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Proof. Proposition 5.5.8 £ 2% i T, T, & 3 A2 rii— . X T % normal tx TjoTh =ToT].

(1) i 2 2P Ker(lh) ={0y}, {7 # T, 5 isomorphism. IJEK Ker(Tr) # {Oy}
2 4 W:Ker(Tz). d TYolh =T,0oT, &¥tiz {, . weW, Tz(Tl( )):Tl(Tz(W)):Tl(Ov):Ov.
7w Ti(w) eKer(Th) =W, 8% W & Ti-invariant. * 28 weW, ¥ 3

T(w)=Ti(w)+Ta(w)=Ti(w), & T|lw =Ti|w.

d Lemma 5.5.9 v Ti|y & self-adjoint, 7= T|w = self-adjoint. &A@ up, (x) | pr(x) =
pry, (x) A1 (2RI W={0v}), ¢ (x—a)*+b* (b#0) & Rlx] ¥ 3 irreducible # g, (x) =
ur(x) = (x—a)> +b>. ¥ - > & d Tly 5 self-adjoint, Theorem 5.6.5 & & i Tly
unitary-diagonalizable, p* 4 7 up, (x) ¥ 4 fE2 2 Rx] ¢ - =t S B hffp. d 209 5
##% W =Ker(Tz) = {Oy}.

(2) d T] OT2:T2OT1 %5'

T? =(T1+ D)o (T +T) =i +2T o T + 1.
PR T =T 4T =T — T, & (T =T2—2T o L+ T2, &+ 5 4p i @
T2 —(T*)? = 4T 0 T>. (5.6)

¥ - 26,4 Lemma 5.4.2 & up(x) = fr (x) = (x — a)? + b?, #c4v

T2 = 24T — (a®> +b*)idy, (T*)°* =2aT* — (a® +b*)idy.

i
T2 —(T*)*? = 2a(T — T*) = 4aTs. (5.7)
£330 (5.6), (5.7) B ATioTh=4aDr, 3 (1) & T, G b, adiig 1 g 7, 228

Ty = aidy. ¥ T) —aidy =0, ## Uy, (x) =x—a.
(3) 4 (2) & =T —aidy, #
T2 = (T —aidy)? = T2 = 2aT +d*idy = (2aT — (a® + b?)idy) — 2aT + a’idy = —b%idy,

T T2 +b%dy =0. 4 b#0, x> +b* & Rlx] ¢ 5 irreducible, ¥ ur, (x) = x> +b>. O

% Lemma 5.6.12 ¢ | %] T» % skew-adjoint ® puzp(x) =x*>+b% ¢ Lemma 5.6.9 53 &
V ¢h- ‘& ordered orthonormal basis B i ¥ [T2]g = 4 (5.4) 5 block diagonal matrix. @
T, = aidv, EEC-"E.’ dlm(V) =n, | [Tl]ﬁ =al,. = [T]ﬁ = [Tl +T2][3 = [Tl]ﬁ + [TZ]ﬁ F l]’e s
s xn
2 5.

Corollary 5.6.13. 3% V % finite dimensional inner product space over R, T:V —V &
normal operator. % Ur(x) = (x—a)>+b> £ 7 b#0 R|F & V h- ‘& ordered orthonormal

basis B & 17 [T]g & 127 1 block diagonal matriz
M O

T)p = R M:(Z _b>. (5.8)

O M
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Example 5.6.14. 3% V % finite dimensional inner product space over R ¥ T:V —V %
normal operator. & xr(x) = (x +4x—|—6)2 A d Proposmon 5.5.6 ¥ Uur(x) = x> +4x+6 =
(x+2)?+2. #%d Corollary 5.6.13 53 & V - % ordered orthonormal basis § # &
-2 —V2 0 0
T)5 = V2. -2 0 0
0 0 -2 -2
0o 0 V2 =2

¥t - 4 e over R ¢ normal operator T:V — V. d Proposition 5.5.6 & ur(x) =
pi(x)-pr(X)q1(x)---qi(x), H ¢ pi(x),...,pe(x) € Rx] 5 48 £ 9 monic irreducible poly-
nomial of degree 2, q(x),...,q;(x) € Rx] 5 48 £ 7 monic polynomial of degree 1. £
Wi = Ker(pi(T)), E; = Ker(q;(T)), 7l

V=w8  BWHBED BE.

d > Ej=Ker(q;(T)) # T - i eigenspace, P~ E; - % ordered orthonormal basis f},
FE T [T\Ej]ﬁj{ % diagonal matrix. @ ¥] p;(x) 3 (x—a)?+b* 97558 ¥ T|y, © % normal,
* piry, (x) = pi(x), ¢ Corollary 5.6.13 i ¥ r245 3| W; #— ‘= orthonormal ordered basis
Bi, & 1@ [Tlw]p # 4= (5.8) ¢ block diagonal matrix. o **ig& By,..., B, Bf,....[ 7 &

= V - % ordered orthonormal basis, 24 i 5 ™™ 5 B over R 51 spectral theorem.

Theorem 5.6.15 (Spectral Theorem: real case). B3k V & finite dimensional inner product
VEL

V i
space over R. B T:V —V % normal operator & 2 v&3% % & V - 2 ordered orthonormal

v

basis B & 17 [T]g & 127 1 block diagonal matrix

M, O ,
[T)p = 7—,’5!"Mi=<zl: _a,i>7bi7é05\‘Mi=li- (5.9)
O M,

Proof. # T:V — V % normal operator & # & eh3lp 2 a0z & V #1- %2 ordered
orthonormal basis B i # [T|g & 4= (5.9) 7 block diagonal matrix.
F 2, %% &V é- 2 ordered orthonormal basis B # ¥ [T]g % 4- (5.9) ¢ block

diagonal matrix, F]d Proposition 5.3.10

O M

20 = (N ) M= A= M S MMy = MM, 7 (T[Tl = TplT
1 l

HP_E_TOT*_T*OT. O
d Theorem 5.6.15, 2% i* ¥ ¥ $| 5 B ** normal matrix 8. » ,Tk{;m AeM,(R) &
E_A'A = AA' ¥ ¥ riEE 5 & orthogonal matrix P € M,(R) i# & P'AP % 4- (5.9) ¢ block

diagonal matrix.
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Question 5.29. & AeM,(R) ¥ A'A=AA" ¥ ¢ i
2a(x) = (P +1) (% +4x+6)2(x 4+ 1)2(x* - 2),

BT e (5.9) 0 block diagonal matriz B € 7 A~B. 3#8 T A 7 rational form. i #® A

e rational form # E_normal?

B AP N T gk . — B linear operator T:V —V #_% i diagonalizable, {r
V #_% % inner product space & . = T £ F 2 umtary diagonalizable )I*'fr’ inner product
3R i*%'\;su V * % I e inner product, * € :x%¥ T 4 % 5 diagonalizable 2 f, e

F Vo re g 2 £ F 5 unitary diagonalizable e B, A T i) S

Example 5.6.16. % Example 5.3.11 ¢ &+ & T:R3 >R 2 % %
T (x1,x2,x3) = (4x1 +x2 + 2x3,4x1 +4x + 4x3,2x1 +x2 +4x3).

2% R? A @ inner products (,) % ((,)). fi 3-8 AP F T cheigenvalues 5 2 fr 8
* H g e eigenspaces & W] & Ep, = Span({(1,-2,0),(1,0,—1)}) 2 2 Eg=Span({(1,2,1)}).

%% B R34 standard inner product space, ¢ P T # T* & T # 4_self-adjoint operator.
d Theorem 5.6.5 7= T # standard inner product (,) 2. 7 &_unitary diagonalizable. ¥
7+ ((1,-2,0),(1,2,1)) = =3#0, v E, € E§-. & 5] T » 5 diagonalizable, 7 ¥ T ¢h
minimal polynomial p7(x) ¥ & = - = monic polynomial sk # (FF + AP35 ur(x) =
(x—2)(x—8)). & A7 4] * Theorem 5.6.15 # 5 T & standard inner product 2. F 7
#_normal operator. ¥ § + ¢ Example 5.3.11 st p&F

4 4 2 4 1 2 36 22 32
[T*oT]e =[T"]e[T]le=| 1 4 1 4 4 4 | =122 18 22 |,
2 4 4 2 1 4 32 22 36
@
4 1 2 4 4 2 21 28 17
[ToT |e=[T)[T"le=| 4 4 4 1 4 1 | =1 28 48 28 |,
21 4 2 4 4 17 28 21
4+ R 5 ((,)) 5 inner product 5 inner product space &, 2\ 8 T* =T, 7
T % self-adjoint operator, #d Theorem 5.6.5 *= T % inner product 2. F % unitary

diagonalizable. % ¢ F d (((1,-2,0),(1,2,1))) =0 12 2 ({(1,0,—1),(1,2,1))) =0 7 * p*
E; 1 Eg. 41* Gram-Schmidt’s process 4% I E; #7—- % orthogonal basis, H iE#g4r7: £
vi =(1,-2,0),w, = (1,0,—1), BB~

V22W2_<<<<vvvlz,vvll>>>> :(1,0,—1)—%(1,—2,0):(%,1,—1),
v # <<V1,V2>>:0, = {(1,-2, ),(%,1,—1),(1,2,1)} % T #heigenvectors ® 5 R3 & ((,))

2z - % orthogonal basis.



