Chapter 8

Linear Operator

3 V - % vector space PF, j&_V | V & linear transformation, ﬁjﬁfﬁ—; T - B linear
operator on V. % T :V —V & - i linear operator ¥, A {xp Renv U3 g H & =
T?=ToT, n2 TP =ToT?, . k-2 T3 HELieNFFT LN T =ToT""
(T0 =id). 4rpt - KBRS V - B ® g s it (F 5 F[T]-module), #7r 24 i+ 1L ig
-HEIRET o V B L%,T&{ff“ i ig— F - W% linear operator e F]. o % Rl
TR A E LR A, AP LR S S R E T, Y A R R A (5
d B T505%) KA L ApRE IR .

3.1. Basic Concept

— 1 linear operator i./é{— # linear transformation #7121 % — F 32 3 20 i ‘FK? A
d 3 K F o pt 2 2R - B vector space, # i ¥ 11 iE 4p F i ordered basis, it € 4B £
T RERGE. 4 i*u—fy’\;ru—? T:V —V & - B linear operator, & {8 ¥| T &7 representative
matrix, ¥ 72 E TV - & ordered basis = (vi,...,v,), B FF* B, & [T]g i&- B
nXxn matrix. 3 7 * {42 L § A #:E 0 ordered basis 1p P, T ¢ representative matrix,
Fipge g [Tlp k27, « i

[T]B = (Tﬁ (T(V])), ey Tﬁ(T(Vn)))

bl4ce T, T, # % V &0 linear operator, ¢ Chapter 2 & Proposition 2.4.5 #% i &
[TZOT]]ﬁ:[TQ]B‘[T]hﬂ. (31)
Foebikgt & 2y [idg =1
¥ IF 1 2 g4 Vo linear operators # = ¢ vector space Z(V,V) @ it & Z(V). *
FlaieeadE L Y 5 onxn a0 W AN M (F) K& 57975 over F ¢ n X n matrices.
Fl* gt 25 ¥ Hw - BV drordered basis B BF, Theorem 2.4.4 2 FA P ¥ B3] - B
Z(V) 3] My(F) ¢ isomorphism, ¥ & : Z(V) = M,(F), T — [T]|g. # %] d 3% [id]g = I,
2Py [Tlg=1, #2ve¥ T=id FIZ [T|g £~ B zero matrix 2 v&% T:V =V &_zero
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42 3. Linear Operator

mapping, ¥ T(v) =0y, VveV. 57 > {428, 3P ¥ zero matrix f= zero mapping i

O 7. “TrI PG T 2 B

Lemma 3.1.1. #B3& V & finite dimensional vector space, dim(V)=n = B 5 V - B

ordered basis. 3% T :V =V % linear operator, 3% i 5 T g% :

[T]ﬁ =1, T=id and [T]ﬁZO@T:O.

o i 4 Jg linear operator P, 2 i & T s € E TR oG AP P o ordered
basis. % &% - B ;j} & §_identity i& % linear operator id:V—=V. 75 $F - B linear
operator % # ¥ ¢t ¢h— B ordered basis % EJZ, T 7 representative matrix T‘u? Y I
T, AR 0 etk matrices 22 B 5 0 B Tk, ﬁ}“ @ 3 p[id]g i1k ¢ change of basis matrix
K F 3. fI* Proposition 2.4.6, A i F 1T 2 B 5%

Lemma 3.1.2. &% B, % V 1 ordered bases, T:V —V 5 linear operator, B
[Tpr =p lidlg - [T]p- plidlp
Proof. 1% Proposition 2.4.6, #* i v [T]g =g [id]g - [T]g - glid]g. # @ & dim(V) =n, d
3 (2.6) AP ar
plidlg - [id]gr =p [id] g/ -pr [id]g = I,
7T A ﬁ/[ld]ﬁ =B [ld}ﬁ, y i ?yﬁj\ T3, O

% A, BEM,(F), m P 5 M,(F) # & invertible matrix, % B=P"1-A-P, RI§£ A,B
similar matriz, * A~B % 4 7. % det(P~!) = det(P)"! 4

det(B) = det(P~'-A-P) = det(P~!)det(A) det(P) = det(A).

d Lemma 3.1.2 & g [Tg ~ [T)p, t @ det([T]p) = det([T ,I;g“,;bz 5o i
ordered basis, T ¢ representative matrix #7 determinant ‘% 7}5 }F A Tt & Nefj* H_
T ¢ determinant, » ,T*u{?fu det(T) = det([T]g).

Lemma 3.1.2 ¥ i &k & %57 5 ,T}u{;ru%’ A~ [T)g, 237 453 V - i ordered basis
B’ #® A=[T]p *2? %+, ¥ P £~ % invertible matrix & # A=P~'-[T]z-P, B]d
Proposition 2.4.7, 2 if* it 35 3] V - B ordered basis B’ i% &_ P =g [id]g, # ¢ Lemma
3.1.2 &

A=pP . [T]ﬁ -P =3 [id][;,l . [T][g . B[id]BI = [T]B/'

r‘]LL;\.,FaJ IV ’aL"é\n.

Proposition 3.1.3. & V & finite dimensional vector space, dim(V)=n * B 5 V -
i ordered basis. X T:V —V % linear operator ¥ A€ My(F), Bl A~ [T]|g &2 v&8% 17
V ch- 1 ordered basis B’ & 18 A=[T]p.
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% A& 4R34 - B linear operator e FpE, AP F U F Z - B ordered basis #-2 #
#% 2 square matrix R A, @ Proposition 3.1.3 & P73 i is e (2 F R ¥ similar matrices
& 3 eh, s g 53l FieE FARS L. AP LG - BFH DA

Lemma 3.1.4. B3X V 5 finite dimensional vector space, B % V - i ordered basis *
T:V —V % linear operator, F| ™ 7| ¥ % i

(1) T ¥~ ® isomorphism.

(2) [T]p #—- ® invertible matriz.

(3) det(T) #0.

Proof. 3\ i 4 [T]g £~ i invertible matrix # 2 v& % det([T]g) #0, #T & & (1) < (2).

B3k dim(V) =n, ¢ T &_isomorphism, 4= T°~! 3% %.¥ % linear operator, #d

[T° g [Tlg=lidlg = [T]g-[T°"]g 2% [idlg=

fv [T]g % invertible. ¥ 2., % A-[T|g=1,, 4 ®:L(V) = M,(F), % isomorphism, +ris
éf_T/.V—>V i 7 (T) [T]ﬁ A. r-‘CF; [T/OT]B—[T][;‘[T][;:I” % Lemma 3.1.1 ¥
I,

T'oT =id, F32d [T]g-[T']g=1, ¥ ToT'=id, 3 T % isomorphism. O

Question 3.1. ¥ Z j&_Lemma 3.1./ -v% A~ B P] A &_invertible % ® v& % B &_invertible.

d S PT g 0 - B linear operator e 7 B determinant, 2 A&
AR Y - B & determinant 12 i EF A€M, (F), £ ap € F % 7 & A & (i,k)-th entry (¥
t A e i-th row 2 k-th column =% éh=2), ¥ £ Ay e M, (F) % # A e i-th row fr
k-th column # “% {8978 e (n—1)x (n—1) matrix. %7 12 % FpE e 2 & det(A) T4

i-th row "% ¥, &

det(A) = Y (=1)"*ay det(Aq),
k=1
¥ ¥t j-th column % f§ %
det(A) = Y (—1)""ay; det(Ay;).

k

I
—_

Ay ¥ Ex- B onxnmatrix f 5 adjoint matrizof A, * adj(A) k&7, &K 5 adj(4)
e (i, j)-th entry =
adj(A);; = (=1)"" det(A ;).
Fl# e AP g 0T S
Lemma 3.1.5. & A 5 nxn matriz, £ adj(A) 5 A 7 adjoint matriz, B

A-adj(A) =adj(A)-A = det(A)I,
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Proof. det(A)l, - B diagonal matrix, F &% & =¥ 4 _det(A) m H @ 22 =¥
5 0. £¥ 4 A-adj(A) 90 (i,i)-th entry, &ALk 2 T &M >

n

Y apadj(A) =Y (—1)""ay det(Ax) = det(A).
k= k=1

Y- 3G i#j,A-adj(A) 9 (i, j)-th entry, ZErL k2 2% 5

Y anadi(A)i; =Y (1) ay det(Ap).
k=1

k=1
FHRAEE A jthrow * i-th row Be i #r B ® A 47 d 2% A’ e ith row fr j-th
row 4p ke, P e det(A’) =0. 2@ {1 A’ i (jk)-th entry ay 5 aw 2 Al =Ay, $ A
e j-th row "% g, Vi 5
n n
0 ) = (1) ) = B )
= k=1
s i P A-adi(A) 50 (i, j)-th entry 3
n
Z ay adj(A Z D ay det(4 ) = 0.

B3 A-adj(A) = det(A),. F 32, F1* % column ' ¢ F determinant, ¥ ¥ adj(A)-A =
det(A)L,. O
3.2. Characteristic Polynomial
o F i~ 1 linear operator e1R* 3E, AP ¥ 0L (b 2§ B 3T square matrix R 3E, A7
A€ LR - 4R noxon matrix, {6 £ #-2  #i 2 linear operator ).
%%~ B %#kh F 0 polynomial f(x) =cqx?+---+cix+cy ™ % — B nxn matrix A,
A A&
f(A) = cgA? + -+ 1A+ ol
B eh f(A) PR E — B nxnmatrix. - S kBELIPFEF T LA FE A e f(A)
WRAEAFT D TF L
Al F(A) = Al (cgA%+ -+ 1A +col)
= CgA™ AT £ AT = (cyAT - clAFoly) AT = f(A) AL
FpL de b A A R A e APT ERT RS
Lemma 3.2.1. &3k f(x),g(x),h(x) € F[x] & f(x)=g(x)h(x). & A€ M,(F), Bl
8(A)-h(A) =h(A)-g(A) = f(A).
LD EEME A ApB et Ap g ] § 32, - S REF gx),h(x) € F[x] 122
ABEM,(F), 3 - 2§75 g(A)-h(B)=h(B)-g(A).
T kPG BAESEE A~B, L FE f(A)~ f(B) i? § ABERF P L invertible, B

P lt.apP?=PlAP-(Pl.aP=P.AP
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F* 1 g ﬁf?}i PE
(pl.a.pi=p1.A.P
AT R
Lemma 3.2.2. BX f(x) €F[x] £ A, BEM,(F). % A~B, Bl f(A)~ f(B).
Proof. 4 A~B i3 & P % invertible # # B=P ' A-P. & f(x) =cax?+---+c1x+co,
]
f(B)=cyB*+---+c1B+col, =cg(P AP+ ¢ (P 1A-P)+coly,
=cq(PVAYP) -4 (PVAP) +coly =P (cqA 4+ 1A+ col,)-P=P7 1 f(A) P,
R f(A) ~ f(B). 0
Aqp v e ipfe &4 F] linear operator, B3k f(x) = cax? 4 +cix+co € Flx] 12 %

T:V —V &~ i linear operator, d 3% linear operators 2. & e & = fesB' 2. fF cjp 3k 4p 4
B (%2505 (3.1), AP s

F(T)=caT+---+c1 T +coid,
&g f(T) 22X €_V 3] V & linear operator. X ¥ ¥k & T f(T) = f(T)o T, #f
M- R T S
Lemma 3.2.3. &% f(x),g(x),h(x) € Flx] * f(x)=g(x)-h(x). % T € L(V), Bl
8(T)oh(T) =h(T)og(T) = f(T).
TARERA - TF f(x) =gx)-h(x) BFA(T)

- g(T) f= h(T) i&® B linear operator & = ¢ # 3| f(T) i&® operator, fe I % &

i1 linear operator * » g(x) & % 7 5.

g(T)oh(T) @ # 8 %3 g(h(T)). # ¥
(T)

=

%2V eh- B ordered basis B 2 p A& R F(T) 7 representative matrix £ % fv T
e representative matrix § B. FF P £ A1 &3¢ 3.1, AP [Toz]ﬁ = [T]%, FI* B F 5
piE T
[T9p = [ToT* g =[Tlg-[Tl5 "' = [T},
B AP T B
Lemma 3.2.4. B3*k V € - B finite dimensional F-space, B % V #— % ordered basis *
T:V—=V & - linear operator. & f(x)= caxd + - Fextep € Fx], B

f(T)]g = f([T]g) = ca [T]% +--ter[Tlg+coln

Proof. & & [f(T)]g & f(T) 5 representative matrix, §1* @ &_linear transformation,

NN i

F(D)]g=[caT*++c1 T +coid]g =
Cq [Tod]ﬁ 4+t [T]ﬁ “+co [id]lg =cCy [T]%+-..+Cl [T]lg +col, :f([T]B)
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O

W I nxn matrix oFA5. A de dim(M,(F)) =n?, E AcM,(F), ¥ & S=
{1,A,A2. . A"}, 4 #(S) =n+ 1> dim(M,(F)), 3t 4 S % linearly dependent. 7

F e C0yCly..,cp €EF 2 25 011

cnzA"2+---+c1A+c01 =0.

LX) =cpx” 4 +eix+co, BB FA)=0. Fpt NPT I m: $E R 9 nx n matrix
¥ 3t BAEF A p? 2R SN f(x) €Fx] @ # f(A) 3 nxn £ zero matrix

AR cp FF A0 A7 G deg(f(x) =n% F % cp,...c1,c0 F 250, 4T
rof(x) *AELE SRS

Question 3.2. # A~B * f(x)eF}x] %% f(A)=0, £F7# f(B)=07?

S > N

Question 3.3. & dim(V)=n * T:V =V &~ B linear operator, &_% ¥ 5 |- B nonzero
polynomial f(x) € Flx] 2 deg(f(x)) <n® # @ f(T)=07?

TFPAPT US| EE nen s AN f(x) #EF f(A) =0, ,Tk{“r;ﬁ 1 characteristic

polynomial.

Definition 3.2.5. B3X A€ M,(F), ¥ & xa(x) =det(xl, —A) € Flx], § % A e characteristic

polynomial.

ARG hE & det(A—xl,) i A £ characteristic polynomial, % i * det(xl, —A) i &
A% xa(x) & B monic polynomial ($ % =x 7 th#ic i 1). 1 * "% f & determinant 7 j2
YLE B GERE, APV ATy A S nxnmatrix B xa(x) S lics n 2 B ol s 1
4T - B ED palx) hx B (T ) Gliks: —tr(A) G tr(A) & A P trace, Tt
Az qe). T x=0 & » ya(x) 718 xalx) ¥ &3 5 xa(0) =det(—A) = (—1)"det(A).

Example 3.2.6. d ** xl, — [, = (x—1)I,, 3+ ¥ 7 x (x) =det((x—1)I,) = (x—1)". i

5 A% 2 x2 matrix ¢ characteristic polynomial. ¥ Jg
1 -1 1 -1 1 -1
a=(r S )ee(o o )e=(0 5)

—1 1
XA :det( x—l x+1 > ==+ +1=x,

MZ:det( xgl lerl ) ==+ =x"—1,

—1 1
%Ag_det<x_2 il )—(x—l)(x+1)+2—x2+1.
Question 3.4. & & 77 Xn(h), Xa (A1), Xa,(A2), Xa;(A3) E TRk ZEed,

2T k20 kg f similar matrices v i 57 characteristic polynomial B %,
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Proposition 3.2.7. & A,Be M,(F) * A~B, Bl xa(x) = xp(x).
Proof. 4 A~ B %3 t invertible matrix P ¢ ¥ B=P 1.A-P. F] xI, % diagonal matrix,
Npsexl, - P=P-xl,, 73 P~ Vxl,-P=xI,. F»

xl,—B=xl,—P " A-P=P'.xl, P—P V. A-P=P7'.(xI,—A)-P.

x8(x) = det(xl, — B) = det(P~ ' - (xI, —A) - P) = det(P) ' det(xI,, — A) det(P) = xa(x).
]
#wleh, § T:V =V & i linear operator, B,B" % V ¢ ordered bases, ¢ ** [T]g ~

[T]gr, Proposition 3.2.7 2 3724 1 271, (x) = X1 ﬁ/( x). Flp AP 0 2 & linear operator €7

characteristic polynomial.

Definition 3.2.8. & V i finite dimensional F-space. ¥+3t V &1 linear operator T :V —
V, 8 V a- B ordered basis B, ¥ & T ¢ characteristic polynomial 3 AT (x), =
xr(x) KZ& 7.

d 3> A &0 characteristic polynomial % # ¥| xI, — A &tk e, & jj“u{ﬁu%“i )
entry ¥ § 33, RANP RFHE- FomeL, A, AP ke FaEL R S
XAg 4 XA Ay, B P A € M(F) a8 eha) 8. bldo st 07 1203 2T i 7

5x2+3 4x —1 _x300+x250 +xo4+3—1
7 B2 4x ) 0 1 0 -2 0 1 7 0 )
d AP E R F At o x, AP T R AR T e A T g
A,BEM,(F), ¢ '3k i% (rA)-(sB) = (rs)A-B, & " }

(x'A)- (x'B) =x"T/A-B.
BlAeFlAE sz i g AR E, AT
(A+xB)>=(A+xB)-(A+xB) =A%+ A-(xB) +xB-A+ (xB)> = A> + x(A-B+B-A) +x*B,
PUER LR FIEL R A, (A+xB)? F - T E3 A2+ 2x(A-B) + B2
%@ B entry ¥ § % 38 ;% 59 square matrices 4B PF, AP F UV P Aok - et ko4p

F.F FTAF LG ERT PG x m"“v\ﬁ“" Risg A k- RER. d wieHhie
I {7k f/ﬁ%“%“i%fc;‘é Lk, T B gk gAple. A IF“—F,‘— B 5]+

Example 3.2.9. ¥
5x24+3 4x—1 _2( 30N (04N, (3 1
7 X - 0 0 0 1 7 0 )
x—1 1 B Loy (-1
—x ox+2 ) 7M1 0o 2 )

R
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ERAPEAMTG

5x24+3 4x—1 ' x—1 1 - 503 9% +4x—3 9xr4+Tx+1
7 X —x x+2 ) X2+ Tx—7 X4+2x+7 )

({0 0) (o
<(30)(
=57 (0

SR E SRR g

BEAPERDE A+ XA+ A =x'By+---+xB +Bo, £ ¢ A;,Bi € My(F), Pl
Ai=B;,Vi=0,1,....d. T2 F5%F 5B A#B;, 27553 ey B entry £ X eh
GEA AR, E A R 0 R0 BEMA, A TPBB‘I.%’F" 1 32 characteristic polynomial e &

Theorem 3.2.10 (Cayley-Hamilton Theorem). & A € M,(F), xa(x) 5 A 1 characteristic
polynomial, B xa(A) =O0.

Proof. 4 ya(x)=x"+---4+cix+co. F1* xl,—A ¢ adjoint matrix, ¢ Lemma 3.1.5 #* i
L

adj(xl, —A) - (xI, — A) = det(xl, — A), = xa(x)I, =x" I, + - +xc11, + coly.
% #-xI, — A 1 i-th row fv k-th column # “ﬁi, #7180 (n—1) x (n— 1) matrix # determinant
KB 3t poen 3 5N 702 ik adjoint matrix ehE & adj(A —xl,) hEF B oentry ¥ 5 < ¥k
e RN BR adj(A—xI,) =x"'B,_1+---+xB; +By, 27 B; € M,(F). F]

(A IR RS E
(X" By 4+ X" By o+ +xB +By) - (xl, —A) = X" I, + X" ey L+ +xeil, +col, (3.2)
BEN (32) L HER, AP

(xn—an71 +xn_an72+‘ --+xB) +BO) : (XIn _A)
=x"(By_1-1,)+x""'(By_2-1,—B,_1-A)+---+x(By-1,— B, -A) — By -A
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B (3.2) £ 5540k, &t kel

—BO A = C()In
Byo-I,-B1-A = cil,
By 2 l,—B, 1A = cuily
By -1, = I

o~

BH-NrE, S oA EL R A SN LAY RS- AL R A, AR
—By-A = col,

By-A—B;-A> = A

By 2 A"' =B, 1-A" = ¢, A"
B, |-A" = A"
FIA 2 2304ede k g S0 L 2 30ede k, FH
O=A"+c,_ 1A '+ -+ 1A+ ol = xa(A).

O

% B # V ¢h— & ordered basis, T:V —V & linear operator, #* * & xr(x) = X 5 (%)

e pF xr(T) % linear operator, # ¥ B 1 representative matrix , & Lemma 3.2.4 #v 3

i1, (T)p = X111, ([T]p)-
#cd  Theorem 3.2.10 4= [x7(T)]g = O, F]* f1* Lemma 3.1.1 ¥ & x7(T) = O. Q,T}u{

linear operator 4% & =17 Cayley-Hamilton Theorem.

Corollary 3.2.11 (Cayley-Hamilton Theorem). & V 5 finite dimensional F-space, T :
V =V % linear operator, B| yr(T)=0.

3.3. Minimal Polynomial

= A& _nxn matrix, ’f'] * A i1 characteristic polynomial, 2 i 4vif 5 =X #c i n 9%
B fX)eF[x] 7 f(A)=0. €% ¢ 3 B, F AT NETERP L ? 283
- g e, wHwA—I P, x:() (=1, e f) =x—1, 25 f()=l—L, = 0.
WA REE P EkE ] bR BN f(X)eFx] #1F f(A)=0.

138 f(x) €F[x] ¥ & & f(A)=0, * =¥k

Definition 3.3.1. X A€ M, (F), &*73 2+% % &
G#c: 1) s A 9 minimal polynomial, *  a(x)

#. -] &1 monic polynomial (& § =% 38 % ¥ ;
x4 T
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i - i el 2R SRS f(x) € Fla] # W f(A) =0, A 242 & £ monic
)’I-*-LELJQ FrE- B TR E fl0),g (x) € Flx] 3 = ## ] #72-% monic polynomial # &
f(A)=g(A) =0, 51 & = fich |z G deg(f) =deg(g), ~ & & f(x),g(x) & monic, #
= deg(f(x) — g(x) < deg(f(1)). & & F¥ f(4) —g(A) = 0—0 =0, fed = ke | in& e
fx)—glx) = 5 % 5535, ¥ f(x) =g(x), *f4 minimal polynomial u(x) &r&- .

#TAANPERFE A~ B, 78A v 0 minimal polynomial p(x), up(x) £ F4p%. 54
%5 - 1 minimal polynomial # A& & caj f7.

=

Lemma 3.3.2. B A€ M,(F) ¥ f(x)€F[x]. Bl f(A)=0 &2 r&E us(x)| f(x).

Proof. Bk f(x) | pa(x), 7 % & h(x) € Flx] # 1 f(x) = ua(x)h(x), F ua(A) =0, 41 *
Lemma 3.2.1 4 f(A) = ua(A)-h(A) = O-h(A). F| 5 F B85 1113 o o B chaptt 7 4 F 40t
i@ f(A)=O0.

¥- 26, % F i~ B field, ¥ g %58 ;" g i F(x)=pa(x)h(x)+r(x), & hx),r(x) e
Flx] & deg(r(x)) < deg(ua(x)). & f(A)=0 i3k 2 i 8

0 =f(A) = pa(A)-h(A) +r(A) = O-h(A) +r(A) = r(A).

7 p(x) € F[x] - B8t pa(x) -] 47i% L r(A) =0 75 7 8. & uy(x) £ A ¢ minimal
polynomial 2 €& @ r(x) 5 # 531, @R f() Liu() 8, T ()| f). O

R¥E A~B, $1* Lemma 3.2.2 v ts(B) ~ pa(A) =0, R a foF &L similar (4B &
% 4B (F]$iZ A invertible matrix P, P71 0-P=0), ##® us(B)=0. ¢ Lemma 3.3.2 4~
p(x) | 1a (). FZATY as(A) ~ a(B) = O, @ pia(x) | ws(x). 2 pia(x),asx) % 5 mmonic,
P pa(x) = pp(x). EE T 2 5%

Proposition 3.3.3. # A, BEM,(F) * A~B, Bl ua(x) = ug(x).
Ay ¥ 02 g~ B linear operator £7 minimal polynomial.

Definition 3.3.4. 3% V % - % finite dimensional F-space, T :V —V % — % linear operator.
5 2ER 53RN f(x) € Flx] ¢ i & f(T) =0, & = #cd | 7 monic polynomial # % T

e minimal polynomial, * pr(x) K4 5.

F matrix F35, T 7 minimal polynomial « 3 & ¥ v~ . 41 * Lemma 3.3.2 4p ¢ 9
WS (B DR SdAcE el S R mgx) A T R
Lemma 3.3.5. 3% V % — B finite dimensional F-space, T:V —V % — B linear operator.
Bl f(T)=0 %2 re% ur(x)| f(x).
Question 3.5. ix ¢ #F Lemma 3.3.5 %% 7

% B % V ¢gordered basis, T ¢ characteristic polynomial yr(x) ¢ T #hrepresentative

matrix [T]g ¢ characteristic polynomial Y7, (x) % ¥ & m (8. 7 i T ¢ minimal polynomial
pr(x) 23 2y, REEI] AN PREFHC P LT AR
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Proposition 3.3.6. :®k V i — B finite dimensional F-space, B 5 V - i ordered basis

2 T:V—=V i linear operator. B

Proof. 5 X1 &, % f(x) € F[x], Rl4]* Lemma 3.2.4 12 % Lemma 3.1.1 24 i 5§
f(T) =0 & [f(T)lg =0« f([T]g) = O.

#rrtd pup(T) =0 7 # pur([Tlg) =0, #¢ Lemma 3.3.2 & pyy, (x) | pr(x). F % hd
wr([Tlg) =0, ¥ # #[T],;(T) =0, v ur(x) | gryp(x). > %1 pr(x), iy, (x) ' 5 monic
polynomial, 3 ur(x) = pr), (x). O

B 18 AP K #F 34 minimal polynomial 4 characteristic polynomial 2 B ei38f 7%,

Theorem 3.3.7.
(1) B3x A€M, (F), Pl ga(x) | xa(x). @2 AEF % B xa(A)=0 %2 s uu(A) =0.

(2) B3k V 5 finite dimensional F-space, T :V —V & linear operator, B| pur(x)| xr(x).
A2 AEF BRE xr(A)=0%F2rx%E ur(d)=0.

Proof.

(1) A 24(A) =0, ¢ Lemma 3.3.2 % pua(x) | za(x). 4 &7 @ % pua(A) =0 7l 24(A) =0,
)=0, Bl % 7 det(Al,—A) =0 7= AL, —A 7 4_invertible matrix.
B e Ua(x) FrLx—A, @ pp(x) = (x=A)h(x)+r, B ¥ h(x) EFlx] 2 reF. &
~ A, B O:.UA(A):(A—)Lln)-h(A)—i—rIn. Fr#£0, 4 (A, —A)-h(A) =rl, 18
(AL, —A)-r~'h(A) A m(A) 5 AL —A ¢ inverse, 2 AL —A 7 £

invertible matrix 4p % ’*, Bar=0, "7 x—A|ua(x). % w(A)=0.
(2) #>* linear operator 7:V —V, i LV &~ i ordered basis B, d ** xr(x) = x(r}, (x)

M2 pr(x) = g (x). B (1) ik [Tlp, AP EE ur(x) | xr(x) 2

1 () =0 1r(2) 0.

O

Example 3.3.8. # {1 * 7 5 Example 3.2.6 #7¥ c17 characteristic polynomial % v i
¢ minimal polynomial. #] x4, (x) =x2, & Theorem 3.3.7 v s, (x) & 5 x & x>, & A} # O,
4r Ay ¢ minimal polynomial # ¥ it & x, F4v uu, (x) = 2.

F] xa,(x) =x*—1, & Theorem 3.3.7 4 x—1 fr x+1 T Ua, (x) EPF]FS R g, (x) |x*—1
g, (x) =x2— 1.

7] xas(x) =x>+1, & Theorem 3.3.7 4= s, (x) | x> +1. ¥ F =R, x>+ 1 ¢ monic factor
(F14) &% 1 4c x>+ 1, * minimal polynomial # it €% # % 7 3%, F% wa, (x) [+ 1. >
* F=C, f'] i,—i % 5 x>+ 1=0 43 & Theorem 3.3.7 5 g, (x) = x>+ 1.

Question 3.6. %t 53] A € Mr(R), € 7 pa(x) # xalx) w5 7
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Question 3.7. F AeM,(F) & xalx)=(x—41)---(x—=A,) E® L eF ¥ L#A; fori# ],
pa(x) E_ A2

A ¥ 12 # Theorem 3.3.7 Wit - H e B, o Z B4 Y - THEHSHN K BE
p(x) € F[x] €.- ® irreducible polynomial, 2\ ¥ r2 4% ¥| F - & finite extension F, #
#px)=0&F?F4. BRAEFE 5-1 (7 p(Ad)=0), RIHE L f(x) € F[x], % &L
f(A)=0, F] p(x) 5 irreducible, #* * &= p(x) | f(x). EFL%’AGM (F),A= 75 & M,(F) ¥ .
A 1 characteristic polynomial 7  #- A AL 5 i@ e, B 2 &Y 5 det(xl, —A), ¢ o
AGRE My(F) & M,(F) ¢ ¢ matrix & & . 2 minimal polynomlal T T}wfrvﬂi— B field
FMO L ERARL M,(F) e, 2 minimal polynomial (7t * fia(x) %7 ), H T& 5
% Fx] @ = # ] 9 monic polynomial f(x) # ## f(A) =0. #1121 F] 5 us(x) € Flx] C Flx],
F1* Lemma 3.3.2 24 5w fia(x) | ua(x). 737 35— BB NPT T2 E & 232

Theorem 3.3.9.
(1) BK AeM,(F) & p(x) € Flx] - B drreducible polynomial. B p(x) | xa(x) %2
FEE p(x) | Halx).

(2) BK V % finite dimensional F-space, T :V —V % linear operator, * p(x) € Fx]
& - B irreducible polynomial. B] p(x) | xr(x) &2 *&%& p(x) | ur(x).

(1) 4 Theorem 3.3.7 £ e 1 () | 1a(x), 5% p() | pa(x) BIE p(x) | 2a (). 5 -
%, % p(x) € Flx] & irreducible ¥ p(x)|xa(x). ¥ & F 5 F & finite extension,
@ px)=0t F?F -4 A BARLE M(F) chEL® £ [iy(x) € Fla] %
AeM,(F) t Fx] Eﬁminimal polynomial. #* ¥ d % p(x) | xa(x), 247 F xa(A)=0.
f1* Theorem 3.3.7 £ * & F 0525, 7 fa(A) =0. & a ¢ &v fia(x) | pa(x), #&
pa(A) =0. 7] pu(x) € Flx] £ p(x) € Flx] 5 irreducible, #3# p(x) | ua(x).
(2) #>* linear operator 7:V —V, i LV &~ i ordered basis B, d ** xr(x) = x(r), (x)
M3 pr(x) = pryg(x). B (1) st [Tg, 2P EE
p(x) | xr(x) < p(x) | 271, (x) & p(x) | Wrp; (x) < p(x) | pr(x).
(|
Question 3.8. # A M,(F) * xa(x)=p]'(x)---pl(x) 2° ¢ €N, pi(x) € Flx] 5 monic
irreducible polynomzal 2 pi(x) #pj(x) fori#j, Bl pa(x) § EE 5507

Example 3.3.10. % J& linear operator T : P,(R) — P, (R) & %_
T(1)=2x"—1,T(x+1) =3+ 2x + 2, T(—x* +x+1) = 46> + 2x + 2.
AP35 d T ¢ minimal polynomial pr(x).
B A4 g P(R) ¢ ordered basis f = (—>+x+1,x+1,1). 7
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T(—x*4x+1) = (=4)(—x>+x+1)+6(x+1)
T(x+1) = (=3)(—x*+x+1)+5x+1)
T(1) = (=2)(—*+x+1)+2(x+1)+(-1)1
-4 -3 -2
@M= 6 5 2 | +8® pr()=x,0)=C+1)>x-2). =
0 0 -1
-3 -3 =2 -6 -3 -2 00 6
(Tlp+B)-(Tp-2B)={ 6 6 2 || 6 3 2 |=(00 -6 ],
0 0 0 0 0 -3 00 0
o pr(x) = ), (0) # (1) (x=2), @ @ pr(x) =y, (0) = 0+ 1) (x=2). 72
-3 -3 =2 0 0 6
(Tlg+h)* ([Tl —2B)=| 6 6 2 00 —6 |=0.
0 0 0 0 0 o

Question 3.9. 1% ordered basis (x*,x,1) B2 Question 3.5.10. §* § F — it % ?

3.4. Internal Direct Sum

3T T4

¢ ¥~ i linear operator T :V — V, #iE 49 4% ¢1 ordered basis, T = representative
matrix ¥ 1 R 4F I o0 matrix. F B EZ RV B 247 i} =0 internal direct sum of
T-invariant subspaces. #7114 i&— & i 4 % #{ linear operator, % %31 internal direct sum

NN AN Chapter 1 #74 % & direct sum H g &~ “13) 5 external direct sum,

,—\-.

7 ?ﬁ
B vector space 2. & ehBf %, @ 1§ ) e vector space. # ¥ # ¥ vector space & 3 B %, 7%
P2Vl ¥ 4Rt 5 BT internal direct sum R 4R

Bk UW % 5 V disubspace. # 13 g3 T UOW - U+W, T_5
T((u,w))=u+w, YueUweW.

i E & %p » EF T % well-defined function, ® ¥ {# T ¥ - i onto # linear transforma-
tion. E7T kA ARE R Ker(T) .7 A? £ (u,w) €Ker(T), %7 T((u,w)) =u+w=0y,
BFu=—w. CtuelUweW, &fFu=—weUNW. ¥ 2, FucUNW, % g (u,—u) eUBW,
& T((u,—u)) =0y. ##% Ker(T) ={(u,—u) lucUnNW}.

Question 3.10. 2 P &2 FF T USW —-U+W iz S#F & UW % 5 V & subspace
Tl B

Question 3.11. #F#P {(u,—u)|ucUNW}~UNW. §1* the First Isomorphism Theo-
rem, } T 2 F U (UeW)/(UNW)~xU+W?

B, F UﬂW:{Ov} P ) (Ov,Ov> = Oygw, 3" i # Ker(T) =Oygw. *F T i

one-to-one, i F 11T 2 Bk
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Proposition 3.4.1. B3k U,W ¥ 5 V & subspace, & UNW ={0y}, B

UpW~U-+W.

ff-*‘u%rﬂé%%f[%)%vr*‘] % UW % 5 V éhsubspace = UNW ={Oy} P&, i ¢ - U+W
* UpW ki T. BaAi L UBW 4p e1E_V s subspace U+W, # E_4 w0 70 i 3760
vector space. AP HF UQW B BF5L. ki UNW={0y}. 27 %A AP gR
2 A_U,W internal direct sum. #7120 & 2%, % U,W ¥ 5 V crisubspace ¥ UNW # {0y}
B UOW =B #5.5 ¥ 5 1~ & external direct sum. % U,W ¥ 5 V g subspace, @ % %33
A UoW CV & # ¥ internal direct sum, ,T*z\—r UnNW={Oy}. § 2785 UW X3 zi®
MEg R UoW #F’ e1H_Jf & 5 external direct sum.

% V % finite dimensional vector space, ® U ¥_V ¢ subspace. & ¢ M 5| ¥ - B
V i subspace W # {8 V=U®W. £9 } &8 U - % basis S = {uy,...,u,}, & Fxv
TS P+ 2V oah- % basis {ug, ... Wy, Wi, ., Wt 2 PEE £ W =Span({wy,...,w,}), ¢
* {uy,...,u,,Wi,...,w,} & linearly independent, 4 F#* 5= UNW = {Oy}. #r07 & UGW
- B U,W ¢ internal direct sum. * %1% V = Span({uj,..., Wy, Wi,...,W,}), 3 i {8
UdW =V. d >+ ¥— ‘¢ linearly independent ~ % # B = basis #77 j# ¥ % v&— | iz RN
s 7 fEDS TV - B subspace U, ¥ %V B UQW ch W ¥ 7 vii— |

Example 3.4.2. 4 & F?>={(x,y) |x,y€F}, & U={(x,0)|x€F}, Bl W; ={(0,y) |y € F}
Fe W ={(», )IyGF}’VSI%}’iFZ UoW, 12 F2=UaW,.

#-V 8 & internal direct sum V=U@QW - r[}&ﬂf@j} EFEveV, B3 ari- druelU
E weW @ v=u+w. APV B A B subspaces £ internal direct sum s F 7|
BT

Proposition 3.4.3. &% U,W % V 7 subspaces. & 7| E % W
(1) v=UaW.
(2) #veV, plsari- hucUweW # % v=u+w.
(3) $5R U,W h basis 1,5, 24 S1NS=0 7 S1US; & V - ‘& basis.

Proof. (1)=(2): 2 & V=U+W,&¥HEzi veV, & 5huclUweW #F v=u+w.
ReEWeUWeW @@ vrw=u4+w, BF gu—u=w-weUnW={0y}, ##Fu=u
2 w=w.

(2 ) (3): BER veESNS,, 27 veUNW. ¥ g v=v+0y=0y+v 2*? 5 - B v
LU, 5B VEFAEWIESE-BOy g2 W, 5280y 5 &U, RII*k
- i v=0y. & veS, ¢ fr S & linearly independent 4p 4 7, #4 §;NSy=0. ¥ ¢
wHErg veV, wxthueUweW & v=u+w, Aa 7| 85,5 & 4 5 UW & basis, &
FRuL,...,u, €8, Wi,...,.W, €S0 M E c,...,Cndl,...,d, €EF 18 u=ciuy+---+cply,
wW=diw+--+d,W,. FIPE v=ciup+- ey +diwi - +dyw,, FFE SIUS, &V i
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spanning set. ¥ — * & % S;US, # 5 linearly independent, 4] * Corollary 1.4.4 #75F
v£Oy &8 veSpan(S;)NSpan(Sy) =UNW. i e M SINS, =0 th= 2 pt2 vy
* U, W ~Zptedwi— f24p3 5. wdr S{US, 5 linearly independent.

(3)=(1): d S1US, % V - = basis, & V = Span(S;) +Span(S2) =U+W. L& 7 #
UNW={0y}. FISINS =033 (51US)\S1 =352, #&=f1* Corollary 1.44 4 S;US, 3
linearly independent % 7+ Span(S;)NSpan(S;) ={O0y}, =& UNW = {0y }. O

A ¥ U 3 B subspaces 7 internal direct sum 42 B F| { % subspaces 7 internal

direct sum. Gl V=UW, A PETEW Ba F W i subspaces Wi, W, 1 direct
sum, W=W, oW, a @V =UOW, oW,. 2 F]IW =W, oW, 345 WiNnW, ={0y}, *
A V=UaW, &P+ 3 UNW, CUNW ={0y}, UNW, CUNW = {Oy}. # iz if it
(FF WinWa={0y}, UNW; ={0y} f+ UNW, ={O0y}) & 2 &1 &7 F #f iz Proposition
343 EF (M4rE R vira- hucUw eW,woeW, @ F v=u+w +wy), & TF“F}‘ Y]

T ok &+

Example 3.4.4. & Example 34.2 * UNW; =W NW, =UNW, ={(0,0)}, * i = &
(cy) € F? F y#0, A G (xy) = (x,0)+(0,y) +(0,0) = (x—,0) +(0,0) + (,y), # ¢
((0,0) € Wy i (0,0) # (0,y) € Wy. F $ 5, (0,0) # (v,y) € Wa. #7120 F? ¢ cha 4 B &
U,Wi, Wy 2_Jeen™ 2 7 R

N2 m

Jr}

7| & & £ A %% internal direct sum ¥ ? ¥ 11w 7| external direct sum g ik R
% Vi,W,V3 & V & subspace, ¥ g #€_external direct sum Vi @Vo @ V3 3| Vi +Vo + V3 &1
linear transformation T, @ & % T(Vi,V2,V3) =V +Vo+vs. &% & T % onto. % T 5 one-
to-one, B % Ker(T)={(Oy,0y,0y)} = FE vieV,va €Va,v3€ V3 ¥ vi+Vy+v; =0y,
Alvi=va=v3=0y. Za vi+V+v3 =0y, & vi=—(V2+v3) eViNn(Vr+V3), I Z5
V) € Vzﬂ(Vl +V3), V3 € V3ﬂ(V1 +V2) F B A V) ﬂ(V2+V3) Vzﬁ(Vl +V3) = V3ﬂ(V1 +V2) =
{Ov}, BI7 # Ker(T) ={(Oy,0y,0y)}. ¥ 2., F vieViN(Va+V3), Bl 5 v €Vo, Vi€V ik
vy =vy+v3, L F (v, —Vvp,—v3) € Ker(T). F]pt & Ker(T)={(0y,0y,0y)} %7 vi =0y,
L ViN(Va+Vs) =0y, BT @ N(Vi+Vs) =N (Vi +V,) =0y, ¥ 4if 72

3 B subspaces, 2§ M T 2 TR,
Definition 3.4.5. 3k Vi,...,V, & V &1 subspaces, *®

vin(}v)={0oy},Vi=1,... .k
J#i

A1V i subspace Vi+---+ Vi # 5 Vi,..., Vi i internal direct sum, * Vi@ DV & 7.

£ X EH, {3V i subspaces Vi, ..., Vi, ?{K’ﬁ Vi+---+V, i&z—- B subspace. &
PHS VIOV CV &334 5 internal direct sum, i§ 38 Vi,...,.Vi & LV,N (Y, 4V)) =
{Ov},Vi=1,.. ki, ¥ A& 3 e decomposition theorem, #8 E_#-— i
vector space 17 f# = — & subspaces 7 internal direct sum, #* 7% ¢ £ 4 3% external direct

sum, #7143 fF“ﬁ.%% £ % # % internal direct sum.



56 3. Linear Operator

#- vector space B = % ¥ subspaces 7 direct sum, {8 = 3 i subspaces e direct sum
F R, d 3t P {e Proposition 3.4.3 #p ke, 2 nr“)r* L h L

Proposition 3.4.6. &3k Vi,...,Vi & V 9 subspace. T 7| E % ih

(HvVv=vi®---dV.
(2) FveV, Rl 3 i=1,..k ¥ 3 arE-dv,eV, BEF v=vi 4+ + V.
(3) =R Vi e basis S;, 23 SiN---NS=02 SiU---US, & V - 2 basis.

Question 3.12. & V % finite dimensional vector space ® Vi,...,Vi 5 V &1 subspaces i
BV=Vi@--- &V, 78AEF g dim(V) g 3 dim(Vy) +---+dim(Vy) 8 ?

¥ UW 5 V érsubspaces * V=UodW, ~ Wp,...,W, 5 W ¢ subspaces ¥ W =
W@ oW, REAPRT UEV=UOWO---OW 87 ¥ % f%d!* e B H TG F
veV,d V=UopW w3t uelUweW {8 v=u+w. ¥->ad W=Wd---OW,,
rrheweW, 1 w=w+---+wg ;I** FHR¥ER veV, ¥ 3hhuclUwc
WioooWe €W @88 v=u+w+-+w (FBEFF ). *gdcUwW eW,....weecW, i
Bv=u4+w +-+w, MFluwel W2 wi+-+wW,W+---F+w W, d V=UW
Fu=u "2 wi+ - FwW=wW+-FW. *Fw,wecW,d W=W@®--- oW # w=w,
(#Erg- f2), #7121 d Proposition 3.4.6 24 5 11T 2 &%

Corollary 3.4.7. % U,W % V &0 subspaces = V=UOW, * £ W,... W, &2 W ¢

subspaces ® W=W,®---&W,, | V=UOW,&---&W,.

3.5. Primary Decomposition

A i w 7| linear operator. % T :V —V % linear operator, 4 f# % ¥ #-V 3 & - &
subspaces #7 direct sum, # iz¥ subspaces £ ordered basis #t% = V 1 ordered basis &
T &0 representative matrix F *“ 45 0338, L E P2 B P an, AP E E T U4 gt

subspaces + £ % § a0 (FH Z v 1% % linear operator), #TI A PG T O K.

Definition 3.5.1. iB3% T:V —V ¥ - & linear operator. & W &% V 1 subspace F /% &_
TW)CW (13 weW %35 T(w)eW), RIFEW & T-invariant.

Question 3.13. B3}& T:V =V & - & linear operator. = 3|98 subspaces €_T-invariant?

(1) V. (2) {Oy}. (3) Im(T). (4) Ker(T).

wAE—- T, % T:V =V % linear operator, 3% f(x) = agx? +---+ax+ap € Flx], 24
¥ % % -  linear operator f(T)=ayT°+---+a\T +apid.

Lemma 3.5.2. B3% V 5 F-space, T:V —V % linear operator. & W 5 T-invariant, |
HiEzd f(x)eFx], W 5 f(T)-invariant
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Proof. ]| W 3 T-invariant, =& weW, F1i T(w) e W & i@ T%(w)=T(T(w)) eW.
I B F §F 2 o T (w)eW,VieN. B%E f(x)=ap’+--+ax+ap € Flx], I W %
subspace, ¥ f(T)(W) = asT°*(W)+---+aT(wW)+aw e W, YweW. #z W i f(T)-

invariant. 0
7 % 2% Im(T) v Ker(T) % % T-invariant. 2 v 24| * f(x) € Flx] # 3 { %
T-invariant subspaces.

Lemma 3.5.3. 3k V i F-space, T:V —V % linear operator ¥ f(x) € Flx]. R Im(f(T))
e Ker(f(T)) % 5 T-invariant subspaces.

Proof. 5% welm(f(T)), ¥ 5 veV ##® w=f(T)(v). ¢ Lemma 3.2.3 2 i 4—
Tof(T)=f(T)oT, ¥

T(w) =T(f(T)(v)) = (To f(T))(v) = (f(T)oT)(v) = f(T)(T(v)) € Im(f(T)),
#% Im(f(T)) 5 T-invariant.

B3k veKer(f(T)), 7% f(T)(v)=O0y. s f(T)(T(v))=T(f(T)(v)) =T(Oy)=Ov,
% T(v) € Ker(f(T)), 93 Ker(f(T)) & T-invariant. -

¥ %~ % linear operator T:V —V, % jg V &1— B subspace W, 4 PP ¥ 13- T e 3 & 3
AW, TE R Tlw: WV, 255 Tlww) =T(w),VweW. &8 - BEW IV
linear transformation, 2 i £ % the restrictionon W. § W & T-invariant p#, ] T(w) € W,
VweW, 03 Tlw:W—-W, 5 - B W } o linear operator. 2 p R+ 10453 Tly
Fe T ¢4 minimal polynomial 2z B chf . 5 L f(x) € Flx], FIW 7 5 f(T)-invariant
(Lemma 3.5.2), 24 i# 3 @48 5if f(T)|w v f(T|lw) &3 B W i linear operator 2 & i
. Mt wew, 7

T (w) = T°2(w) = T(T(W)) = Tw (T lw (W) = T|w™ (W),
2 s Ty o T|W02 % W 1 3p I 0 linear operator. | * #cH Eﬁ?‘[}\ E T8 Ty =
Tlw* VieN. % f(x) =am!+-+ax+ag € Flx], I =23 weW, %%

S lw(w) = f(T)(W) = agTw (W) + -+ a1 T |w (W) +aoid|w(w)
=agTlw™ (W) +- +a T|w(W) +aoid|w (W) = £(T|w)(W).
" :j\jfa{;:fu f(T)lw f= f(T|w) 2_W 2} 4p I 5 linear operator, F]J* 4
F(M)lw = f(Tlw). (3.3)
I pt g%, Py 1T 2 Lemma.
Lemma 3.5.4. 3% T:V —V % linear operator, W % T-invariant subspace, R| T
restriction on W, Tlw :W —W & W 1} &0 linear operator, = B minimal polynomial iy, (x)
R
tiryy, (%) | pr (x).
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22

Proof. ¢ = uy(T) =0 % - B zero mapping, & ur(T)|lw = 0. #d % ;¢ (3.3) =
pr(Tlw) = pr(T)lw =0, £ ¢ Lemma 3.3.5 # & gy, (x) | pr(x). O

BV ¥ g A B T-invariant subspace U,W 7 (internal) direct sum V=U W, »

BiE B~ U,W - i ordered basis i = (uy,...,w), B = (Wi,...,Wy), Bld Proposition 3.4.3
B =(uy,...,u,Wy,...,Wy) 7 i V &1 ordered basis. Eﬁr} *» T(w)=Tly(w) €U, &

i [T]g 0w G [ @ columns, * @ column v [ & entry $%f [T|ylp, ApF, @ 2 (56 m
B entry ¥ & 0. P ke, d 2 T(w;) =T|y(w;) €W, 24 [T]g c0ts & m B columns, *+
# column =@ [ i entry ’F’K{O M {sm m B entry ¥ o [T|W]/32 e, Tpiﬁb T %>

B 1 representative matrix 3

[T]ﬁ :< [T’(l;]ﬁl [T\(v;]ﬁz ) (3.4)

2z

& ¥ T,T|y,T|w ¢ characteristic polynomial B ¢l %, 7 7 f2 5% 5% (3.4) i&4 block

diagonal matrix 7 determinant & j*. 2P @ H wEg- T 4 g matrix

- (52)

),C € M\y(F) % % square matrix. 4w 1% 5§ [ 2 ﬁt%‘l’ﬁfrﬁ

29 A EMH—m(F) MZ(
g2 1E det(A) =det(B)det(C). > i x~ R4cT: NP H % - B row F'F 1 F det(A) =
IR

L (=1 ajedet(Ary), 27 Ay A#-A i first row fe k-th column #1%, Fl#§ 1 <k <1
P oay=by F Ay < 1k g > iz#k 7 block diagonal matrix. #71/ & #c g Ffp‘?p\ ER g
pt pF det(Ayy) = det(By)det(C). * § [ <k<I+mP¥ a; =0, &%
I+m !
det(A) = Z (—1)1+ka1kdet A]k Z 1+kb1k det(B1k) det(C) = det(B) det(C).
k=1 k=1

I 2B BEEN fF“ﬁ.}-L 1 {8 | characteristic polynomial =k ©% 7

Lemma 3.5.5. X V i finite dimensional F-space, T :V —V % linear operator. %
V=U®W, 8¢ UW i T-invariant subspace, P

xr(x) = XT\U(X)XT\W(X)-

Proof. & = U,W ¢ ordered basis B = (uy,...,w), B = (Wi,...,w,), ¥ & V &1 ordered
basis B = (Wy,..., U, Wi,...,Wy,). s BEI* E 3% (3.4) i3

B B _ )CI[ — [T|U]ﬁ1 O
Il+m [T]ﬁ ( (0] XLy — [T|W]ﬁ2 > '

F1* & 2735 B3 block diagonal matrix 7 determinant  * %

xr(x) = det(xljy,, — [T]B) = det(xl; — [T\U]Bl)det(xlm — [T\W]Bz) = X1y (x))mw (x).
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kS

2 ** minimal polynomial, #* i % & A4F ¥ - T *#kF M >t F[x] i&- % polynomial
ving it . F1 A F - B field, F[x] b had  thik enlh Wi f(x),8(x) € Fl),
£ g(0) A0, % & h(x),r(x) € Flx] 3 ¢ deg(r(x)) < deg(g(x)) # @ f(x) = g()h(x) + r(x).
T REERE Flx] & % 73 0 Euclidean domain. #7172 Fx] ¢ # - # principle ideal
domain, + F]}* & - # unique factorization domain. # % 2, EB f(x) € Flx], # 48+ 12
#- f(x) *&— B = - & irreducible polynomial eh3k #%. #7141 iZB~A B F[x] } &7 polynomial
fx),g(x), 2 P¥ 2 HT Pd g 2 FN (F ged(f(x),g(x)) £ 7) M E LB (H
lem(f(x),8(x)) # ?)- AR, AT &R a4 ged(f(x),8(x)), lem(f(x), g(x)) # i RiE
monic polynomial. # 4 I(x) =lem(f(x),g(x)), B2V 5 2T 45

(1) f(x) [1(x), g(x) | 1(x)-
(2) # hix) € Fx] R f(x) | h(x), g(x) | h(x) < 1(x) | h(x).

Fl* iEBEFAPEF 2 EF R 2T 5 B ominimal polynomials B eBf %,

o

Lemma 3.5.6. B33 V 5 finite dimensional F-space, T :V —V % linear operator. %
V=U®W, 8¢ UW 5 T-invariant subspace, P

Ur(x) = lcm(HT\U (x)’l.lnw (x))-

Proof. % I(x) = lem(ur, (x), Uy, (x)). ¢ Lemma 3.5.4 & up, (x) | ur(x), ur), (x) | wr(x),
wefw 1(x) | pr (x).
Y- 2o, #¥WER veV, suelUweW % v=u+w, zzd &3¢ (3.3) &v

U(T)(v) = U(T) () +1(T)(w) = L(T)|v () +L(T)[w (W) = LT |v) (w) + L(T|w) (W)

iy, () [ 1), by, () [ 1(x), &= [(T|y) = 0,1(T|w) = O, 7 [(T|y)(u) = Oy = Oy *
I(T|lw)(w)=0w =0w. d pt & [(T)(v)=0y,VveV, ## [(T)=0. 4 Lemma 3.3.5 4=

pr(x) [1(x). F1et o U(x) [ (x) 2 opr(x) [1(x) 722 pr(x),l(x) ¥ 5 monic polynomial, 3%
)= 16 = em {1z, (), i (3))- 0

B A R ho e -V OB 2 T-invariant subspaces 7 direct sum. o % Flx] 4_-
B principle ideal domain (P.I.D.), % %_ f(x), g(x) € Flx], &+ ¥ 2 ¥ g f(x), g(x) #74 =
¢ ideal (f(x),g(x)), & B ideal # 1~ % 38 & a(x)f(x) +b(x)g(x) (£ ¢ a(x),b(x) € F[x])
AN R 5 Fly {PID T b d(x) € Fla] # 8 (f(x),g(x) = (d(x). 7+
T (fx)g() ¢ R A, BT R E AR AR R D f(x) € (F(x),g(x),
dx) | f(x), 2 d(x) | g(x ) ¥k d( ) € (f(x),8(x)) #F 14 & a(x), bx
4(x) = a(x) f(x) + b(x)g <x>. 30w hx) | ), hx) | 8(0) BB | a0 ()
W) (). 15 55 R d() (), 8(0) i 2 TR, ¥ d(x) = ged(£(x). ). 2
e d(x) = god( (), g(0)) 5t 7131

\

( ) 1 f(x), h(x) | g(x) & h(x) | d(x).
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(8) # & a(x), b(x) € Flx] # 18 d(x) = a(x) f(x) +b(x)g(x)-

Fru f( ),8(x) iXF & P FNE, AP H L relatively prime, $* PF ged(f(x),g(x)) =
1, # % & a(x),b(x) € Fx] # % a(x)f(x)+b(x)g(x) = 1.

Theorem 3.5.7. B3k V 5 finite dimensional F-space, T :V —V % linear operator
ur(x) = f(x)glx), £ ° f(x),g(x ) € F[ | 5 monic polynomials * relatively prime. & %
U = Ker(f(T)), W = Ker(g(T)), v g & T-invariant subspaces U,W ¢ internal
direct sum, ¥ V=U®W, o * /.LT‘U( x)=f(x) & up, (x) = gx).

Proof. i e &+ U, W i T-invariant subspaces RAEBFEP V=U+W a2 UnNW={0y}.
B AT f(x),g(x) 5 relatively prime, % & a(x),b(x) € Flx] # 7 a(x)f(x)+b(x)g(x) = L.
A 4 a(T)o f(T) +B(T)og(T) = id. » P&, vEV, &7
v=a(T)o f(T)(¥)+b(T) o g(T)(v). (3.5)
£ w=a(T)of(T)(v),u=b(T)og(T)(v), +* F4]* Lemma 3.2.3 7
F(I)(w) = f(T) o (b(T)og(T))(v) =b(T)o (f(T)og(T))(w) = b(T) o ur(T)(v).
Ra ur(T)=0, &+ f(T)(u) =0y, ™= F uecKer(f(T)). FEZ¥ & weKer(g(T)). ##
V =Ker(f(T))+Ker(g(T))=U+W.
R Ve UNW = Ker(f(T)) NKer(g(T)), & 7 f(T)(¥) = ¢(T)(¥) = Oy. &3 % (35)
Hv= a( )(Ov)+b( )(Ov) =0y. #FUNW = {Ov}
% J& minimal polynomial. ¢ ** U =Ker(f(T)), #& f(T)ly =0. Ftd % ;% (3.3)
f(T|ly)=0. £ ¢ Lemma 3.3.5 {¥ .UT\U(X) | f(x). F22i® ,LLT‘W(x) lg(x). & f(x),g(x) 5
relatively prime, #4v iy, (x), Uy, (x) 7 % relatively prime, #
lcm(NT\U ('x)7nuT|W (X)) = uuT‘U (X)‘UT‘W (.X)
F]pt d Lemma 3.5.6 7
IJT|U(x)ﬂT|W(x) = pur(x) = f(x)g(x).
G g, ()£ 7 A i, (0| 8() @ ()= F(0) 13 gy, (x) = (0) 0

F[x] - ® unique factorization domain (U.F.D.), % 7 F[x] ¢ ezt 4 & H 3 17
g — B = - i qrreducible polynomials 3k . ¥t # 3t linear operator T 3 mini-
mal polynomial, #% i ¥ 1235 3|48 £ 7 monic irreducible polynomials py(x),...,pr(x) &
ur(x) = pr(x)™---pe(x)™, £ ¢ my,...,mg € N. d * characteristic polynomial yr(x) fv
pr(x) F 4p b 20 B3¢ (Theorem 3.3.9) 2 pr(x) | x2r(x), 2 #5of yxr(x) = pi(x) - pre(x)*,
HY ¢;eNZE ¢ >m.

Theorem 3.5.8 (Primary Decomposition Theorem). B3k V 4_dimension % n 7 F-space,

T:V—V % linear operator *®

pr (x) = pr()™ - pr(x)™and -y (x) = pr(x) - pr(x)®
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-

2P pi(x),...,pe(x) & 4p R 1 monic irreducible polynomials. % % Vi = Ker(p;(T)™), for
i=1,... .k B

=]

,LLT‘Vi (X) = pi(x)"’i and XT|V,- (x) = pi(x)ci, Vi= 1, R ,k.

Proof. # ¥ ur(x) 748 £ moinic irreducible divisor (F F]13%) i3 #c k (85 ﬁr‘f oE
%’ k=1, Z% pr(x)=pi(x)™, & B R ur(T) = pi1(T)"" = 0, gciv V =Ker(p1(T)™), r?

=1L RBEKF Ur(x) 3 k—1 B4 £ monic irreducible divisor p# 7 = # | 3
'F“%”}Ei pr (x) = pr(x)™ - pe(x)™ A B4 f(x) = pi(x)™, g(x) = pa(x)™ - pi(x )mk
F] f(x),g(x) % relatively prime, ¢ Theorem 3.5, X P+ V=UaW, #* U=Ker(f(T)) =
Ker(pi(T)°™), W = Ker(g(T)) @ 2 pry, (x) = p1(x)™, tr},, (x) :Pz(x) cpr(x)™. RF g
vector space W 12 % linear operator T|y : W — W, £ * induction % k—1 §3; K
TW=Vo---oV &° V,=Ker(p:(T|w)™) = By, (¥) = pi(x)™, Vi=2,.. k. K& g
i=2,... .k B pi(x)™ | g(x), #& Ker(p;(T)*™) C Ker(g(T)) =W, ]

Vi =Ker(pi(T|w)™™) = Ker(p;(T)*™) "W = Ker(p;(T)"™).
V- 2a, AViCW, g (Tlw)ly, =Ty, #=®

Ky, (¥) = ez )y, (%) = pile)™
w4 U=V, f1* Corollary 3.4.7, ## V=UsW=VeWVd- - & V.
1 *% characteristic polynomial, 4] * Theorem 3.3.9 3¢ i & XTly, (x)=pi(x) B ¥ ¢ >m,.
Fpt d Lemma 3.5.5

€k

pr() - pr(0)® = xr (%) = Xy, ()= Xy, (¥) = pr(x) - pr(),
1% Flx] 5 UF.D. #3& ei=ci, ™ xr), (x) = pi(x)“,Vi=1,... k. O

¥ gE - 7, ¥ linear operator T:V — V, & 35 7] Ker(T), &4 i # 1241 * V 1 ordered
basis B,  {¥ ¥| representative matrix [T]|g. £ # [T]g 7 null space N([T]g) (3% * N(A)
% 5t &' A ¢ null space). # F #- null space g~ * TE‘I BRIV R F, ,T*unft' kil

Ker(T) =% 7. 24 {5 T primary decomposition i+ .

Example 3.5.9. % & Example 3.3.10 ® = linear operator T : P,(R) — P,(R). i & 4
J& T & primary decomposition. # Example 3.3.10 ¥ APy T 9 minimal polynomial

2our(x) = (x+1)2(x—2), Fe A g 0 V) = Ker((T +id)°?) 4 Vo = Ker(T —2id). 1

* representative matrix ¥ 12§ B4 i 4 EJ iz B T-invariant subspaces. % i 7 2K 75 #
ordered basis B = (—x* +x+1,x+1,1). L% & ([T]g+15)* 0 null space, Tz
290 o 0 . —9x; 9 = 0
18 18 0 || x | =10 1], ie 1861 4186 — 0 °
0 0 0 X3 0 ! T
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F 5 N(([T ]ﬁ +13)%) = Span((1,—1,0)',(0,0,1)!) # # Vi = Ker((T +id)°?) = Span(x?,1). F
E1l N([T]l; 2I3) = Span((1,—2,0)"), # % V, :Ker(T—2id) =Span(x* +x+1). %% % %%
Vi,V '# & T-invariant subspace * V=V ®V,. 4 B = (3 1,x>+x+1), Al 7

TP = -2 T(1) =2+ (—D1L,T(®+x+1) =2(x> +x+1),

1 2 0
Tlp=[ 0 -1 0
0 0 2

. y . y . N -1 2 v
4 & (x3,1) 5 Vi 0 ordered basis, ] T|y, £ representative matrix 3 ( 0 ] ), =i

Ty, (¥) = iy, (5) = (x+ 12 B 327 18 gy, () = iy, () = (x—2).

Primary Decomposition Theorem £ 7% i* | & linear operator T : V — V =7 characteris-
tic polynomial (& minimal polynomial) &_ py(x)--- pe(x)%, B2 7 ¥ 1245 3] V e ordered

v

basis B, i ¥ [T|g = ™ T 1 block diagonal matrix

A ~-.O , (3.6)
O «a

H ¥ & A; 0 characteristic polynomial 3 xa,(x) = pi(x). FIpt 020 {8 AP 8 £ B w45 3
linear operator H characteristic polynomial 5 p(x) (# *#
rs%;é_'h*l‘)q&“ IR

3 nxn > AeM,(F), 2 7% ¥ 24 * linear operator 1 primary decomposition
1% £ 35 7] invertible matrix P € M, (F) # 17 P~1.A-P % 4 (3.6) ¢ block diagonal matrix.
AT IR A —p- = &_linear transformation T: F" - F" 2 % & 5 T(x)=Ax. *PF AT
¥R A K € o0 representative matrix [T]e. 41 * Primary Decomposition Theorem, #*
iP1¥ 145 3] F" 9 ordered basis § i 7 [T]g 5 block diagonal matrix. %@ ¢ Proposition
2.4.6 &

[T]ﬁ = ﬁ[id]s : [T]s : 8[id]ﬁ = s[id]El A e[id]ﬁa

AT L P = [id]g. ,T* 4 % # ordered basis B - # column - # column (column
by column) ik B £ = e n X n matrix 7* L AN E e PO S e E‘Hr"f | LA i
Ma(x) T H-2_ 4 fiZ = 4p B 59 monic irreducible polynomials 3k f& pa(x) = pi(x)™ - - - pr(x)™.
£7T AT EFE - B pi(A)™ & null space N(p;(A)™) (# T4 ] Ker(pi(T)™™)). #3|=

i# null space £ basis {4, #-2 column by column ik f £ &L P e i 10T

DS
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Example 3.5.10. ¥ & 5 x 5 matrix

2 1 1 1 0
1 4 2 2 1
A=] -1 -2 0 -1 -1
0 0 O 1 1
0o -1 -1 -1 0

A & -2 i 5 block diagonal matrix. F £ RE ya(x) = pa(x) = (x—1)3(x—2)%. I *

v

Primary Decomposition Theorem #% i frig A ¥ 12 it % 4): % 1% blocks 7 block diagonal

matrix, # ¢ - B & 3 x 3 matrix ¥ - % £ 2 x2 matrix. § £ &F
N((A—1I5)%) = Span((—1,0,0,0, 1)%, (=2,0,0,1,0), (=2,0,1,0,0)")

N(A—2I5)* = Span((1,—1,1,0,0)%,(1,0,0,0,0)").

x4
-1 -2 -2 1 1
0 0 0 -1 0
= 0 |,v2= 0 |,va= 1 |,vy= 1 [,vs=| 0 |,
0 1 0 0 0
1 0 0 0 0
A ]
-2 -3 -3
0 0 0
Avy = 0 | =v, Av,= 1 =—-vi+Vvy+v3, Avz= 2 | =—vi+2v;,
1 0
0 — —1
2 2
—1 1
Avy = 1 =vV4+Vs, Avs= —1 = —v4+3vs,
0 0
0 0
B
-1 -2 =2 1 1
O 0 0 -1 0
P= 0 O 1 1 0
0 1 0O 00
1 0O 0 00
¥ {# block diagonal matrix
0 -1 -1 0 O
1 1 00 O
PlAaprP=[0 1 20 0
0O 0 01 -1
0O 0 01 3
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