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前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數ޑፕ. Ьाࢂख़ܭঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦.
Կܭӛໆޜ໔аϷ linear transformation ୷ҁ性፦, ӧҁᖱက再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭԄᕉޑ
ନݤচ).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸੋϷۓက܈ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌࣁ
.代ڗ ӢԜஒаύम֨ᚇၨόޑБԄᡉ, ऩԖόߡፎـፊ.

ҁᖱကጓቪਔ, ጓቪֹ٠ࡕ҂ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖፕ性ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩวᒱᇤ, ߆ගрᝊޑཀـ.

ҁᖱကހឦբޣҁΓ, ߆大ৎԾҗΠၩ. ୷ޕܭԾҗϩޑ٦ۺΨ߆大ৎණթ
ϩ٦, ՠ๊ჹЗҺՖᔼճޑՉࣁ. Їॊҁᖱကϣਔፎ൧ख़բޣϐբ, ሡֹᡉ
Ңҁᖱကϐрೀ.
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Chapter 1

Vector Spaces

ӧҁകךॺाϟಏ linear algebra Ьाჹຝޑा探܌ “Vector Space”. ௗךॺஒ探
ᆶ vector space ৲৲࣬ᜢޑ basis аϷ dimension.

1.1. Definition and Basic Properties

ಔԋ vector space ,ϡનޑ ٠όۓाךࢂॺࡐዕޑӛໆ (vector). όၸѬޑϡન໔
ሡाԖӵӛໆኬޑၮᆉ性፦. ӛໆύԖ܌ᒏޑуݤ, ॺΨҔךа܌ “+” Ңঁ߄ٰ
vector space ύϡનޑၮᆉ. Ψ൩ࢂᇥाԖঁ vector space २ӃाԖࢂޑঁޑޜߚӝ
V (Ψ൩ࢂᇥ V ္य़ۓाԖϡન), 再ٰϡન໔ाԖঁၮᆉ “+”. ೭ঁၮᆉѸԖ࠾ഈ性,
ҭջჹ܌Ԗ v,w ∈V ࣣ٬ள v+w ∈V . ќѦ೭ঁၮᆉԖךॺዕޑаΠ性፦

VS1: ჹҺཀ u,v ∈V , ࣣԖ u+v = v+u.

VS2: ჹҺཀ u,v,w ∈V , ࣣԖ (u+v)+w = u+(v+w).

VS3: Ӹӧϡન O ∈V ᅈىჹҺཀ u ∈V ࣣԖ O+u = u.

VS4: ჹҺཀ u ∈V ࣣёډפ u′ ∈V ᅈى u+u′ = O.

大ৎёа࣮рٰ, V ӧԜ + ,ၮᆉΠޑ ԋঁ abelian group. όၸ vector space ό
ѝࢂঁ group, Ѭޑϡનᗋёаکঁ filed ϡનޑ “բҔ” (action), ೭܌ࢂᒏޑ scaler
multiplication. ೭ঁբҔΨѸԖ࠾ഈ性. Ψ൩ࢂᇥჹܭঁ vector space V , ᗋѸԖঁ
field F , ЪჹҺཀޑ r ∈ F аϷ v ∈V , r ک v բҔϐΠޑϡન, (ӧԜךॺբ rv), ϝѸӧ
V ύ.

ฅΑ೭ঁբҔک + ϐ໔ϝሡߥԖޑۓᜢ߯ωԖཀက, Ѭॺϐ໔ԖךॺዕޑаΠ
性፦

VS5: ჹҺཀ r,s ∈ F аϷ u ∈V , ࣣԖ r(su) = (rs)u.

VS6: ჹҺཀ r,s ∈ F аϷ u ∈V , ࣣԖ (r+ s)u = ru+ su.

VS7: ჹҺཀ r ∈ F аϷ u,v ∈V ࣣԖ r(u+v) = ru+ rv.
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2 1. Vector Spaces

VS8: ჹҺཀ u ∈V , ࣣԖ 1u = u.

?ګϙሶाԖ೭٤ၮᆉ性፦ࣁ ԖΑа VS1 ∼ VS8೭ 8ঁ性፦,ךॺ൩ૈჹঁ vector
space ύޑϡનႽೀ數ӷኬٰբၮᆉ. ཀ೭ݙ 8 ঁ性፦લόё, ќБय़ѬॺΞىа
ᡣךॺᏤрӭځдޑ性፦. Πךॺ࣮ٯ٤η, ӧԜךॺӃჹ٤಄ဦуаᇥܴ.

२ӃךॺҔಉᡏӷٰ߄Ңঁӛໆޜ໔ V ύޑϡન, ԶҔಒӷ߄Ң field F ύޑϡન.
ӵٯ V ύޑуൂݤՏϡનךॺҔ O ,Ң߄ٰ Զ F ύޑуൂݤՏϡનҔ 0 .Ң߄ٰ ќѦ V

ک F ύԖуݤ, ٰᇥ೭ঁٿуࢂݤόኬޑ (ନߚ V = F), όၸךॺҔ + .Ң߄ٰ
೭ࢂӢࣁନߚ V = F , ाόฅ V ύޑϡનࢂόёаک F ύޑϡન࣬уޑ, ԋܭаόԿ܌
షౄ. നךࡕॺᗋा再மፓ, ाԋঁ vector space ۓाԖঁ abelian group V Ϸ

ঁ filed F . ೭ύ໔όѝ֖Ԗ V , F ҁޑي代數่ᄬΨੋډ V , F ϐ໔բҔޑᜢ߯. ӧڀᡏ
η္ा๏ঁٯ vector space Ѹܴዴᇥܴ೭٤ၮᆉᜢ߯. όၸӧܜຝޑךॺ
ޔௗᇥ V ঁࢂ over F ޑ vector space. Ԗਔ׳࣪ౣᆀ V ࣁ F-space.

Example 1.1.1. ޑـॺϟಏ٤தך vector space. аΠٯηύ F ঁࣁ filed.

(1) з Fn = {(a1, . . . ,an) | ai ∈ F}. :ࣁݤကуۓ ऩ (a1, . . . ,an),(b1, . . . ,bn) ∈ Fn, ߾
(a1, . . . ,an)+ (b1, . . . ,bn) = (a1 +b1, . . . ,an +bn). ٩Ԝۓကࡐܰᔠᡍ Fn ӧԜуݤ

ϐΠ࠾ࢂഈޑЪ VS1 ∼ VS4 ,ޑ಄ӝࢂ ύځ O = (0, . . . ,0). зБय़ךॺۓက F

ک Fn :ࣁբҔޑ ऩ r ∈ F , (a1, . . . ,an) ∈ Fn, ߾ r(a1, . . . ,an) = (a1, . . . ,an). Ψࡐܰ
࣮рԜբҔ࠾ࢂഈޑЪ಄ӝ VS5 ∼ VS8. ӧ೭ၮᆉϐΠךॺள Fn ঁࢂ over F

ޑ vector space. ձࢂޑ F ҁࢂي over F ޑ vector space. ډॺΨёஒԜቶך
Mm×n(F) Ԗ܌ࢂ entry ӧ F ޑ m×n ંତ܌ԋޑӝ. ճҔᜪ՟ॊၮᆉБݤ (ջ
ંତޑၮᆉБݤ), ॺளך Mm×n(F) ঁࢂ over F ޑ vector space.

(2) Եቾ܌Ԗ߯數ӧ F Ъԛ數ࣁ n ,ӭԄޑ :ࣁݤကуۓॺך ऩ f (x) = anxn + · · ·+
a0,g(x) = bnxn + · · ·+ b0, ߾ f (x)+ g(x) = (an + bn)xn + · · ·+(a0 + b0). २Ӄाݙཀ
Ԗ߯數ӧ܌ F Ъԛ數ࣁ n .ޑഈ࠾ࢂကϐΠ٠όۓޑݤӭԄӧԜуޑ ԛঁٿ)
數࣬ӕޑӭԄ࣬уԖёૈԛ數ᡂλ). όၸऩךॺԵቾ܌Ԗԛ數λ܈ܭܭ n

,ӭԄޑ ,Αޑഈ࠾ࢂϐΠ൩ݤӧԜу߾ ԶЪѬॺ಄ӝ VS1 ∼ VS4. ऩ r ∈ F ,
f (x) = anxn + · · ·+a0, з r f (x) = ranxn + · · ·+ ra0, Ԗ߯數܌ॺளךӧԜբҔϐΠ߾
ӧ F Ъԛ數λ܈ܭܭ n ঁࢂӭԄޑ vector space over F . ॺҔך Pn(F) ٰ

Ң೭ঁ߄ vector space. ႟ӭԄࢂ Pn(F) ύޑ O (уൂݤՏϡન).

(3) ๏ۓӝ S. Եቾ܌Ԗவ S ډࢀ F ӝޑԋ܌數ڄޑ FS. ऩ r ∈ F , f ,g ∈ FS,
ကۓॺך f +g,r f ∈ FS ࣁ f +g : s 7→ f (s)+g(s) Ъ r f : s 7→ r f (s). ٩Ԝޑۓ܌ၮᆉ
ॺёளך FS ঁࢂ over F ޑ vector space Ъ f ∈ FS ᅈى f (s) = 0, ∀s ∈ S ࣁ FS

ύޑ O.

Question 1.1. գૈ࣮рٰ Example 1.1.1 ύ (1) ࢂ (3) ?༏ٯঁޑ (1) ک (2) Ԗᜢೱ
༏?
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Question 1.2. ऩ V ঁࢂ vector space over F, V ′ ࢂ V ঁޑ subgroup Ъ F ′ ࢂ F ޑ

ঁ subfield. ճҔ V , F ,ၮᆉޑ ցࢂ V ′ ঁࢂ over F ޑ vector space? ցࢂ V ঁࢂ

over F ′ ޑ vector space?

ௗΠٰךॺाፋፕ vector space .٤୷ҁ性፦ޑ ऩ V ঁࢂ F-space, २Ӄ V ҁيҗ

abelian group ,性፦ޑள܌ᄬ่ޑ ӧ೭္ךॺ൩ౣԶόుፋ. όၸךॺाձගᒬ: VS3 ύ
ගӸӧ܌ O ∈V ٬ளჹ܌Ԗ v ∈V ࣣԖ v+O = v. ೭္ޑ O ,ޑࢂჴځ ൩܌ࢂᒏޑу
.Տϡનൂݤ ќѦ VS4 Ԗ܌ගჹ܌ v ∈V ࣣӸӧ v′ ∈V ٬ள v+v′ = O, ೭္ޑ v′ Ψᒿ
 v Զዴۓ, ൩܌ࢂᒏޑуݤϸϡન, ӧԜϐΠךॺҔ −v Ң߄ٰ v′. നךࡕॺा
மፓճҔуݤϸϡનӸӧ, ჹܭ V ύޑঁϡન w, ѝाӸӧঁ v ∈V ٬ள v+w = v, ٗ
ሶךॺߡёаዴᇡ w = O.

Կܭ VS5 ∼ VS8, ೭٤Ԗᜢ V ᆶ F ࣬ϕ໔ޑբҔᜢ߯, ёᔅךॺளډаΠ性፦.

Proposition 1.1.2. ଷ V ঁࣁ over F ޑ vector space, :ॺԖаΠϐ性፦ך

(1)  r ∈ F, v ∈V , ߾ rv = O ऩЪऩ r = 0 ܈ v = O.

(2) ჹҺཀ v ∈V , v+(−1)v = O. ඤ言ϐ, −v = (−1)v.

Proof. (1) (⇐)ऩ r = 0,ाܴ rv=O,җय़܌ፕך,่݀ޑॺाܴ 0v+v= v
ջё. ฅԶҗ VS6 Ϸ VS8 ޕ

0v+v = 0v+1v = (0+1)v = 1v = v.

.ளࡺ ќБय़, ऩ v = O, ाܴ rv = O ॺाܴך rO+ rO = rO ջё. ฅ
Զҗ VS3 Ϸ VS7 ޕ

rO+ rO = r(O+O) = rO.

.ளࡺ
(⇒) ऩ rv = O Ъ r ̸= 0, җ߾ F ঁࢂ field Ӹӧޕ r−1 ∈ F ٬ள r−1r = 1. ࡺ

җ VS5, VS8 Ϸ前य़ள่݀ޕ

v = 1v = r−1(rv) = r−1O = O.

.ளࡺ

(2) ճҔ VS8, VS6 Ϸ (1) ,ளϐ่݀܌ ёޕ

v+(−1)v = 1v+(−1)v = (1−1)v = 0v = O.

性ளޑϸϡનݤҗуࡺ −v = (−1)v.

�

Question 1.3.  V ঁࢂ F-space. ճҔ Proposition 1.1.2 գૈܴаΠ性፦༏?

(1) ऩ r,r′ ∈ F, u,v ∈V Ъ r ̸= r′, u ̸= O, ߾ ru+v ̸= r′u+v.

(2) ऩ r ∈ F, v ∈V , ߾ −(rv) = (−r)v = r(−v).



4 1. Vector Spaces

1.2. Subspaces

ऩ V ঁࢂ over F ޑ vector space, U ࢂ V ηޜߚঁޑ (nonempty subset), Ъӧ
চӃ V , F ,ၮᆉϐΠޑ U ঁࢂ over F ޑ vector space, ᆀ߾ U ࢂ V ঁޑ subspace. Ԗ
ਔךॺҔ U ࢂ V ঁޑ F-subspace ೭ኬޑᇥٰݤமፓࢂ over F ޑ subspace. ќѦࣁΑ
БךߡॺҔ U ≤V Ң߄ٰ U ࢂ V ঁޑ subspace.

ӧ V ύҺᒧঁޑޜߚ subset S ό൩ࢂ V ঁޑ subspace ?ګ เਢᡉฅࢂό
ۓ, Ӣࣁाԋࣁ subspace, S ҁيۓाࢂঁ abelian group, Ψ൩ࢂᇥ S ሡࣁ V ޑ

subgroup. όၸջ٬ S ࢂ V ޑ subgroup, ӧ前य़ Question 1.2 ύךॺΨޕၰ S ϝόࢂۓ

ঁ F-space. ୢᚒрӧ S ک F բҔόۓԖ࠾ഈ性. ٣ჴѝा S ӧ V ࢂၮᆉϐΠޑ

کЪޑഈ࠾ F բҔ࠾ࢂഈޑ൩ёаዴᇡ S ࢂ V ޑ subspace. ॺԖаΠϐ่݀ך

Proposition 1.2.1.  V ঁࢂ over F ޑ vector space Ъ S ࣁ V ঁޑ subset. ߾ S ࢂ

V ঁޑ F-subspace ऩЪऩ S ԖаΠϐ性፦:

(1) O ∈ S.

(2) ჹ܌ܭԖ r,s ∈ F,u,v ∈ S ࣣԖ ru+ sv ∈ S.

Proof. (⇒) ऩ S ࢂ V ޑ subspace, Ӣ S ,ޜߚࢂ Ӹӧࡺ v ӧ S ύ. җ subspace ޕကۓޑ
S ঁࢂ F-space, җࡺ S, F բҔ࠾ޑഈ性Ϸ Proposition 1.1.2 (1) ள 0v = O ∈ S. ќБ
य़ऩ r,s ∈ F,u,v ∈ S, җ S, F բҔ࠾ޑഈ性ள ru,sv ∈ S, 再җ S у࠾ޑݤഈ性ள ru+ sv ∈ S.

(⇐) җ (1) O ∈ S ޕ S .ӝޜߚঁࢂ ाܴ S ঁࢂ F-space, ॺሡᡍך S у࠾ݤ

ഈ性Ϸ S, F բҔ࠾ޑഈ性, 再ᡍ VS1 ∼ VS8 ԋҥ. २Ӄᇥܴჹܭ u,v ∈ S Ӣࣁ S⊆V , ࡺ
u,v ∈V 再җ V ࢂ F-space,ள 1u = u,1v = v. з r = 1,s = 1җ (2)ள u+v = 1u+1v ∈ S,ջ
ள S у࠾ݤഈ性. ќѦჹҺཀ r ∈ F,u ∈ S, Ӣ O ∈ S, з s = 1,v = O җ (2) ள ru+1O ∈ S.
ՠ u,O ࣁࣣ V ύϡન, җࡺ V ࣁ F-space ϐଷள ru+1O = ru, ջள S, F բҔ࠾ޑഈ

性. നךࡕॺाᡍ VS1 ∼ VS8 ჹܭ S ࣣԋҥ. җܭ S⊆V , VS1, VS2 аϷ VS5 ∼ VS8 ჹ
Ԗ܌ܭ V ύϡનԋҥ, Ծฅჹ S ύϡનҭԋҥ. ฅԶ VS3, ࣁ (1) ϐଷ. VS4 җ前 S, F

բҔ࠾ޑഈ性аϷ Proposition 1.1.2 ჹҺཀޕ v ∈ S, −v = (−1)v ∈ S. ள S ࣁ V ঁޑ

F-subspace. �

Question 1.4. ऩ u ∈ S з r = 1,s =−1 аϷ v = u, ճҔ߾ Proposition 1.2.1 ޑ (2) ёள
O = 1u+(−1)u ∈ S. ϙሶᗋሡाࣁ (1) ?ګଷޑ

Question 1.5.  V ঁࢂ F-space, Ъ S ࢂ V .ηޜߚঁޑ ၂ܴऩ S ճҔ V уޑ

ЪճҔޑഈ࠾ࢂၮᆉݤ V , F ,ޑഈ࠾ࢂբҔΨޑ ߾ S ࢂ V ঁޑ F-subspace. ٰᖱ
ঁ abelian group ѬޜߚޑηऩӧচၮᆉϐΠ࠾ࢂഈ٠ޑόۓࢂ೭ঁ abelian group
ޑ subgroup. ฅԶӧ vector space 前ॊޑࣁՖ S ࢂ V ޑ subgroup ?ګ

ճҔ Proposition 1.2.1, ܰᔠᡍঁࡐॺך vector space ځࣁցࢂηޜߚޑ sub-
space. ೯தाᔠঁӝϷځၮᆉࢂցࣁ vector space, ाᔠ VS1 ∼ VS8 ೭٤Ҟ, ό
ၸऩςޕѬࢂх֖ঁࢌܭ vector space, ٗሶ܌ሡᔠޑҞ൩ᙁൂӭΑ.
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Example 1.2.2. аΠךॺᖐр൳ঁӧ Example 1.1.1 ύޑ vector space Ѭॺޑ subspace.

(1) ๏ۓ c1, . . . ,cn ∈ F . E = {(a1, . . . ,an) ∈ Fn | c1a1 + · · ·+ cnan = 0}, ࢂ Fn ঁޑ

subspace. E ёҔ c1x1 + · · ·+ cnxn = 0 .Ң߄ٰ ӧ൳Ֆύ೯தӧ Fn ύᅈى c1x1 +

· · ·+ cnxn = b ࣁӝᆀޑԋ܌ϡનޑ Fn ޑ hyperplane. όၸԖ b = 0 ਔޑ

hyperplane ঁࢂ F-space.

(2) Pn(F) ύԵቾԛ數λܭܭ n− 1 ,ӝޑԋ܌ӭԄޑ ջ Pn−1(F), ঁࢂ sub-
space. ќѦ๏ۓ λ ∈ F ,ӝ Λ = { f (x)∈ Pn(F) | f (λ ) = 0}Ψࢂ Pn(F)ޑ subspace.
ձӧ Pn(F) ύத數ࣁ 0 ӝޑԋ܌ӭԄޑ (ջ λ = 0) ঁࢂ subspace.

(3) ๏ۓ T ⊆ S, FS ύޑηӝ { f ∈ FS | f (t) = 0, ∀t ∈ T} ঁࢂ subspace.

๏ۓঁ over F ޑ vector space V , ޕܰளࡐ V ک {O} ځࣁࣣ subspace. ೭ঁٿ
subspace ᆀࣁ V ޑ trivial subspace. ऩ V ύԖځдޑ F-subspace, ցૈճҔࢂॺԖᑫ፪ך
೭٤ subspace ள׳ډӭޑ F-subspace. २ӃԖаΠϐ่݀.

Proposition 1.2.3. ऩ V ঁࢂ vector space over F Ъ U,W ࣁ V ޑ subspace, ߾ U ∩W

Ψࢂ V ޑ subspace.

Proof. ॺճҔך Proposition 1.2.1 ٰܴ. २ӃӢࣁ U,W ࣁࣣ V ޑ subspace, ॺԖך
O∈U Ъ O∈W ளࡺ, O∈U∩W . ќѦऩ r,s∈F Ъ u,v∈U∩W җ߾, u,v∈U ள ru+sv∈U .
ӕ ru+ sv ∈W ޕࡺ ru+ sv ∈U ∩W . �

Question 1.6. V ঁࢂ vector space over F.  I ঁࣁ index set, ЪჹܭҺཀ i ∈ I, Vi

ࣁࣣ V ޑ subspace. ցࢂ ∩
i∈I Vi Ψࢂ V ޑ subspace?

ցࢂԾฅୢࡐॺך V,W ࣁ V ޑ F-subspace, Ψ٬ள U ∪W ҭࣁ V ޑ F-subspace.
ٰᇥ೭ࢂόჹޑ. ӵӧٯ R2 ύ L1 = {(r,0) | r ∈ R}, L2 = {(0,s) | s ∈ R} ࣁࣣ R2 ޑ

subspace. Ӣࣁ (1,0) ∈ L1, (0,1) ∈ L2 а܌ (1,0),(0,1) ∈ L1∪L2, ՠࢂ (1,1) = (1,0)+(0,1) ̸∈
L1∪L2, ޕࡺ L1∪L2 όࢂ R2 ޑ subspace. ٣ჴ F ঁࢂ infinite field ਔ, ॺԖаΠך
ϐ่݀.

Theorem 1.2.4.  F ঁࢂ infinite field Ъ V ঁࢂ F-space. ऩ V1, . . . ,Vn ࣁ V ޑ

nontrivial F-subspaces, ߾ V1∪·· ·∪Vn ̸=V .

Proof. ,ݤॺճҔϸך ଷ V = V1 ∪ ·· · ∪Vn. ऩ V1 ⊆ V2 ∪ ·· · ∪Vn, ёஒ߾ V1 ৾ϝள

V = V2∪ ·· ·∪Vn. ॺёଷךόѨ性ࡺ V1 * V2∪ ·· ·∪Vn. ӢԜӸӧ u ∈ V1 \V2∪ ·· ·∪Vn

(ջ u ∈V1 ՠ u ̸∈V2∪·· ·∪Vn). Ξ V1 (V , Ӹӧࡺ v ∈V \V1. Եቾӝ

S = {ru+v | r ∈ F}.

ཀऩݙ r ̸= r′ ߾ ru+v ̸= r′u+v (ց߾Ꮴठ (r− r′)u = O, Զளډ u = O ϐҟ࣯). ӢԜҗ
F ࢂ infinite field ޕ S Ԗคጁӭঁϡન.
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ௗΠٰךॺ࣮࣮ S ঁک Vi ঁձԖӭϿঁӅӕϡન. ऩ ru+v ∈V1, Ӣ ru ∈V1, җ
V1 ࢂ F-subspace ёள v ∈V1 ߃ک v ,ҟ࣯ڗᒧޑ ޕࡺ S∩V1 = /0. ќБय़,  2≤ i≤ n,
ऩӸӧ r ̸= r′ ٬ள ru+v ∈Vi Ъ r′u+v ∈Vi, җ߾ Vi ࢂ F-subspace ள (r− r′)u ∈Vi, 再ள
u ∈Vi ⊆V2∪·· ·∪Vn. Ԝᆶ u ,ҟ࣯࣬ڗᒧޑ ޕࡺ S ঁک Vi നӭԖঁӅӕϡન. Ψ൩
ᇥӝࢂ S∩ (V1∪·· ·∪Vn) നӭԖ n−1 ঁϡન. ՠӢ V ঁࢂ F-space, җ u,v ∈V ёள

S⊆V . ඤ言ϐ, V =V1∪·· ·∪Vn ॺךଷນޑ S∩ (V1∪·· ·∪Vn) = S∩V = S ᔈԖคጁӭঁ

ϡન. Ԝᆶখω่ፕ࣬ҟ࣯ޕࡺ V =V1∪·· ·∪Vn όёૈԋҥ. �

ाݙཀ Theorem 1.2.4 ऩ F ঁࢂ finite field, .ԋҥۓό߾ ќѦҗԜۓёޕऩ F

ঁࢂ infinite field, ঁ߾ over F ޑ vector space ύঁٿคх֖ᜢ߯ޑ subspaces ᖄޑ
٠όࢂঁ F-space аΠـୖ) Questions).

Question 1.7.  F ঁࢂ finite field, ၂פрঁ Theorem 1.2.4 .ٯϸޑ

Question 1.8.  V ঁࢂ over infinite field F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ

F-subspaces. գёа࣮р Theorem 1.2.4 ນךॺ V1∪·· ·∪Vn όࢂঁ F-space ନߚӸ
ӧ i ∈ {1, . . . ,n} ᅈى Vj ⊆Vi, ∀ j ∈ {1, . . . ,n}.

ٰᇥᗨฅঁ vector space ύޑ٤ subspaces ঁࢂۓᖄ٠όޑԋ܌ vector
space, ՠךࢂॺϝૈрঁх֖೭٤ subspaces ޑ vector space. .ကۓޑॺሡाаΠך

Definition 1.2.5. ଷ V ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ F-subspaces.
ကۓ

V1 + · · ·+Vn = {v1 + · · ·+vn | vi ∈Vi, 1≤ i≤ n}.

ाݙཀ೭ѝࣁࢂΑаࡕБ٬ߡҔޑۓ܌಄ဦ, ٠όࢂाჹ೭٤ subspaces .ݤကуۓ

Question 1.9.  V ঁࢂ F-space Զ W ࢂ V ޑ subspace, ကۓ٩ W +W ࢂϙሶ?

,ကۓ٩ྣ .性፦ޑаΠډॺёளך

Proposition 1.2.6. ଷ V ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ subspaces.
߾ V1 + · · ·+Vn ࢂ V ޑ subspace.

Proof. Ӣ O ∈Vi for 1≤ i≤ n, ࡺ O ∈V1 + · · ·+Vn. ќБय़, ऩ ui,vi ∈Vi, r,s ∈ F Ӣ Vi ࢂ

F-subspace, ࡺ rui + svi ∈Vi, ҭջ

r(u1 + · · ·+un)+ s(v1 + · · ·+vn) = (ru1 + sv1)+ · · ·+(run + svn) ∈V1 + · · ·+Vn.

җࡺ Proposition 1.2.1 ளޕ V1 + · · ·+Vn ࢂ V ޑ subspace. �

Question 1.10. ଷ V ঁࣁ over F ޑ vector space Ъ U,W ࣁ V ޑ subspaces. ܰࡐ
ၰޕ U ∩W ࢂ V ύх֖ܭ U Ъх֖ܭ W ന大ޑ subspace. Զϙሶࢂ V ύх֖ U Ъх֖

W നλޑ subspace?
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1.3. Spanning Sets

ॺϟಏך linear combination ,ۺཷޑ ԶЇќᅿளډ subspace .ݤБޑ

Definition 1.3.1. з V ঁࢂ over F ޑ vector space Ъз S ࣁ V .ηޜߚঁޑ ऩ
v ∈V ᅈى v = r1v1+ · · ·+ rnvn,ځύ ri ∈ F Ъ vi ∈ S,߾ᆀ vࢂ Sޑঁ linear combination.
ॺҔך Span(S) Ԗ܌Ң߄ٰ S ޑ linear combination .ӝޑԋ܌

ाݙཀ, ջ٬ S ঁࢂ infinite set, ঁ S linear combination ੋډԖज़ӭঁ S ύ

Ԗज़ӭঁϡન. Ԗޑਜஒ S ঁޑ linear combination Ҕ v = ∑u∈S ruu ೭ኬٰ߄Ң, όၸ
ܴځύঁ ru ∈ F ЪԖԖज़ӭঁ ru όܭ 0. ќѦऩ v = ∑u∈S ruu = ∑u∈S suu, ځ
ύԖঁࢌ u ∈ S Ԗ ru ̸= su, ᆀ߾ v ቪԋ S ޑ linear combination ݤ߄ځ “ό”.

Question 1.11. җۓကૈ࣮рऩ S′ ⊆ S ⊆ V , ߾ Span(S′) ⊆ Span(S) ༏? ٰᇥஒ S ৾

٤ϡનԖёૈ٬ள Span(S) ᡂλ. གྷགྷ࣮ӧ S ύ৾ব٤ϡનωό٬ள Span(S)

ᡂλګ?

ऩ S ,ޑޜߚࢂ Һڗ w ∈ S, Ӣ 0w = O ޕ O ঁࢂ S ޑ linear combination. ࡺ
O ∈ Span(S). ќѦऩ u = r1u1 + · · ·+ rnun, v = s1v1 + · · ·+ smvm ࢂ S ޑ linear combination
(ջ ri,s j ∈ F Ъ ui,v j ∈ S), ჹҺཀޑᡉܴࡐ r,s ∈ F ,

ru+ sv = r(r1u1 + · · ·+ rnun)+ s(s1v1 + · · ·+ smvm)

= (rr1)u1 + · · ·(rrn)un +(ss1)v1 + · · ·+(ssm)vm

Ψࢂ S ޑ linear combination. аճҔ܌ Proposition 1.2.1 .ॺԖаΠϐ่݀ך

Lemma 1.3.2. ऩ V ঁࢂ over F ޑ vector space Ъ S ࣁ V ,ηޜߚঁޑ ߾ Span(S)

ࣁ V ঁޑ subspace.

ฅࡽ Span(S) ঁࢂ F-subspace ࣁᆀϐߡॺך the subspace spanned by S. ٣ჴ
Span(S) ࢂ V ύх֖ S നλޑ subspace.

Proposition 1.3.3. ऩ V ঁࢂ over F ޑ vector space Ъ S ࣁ V ,ηޜߚঁޑ ߾

Span(S) =
∩

S⊆W,W≤V

W,

೭္ W Եቾࢂ V ύ܌Ԗх֖ S ޑ subspaces.

Proof. २Ӄҗ Lemma 1.3.2 ޕ Span(S) ൩ࢂঁх֖ S ޑ subspace, аԾฅԖ܌

Span(S)⊇
∩

S⊆W,W≤V

W.

ќБय़ऩ W ࢂ V ޑ subspace Ъ S⊆W ڗҺ߾ v ∈ Span(S), Ӣ v = r1v1 + · · ·+ rnvn, ύځ
r1 ∈ F , vi ∈ S ⊆W , җࡺ W ࣁ subspace ள v ∈W , ҭջ Span(S)⊆W (Ԝջ߄Ң Span(S) ࢂ

V ύх֖ S നλޑ subspace). ӢԜ

Span(S)⊆
∩

S⊆W,W≤V

W,
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.ளࡺ �

 S = /0, Ӣ܌ࣁԖӝࣣх֖ޜӝ, Proposition 1.3.3 ύޑҬϩ൩܌ࢂԖ V ޑ

subspaces ,Ҭޑ Ψ൩ࢂ {O}. а܌ S ,ӝਔޜࢂ ကۓॺΨך Span(S) = {O}.

Question 1.12. ଷ V ঁࣁ over F ޑ vector space Ъ V1, . . . ,Vn ࣁ V ޑ subspaces. ࡐ
࣮ܰр Span(Vi) =Vi. գૈޕၰ Span(V1∪·· ·∪Vn) ?ϙሶ༏ࢂ

前य़ Question 1.11 ύךॺගډٰᇥஒ S ৾٤ϡનԖёૈ٬ள Span(S) ᡂλ.
аΠךॺӣเӧ S ύ৾ব٤ϡનωό٬ள Span(S) ᡂλ.

Corollary 1.3.4. з V ঁࣁ vector space over F Ъ S′ ⊆ S ⊆ V . ߾ Span(S) = Span(S′)

ऩЪऩ S\S′ ⊆ Span(S′).

Proof. (⇒) Ӣ S\S′ ⊆ S ကԾฅԖۓ٩ S\S′ ⊆ Span(S). җ前ගࡺ Span(S) = Span(S′) ёள

S\S′ ⊆ Span(S′).

(⇐) җ S′ ⊆ S ёள Span(S′) ⊆ Span(S), ӢԜךॺाܴ Span(S) ⊆ Span(S′). ٣ჴ
, ॺѝाܴך S ⊆ Span(S′) ջё. ೭ࢂӢࣁ Lemma 1.3.2 ນךॺ Span(S′) ঁࢂ

subspace of V ऩࡺ, Sх֖ܭ Span(S′)߾җ Proposition 1.3.3ёள Span(S)⊆ Span(S′). ฅԶ
ჹҺཀ v ∈ S, ॺԖך v ∈ S′ ܈ v ∈ S\S′. ऩ v ∈ S′ ကԾฅԖۓ٩ v ∈ Span(S′); Զऩ v ∈ S\S′

٩ଷΨԖ v ∈ Span(S′). ޕࡺ S⊆ Span(S′), ӢԶள Span(S) = Span(S′). �

ձӦ,  V ঁࢂ F-space, Զ S ࢂ V ىηᅈޑ Span(S) =V , ᆀ߾ S ࢂ V ঁޑ

spanning set. ٩Ԝۓကࡐܰޕၰऩ S ⊆ S′ ⊆ V , Ъ S ࢂ V ޑ spanning set, ߾ S′ Ψࢂ V

ޑ spanning set.

Example 1.3.5. ॺᙖҗך Example 1.1.1 ޑ vector spaces, ᖐрѬॺ൳ঁ୷ҁޑ spanning
sets.

(1) ӧ Fn ύԵቾ ei = (0, . . . ,1, . . . ,0), ύځ 1 ӧಃࢂ i ঁՏ, ࢂдՏځ 0. ߾
{e1, . . . ,en} ࢂ Fn ঁޑ spanning set.

(2) ӧ Pn(F) ύӢ܌ࣁԖϡનࣣёҔ anxn + · · ·+ a1x+ a0 ,Ң߄ٰ ύځ ai ∈ F , а܌
{1,x, . . . ,xn} ࢂ Pn(F) ঁޑ spanning set.

(3) ӧ FS ύ, Һڗ λ ∈ S ကۓ fλ ∈ FS, ࣁ

fλ (s) =
{

1, s = λ ;
0, s ̸= λ .

 S ঁࢂ finite set ਔ, { fλ | λ ∈ S} ࢂ FS ঁޑ spanning set. όၸ S ࢂ

infinite set ਔ, ೭൩όჹΑ. ೭ࢂӢࣁӧ vector space ύךॺԵቾԖज़ӭঁϡન
࣬у (คጁӭঁϡન࣬уԖԏᔙวණୢޑᚒ, ೭ੋډ “Topology”, όࢂ
線性代數܌ፋޑጄᛑ).

Question 1.13. ӧॊ FS ,ޑ ऩ S ঁࢂ infinite set, Span({ fλ | λ ∈ S}) ?ϙሶࢂ
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1.4. Linear Independence

ॺϟಏך linear independence ,ۺཷޑ όၸࣁΑᗉխ大ৎᡄᒠёૈวғޑᙤᇤ, ॺך
җ linear dependence .рวۺཷޑ ٣ჴ Linear independence ک spanning set ϐ໔Ԗ
ӭ࣬ڥᔈޑ性፦, .ჹྣ่࣬݀ޑ前کఈ大ৎࣴಞԜ٤่݀ਔૈதத׆

Definition 1.4.1. з V ঁࢂ over F ޑ vector space Ъз S ࣁ V .ηޜߚঁޑ ऩ
Ӹӧ v ∈ S ᅈى v ∈ Span({w ∈ S | w ̸= v}), ᆀ߾ S ࣁ linearly dependent. ϸϐ, ᆀ߾ S ࣁ

linearly independent.

٩Ԝۓကךॺࡐܰளޕ, ऩ O ∈ S, ߾ S ࢂۓ linearly dependent. Ӣࣁ O ۓӧ
ҺՖޑ subspace ύ.

Question 1.14. ٩Ԝۓကգૈ࣮рऩ S ⊆ S′′ ⊆ V , Զ S′′ ࢂ linearly independent, ߾ S ࢂ

linearly independent ༏? (or ऩ S ࢂ linearly dependent, ߾ S′′ ࢂ linearly dependent) ό
ၸऩ S ࢂ linearly independent, S′′ όࢂۓ linearly independent. Ψ൩ࢂᇥঁ linearly
independent ԖёૈᡂԋࡕӝӭуΑϡનޑ linearly dependent. ाуΕ࡛ኬޑϡનωૈߥ
 linearly independent ?ګ

Linear dependence ԖаΠሽݤ࣮ޑ.

Proposition 1.4.2. з V ঁࢂ over F ޑ vector space Ъ S ࣁ V .ηޜߚঁޑ ߾ S

ࢂ linearly dependent ऩЪऩӸӧ v1, . . . ,vn ∈ S аϷ r1, . . . ,rn ∈ F, ύ೭٤ځ vi ࣣ࣬౦Զ

ri ӄόࣁ 0 ٬ள r1v1 + · · ·+ rnvn = O.

Proof. (⇒)җ Sࢂ linearly dependentޕӸӧ v1 ∈ Sᅈى v1 ∈ Span({w∈ S |w ̸= v1}),ҭջ
Ӹӧ v2, . . . ,vn ∈ S ࣣ࣬౦Ъόܭ v1 аϷ r2, . . . ,rn ∈ F ࣣόࣁ 0٬ள v1 = r2v2+ · · ·+ rnvn.
ளࡺ (−1)v1 + r2v2 + · · ·+ rnvn = O.

(⇐)ଷჹܭ i∈ {1, . . . ,n}, vi ∈ Sࣣ࣬౦Ъ ri ∈ F ӄόࣁ 0٬ள r1v1+ · · ·+rnvn = O,߾
v1 =(−r2r−1

1 )v2+ · · ·+(−rnr−1
1 )vn ∈ Span({w∈ S |w ̸= v1}),ҭջ Sࣁ linearly dependent. �

ගᒬΠ Proposition 1.4.2 ύऩ v1, . . . ,vn ύؒԖ O, Ԗ߾ n≥ 2, ց߾ऩԖ r1 ̸= 0,
Ꮴठ r1v1 = O Զள v1 = O.

ќѦ linear independence ΨԖаΠሽݤ࣮ޑ.

Proposition 1.4.3. з V ঁࢂ over F ޑ vector space Ъ S ࣁ V .ηޜߚঁޑ ߾ S

ࢂ linearly independent ऩЪऩ Span(S) ύҺཀޑϡનࣣԖޑБݤቪԋ S ύϡનޑ

linear combination.

Proof. .ݤ߄ܴݤॺճҔϸך(⇒) २Ӄऩ v = OԖٿᅿ߄Ңݤ,ջӸӧ r1, . . . ,rn ∈
F ӄόࣁ 0 Ϸ v1, . . . ,vn ∈ S ٬ள r1v1 + · · ·+ rnvn = O. җ Proposition 1.4.2 Ԝᆶޕ S

ࣁ linearly independent ࣬ҟ࣯. ќБय़ऩ v ∈ Span(S) Ъ v ̸= O Ԗٿᅿቪݤ, ջӸӧ
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r1, . . . ,rn,s1, . . . ,sm ∈ F ύ೭٤ځ) ri,s j ࣣόࣁ 0) аϷ v1, . . . ,vn,w1, . . . ,wm ∈ S ύ೭٤ځ)
v1, . . . ,vn ࣣ࣬౦Ъ w1, . . . ,wm ࣣ࣬౦) ٬ள

v = r1v1 + · · ·+ rnvn = s1w1 + · · ·+ smwm.

௨ׇךࡕॺଷ: v1 = w1, . . . ,vk = wk Ъځдޑ vi,w j ࣣ࣬౦. Զள

O = (r1− s1)v1 + · · ·+(rk− sk)vk + rk+1vk+1 + · · ·+ rnvn + sk+1wk+1 + · · ·+ smwm.

,όӕϐଷݤ߄٩ ऩ k = n = m, ঁࢌѸԖ߾ ri ̸= si; ԶځдѸԖ k < n (Ԝਔ rk+1 ̸= 0);
܈ k < m (Ԝਔ sk+1 ̸= 0). ӢԜҗ Proposition 1.4.2 Ԝᆶޕ S ࣁ linearly independent ࣬ҟ
࣯, .ளࡺ

(⇐) ٩ଷჹҺཀ v ∈ S Ӣ v ∈ Span(S) Ъ v = 1v җࡺ v ቪԋ S ύϡનޑ linear
combination ,ᅿݤቪޑ ள v ̸∈ Span({w ∈ S | w ̸= v}), Ң߄ကԜջۓ٩ S ࣁ linearly
independent.

�

ाݙཀ, linearly dependentک linearly independentঁٿࢂϕံޑᜢ߯, ௶Αࣁࢂॺѝך
ॊБߡஒ Propositions 1.4.2, 1.4.3ϩ໒,ځჴѬॺ࣬ࢂᜢޑ. ࢂӵाܴঁӝٯ linearly
independent, գёаҔϸݤӃଷѬࢂ linearly dependent, ฅࡕճҔ Proposition 1.4.2
ளډҟ࣯. ќБय़ऩԖঁӝςࢂޕ linearly independent, գ൩ёаճҔ Proposition
1.4.3 .性፦ޑд࣬ᜢځ性ٰᏤޑݤ߄

Question 1.15. ϩձճҔ Proposition 1.4.2 ک Proposition 1.4.3 ٰᇥܴ S = {v1, . . . ,vn}
ࢂ linearly independent ሽܭ

r1v1 + · · ·+ rnvn = O⇒ r1 = · · ·= rn = 0.

Question 1.16. ऩ S ࢂ linearly dependent Ъ O ̸∈ S, Proposition 1.4.3 ນךॺӸӧঁ
Span(S) ύޑϡનԖٿᅿ (ӭ׳܈) Бݤቪԋ S ύϡનޑ linear combination. գ࣮ளрӧ
೭ᅿ, ჴঁځ Span(S) ύޑϡનԖٿᅿ (ӭ׳܈) Бݤቪԋ S ύϡનޑ linear
combination ༏? ࣗԿ F ঁࢂ infinite field ਔ, ঁ Span(S) ύޑϡનԖคጁӭ

ᅿБݤቪԋ S ύϡનޑ linear combination.

前य़ Question 1.14 ύךॺගډٰᇥஒঁ linearly independent set S ӭу٤ϡ

નԖёૈ٬ள S ᡂԋ linearly dependent. аΠךॺӣเӧঁ linearly independent set
ύӭуব٤ϡનϝߥ linearly independent.

Corollary 1.4.4. з V ঁࣁ vector space over F Ъ S ⊆ S′′ ⊆ V . ߾ S′′ ࢂ linearly
independent ऩЪऩ S ک S′′ \S ࣁࣣ linearly independent Ъ Span(S)∩Span(S′′ \S) = {O}.

Proof. (⇒)Ӣ S⊆ S′′⊆V ကऩۓ٩ S′′ ࢂ linearly independentԾฅ Sک S′′\Sࣣࣁ linearly
independent. ϞऩӸӧ v ∈ Span(S)∩Span(S′′ \S) Ъ v ̸= O, ջ߄ҢӸӧ r1, . . . ,rn,s1, . . . ,sm ∈
F ࣣόࣁ 0 аϷ v1, . . . ,vn ∈ S, w1, . . . ,wm ∈ S′′ \ S ٬ள v = ∑n

i=1 rivi = ∑m
j=1 s jw j. ҭջ
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v ∈ Span(S′′) ՠԖٿᅿቪԋ S′′ ύϡનޑ linear combination ,ݤቪޑ җ Proposition 1.4.3 ޕ
Ԝᆶ S′′ ࣁ linearly independent ࣬ҟ࣯. ளࡺ Span(S)∩Span(S′′ \S) = {O}.

(⇐) ճҔϸݤ, ऩ S′′ ࢂ linearly dependent, җ Proposition 1.4.2 Ӹӧޕ r1, . . . ,rn ∈ F

ӄόࣁ 0 аϷ v1, . . . ,vn ∈ S′′ ٬ள r1v1 + · · ·+ rnvn = O. Ӣ S аϷ S′′ \ S ࣁࣣ linearly
independent, Proposition 1.4.2 ນךॺ೭٤ vi όёૈӄပӧ S ύΨόёૈӄပӧ S′′ \S

ύ. ௨ׇࡕ, ॺଷך v1, . . . ,vm ∈ S Ъ vm+1, . . . ,vn ∈ S′′ \ S. ඤ言ϐ, r1v1 + · · ·+
rmvm = (−rm+1)vm+1 + · · ·+ (−rn)vn ∈ Span(S)∩ Span(S′′ \ S). ฅԶ r1, . . . ,rm ࣣόࣁ 0 Ъ

v1, . . . ,vm ࣁ linearly independent (Ӣ S ࣁ linearly independent), җ Proposition 1.4.3 ޕ
r1v1 + · · ·+ rmvm ̸= O, ҭջ Span(S)∩Span(S′′ \ S) ̸= {O}. Ԝҟ࣯ນךॺ S′′ ࢂ linearly
independent. �

ᜢܭ linearly independentٯޑη,ךॺࡐܰᡍӧ Example 1.3.5ύϟಏޑ spanning
set ࢂ linearly independent. όၸፎόाᇤаࣁ spanning set ۓ൩ࢂ linearly inde-
pendent. ӵӧٯ Rn ݩޑ {e1,e2, . . . ,en,e1 + e2} Ψࢂ Rn ޑ spanning set, όၸ൩ό再ࢂ
linearly independent Α.

1.5. Basis and Dimension

 vector space V ύޑঁηӝ S ϼλਔ, ёૈ S คݤԋࣁ V ޑ spanning set, όၸ
ऩ S ϼ大ਔ, Ξёૈόࢂ linearly independent. Basis ൩ߥࢂѳᑽޑനݩރ٫. ॺԖаך
Πϐۓက.

Definition 1.5.1. з V ঁࢂ vector space over F Ъ S ⊆ V .  Span(S) = V Ъ S ࢂ

linearly independent ਔ, ॺᆀך S ࣁ V ಔޑ basis.

٩Ԝۓက, ၰӧޕॺёаך Example 1.3.5 ύϟಏޑ {e1, . . . ,en} ൩ࢂ Fn ಔޑ basis;
Զ {1,x, . . . ,xn} ൩ࢂ Pn(F) ಔޑ basis; Զ S ঁࢂ finite set ਔ, { fλ | λ ∈ S} ൩ࢂ FS

ಔޑ basis.

Question 1.17. ٩ԜۓကճҔ前ޑ Proposition, գૈ࣮р S ࢂ V ಔޑ basis ሽ
ҺՖܭ V ύޑϡનёаቪԋ S ύϡનޑ linear combination ༏?

Question 1.18. ऩ S′ ( S ( S′′ Ъ S ࢂ V ಔޑ basis, ٗሶ S′,S′′ Ԗёૈࢂ V ಔޑ basis
༏? գૈ࣮рԜਔ Span(S′) ̸=V Զ S′′ ࢂۓ linearly dependent ༏?

җঁ Question ၰऩޕॺך S ࢂ V ಔޑ basis, ޑдځόԖ߾ spanning set 
х֖ܭ S; ќБय़ΨޕόԖځдޑ linearly independent set х֖ S. ೭ঁፕॊޑϸӛ
Ψ҅ࢂዴޑ, ٣ჴךॺԖаΠϐ่݀.

Proposition 1.5.2. з V ঁࣁ vector space over F Ъ S⊆V . .ሽᜢ߯ޑॺԖаΠך

(1) S ࢂ V ಔޑ basis.

(2) S ࢂ V ঁޑ spanning set, ЪჹҺཀ S′ ( S ࣣԖ Span(S′) ̸=V .
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(3) S ࢂ linearly independent ЪჹҺཀ S′′ ) S ࣣԖ S′′ ࣁ linearly dependent.

Proof. ॺܴך (1)(2) ,ޑሽࢂ 再ܴ (1)(3) .ሽࣁ

((1)⇒ (2)) Ӣ S ಔࢂ basis җۓကޕ S ࢂ V ಔޑ spanning set. Һڗ S′ ( S, ճҔ
ϸݤଷ Span(S′) =V . Ԝਔڗ v ∈ S\S′ ёள v ∈V = Span(S′)⊆ Span({w ∈ S |w ̸= v}. Ԝ
ᆶ S ࣁ linearly independent ࣬ҟ࣯, ளࡺ Span(S′) ̸=V .

((2)⇒ (1)) Ӣςޕ S ࣁ spanning set, ॺाܴךကۓ٩ S ࣁ linearly independent.
ճҔϸݤ, ଷ S ࣁ linearly dependent, ҭջӸӧ v ∈ S ᅈى v ∈ Span(S \{v}). Եቾࡺ
S′ = S\{v}. Ӣ S\S′ = {v}, җ Corollary 1.3.4 ޕ Span(S′) = Span(S) =V , ՠӢ S′ ( S, Ԝᆶ
(2) ,前ග࣬ҟ࣯ޑ ளࡺ S ࣁ linearly independent.

((1)⇒ (3)) Ӣ S ಔࢂ basis җۓကޕ S ࣁ linearly independent. Һڗ S′′ ) S, ճҔϸ
ݤଷ S′′ ࣁ linearly independent. Ԝਔڗ v ∈ S′′ \ S ёள v ̸∈ Span(S). Ԝᆶ S ࣁ V ޑ

spanning set ࣬ҟ࣯, ளࡺ S′′ ࣁ linearly dependent.

((3)⇒ (1)) Ӣςޕ S ࣁ linearly independent, ॺाܴךကۓ٩ S ࣁ V ޑ spanning
set. ճҔϸݤ, ଷ Span(S) ̸=V ,ࣁ ҭջӸӧ v ∈V ᅈى v ̸∈ Span(S) (ҭջ Span({v})∪
Span(S) = {O}). Եቾࡺ S′′ = S∪{v}. Ӣ S′′ \ S = {v}, җ Corollary 1.4.4 ޕ S′′ ࣁ linearly
independent, ՠӢ S′′ ) S, Ԝᆶ (3) ,前ග࣬ҟ࣯ޑ ளࡺ S ࣁ V ޑ spanning set.

�

ӧҁᖱကύךॺஒܭݙԖಔ finite set ࣁ basis ޑ vector space, .ကۓॺԖаΠϐך

Definition 1.5.3. ଷ V ঁࢂ vector space over F . ऩ V = {O} Ӹӧঁࢂ܈ finite set
S⊆ F ࢂ V ಔޑ basis, ᆀ߾ V ঁࣁ finite dimensional F-space.

ॺձஒךཀӧԜݙ V = {O} ೭ঁݩӈр, Ьाۓ٩ࢂက Span( /0) = {O}, ॺךа܌
ကۓ /0 ࣁ {O} ޑ basis. ӧ前य़ගၸٯޑη Fn, Pn(F) аϷ S ࢂ finite set ޑ FS ࣁࣣ

finite dimensional vector space over F . όၸाձݙཀऩ F ′ ࢂ F ঁޑ subfield, 前य़ග
ၸঁ F-space ё࣮ԋࣁ F ′-space, ӢԜӧԜݩۓाமፓࢂ over বঁ filed ࣁ finite
dimensional, ӢࣁԖёૈঁ finite dimensional F-space όࢂ finite dimensional F ′-space.
ӵٯ Rn ࢂ finite dimensional R-space ࢂόࠅ finite dimensional Q-space.

ॺӧך Definition 1.5.1 ύۓကΑՖᒏ vector space ޑ basis, ՠךॺᗋؒԖѐ探ࢂց
ঁ vector space ۓԖಔ basis. ကঁۓޑа٩Ҟ前܌ vector space ऩόࢂ finite
dimensional ԖёૈѬؒԖ߾ basis Ԗࢂ܈ basis ՠ܌ࢂԖޑ basis ࣁࣣ infinite set. ٣ჴ前
,όวғޣ Ψ൩ࢂᇥךॺёаܴ܌Ԗޑ vector space Ԗ basis, όၸѬޑܴੋډ
ᒏ܌ Zorn’s lemma. җܭаךࡕॺஒѝܭݙ finite dimensional vector space, 再уԖ٤
ӕ學ёૈள Zorn’s lemma όࡐࢂܰΑှ. аΠךॺޑ探ஒϩࢤٿࣁ: ಃࢤܭݙ
finite dimensional ;ޑ ಃΒࢤፋࢂޑޑ. ಃޑࢤϣ࣬ख़ा, ԶಃΒࢤፋ
ޑԖ܌ࢂ൩ޑ vector space ࣣԖ basis. (大ৎёаޔௗௗڙ೭ঁ٣ჴԶౣၸಃΒࢤ).
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1.5.1. Finite Dimensional Case.  V ࢂ finite dimensional vector space, Ԗࢂကۓ٩
ঁ finite set ࣁ V ಔޑ basis. όԖঁ infinite set Ψࢂ V ಔޑ basis ?ګ เਢ
,ޑόࢂ ٣ჴ೭ਔংঁಔԋ V ޑ basis .ޑӕ࣬ࢂϡનঁ數ޑӝѬॺޑ аΠךॺ
.ाೀ೭ঁୢᚒࢂߡ ,ـଆߡΑБࣁ ๏ۓঁ finite set S, ॺҔך #(S) Ң߄ٰ S ύϡન

.數ঁޑ

Lemma 1.5.4. з V ঁࢂ vector space over F Ъଷ S ⊆ V ঁࢂ finite set ᅈى
Span(S) =V . ऩ S′ ⊆V Ъ #(S′)> #(S), ߾ S′ ࣁ linearly dependent.

Proof. з S = {v1, . . . ,vn}, S′= {u1, . . . ,um}ځύ m> n. ճҔϸך,ݤॺଷ S′ࣁ linearly
independent.

җܭ Span(S) =V , Ӹӧࡺ r1, . . . ,rn ∈ F ٬ள u1 = r1v1 + · · ·+ rnvn. Ӣଷ S′ ࣁ linearly
independent, ޕॺך r1, . . . ,rn όӄࣁ 0. (ց߾ r1 = · · ·= rn = 0 Ꮴठ O = u1 ∈ S′, ٗሶ S′

൩όࢂ linearly independent Α.) ӢԜόѨ性, ॺଷך r1 ̸= 0, Ԝਔ

v1 = r−1
1 (u1− r2u2−·· ·− rnvn) ∈ Span({u1,v2, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1,v2, . . . ,vn}) = Span({u1,v1,v2, . . . ,vn}) =V.

ௗճҔ u2 ∈ Span({u1,v2, . . . ,vn})ޕӸӧ s1, . . . ,sn ∈F ٬ள u2 = s1v1+s2u2+ · · ·+snun.
ӕճҔ S′ ࣁ linearly independentޑଷ,ள s2, . . . ,sn όӄࣁ 0. (ց߾ऩ s2 = · · ·= sn = 0,
ள߾ u2 = s1u1 ∈ Span({u1}), ٗሶ S′ ൩όࢂ linearly independent Α.) ,όѨ性ࡺ ך
ॺଷ s2 ̸= 0, Ԝਔ

v2 = s−1
2 (u2− s1u1− s3v3−·· ·− snvn) ∈ Span({u1,u2,v3, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1,u2,v3, . . . ,vn}) = Span({u1,u2,v2, . . . ,vn}) =V.

ᙁൂٰᇥ, ॺஒך v1, . . . ,vn ௨ׇࡕ, ёаҔ u1 代ڗ v1; u2 代ڗ v2, ... ӵԜ
ޔΠѐ. ճҔ數學ᘜયݤ, ॺଷך k < n Ъ Span({u1, . . . ,uk,vk+1, . . . ,vn}) = V , གྷा
Ҕ uk+1 ঁࢌޑ代ഭΠڗٰ vi. ӵӕ前य़ޑݤ, ၰӸӧޕॺך t1, . . . , tn ∈ F ٬ள uk+1 =

t1u1 + · · ·+ tkuk + tk+1vk+1 + · · · tnvn. ճҔ S′ ࣁ linearly independent ,ଷޑ ள tk+1, . . . , tn ό

ӄࣁ 0. ,όѨ性ࡺ ॺଷך tk+1 ̸= 0, Ԝਔ

vk+1 = t−1
k+1(uk+1− t1u1−·· ·− tkuk− tk+2vk+2 · · ·− tnvn) ∈ Span({u1, . . . ,uk+1,vk+2, . . . ,vn}).

ճҔࡺ Corollary 1.3.4 ޕ

Span({u1, . . . ,uk+1,vk+2, . . . ,vn}) = Span({u1, . . . ,uk,uk+1,vk+1, . . . ,vn}) =V.

數學ᘜયݤນךॺ, ёаӵԜޔΠѐډޔஒ܌Ԗޑ v1, . . . ,vn ඤֹ, ҭջள
Span({u1, . . . ,un}) = V . όၸӵԜٰԋ un+1 ∈ Span({u1, . . . ,un}) Զᆶ S′ ࣁ linearly
independent ࣬ҟ࣯, ࡺ S′ Ѹࣁ linearly dependent. �
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Question 1.19. ӧ Lemma 1.5.4 ύऩஒ S ࣁ spanning set ࣁׯ linearly dependent, 
S′ ⊆V , գள S′ ࣬ჹᔈޑԖᜢܭ spanning set ?ሶࣗࢂ性፦ᔈ၀ޑ

Lemma 1.5.4 Ԗᜢࢂ finite dimensional vector space ࣬ख़ाۓޑ, Ѭນךॺঁ
linearly independent set ঁܭϡનঁ數όёаԖӭޑ spanning set .ϡનঁ數ޑ ॺԖаך
Π൳ঁख़ाᔈҔ.

Theorem 1.5.5. ଷ V ঁࢂ finite dimensional vector space. ऩ S ࣁ V ಔޑ basis,
߾ S ঁࢂ finite set. ќѦऩ S′ ҭࣁ V ಔޑ basis, ߾ #(S) = #(S′).

Proof. ٩ V ࣁ finite dimensional vector spaceϐଷ, Ӹӧ {v1, . . . ,vn}ࣁ V ಔޑ basis.
ॺԖךࡺ Span({v1, . . . ,vn}) =V .

Ϟऩ S ࣁ V ಔޑ basis Ъࣁ infinite set, җܭ S ࣁ linearly independent, S ҺՖޑ

subset ҭࣁ linearly independent. ڗҺࡺ u1, . . . ,un+1 ∈ S, {u1, . . . ,un+1} ⊆ S ҭࣁ linearly
independent, Ԝܴᡉᆶ Lemma 1.5.4 ࣬ҟ࣯, ޕࡺ S Ѹࣁ finite set.

ऩ S,S′ ࣁࣣ V ಔޑ basis, җܭ Span(S) =V Ъ S′ ࣁ linearly independent, Lemma
1.5.4 ນךॺ #(S) ≥ #(S′). ӕҗ Span(S′) = V аϷ S ࣁ linearly independent, ள
#(S)≤ #(S′). ளࡺ #(S) = #(S′). �

җ Theorem 1.5.5 ঁޕ finite dimension vector space ѬޑҺಔ basis ࢂϡનঁ數ޑ
.ޑۓڰ ӢԜךॺԖаΠϐۓက.

Definition 1.5.6. з V ঁࣁ finite dimensional vector space over F . ऩ S ࣁ V ಔޑ

basis Ъ #(S) = n, ᆀ߾ V over F ޑ dimension ࣁ n,  dim(V ) = n.

٩Ԝۓကҗךܭॺຎ /0 ࣁ {O} ޑ basis, ࡺ dim({O}) = 0.

,ཀݙ ॺፋၸך V ࣮ԋ over όӕ field ޑ vector space ਔ, ځ dimension ൩ёૈόӕ
Α. ೭ᅿวғਔ, ॺձҔך dimF(V ) ٰமፓࢂ over F ޑ dimension. ӵፄ數ٯ C
ё࣮ԋࢂ over C ܈ over R ޑ vector space, ԶךॺԖ dimC(C) = 1 Ϸ dimR(C) = 2.

Question 1.20. գޕၰ dimF(Fn), dimF(Pn(F)) аϷ dimF(FS) (S ࣁ finite set) ?Ֆ༏ࣁ
Ξऩ S ࣁ infinite set, ӵՖᇥܴ FS όࢂ finite dimensional F-space?

Question 1.21.  V ࣁ finite dimensional F-space Ъз dim(V ) = n. ऩ S′ ⊆V ࣁ linearly
independent Ϸ S′′ ⊆V ࣁ V ঁޑ spanning set, ߾ #(S′) ک #(S′′) ᆶ n ?Ֆࣁᜢ߯ޑ

ճҔ dimension ॺёஒך Proposition 1.5.2 ϯࣁаΠԄ.

Corollary 1.5.7. з V ঁࣁ finite dimensional vector space over F Ъ S′ ⊆V . ॺԖаך
Πޑሽᜢ߯.

(1) S ࢂ V ಔޑ basis.

(2) S ࢂ V ঁޑ spanning set Ъ #(S) = dim(V ).
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(3) S ࢂ linearly independent Ъ #(S) = dim(V ).

Proof. з dim(V ) = n. ऩ S ࢂ V ಔޑ basis, ကۓ٩ S ࣁ V ޑ spanning set Ъ S ࣁ

linearly independent. Ξҗ dimension ޕကۓޑ #(S) = dim(V ). ࡺ (1)⇒ (2) Ъ (1)⇒ (3).

(2)⇒ (1): ჹҺཀ S′ ( S, ॺԖך #(S′)< #(S) = n. ऩ Span(S′) =V , җ Lemma 1.5.4 ޕ
Һཀ n ঁϡન܌ԋޑӝࣣόёૈࣁ linearly independent, Ԝᆶ dim(V ) = n ࣬ҟ࣯. ޕࡺ
Span(S′) ̸=V ӢԜҗ Proposition 1.5.2 ((2)⇒ (1)) ள S ࣁ V ಔޑ basis.

(3)⇒ (1): ჹҺཀ S′′ ) S,ךॺԖ #(S′′)> #(S) = n.Ӣ dim(V ) = n߄Ң V ύӸӧঁԖ n

ঁϡનޑ spanning set, җ Lemma 1.5.4 ޕ S′′ Ѹࣁ linearly dependent. ӢԜҗ Proposition
1.5.2 ((3)⇒ (1)) ள S ࣁ V ಔޑ basis. �

ऩ V ঁࢂ finite dimensional F-space, Զ W ࢂ V ޑ nontrivial F-subspace, ցࢂ W

Ψࢂ finite dimensional F-space ?ګ ाݙཀ, ௗҔޔॺόૈך Lemma 1.5.4 ٰӣเ೭ঁ
ୢᚒ, Ӣךࣁॺόࢂޕց W Ԗ basis, όၸךॺёаճҔ Proposition 1.5.2 ॺךᔅշݤགྷޑ
ှ،೭ঁୢᚒ.

ॺᇥܴך W ޑ basis .ޑӸӧࢂ Եቾ S1 = {v1}, ύځ v1 ∈W Ъ v1 ̸= O. ကۓ٩ S1

ࢂ linearly independent. ऩ Span(S1) = W , ډள߾ S1 ࣁ W ಔޑ basis; Զऩ Span(S1) ̸=
W , ڗҺ߾ v2 ∈W \ Span(S1). з S2 = {v1,v2}, ကۓ٩ S2 ҭࣁ linearly independent. ऩ
Span(S2) =W , ډள߾ S2 Wࣁ ಔޑ basis; Զऩ Span(S2) ̸=W , ॺ再уך v3 ∈W \Span(S2)

ள S3 = {v1,v2,v3}, җ Corollary 1.4.4 ޕ S3 ҭࣁ linearly independent. ӵԜޔΠѐள
S3,S4, . . . ύځ Si ࣁࣣ linearly independent. ऩ೭ঁᡯคݤଶЗ (ջჹ܌Ԗ n ∈ N ࣣค
ளݤ Span(Sn) = W ) ҢჹҺཀ߄ n ∈ N, ӧ V ύࣣӸӧԖ n ঁϡનޑӝ Sn ࢂ linearly
independent. ՠ V ࢂ finite dimensional vector space, ऩ n > dim(V ), ٩ Lemma 1.5.4
ޕ Sn όёૈࢂ linearly independent. ӢԜ೭ঁᡯۓाଶЗ, ҭջӸӧঁ m ٬ள

Span(Sm) =W Ψ൩ࢂᇥ Sm ࢂ W ಔޑ basis, ࡺ W ҭࣁ finite dimensional F-space. ॺך
ԖаΠϐ่݀.

Theorem 1.5.8. ऩ V ঁࣁ finite dimensional F-space Ъ W ࣁ V ঁޑ nontrivial
F-subspace, ߾ W ҭࣁ finite dimensional F-space, Ъ dim(W )< dim(V ).

Proof. 前य़ςள W ࣁ finite dimensional F-space. ଷ S ࣁ W ಔޑ basis, Ӣ S

ࣁ linearly independent, җ Lemma 1.5.4 ޕ dim(W ) = #(S)≤ dim(V ). ऩ #(S) = dim(V ), ߾
җ Corollary 1.5.7 ((3)⇒ (1)) ޕ S ҭࣁ V ಔޑ basis, ள W = Span(S) = V . Ԝᆶ W ࣁ

nontrivial subspace ࣬ҟ࣯, ޕࡺ dim(W )< dim(V ). �

ӧ Theorem 1.5.8 ,ܴၸำύޑ ஒঁࢂॺ٣ჴך finite dimensional vector space
ύޑಔ linearly independent ߥуΕϡનЪݤηӝޑ linearly independent, ೭ኬ
,Зࣁ再ᘉ大ݤคډᘉ大ޔ ฅࡕ൩ёаҗ Proposition 1.5.2 ளޕԜࣁಔ basis. ࣬ჹᔈޑ,
ঁ spanning set ࣁϝߥрϡનЪڗύځӧݤॺΨёаך spanning set 再ᕭݤคډޔ
λࣁЗ, ԜਔΨёҗ Proposition 1.5.2 ளࣁځޕಔ basis. .ॺԖаΠϐ่݀ך
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Theorem 1.5.9. ऩ V ঁࣁ finite dimensional F-spaceЪ S′ ⊆ S′′ ⊆V , ύځ S′ ࣁ linearly
independent Զ S′′ ࣁ V ޑ spanning set, ߾ V Ԗಔ basis S ᅈى S′ ⊆ S⊆ S′′.

Proof. ॺӧך S′ ύуΕ S′′ \ S′ ߥϝځϡન٬ޑ linearly independent. җܭ V ࢂ

finite dimensional vector space, җ Lemma 1.5.4 ӵԜஒޔόёૈޕ S′ ᘉ大Πѐ. ॺзך
уΕϡનډനࡕόૈ再ᘉ大ޑӝࣁ S, Ψ൩ࢂᇥ S′′ \S ύޑϡનӧ Span(S) ύ. ٩ଷ
S ࣁ linearly independent, ॺाܴךа܌ Span(S) = V , ҭջ Span(S) = Span(S′′). ฅԶ٩
S ,БԄڗᒧޑ S′′ \S ⊆ Span(S), ࡺ Corollary 1.3.4 ນךॺ೭ࢂԋҥޑ. �

ॺ再மፓך Theorem 1.5.9 ύ S ,ޑࢂۓ٠όڗᒧޑ ՠࢂ S ύϡનঁ數ޑۓڰࢂ,
ջࣁ dim(V ).

Question 1.22. գૈ࣮р Theorem 1.5.9 ນךॺঁ finite dimensional vector space ύ
ঁޑ linearly independent set ࣣёᘉ大ԋࣁಔ basis; Զঁ spanning set ࣣёᕭλԋ
ಔࣁ basis?

Πךࢤॺፋፕ vector space ਔ, ൩ࢂճҔک Theorem 1.5.9 ᜪ՟่݀ޑ (ନѐ
finite dimensional (ଷޑ ٰܴ܌Ԗޑ vector space ࣣӸӧಔ basis.

1.5.2. General Case. ӧ೭λࢤύךॺाᇥܴ܌Ԗޑ vector space ࣣӸӧಔ basis.
җܭ೭ঁܴሡҔډ Zorn’s Lemma ԶЪаךࡕॺόҔډ೭ঁ่݀, ೭ঁڙаऩёаௗ܌
٣ჴޑӕ學, ёஒԜԋςޕ, ౣၸ೭λࢤό᠐.

ाܴ܌Ԗޑ vector space ࣣӸӧಔ basis, ,ݤགྷޑҔ前य़ݮॺёаך ঁঁуΕ
Ԝ vector space ύޑϡનЪߥ linearly independent, .Зࣁόૈ再уډޔ ՠୢᚒךࢂॺค
ଶЗۓᡯޑ೭ኬޕளݤ (ନ٣ߚӃޕၰԜ vector space ࣁ finite dimensional). а܌
ाճҔ Proposition 1.5.2 ளډಔ basis ډॺѸҔך Zorn’s Lemma. २Ӄךॺஒᙁൂޑ
ϟಏΠ೭ঁ Lemma.

೯தӧঁӝύ๏ۓΑКၨ大λ (order) ,ࡕᜢ߯ޑ Ԗёૈ೭ঁӝύঁϡન࣬
ϕ໔ёКၨ大λ ,ܭ大ޑӵჴ數ٯ) λܭᜢ߯), ࣁॺᆀԜך totally ordered; ΨԖёૈ
Кၨ大λૈۓϡન໔٠όঁٿ ,(х֖ᜢ߯ޑӵӝ໔ٯ) ࣁॺᆀԜך partially ordered.
ӧ totally ordered ,ޑ ךॺፋډ maximal element ਔ, ϡનޑдځԜϡનКࢂޑࡰ
大; όၸऩӧ partially ordered ,က٠όӝۓޑ೭ኬޑ Ӣ٠ࣁό܌ࢂԖޑϡનё
аК大λ. аӧԜਔ܌ maximal element .ϡનК၀ϡન大ޑдځԖؒࢂޑࡰ ӕኬޑၰ,
minimal element .ϡનК၀ϡનλޑдځԖؒࢂߡޑࡰ ճҔ೭ᅿᇥݤঁ vector space ޑ
ಔ basis ճҔ Proposition 1.5.2 ၀ࢂёаᇥԋ൩ߡ vector space ύ܌Ԗ spanning set ޑ
minimal element; Ψёаᇥࢂ၀ vector space ύ܌Ԗ linearly independent set ޑ maximal
element. аाᇥܴঁ܌ vector space ޑ basis ,ޑӸӧࢂ ॺѸᇥܴԜך vector space
ύ܌Ԗ linearly independent set ޑ maximal element ޑӸӧࢂ Ԗ܌܈) spanning set ޑ
minimal element Ӹӧ). ೭൩ךࢂॺሡा Zorn’s Lemma .ӦБޑ
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Zorn’s Lemma ঁᔠࢂ partially ordered set ޑ maximal element ӸӧޑБݤ. Ѭ
ᇥऩঁޑޜߚ partially ordered set P ύҺڗঁሀቚׇޑӈ (ascending chain) ࣣёӧ
P ύډפϡનКԜׇӈύ܌ޑԖϡન大, ߾ P ޑ maximal element .Ӹӧߡ а܌
Ҟ前ޑ, ा٬Ҕ Zorn’s Lemma, ॺёаԵቾঁך vector space V ύ܌Ԗޑ linearly
independent set ӝޑԋ܌ P. Ψ൩ࢂᇥ P ύޑϡનࢂ V ಔޑ linearly independent
set. ॺԵቾך P ύϡનޑх֖ᜢ߯܌ԋޑ partial order. Ԝਔ P ύҺཀޑ ascending
chain,ջࣁ S1 ⊆ S2 ⊆ ·· · ⊆ Sn ⊆ ·· · ೭ᅿሀቚޑ linearly independent sets ύځ) Si ࣣӧP ܌

аࢂ V ޑ linearly independent set). ऩךॺӧ P ύૈډפ S (ջ S ࣁ V ಔޑ linearly
independent set)ᅈى Si ⊆ S, ∀ i ∈N, җ߾ Zorn’s LemmaளޕP ύԖ maximal element.
٣ჴךॺԖаΠԖᜢܭ Theorem 1.5.9 .ቶޑ

Theorem 1.5.10. ऩ V ঁࣁ vector space Ъ S′ ⊆ S′′ ⊆V , ύځ S′ ࣁ linearly independent
Զ S′′ ࣁ V ޑ spanning set, ߾ V Ԗಔ basis S ᅈى S′ ⊆ S⊆ S′′.

Proof. Եቾ P = {S ⊆ V | S is linearly independent,S′ ⊆ S ⊆ S′′}. ,ཀݙ Ӣ S′ ∈P, ࡺ P

ࣁ nonempty. ϞҺڗ S1 ⊆ S2 ⊆ ·· · , Ԗ܌ύჹځ i ∈ N, Si ࣣӧ P. २Ӄз T = ∪i∈NSi.
ॺाᇥܴך T ӧ P ύ, ҭջ T ࣁ linearly independent Ъ S′ ⊆ T ⊆ S′′. Ӣ Si ࣣᅈى

S′ ⊆ Si ⊆ S′′, ޑԾฅࡐ S′ ⊆ T ⊆ S′′. ଷ T όࣁ linearly independent, ߄ကԜջۓ٩
ҢӸӧ v ∈ T Ъ v ∈ Span(T \ {v}). Ψ൩ࢂᇥӸӧ v1, . . . ,vn ∈ T Ъ೭٤ vi ࣣόܭ v ٬
ள v ∈ Span({v1, . . . ,vn}). Ӣ v ∈ T җࡺ T = ∪i∈NSi ޕ v ပӧঁࢌ Sk ύ (ΨӢԜပӧ
Sk+1,Sk+2, . . .), ӕঁ vi Ψပӧঁࢌ Ski ύ. ӢԜךॺाڗ m = max{k,k1, . . . ,kn}, ߾
ёள v,v1, . . . ,vn ࣣӧ Sm ύ. җࡺ {v1, . . . ,vn} ⊆ Sm \{v}, ள v ∈ Span(Sm \{v}), Ԝᆶ Sm ࣁ

linearly independent (Ӣଷ Sm ӧP ύ)࣬ҟ࣯ࡺள T ࣁ linearly independent. ӢԜޕ
T ࣁ P ىঁϡનЪᅈޑ Si ⊆ T, ∀ i ∈ N, җࡺ Zorn’s Lemma ளޕ P ύӸӧ maximal
element, ॺзך S ࣁ P ঁޑ maximal element.

ௗΠٰךॺाܴ S ዴࣁ V ಔޑ basis, Ъᅈى S′ ⊆ S ⊆ S′′. २Ӄ S ࣁ P ϡޑ္

ન, ԾฅԖ S ࣁ linearly independent Ъ S′ ⊆ S ⊆ S′′, ॺഭाܴךа܌ Span(S) = V .
ଷ Span(S) ̸= V = Span(S′′), җ Corollary 1.3.4 Ӹӧޕ w ∈ S′′ ՠ w ̸∈ Span(S). ԜਔԵ
ቾ S+ = S∪{w}. ޑᡉܴࡐ S′ ⊆ S+ ⊆ S′′, ฅԶ Corollary 1.4.4 ນךॺ S+ ϝࣁ linearly
independent, ӢԜ S+ ҭࣁ P .ঁϡનޑ ՠࢂ S ( S+, Ԝᆶ S ࣁ P ύޑ maximal
element ࣬ҟ࣯, ளࡺ Span(S) =V . �

1.6. Direct Sum and Quotient Space

前य़ϟಏ subspace ਔ, ᄬࡌ൳ᅿډॺፋך subspace ,ݤБޑ ٗ٤Б܌ݤளޑ vector
space ࢂӧচӃޑ vector space ύ. ӧ೭ύ, ᄬࡌঁٿॺஒϟಏך “ӄཥ” ޑ vector
space .ݤБޑ
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1.6.1. Direct Sum. ๏ঁٿۓ over F ޑ vector spaces U,W (೭္όሡଷ U,W ঁࢌࢂ

vector space ޑ subspaces) ӝޑॺԵቾঁཥך

U⊕W = {(u,w) | u ∈U,w ∈W}.

ᆀԜӝࣁ the (external) direct sum of U and W . ाݙཀ U ⊕W ,ӝޑঁཥࢂ ךа܌
ॺाᇥܴ೭ঁӝ္ޑϡન࡛ኬω࣬ (೭൩ӳႽךॺϟಏӭԄਔाᇥܴՖᒏӭ
Ԅ࣬ޑ). ӧ೭္ךॺाऩ (u1,w1) = (u2,w2), ߾ u1 = u2 Ъ w1 = w2.

ॺёаճҔך U,W ҁࣁي vector space ကӧۓ性፦ޑ U⊕W ύޑၮᆉϷ F .բҔޑ ๏
ۓ (u1,w1),(u2,w2) ∈U⊕W Ϸ r ∈ F , ကۓॺך

(u1,w1)+(u2,w2) = (u1 +u2,w1 +w2)

r(u1,w1) = (ru1,rw1)

ӧԜۓကϐΠ, ܰᔠࡐ U⊕W ঁࣁ vector space over F .

Question 1.23. ፎᔠ U⊕W ঁࣁ vector space over F. գޕၰࣁϙሶόૈᔠ࠾ഈ
性ګ? U⊕W ޑ O (уൂݤՏϡન) ᔈ၀ߏϙሶኬηګ?

Question 1.24. ऩ U ′,W ′ ϩձࣁ U,W ޑ subspaces, ၂ܴ U ′⊕W ′ ࢂ U⊕W ޑ subspace.
ϸၸٰऩ V ࣁ U⊕W ޑ subspace, ډפցёࢂ U,W ޑ subspaces U ′,W ′ ٬ள V =U ′⊕W ′?

ऩU,W ࣁ finite dimensional F-spaces,ךॺԾฅୢࢂցU⊕W ҭࣁ finite dimensional
F-space, Ъځ dimension ?Ֆࣁ

Proposition 1.6.1. ଷ U,W ࣁ finite dimensional F-spaces, ߾ U ⊕W ҭࣁ finite di-
mensional F-space, Ъ

dim(U⊕W ) = dim(U)+dim(W ).

Proof.  {u1, . . . ,um} ࣁ U ಔޑ basis Ъ {w1, . . . ,wn} ࣁ W ಔޑ basis. ॺाך
ܴ S = {(u1,OW ), . . . ,(um,OW ),(OU ,w1), . . . ,(OU ,wn)} ࣁ U⊕W ಔޑ basis ύځ) OU ,OW

ϩձ߄ U,W ύޑуൂݤՏϡન).

२Ӄךॺܴ S ࣁ U ⊕W ಔޑ spanning set. ჹҺཀ (u,w) ∈U ⊕W , җܭ u ∈U Ъ

{u1, . . . ,um} ࣁ U ಔޑ basis, Ӹӧࡺ c1, . . . ,cm ∈ F ٬ள u = c1u1 + · · ·+ cmum. ӕӸӧ
d1, . . . ,dn ∈ F ٬ள w = d1w1 + · · ·+dnwn. ӢԜள

(u,w) = c1(u1,OW )+ · · ·+ cm(um,OW )+d1(OU ,w1)+ · · ·+dn(OU ,wn),

ளࡺ S ࣁ U⊕W ಔޑ spanning set.

നךࡕॺाܴ S ࣁ linearly independent. Ҕϸݤ, ଷ S ࣁ linearly dependent, җ
Proposition 1.4.2 Ӹӧޕ c1, . . . ,cm,d1, . . . ,dn όӄࣁ 0 ٬ள

(OU ,OW ) = c1(u1,OW )+ · · ·+ cm(um,OW )+d1(OU ,w1)+ · · ·+dn(OU ,wn),
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٩ U ⊕W ύϡન࣬ۓޑကԜջ OU = c1u1 + · · ·+ cmum Ъ OW = d1w1 + · · ·+ dnwn. җܭ
{u1, . . . ,um} ک {w1, . . . ,wn} ࣁࣣ linearly independent ёள c1, . . . ,cm ک d1, . . . ,dn ࣁࣣ 0,
Ԝᆶϐ前ଷ࣬ҟ࣯. ளࡺ S ࣁ linearly independent. �

നךࡕॺाமፓा over ࣬ӕޑ field ޑ vector spaces ωёаፋፕځ direct sum. ќѦך
ॺёаஒঁٿ F-spaces ޑ direct sum ҺཀԖज़ӭঁډကቶۓޑ F-spaces ޑ direct sum.

Question 1.25. ଷ U1, . . . ,Un ࣁ F-spaces, գᇡࣁ U1⊕ ·· ·⊕Un ?Ֆࣁကᔈۓޑ Ξऩ
U1, . . . ,Un ࣁࣣ finite dimensional F-spaces, ߾ dim(U1⊕·· ·⊕Un) ?Ֆࣁ

1.6.2. Quotient Space. ๏ۓ vector space V Ϸځ subspace W , ॺёаճҔך W ӧ V ύ

ကঁۓ equivalent relation, ჹҺཀࣁကۓځ v1,v2 ∈V , v1 ∼ v2 ऩЪऩ v1−v2 ∈W . ך
ॺٰᇥܴΠ೭ࢂঁ equivalent relation.

(1) ჹҺཀ v ∈V ࣣԖ v∼ v: ೭ࢂӢࣁ O ∈W , ࡺ v−v ∈W .

(2) ऩ v1 ∼ v2, ߾ v2 ∼ v1: ೭ࢂӢࣁ v1 ∼ v2 Ң߄ v1−v2 ∈W , җࡺ W ࣁ vector space
ޕ v2−v1 =−(v1−v2) ∈W , ҭջ v2 ∼ v1.

(3) ऩ v1 ∼ v2 Ъ v2 ∼ v3, ߾ v1 ∼ v3: ೭ࢂӢࣁҗ v1−v2 ∈W аϷ v2−v3 ∈W , ёள
v1−v3 = (v1−v2)+(v2−v3) ∈W .

җܭ೭ঁ equivalent relation, ӝޑကঁཥۓॺך

V/W = {v | v ∈V}.

ฅΑךॺाᇥܴ V/W ޑϡન࡛ኬω࣬, ӧ೭္ךॺा u = v ऩЪऩ u∼ v (ҭ
ջ u−v ∈W ).

Question 1.26. 前य़ࣁϙሶाѐᇥܴ ∼ ঁࢂ equivalent relation ωૈۓက V/W ?ګ

ऩ學ၸ代數 group ࣁӕ學ёа࣮рӢޑ V ӧуݤࢂঁ abelian group, Զ W ࣁ V

ޑ (normal) subgroup, рۓॺёаךа܌ V/W ޑၮᆉځ٬ԋࣁঁ abelian group. ٣
ჴךॺᗋёаۓр F ჹ V/W ϡનޑբҔ٬ள V/W ঁࣁ vector space over F . ۓځ
ကࣁჹҺཀޑ u,v ∈V/W Ъ r ∈ F , ۓॺך

u+v = u+v

rv = rv.

Ӣ W ࣁ V ޑ subspace, ܰᡍ೭ঁࡐ V/W ࣁၮᆉᆶբҔࣣޑ well-defined, ԶЪךॺё
ள V/W ঁࣁ vector space over F , ᆀϐࣁ the quotient space of V modulo W .

Question 1.27. ፎᡍ೭ঁၮᆉࢂ well-defined Ъ V/W ঁࢂ vector space over F. ϙሶ
ࢂ V/W ޑуൂݤՏϡનګ?

Question 1.28. ऩ U ࣁ V ޑ subspaceЪW ⊆U , ߾ U/W ࣁ V/W ޑ subspace༏? W ⊆U

೭ঁଷࢂሡाޑ༏?
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ऩ V,W ࣁ finite dimensional F-spaces, ցࢂॺԾฅୢך V/W ҭࣁ finite dimensional
F-space, Ъځ dimension ?Ֆࣁ

Proposition 1.6.2. ଷ V ࣁ finite dimensional F-spaces Ъ W ࣁ V ঁޑ F-subspace,
߾ V/W ҭࣁ finite dimensional F-space, Ъ

dim(V/W ) = dim(V )−dim(W ).

Proof. җ Theorem 1.5.8 ޕॺך W ҭࣁ finite dimensional F-space.  {w1, . . . ,wm} ࣁ W

ಔޑ basis, җ Theorem 1.5.9 Ӹӧޕ v1, . . . ,vn ∈V ٬ள {w1, . . . ,wm,v1, . . . ,vn} ࣁ V ޑ

ಔ basis. ॺाܴך S = {v1, . . . ,vn} ࣁ V/W ಔޑ basis.

२Ӄךॺܴ S ࣁ V/W ಔޑ spanning set. ჹҺཀ v ∈ V/W , җܭ v ∈ V Ъ

{w1, . . . ,wm,v1, . . . ,vn} ࣁ V ಔޑ basis, Ӹӧࡺ c1, . . . ,cm,d1, . . . ,dn ∈ F ٬ள

v = c1w1 + · · ·+ cmwm +d1v1 + · · ·+dnvn.

ӢԜۓ٩ကள

v = c1w1 + · · ·+ cmwm +d1v1 + · · ·+dnvn.

ฅԶჹ܌Ԗ wi Ӣ wi ∈W , ॺԖך wi = O, ӢԜ

v = d1v1 + · · ·+dnvn.

ளࡺ S ࣁ V/W ಔޑ spanning set.

നךࡕॺाܴ S ࣁ linearly independent. Ҕϸݤ, ଷ S ࣁ linearly dependent,
җ Proposition 1.4.2 Ӹӧޕ d1, . . . ,dn ∈ F όӄࣁ 0 ٬ள O = d1v1 + · · ·+dnvn. ကԜջۓ٩

d1v1 + · · ·+dnvn ∈W = Span({w1, . . . ,wm}), ޕࡺ

d1v1 + · · ·+dnvn ∈ Span({v1, . . . ,vn})∩Span({w1, . . . ,wm}).

ฅԶ S ࣁ linearly independent, җ Corollary 1.4.4 ޕ

Span({v1, . . . ,vn})∩Span({w1, . . . ,wm}) = {O},

ளࡺ d1v1+ · · ·+dnvn =O. җܭ d1, . . . ,dn όӄࣁ 0,Ԝᆶ {v1, . . . ,vn}ࣁ linearly independent
࣬ҟ࣯. ளࡺ S ࣁ linearly independent. �




