lemma 5.4.3 &= W+ 5 T*-invariant. i
T*=—T, #ci Wt 7 5 T-invariant. £ 4 Lemma 5.5.11 4= T|,. 7= 5 skew-adjoint. 38 7]
pry,, () [ pr(x), # pr () =12 pr | (x) =xX>4+b%. F pry, (x) =1, %7 Wt = {0y},
ATES V=W, BEAUL F Uy ()= RIAPT 2 RFFEREH I W
- % ordered orthonormal basis B, # ¥ [T|y.]g, = 4 (5.4) 77 block diagonal matrix. #* p*
#-Bi,By &&=V eh- & ordered orthonormal basis B, Bl [T]g T & #7 K. O

3\ e F

Example 5.6.10. 3% V % finite dimensional inner product space over R ¥ T:V —V
% skew-adjoint operator. ¥ xr(x) = (x> +2)?, B4 Proposition 5.5.6 = ur(x) = x> +2. #*
d Lemma 5.6.9 #v7% & V - ‘2 ordered orthonormal basis f§ i i
0 —vV2 0 0
T]s = V2.0 0 0
0 0 0 —V2
0 0 V2 0

Question 5.27. B3&X V % finite dimensional inner product space over R 2 T:V —V A

skew-adjoint operator. % & 4o ur(x) =x>+b> £ ¢ b#£0, :#wp dim(V) < 5 & #.

# - 4 over R 57 skew-adjoint operator T :V — V, 4 Proposition 5.5.6 = V =
WiB---BW, &7 W,=Ker(T) & W; =Ker(T°>+b%dy). = W;=Ker(T), F] T|y, 5 zero
mapping, B W; - ‘& ordered orthonormal basis B;, & € @& ¥ [T|w]s = zero matrix.
mE W= Ker(T02 +b2idv), d Lemma 5.6.9 38 ¥ 145 3| W; ¢h— % ordered orthonormal
basis B;, & ¥ [T|w]p = 4= (5.4) 7 block diagonal matrix. o *+ig&t By,... B 7 1= V

eh- % orthonormal ordered basis, #% 3 ™ 2 & %.
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Theorem 5.6.11. &3k V % finite dimensional inner product space over R. R T:V =V
= skew-adjoint operator 3 2 *& %13 & V - % ordered orthonormal basis B # % [T|g =
"7 e block diagonal matrix
M O -
1

O M,

Proof. # T:V —V % skew-adjoint operator ¢ # & egif 2 i 5073 & V - ‘% ordered
orthonormal basis & ¥ [T]g % 4 (5.5) 7 block diagonal matrix.
k2., %% &V a—- %2 ordered orthonormal basis f # ¥ [T]ﬁ % 4o (5.5) ¢ block

diagonal matrix, R|d Proposition 5.3.10 v

2o Mz*: < _Ob l())i)——Ml‘ & M =0=-M;. #¥3 2, [T*]ﬁ:—[T]ﬁ:[—T]ﬁ, A

T"=-T. ]

d Theorem 5.6.11, 2% ¥ 7 3| 5 B ** skew-adjoint matrix 2 5. » %{?&A eM,(R)
% X_A'=—A ¥ * v % 33 & orthogonal matrix P € M,(R) i ¥ P'AP 3 4c (5.5) & block

diagonal matrix.

Question 5.28. B&k A€ M,(R) & Al=—-A. ¥ & pu(x) =P+ 1)(x*+2)%, #=8~
4o (5.5) e block diagonal matriz B & 18 A~B. #F® T A 1 rational form (2 classical

form). & ® A &7 rational form # A_ skew-symmetric?

i fs 34 7% R FF 34 - 4L over R 7 normal operator. % T :V —V % normal operator, P
d Proposition 5.5.6 475 V=W, H---BW,, # ¢ W;=Ker(p;(T)) * pi(x) € R[x] 5 monic
irreducible polynomial. #' {*4v R[x] ¥ ¢ monic irreducible polynomial &3 127 & §&2) 3%,
T x—AAER, 1E (x—a)>+b* a,beR ¥ b#0. % pi(x) =x—A, Bl W; = Ker(p;(T))
i eigenvalue 3 A ¢ eigenspace. #711R F F & 3F pi(x) = (x—a)? + b hFA,. LR
L WiL =H;4W; 2 W; ¥ & T-invariant, ¥ WiL 7 % T-invariant. #td Lemma 5.5.2(2) #v

T|w, 7 % normal operator. * #*P¥ ur, (x) = (x—a)> +b%, #rru AR d g T 2 ),

Lemma 5.6.12. 3% V 5 finite dimensional inner product space over R, T:V —V %

normal operator £ pr(x) = (x—a)>+b* 2¢ b#£0. £ T=T+T, £¢ T,:V-V 3
self-adjoint operator, Tr : V. =V % skew-adjoint operator. R

(1) T % isomorphism.



