
大學線性代數再探

๮ϟ׵

୯ҥѠ᡼ৣጄ大學數學س



前言

ҁᖱကЬाҞࢂޑଞჹ大Ο學ғϟಏԖᜢ線性代數຾΋ޑ؁౛ፕ. Ьाࢂ๱ख़ܭ΋ঁ
linear operator .ᄬୢᚒ่ޑ Ӄഢޕ᛽ӧ線性代數Бय़ሡΑှંତޑၮᆉ, ՉӈԄޑ性፦฻.
Կܭӛໆޜ໔аϷ linear transformation ฻୷ҁ性፦, ӧҁᖱက཮再ԛϟಏ. ќѦ代數Бय़
ሡΑှ field ୷ҁ性፦аϷޑ over ΋ঁ field ޑ polynomial ring 代數่ᄬޑ (ջӭ໨Ԅᕉޑ
ନݤচ౛).

ҁᖱကᗨฅЬाаύЎኗቪ, όၸ྽ੋϷۓက܈஑ԖӜຒਔ, ᘋஒаमЎ֚ޑխᙌ᝿ࣁ
.代ڗ ӢԜஒаύम֨ᚇၨό໺಍ޑБԄᡉ౜, ऩԖόߡፎـፊ.

ҁᖱကጓቪ຤ਔ, ጓቪֹ٠ࡕ҂࿶ၸᝄᙣޑਠჹ. ౧ᅅӧ܌ᜤխ, ᗨόԿܭԖ౛ፕ性΢ᝄ
ख़ޑᒱᇤ, ՠ᠐ޣϝᔈݙཀόࡴཷەӄԏ. ऩว౜ᒱᇤ, ៿߆ගрᝊ຦ޑཀـ.

ҁᖱကހ៾ឦբޣҁΓ, ៿߆大ৎԾҗΠၩ. ୷ޕܭ᛽Ծҗϩޑ٦౛ۺΨ៿߆大ৎණթ
ϩ٦, ՠ๊ჹ࿣ЗҺՖ୘཰ᔼճޑՉࣁ. Їॊҁᖱကϣ৒ਔፎ൧ख़բޣϐ๱բ៾, ሡֹ᏾ᡉ
Ңҁᖱကϐрೀ.
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Chapter 2

Linear Transformations

ӧ學ಞ數學ޑၸำύ大ৎᔈ၀ᡏ཮ڄډ數ޑख़ा性. ӧόӕፐำύךॺ૸ፕڄޑ數ჹ
ຝ೿όӕ, ;數ڄ數ǵё༾ڄೱុܭॺԖᑫ፪ךӵӧ༾ᑈϩύٯ ԶӧဂᆶᕉύךॺԖᑫ፪ܭ
group homomorphisms Ϸ ring homomorphisms. ӧ線性代數ύךॺԖᑫ፪ڄޑ數׆ࢂఈૈ
࡭ߥ vector spaces ύޑၮᆉᆶբҔ, Ψ൩܌ࢂᒏޑ linear transformations.

2.1. Definition and Basic Properties

Definition 2.1.1. ೛ V,W ࣁࣣ over F ޑ vector spaces. ๏ۓ΋ঁவ V ډ W 數ڄޑ

T : V →W , ऩჹ܌Ԗ v1,v2 ∈ V аϷ r ∈ F ࣣԖ T (rv1 + v2) = rT (v1)+T (v2), ᆀ߾ T ࣁ

linear transformation ܈) linear mapping) from V to W .

Ԗਔংךॺ཮ᙁᆀࣁ T is F-linear. ќѦךॺҔ L (V,W ) Ԗவ܌Ң߄ V ډ W ޑ linear
transformations .ԋϐ໣ӝ܌

Question 2.1. գ࣮ளрٰ T is F-linear฻ሽܭჹ܌Ԗ v,v′ ∈V аϷ r ∈ F ࣣԖ T (v+v′) =
T (v)+T (v′) аϷ T (rv) = rT (v) ༏?

ௗ๱ךॺஒϟಏ΋٤Ԗᜢܭ linear transformation ,୷ҁ性፦ޑ җܭ linear transforma-
tion ёૈ౐ੋډόӕ vector spaces, ॺҔך OV Ң߄ٰ V .Տϡનൂݤуޑ

Proposition 2.1.2. ऩ T : V →W ΋ঁࣁ linear transformation, ߾

(1) T (OV ) = OW

(2) ჹ܌Ԗ v ∈V ࣣԖ T (−v) =−T (v).

Proof.

(1) җ T (OV ) = T (OV +OV ) = T (OV )+T (OV ), ёள T (OV ) = OW .

(2) ऩ v ∈V , җ߾ OW = T (v+(−v)) = T (v)+T (−v) ள᛾ T (−v) =−T (v).

�
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24 2. Linear Transformations

ॺёаճҔ΋٤ך linear transformations ബ೷ཥޑ linear transformation. ऩ T,T ′ ࣣ

ࣁ V ډ W ޑ linear transformations, ޑက΋ঁཥۓॺך V ډ W 數ڄޑ T +T ′ : V →W

ჹҺཀࣁ v ∈ V , (T +T ′)(v) = T (v)+T ′(v). ๏ۓ r ∈ F , ޑက΋ঁཥۓॺΨёך V ډ W

數ڄޑ rT : V →W ჹҺཀࣁ v ∈ V , (rT )(v) = rT (v). ٣ჴ΢೭ኬࡌᄬޑཥڄ數ϝࣁ linear
transformation.

Proposition 2.1.3. ऩ T,T ′ ࣁࣣ V ډ W ޑ F-linear transformations Ъ r ∈ F , ߾ T +T ′

аϷ rT ࣁࣣ V ډ W ޑ F-linear transformations.

Proof. ჹܭҺཀ v1,v2 ∈V аϷ s ∈ F , ࣣԖ (T +T ′)(sv1 +v2) = T (sv11+v2)+T ′(sv1 +v2)

җܭ T,T ′ ࣁ F-linear, Ԗࡺ T (sv1 +v2)+T ′(sv1 +v2) = sT (v1)+T (v2)+ sT ′(v1)+T ′(v2) =

s(T (v1)+ T ′(v1))+ (T (v2)+ T ′(v2)). ҭջ (T + T ′)(sv1 + v2) = s(T + T ′)(v1)+ (T + T ′)(v2).

ӕ౛ (rT )(sv1 + v2) = rT (sv1 + v2) = rsT (v1) + rT (v2) = s(rT (v1)) + rT (v2) = s(rT )(v1) +

(rT )(v2). �

Question 2.2. Եቾ܌Ԗவ V ډ W ޑ linear transformations ԋϐ໣ӝ܌ L (V,W ),
Proposition 2.1.3 ॺך֋ນࢂόࢂ L (V,W ) ΋ঁࢂ vector space over F?

྽΋ঁڄ數ޑჹᔈୱখӳࢂќ΋ঁڄ數ۓޑကୱਔ, .數ڄޑ΋ঁཥࣁॺёаஒϐӝԋך
Π΋ঁ Proposition ֋ນךॺ linear transformations ࣁӝԋϝޑ linear transformation.

Proposition 2.1.4. ऩ T1 : V →W , T2 : W → U ࣁࣣ F-linear, ߾ T2 ◦ T1 : V → U ҭࣁ

F-linear.

Proof. ჹܭҺཀ v,v′ ∈ V аϷ r ∈ F , Եቾ T2 ◦ T1(rv+ v′) = T2(T1(rv+ v′)). Ӣ T1 ࣁ F-
linear,ޕࡺ T1(rv+v′) = rT1(v)+T1(v′)再җ T2 ࣁ F-linearள T2◦T1(rv+v′) = T +2(rT1(v)+
T1(v′)) = rT2(T1(v))+T2(T1(v′)) = rT2 ◦T1(v)+T2 ◦T1(v′). �

Question 2.3. ೛ T,T ′ ࣁࣣ V ډ W ޑ F-linear transformations, T ′′ ࣁ W ډ U ޑ

F-linear transformation. ցࢂ T ′′ ◦ (T + T ′) = T ′′ ◦ T + T ′′ ◦ T ′? ΞჹҺཀ r ∈ F ցࢂ

r(T ′′ ◦T ) = (rT ′′)◦T = T ′′ ◦ (rT )?

ঁٿۓჴ๏ځ F-spaces V,W ᄬр΋ঁவࡌ৒ܰࡐॺך, V Wډ ޑ linear transformation.
Π΋ঁ Theorem ᇥ܌ࢂޑԖ V ډ W ޑ linear transformations .ॺ೿ёаֹӄඓඝך

Theorem 2.1.5. ଷ೛ {v1, . . . ,vn} ࢂ V ΋ಔޑ basis, ๏ۓҺཀ w1, . . . ,wn ∈W , Ӹӧ΋ঁ
୤΋ޑ F-linear transformation T : V →W ᅈى T (vi) = wi, ∀ i ∈ {1, . . . ,n}.

Proof. ᛾ܴӸӧ性: Ψ൩ࢂᇥךॺाډפ΋ঁ T ∈L (V,W ) ᅈى T (vi) = wi. ကۓ T : V →
W ,ᅈىჹ܌Ԗ v = c1v1+ · · ·+cnvn ∈V , T (v) = c1w1+ · · ·+cnwn.җܭ {v1, . . . ,vn}ࢂ V ΋ޑ

ಔ basis, T ΋ঁவࢂ V ډ W ޑ well-defined function. Ξ T ᅈى T (vi) = wi, ॺ໻ഭךа܌
Π᛾ܴ T ࣁ F-linear. ჹҺཀ v = ∑n

i=1 civi, v′ = ∑n
i=1 divi ∈V аϷ r ∈ F ॺԖך, T (rv+v′) =
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T (∑n
i=1(rci +di)vi) = ∑n

i=1(rci +di)wi; ќ΋Бय़ rT (v)+T (v′) = rT (∑n
i=1 civi)+T (∑n

i=1 divi) =

r ∑n
i=1 ciwi +∑n

i=1 diwi, ճҔ vector space ,ၮᆉ性፦ޑ ॺளך T (rv+v′) = rT (v)+T (v′).

᛾ܴ୤΋性: ॺा᛾ܴऩך T ′ : V →W ҭࣁ F-linear Ъᅈى T ′(vi) = wi, ∀ i ∈ {1, . . . ,n},
߾ T = T ′. ҭջ᛾ܴ T (v) = T ′(v),∀v ∈V. ฅԶჹҺཀ v = ∑n

i=1 civi ∈V, ٩ T ကۓޑ T (v) =
∑n

i=1 ciwi, Զ٩ T ′ ࢂ F-linear ёள T ′(v) ҭࣁ ∑n
i=1 ciT (vi) = ∑n

i=1 ciwi, ள᛾ࡺ T = T ′. �

Theorem 2.1.5 ֋ນךॺ, ๏ۓ΋ঁ linear transformation T : V →W , ऩૈډפ΋ಔ
basis S ᡣךॺޕၰჹ܌Ԗޑ u ∈ S, T (u) ,Ֆࣁ Ԗ܌ჹ߾ v ∈ V, ޕёߡ T (v) !ՖΑࣁ ٯ
ӵ Tθ : R2 → R2 ஒࣁ R2 ΢Һ΋ಔӛໆ (x,y) аচᗺ (0,0) ༝Ј଍ਔଞᙅࣁ θ ள܌ف
.ӛໆޑ Tθ ((x,y)) ?ګሶӛໆࣗࢂ җܭஒӛໆ (1,0) = (cos0,sin0) а (0,0) ༝Јᙅࣁ θ
ࣁளӛໆ܌ကۓ٩ࡕف (cosθ ,sinθ), ډॺளךа܌ Tθ ((1,0)) = (cosθ ,sinθ). ӕ౛ (0,1) =

(cos(π/2),sin(π/2)),ࡺள Tθ ((0,1)) = (cos((π/2)+θ),sin((π/2)+θ)) = (−sinθ ,cosθ). ޕࡺ
Tθ ((x,y)) = Tθ (x(1,0)+ y(0,1)) = xTθ ((1,0))+ yTθ ((0,1)) = x(cosθ ,sinθ)+ y(−sinθ ,cosθ) =
(xcosθ − ysinθ ,xsinθ + ycosθ). όၸाݙཀ, ೭ঁБݤ໻ჹ linear transformation ωԋҥ,
,ॶڗޑ數ڄೀ౛ݤаाҔ೭ঁБ܌ ໪Ӄᔠᡍ೭ঁڄ數ࢂ linear transformation ωՉ. Ψ൩
,ηٯޑᇥӧ΢य़ࢂ ၰޕॺाӃך Tθ ࢂ linear transformation (ፎԾՉᡍ᛾), ωёճҔԜݤ
ளډ Tθ ((x,y)) = (xcosθ − ysinθ ,xsinθ + ycosθ).

Question 2.4. ऩ T : R2 → R2 ΋ঁࢂ linear transformation, ᅈى T ((1,2)) = (2,1),
T ((2,4)) = (4,2) ցёளࢂ T ((x,y)) = (y,x)? Ξऩ T ′ : R2 → R2 ΋ঁࢂ linear transfor-
mation, ᅈى T ′((1,2)) = (2,1), T ′((2,1)) = (1,2) ցёளࢂ T ′((x,y)) = (y,x)?

2.2. Image and Kernel

Linear transformation Α࡭ߥฅࡽ vector spaces ,ၮᆉޑ ёа౛ှѬᔈ၀Ψ཮ ”࡭ߥ“
subspaces. २Ӄךॺۓက΋٤಄ဦ, ๏ۓ΋ڄ數 f : S1→ S2. ऩ S′1 ⊆ S1, ۓॺך

f (S′1) = { f (s) | s ∈ S′1}.

ཀݙ f (S′1) ཮ࢂ S2 ΋ঁޑ subset, ᆀϐࣁ the image of S′1 under f ; ќ΋Бय़ऩ S′2 ⊆ S2, з

f−1(S′2) = {s ∈ S1 | f (s) ∈ S′2}.

ཀݙ f−1(S′2) ཮ࢂ S1 ΋ঁޑ subset, ᆀϐࣁ the preimage of S′2 under f .

Question 2.5. Imageک preimageࢂցࣁ inclusion-preserving? Ψ൩ࢂᇥ΋ঁڄ數 f : S1→
S2, ऩ S′′1 ⊆ S′1 ⊆ S1 ցёளࢂ f (S′′1)⊆ f (S′1)? ऩ S′′2 ⊆ S′2 ⊆ S2, ցёளࢂ f−1(S′′2)⊆ f−1(S′2)?

Question 2.6. ଷ೛ f : S1→ S2 ,數ڄ΋ঁࣁ Ъ S′1,S
′′
1 ⊆ S1 аϷ S′2,S

′′
2 ⊆ S2. Πӈব҅ࢂ٤

ዴޑ?

(1) f (S′1∩S′′1) = f (S′1)∩ f (S′′1).

(2) f (S′1∪S′′1) = f (S′1)∪ f (S′′1).

(3) f−1(S′2∩S′′2) = f−1(S′2)∩ f−1(S′′2).
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(4) f−1(S′2∪S′′2) = f−1(S′2)∪ f−1(S′′2).

Πय़ךॺࢂߡᇥ linear transformation ዴჴ࡭ߥ subspace .性፦ޑ

Lemma 2.2.1. ೛ T : V →W ΋ঁࣁ linear transformation.

(1) ऩ V ′ ࣁ V ޑ subspace, ߾ T (V ′) ࣁ W ޑ subspace.

(2) ऩ W ′ ࣁ W ޑ subspace, ߾ T−1(W ′) ࣁ V ޑ subspace.

Proof. ޕကςۓ٩ T (V ′)⊆W Ъ T−1(W ′)⊆V , ॺёճҔךа܌ Proposition 1.2.1 ٰ᛾ܴ.

(1) २Ӄ OV ∈ V ′ (Ӣ V ′ ࢂ subspace), җࡺ Proposition 2.1.2 (1) ޕ OW = T (OV ) ∈
T (V ′). 再ٰჹ܌Ԗޑ w1,w2 ∈ T (V ′) Ϸ r,s ∈ F , ကӸӧۓ٩ v1,v2 ∈ V ′ ٬ள

w1 = T (v1),w2 = T (v2). Եቾࡺ v = rv1 + sv2 ∈V ′, ёள rw1 + sw2 = T (v) ∈ T (V ′),
ள᛾ T (V ′) ࢂ W ޑ subspace.

(2) Ӣ OW ∈W ′ җࡺ T (OV ) = OW ∈W ′ ள OV ∈ T−1(W ′). 再ٰჹ܌Ԗޑ v1,v2 ∈
T−1(W ′) Ϸ r,s ∈ F , ကۓ٩ T (v1) ∈W ′ Ъ T (v2) ∈W ′ . җࡺ W ′ ࢂ W ޑ subspace
ள T (rv1 + sv2) = rT (v1)+ sT (v2) ∈W ′, ҭջ rv1 + sv2 ∈ T−1(W ′), ள᛾ T−1(W ′) ࢂ

V ޑ subspace.

�

੝ձޑ, ॺჹך V ′ =V аϷ W ′ = {OW} ,Ԗᑫ፪׎௃ޑ ӢԜ੝ձ๏ϒаΠۓက.

Definition 2.2.2. ೛ T : V →W ΋ঁࣁ linear transformation.

(1) T (V ) ᆀࣁ the image (or range) of T , ॺҔך Im(T ) .Ң߄ٰ

(2) T−1({OW}) ᆀࣁ the kernel (or null-space) of T , ॺҔך Ker(T ) .Ң߄ٰ

җ Lemma 2.2.1 ޕ Im(T ) ࢂ W ޑ subspace, Զ Ker(T ) ࣁ V ޑ subspace.

Question 2.7. җ image ک preimage ࣁ inclusion-preserving ޕॺך Im(T ) = T (V ) ܌ࢂ

Ԗ subspaces ޑ image ύന大ޑ subspace, Զ Ker(T ) = T−1({OW}) Ԗ܌ࢂ subspaces ޑ
preimage ύനλޑ. Ֆόѐ探૸ࣁ T ({OV}) аϷ T−1(W ) ?ګ

๏ۓ΋ঁڄ數, ԋࢀࣁցࢂ數ڄ೭ঁࢂޑॺԖᑫ፪ך (onto) ΋ჹ΋ࢂ܈ (one-to-one).
Im(T ک( Ker(T )ϐ܌аख़ाࢂӢࣁӧ T ࣁ linear transformationޑ௃ך,׎ॺёаҔ Im(T )

ک Ker(T ) ٰղᘐ T ,΋ჹ΋܈ԋࢀࣁցࢂ ٣ჴ΢ךॺԖаΠϐ่݀.

Proposition 2.2.3. ଷ೛ T : V →W ΋ঁࢂ linear transformation.

(1) T ԋऩЪ୤ऩࢀࣁ Im(T ) =W .

(2) T ΋ჹ΋ऩЪ୤ऩࣁ Ker(T ) = {OV}.

Proof. ޕॺςך Im(T )⊆W аϷ {OV}⊆Ker(T а٣ჴ΢܌,( ॺ໻ሡԵቾWך(1) ⊆ Im(T )

,೽ϩޑ ӕ౛ (2) ॺ໻ሡԵቾך Ker(T )⊆ {OV} .೽ϩޑ
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(1) T ࣁ onto,߄Ңჹ܌Ԗ w∈W ,ࣣӸӧ v∈V ٬ள T (v) =w,ҭջ w∈ T (V ) = Im(T ).

ள᛾ W ⊆ Im(T ), ளࡺ W = Im(T ). ϸϐ, җ W ⊆ Im(T ) ё؂ޕ΋ঁ w ∈W ࣣӧ

Im(T ) ύ, ҭջӸӧ v ∈V ٬ள w = T (v), ޕࡺ T ࣁ onto.

(2) T ࣁ one-to-one, Ң߄ V ύ୤΋ᅈى T (v) = OW ޑ v ᔈࣁ OV (Ӣςޕ T (OV ) =

OW ). ऩࡺ v ∈ Ker(T ), Ң߄ T (v) = OW , ள v = OV . ᛾ள Ker(T ) = {OV}. ϸ
ϐ, ଷ೛ Ker(T ) = {OV}. ऩ v1,v2 ∈ V ᅈى T (v1) = T (v2), җ߾ T ࣁ linear ள
T (v1−v2) =OW ,ҭջ v1−v2 ∈Ker(T ) = {OV}. ளࡺ v1 = v2,ள᛾ T ࣁ one-to-one.

�

வ Proposition 2.2.3 ,᛾ܴёа࣮рޑ ٠όሡҔډ T ࢂ linear ଷ೛ٰ᛾ܴޑ T ࢂ onto
ک Im(T ) = W ;ޑ฻ሽࣁ όၸ T ࢂ one-to-one ک Ker(T ) = {OV} ൩ሡाޑ฻ሽࣁ T ࣁ

linear .ଷ೛Αޑ 數ڄаჹ΋૓܌ f , ନߚӃޕၰ f ࢂ linear όૈҔ f−1({0}) = {0} ٰղᘐ
f ࣁցࢂ one-to-one.

ฅࡽ image ک kernel ೭ሶख़ा, .ॺ྽ฅाѐΑှѬॺך җΠ΋ঁ Lemma ډॺΑှך
image ک spanning set ԖᜢԶ kernel ൩ک linear independency ࣬ᜢ.

Lemma 2.2.4. ଷ೛ T : V →W ΋ঁࢂ linear transformation, Ъ S,S′ ࣁ V ޑ subsets.

(1) ऩ S ࢂ V ޑ spanning set, ߾ T (S) ࢂ Im(T ) ޑ spanning set.

(2) ऩ S′ ࣁ linearly independent Ъ Span(S′)∩Ker(T ) = {OV}, ߾ T (S′) ҭࣁ linearly
independent.

Proof.

(1) ကऩۓ٩ w ∈ Im(T ) ҢӸӧ߄ v ∈ V ٬ள w = T (v), ՠ V = Span(S) Ӹӧࡺ

c1, . . . ,cn ∈ F аϷ v1, . . . ,vn ∈ S٬ள v = c1v1+ · · ·+cnvn. ကۓ٩ T (v1), . . . ,T (vn)∈
T (S), ӢԜҗ T ࣁ linear ޕ w = T (c1v1 + · · ·+ cnvn) = c1T (v1) + · · ·+ cnT (vn) ∈
Span(T (S)). ளࡺ Im(T ) ⊆ Span(T (S)). ќ΋Бय़, ऩ w ∈ Span(T (S)), ҢӸӧ߄
c1, . . . ,cn ∈ F аϷ w1, . . . ,wn ∈ T (S) ٬ள w = ∑n

i=1 ciwi. ՠ wi ∈ T (S) Ң߄ကۓ٩

Ӹӧ vi ∈ S ٬ள wi = T (vi), ޕࡺ w = ∑n
i=1 ciT (vi) = ∑n

i=1 T (civi) ∈ T (Span(S)) =

T (V ) = Im(T ), ள᛾ Span(T (S))⊆ Im(T ).

(2) २Ӄךॺᇥܴ٩ଷ೛ T (S′) ύޑϡનࣣ࣬౦. ց߾ऩӸӧ v,v′ ∈ S′ Ъ v,v′ ࣬౦٬
ள T (v) = T (v′), ёள T (v−v′) = OW , ҭջ v−v′ ∈ Ker(T ). ฅԶ v−v′ ∈ Span(S′),
ޕҗଷ೛ࡺ v−v′ ∈ Span(S′)∩Ker(T ) = {OV} ௢ள v = v′ ϐҟ࣯. ޕࡺ T (S′) ύޑ

ϡનѸ࣬౦.
౜ճҔϸ᛾ݤ೛ T (S′) ࣁ linearly dependent, ҢӸӧ߄ v1, . . . ,vn ∈ S′ ࣣ࣬౦

Ъ c1, ...,cn ∈ F ࣣόࣁ 0 ٬ள c1T (v1)+ · · ·+ cnT (vn) = OW . ճҔ T ࣁ linear ள
T (c1v1 + · · ·+ cnvn) = OW , ҭջ c1v1 + · · ·+ cnvn ∈ Ker(T ). ฅԶ c1v1 + · · ·+ cnvn ∈
Span(S′), җࡺ Span(S′)∩Ker(T ) = {OV}, ள c1v1 + · · ·+ cnvn = OV . Ԝᆶ S′ ࣁ

linearly independent ࣬ҟ࣯, ளࡺ T (S′) ࣁ linearly independent.
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�

Lemma 2.2.4 (1) ֋ນךॺ྽ T : V →W ΋ঁࢂ linear transformation, ऩ V ࣁ finite
dimensional F-space, ߾ Im(T ) ҭࣁ finite dimensional F-space.

Question 2.8. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ V ࣁ finite dimensional
F-space, ёցள dim(Im(T )) ≤ dim(V )? Ξऩςޕ dim(W ) > dim(V ) ۓցёዴࢂ T ࣁցࢂ

?ޑԋࢀ

аΠךॺஒճҔ V ΋ಔޑ basis ளډ Im(T ) ΋ಔޑ basis.

Theorem 2.2.5. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ S0 ࣁ Ker(T ) ΋ಔޑ

basis Ъ S0∪S ࣁ V ΋ಔޑ basis, ߾ T (S) ࣁ Im(T ) ΋ಔޑ basis.

Proof. ᛾ܴ T (S) ࣁ Im(T ) ޑ spanning set: Ӣ S0 ∪ S ࣁ V ޑ spanning set, җ Lemma
2.2.4 (1) ޕ T (S0∪S) ࣁ Im(T ) ޑ spanning set. җܭ S0 ∈Ker(T ) ளࡺ T (S0) = {OW}. ՠҗ
ܭ T (S0∪S) = T (S0)∪T (S) = {OW}∪T (S), җࡺ {OW} ⊆ Span(T (S) (ճҔ Corollary 1.3.4)
ޕ Span(T (S)) = Span({OW}∪T (S)) = Span(T (S0∪S)) = Im(T ).

᛾ܴ T (S) ࣁ linearly independent: Ӣ S0∪ S ࣁ linearly independent Ъ S0 ࣁ linearly
independent,җ Corollary ޕ1.4.4 Sࣁ linearly independentЪ Span(S)∩Ker(T ) = Span(S)∩
Span(S0) = {OV}. җࡺ Lemma 2.2.4 (2) ޕ T (S) ࣁ linearly independent. �

੝ձޑ, ྽ V ࣁ finite dimensional vector space, ॺёीᆉך V , Ker(T ) аϷ Im(T ) ϐ

໔ dimension .ᜢ߯ޑ

Corollary 2.2.6 (Dimension Theorem). ऩ V ΋ঁࣁ finite dimensional F-space Ъ T :

V →W ΋ঁࢂ linear transformation, ߾

dim(V ) = dim(Ker(T ))+dim(Im(T )).

Proof. २ӃճҔ Theorem 1.5.8 ډפ Ker(T ) ΋ಔޑ basis S0 = {v1, . . . ,vm}, 再ճҔ
Theorem 1.5.9 ډפ S = {vm+1, . . . ,vn} ٬ள S0 ∪ S = {v1, . . . ,vm,vm+1, . . . ,vn} ࣁ V ΋ޑ

ಔ basis. Theorem 2.2.5 ֋ນךॺ {T (vm+1), . . . ,T (vn)} ࣁ Im(T ) ΋ಔޑ basis, ޕࡺ
n−m = dim(Im(T )), ள᛾ dim(V ) = n = m+(n−m) = dim(Ker(T ))+dim(Im(T )). �

྽ V ࣁ finite dimensional vector space Ъ T : V →W ΋ঁࢂ linear transformation,
dim(Im(T )) ΋૓Ψᆀࣁ the rank of T , Զ dim(Ker(T )) Ψᆀࣁ the nullity of T . а܌
Dimension Theorem ΨԖΓᆀࣁ Rank Theorem: rank of T + nullity of T = dim(V ).

Question 2.9. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ V ࣁ finite dimensional
F-space, ऩςޕ dim(W )< dim(V ) ۓցёዴࢂ T ?ޑ΋ჹ΋ࣁցࢂ
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2.3. Isomorphism

Linear transformation ஒঁٿ vector spaces ᜢೱଆٰ. ӵ݀ঁٿ vector spaces ໔ёפ
ޑԋࢀ΋ঁ΋ჹ΋Ъډ linear transformation, ঁٿ೭ࣁᇡߡॺך vector spaces Ԗ࣬ӕ่ޑ
ᄬ, ᆀѬॺࣁ isomorphic. ೭΋࿯ύךॺЬाࢂߡा探૸൳ঁԖᜢ isomorphism ख़ा性ޑ
፦.

Definition 2.3.1. ଷ೛ T : V →W ΋ঁࢂ linear transformation. ऩ T ࣁ one-to-one and
onto, ᆀ߾ T ΋ঁࣁ isomorphism. Ԝਔךॺᆀ V ک W ࣁ isomorphic ЪҔ V ≃W .Ң߄ٰ

җ Proposition 2.2.3 ޕॺך T : V → W ࣁ isomorphism ऩЪ୤ऩ Im(T ) = W and
Ker(T ) = {OV}. а྽܌ T ࣁ isomorphism ਔ, ऩ S ࣁ V ΋ಔޑ basis, җ T ࣁ one-to-
one ޕ T (S) ύޑϡનࣣ࣬౦ (ջऩ v,v′ ∈ S Ъ v ̸= v′, ߾ T (v) ̸= T (v′)), 再җ Lemma
2.2.4 ޕ T (S) ҭࣁ W ΋ಔޑ basis. ϸϐ, ऩ T (S) ύޑϡનࣣ࣬౦Ъ T (S) ࣁ W ΋ޑ

ಔ basis, җ Span(T (S)) = W , ள Im(T ) = W . ќ΋Бय़, ऩ v ∈ Ker(T ), җܭ S ࣁ V ΋ޑ

ಔ basis, Ӹӧ v1, . . . ,vn ∈ S ࣣ࣬౦, c1, . . . ,cn ∈ F ٬ள v = c1v1 + · · ·+ cnvn. җԜள OW =

T (c1v1+ · · ·+cnvn) = c1T (v1)+ · · ·+cn(T vn). ՠ T (S)ࣁ΋ಔ basisЪ T (v1), . . . ,T (vn)∈ T (S)

ࣣ࣬౦ள c1, . . . ,cn ࣁࣣ 0, ளࡺ v = OV , ջ Ker(T ) = {OV}. ᆕӝа΢, .ॺԖаΠϐ่ፕך

Proposition 2.3.2. ଷ೛ T : V →W ΋ঁࢂ linear transformation Ъ S ࣁ V ΋ಔޑ basis.
߾ T ࢂ isomorphism ऩЪ୤ऩ T (S) ύޑϡનࣣ࣬౦Ъ T (S) ࣁ W ΋ಔޑ basis.

Question 2.10. Proposition 2.3.2 ύࣁՖाமፓ T (S) ύϡનࣣ࣬౦?

྽ V ࣁ finite dimensional vector space ਔ, .ӳϐ่݀ࡐॺԖаΠך

Corollary 2.3.3. ଷ೛ V,W ࣁࣣ F-spaces Ъ V ࣁ finite dimensional F-space. ߾ V ≃W

ऩЪ୤ऩ dim(V ) = dim(W ).

Proof. V ≃W ҢӸӧ΋ঁ߄ isomorphism T : V →W , ӢԜҗ Proposition 2.3.2 ޕ W ҭࣁ

finite dimensional F-spaceЪ dim(W ) = dim(V ). ϸϐ,ऩW ࣁ finite dimensional F-spaceЪ
dim(W ) = dim(V ) = n, ёҺڗ V ΋ಔޑ basis {v1, . . . ,vn} аϷ W ΋ಔޑ basis {w1, . . . ,wn},
ճҔ Theorem 2.1.5 Ӹӧ΋ঁޕ linear transformation T : V →W ᅈى T (vi) = wi, ∀ i ∈
{1, . . . ,n}. җܭ {T (v1) . . . ,T (vn)}= {w1, . . . ,wn} ࣁ W ΋ಔޑ basis, җ Proposition 2.3.2 ޕ
T ࣁ isomorphism, ள᛾ V ≃W . �

Corollary 2.3.3 ֋ນךॺԵቾ finite dimensional vector spaces ໔ࢂց isomorphic ঁࢂ
ᙁൂୢޑᚒ, ѝा࣮Ѭॺޑ dimension .ց࣬ӕջёࢂ ۭΠךॺϟಏ൳ঁ isomorphism ۓޑ
౛, ٣ჴ΢ӧ finite dimension ճҔޑᙁൂࡐዴჴёа׎௃ޑ dimension ٰ᛾ள. όၸ೭٤
,ϐΠΨԋҥݩރ౛ӧ΋૓ۓ ᗨฅךॺό཮ѐፋ infinite dimensional vector space, όၸճҔ
linear transformation 性፦ٰ᛾ܴ೭٤ޑ isomorphism ॺΑှ೭٤ךᡣૈ׳ vector spaces
໔ޑᜢ߯, όଷ೛ࢂॺᗋךа܌ finite dimensional ,׎௃ޑ ᒧ᏷όҔ dimension ᛾ٰݤБޑ
ܴ೭ۓ٤౛ (όၸ大ৎёаճҔ dimension ٰᡍ᛾೭ۓ٤౛҅ޑዴ性).
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྽΋ঁڄ數 f ,ԋਔࢀ΋ჹ΋Ъࢂ 數ڄϸځޕॺך f ◦−1 ,ޑӸӧࢂ ՠ྽ f ࢂ linear
transformation ਔځϸڄ數 f ◦−1 ࢂցΨࢂ linear transformation? аΠךॺࢂߡӣเ೭ঁ
ୢᚒ. ाݙཀ, ӧ೭္Ӣࣁाᗉխک preimage ,಄ဦ࣬షౄޑ ॺҔך f ◦−1 Ң߄ٰ f ڄϸޑ

數.

Proposition 2.3.4. ଷ೛ T : V →W ΋ঁࣁ isomorphism, ߾ T ޑ inverse (ϸڄ數)
T ◦−1 : W →V ҭࣁ isomorphism.

Proof. T ࣁ one-to-one and onto, ځࡺ inverse T ◦−1 ҭࣁ one-to-one and onto. ךа܌
ॺ໻ा᛾ܴ T ◦−1 ࣁ W ډ V ޑ linear transformation ջё. Һڗ w,w′ ∈W , җ T ࣁ

isomorphism ޑӸӧ୤΋ޕ v,v′ ∈ V ᅈى T (v) = w Ъ T (v′) = w′. ٩ inverse ကۓޑ
T ◦−1(w) = v Ъ T ◦−1(w′) = v′. ჹҺཀ r ∈ F , ा᛾ܴ T ◦−1 ࣁ linear transformation, ջा
᛾ܴ T ◦−1(rw+w′) = rT ◦−1(w)+T ◦−1(w′) = rv+v′. ฅԶ٩ T ࣁ linear, ёள T (rv+v′) =
rT (v)+T (v′) = rw+w′. 再٩ࡺ inverseϐۓကள T ◦−1(rw+w′) = rv+v′,ள᛾ T ◦−1 : W →V

ࣁ linear transformation, ࣁࡺ isomorphism. �

Question 2.11. Vector spaces ϐ໔ޑ isomorphic ΋ঁࣁցࢂ equivalent relation?

Question 2.12. ྽ V ΋ঁࢂ finite dimensional vector space, գૈճҔ Theorem 2.1.5 ᛾
ܴ Proposition 2.3.4 ༏?

ௗΠٰךॺஒϟಏ大ৎӧ學ಞ代數ਔςௗ᝻ၸޑ൳ঁ Isomorphism Theorems. २
ӃךॺӃ࣮ճҔ΋ঁςޑޕ linear transformation ளډཥޑ linear transformation Бޑ
.ݤ ଷ೛ T : V →W ΋ঁࢂ linear transformation Ъ U ΋ঁࢂ Ker(T ) ޑ subspace, ကۓ
T :V/U→ Im(T ࣁ( T (v)= T (v), ∀v∈V/U . २ӃךॺӃᇥܴ T ΋ঁࢂ well-defined function.
ҭջ, ऩ v1 = v2 in V/U , ሡᡍ᛾߾ T (v1) = T (v2). ฅԶ v1 = v2, Ң߄ v1−v2 ∈U ⊆ Ker(T ),
ளࡺ T (v1−v2) = OW , ҭջ T (v1) = T (v1) = T (v2) = T (v2). ќ΋Бय़, ჹҺཀ v1,v2 ∈V/U

аϷ r ∈ F ,

T (rv1 +v2) = T (rv1 +v2) = T (rv1 +v2) = rT (v1)+T (v2) = rT (v1)+T (v2),

ளޕ T ΋ঁࢂ linear transformation.

Theorem 2.3.5. ଷ೛ T : V →W ΋ঁࢂ linear transformationЪ U ΋ঁࢂ Ker(T ޑ( sub-
space, 數ڄ߾ T : V/U→ Im(T ࣁကۓ( T (v) = T (v), ∀v∈V/U ΋ঁࢂ linear transformation
Ъ Ker(T ) = Ker(T )/U аϷ Im(T ) = Im(T ).

Proof. 前य़ςޕ, T ΋ঁࢂ linear transformation. ౜ऩ v ∈ Ker(T ), Ң߄ကۓ٩ OW =

T (v) = T (v), ҭջ v ∈ Ker(T ), ள᛾ v ∈ Ker(T )/U . ќ΋Бय़, ऩ v ∈ Ker(T )/U , Ң߄
v ∈ Ker(T ), ࡺ T (v) = T (v) = OW , ள᛾ v ∈ Ker(T ). ளࡺ Ker(T ) = Ker(T )/U . നۓ٩ࡕက,
ޕॺך w ∈ Im(T ) ऩЪ୤ऩӸӧ v ∈V/U ٬ள w = T (v) = T (v) ऩЪ୤ऩ w ∈ Im(T ). ள᛾
Im(T ) = Im(T ). �

੝ձӦ྽ U = Ker(T ), .౛ۓޑॺԖаΠך
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Corollary 2.3.6 (The First Isomorphism Theorem). ଷ೛ T : V →W ΋ঁࢂ linear trans-
formation Ъ T : V/Ker(T )→ Im(T ) ࣁကۓ T (v) = T (v), ߾ T ΋ঁࢂ isomorphism, ջ
ள

V/Ker(T )≃ Im(T ).

Proof. Ӣ T : V/Ker(T )→ Im(T ) ࣁ linear transformation ᅈى Ker(T ) = Ker(T )/Ker(T ) =

{OV} Ъ Im(T ) = Im(T ), ޕࡺ T ࣁ isomorphism ள᛾ V/Ker(T )≃ Im(T ). �

Question 2.13. ྽ V ࣁ finite dimensional vector space, գૈճҔ quotient space ޑ
dimension 性፦аϷ Dimension Theorem ᛾ܴ V/Ker(T )≃ Im(T ) ༏?

Theorem 2.3.6 ϐ܌аᆀࣁ The First Isomorphism Theorem, ځёаճҔѬ᛾ளࣁӢࢂ
дޑ Isomorphism Theorems.

Corollary 2.3.7 (The Second Isomorphism Theorem). ଷ೛ V ΋ঁࣁ vector spaceЪ U,W

ࣁ V ޑ subspaces. ߾
(U +W )/U ≃W/U ∩W.

Proof. २Ӄݙཀ U ࣁ U +W ޑ subspace, а܌ (U +W )/U ΋ঁࣁ vector space. Եቾ
T : W → (U +W )/U ࣁကۓ T (w) = w, ∀w∈W . ৒ܰᡍ᛾ࡐ T ΋ঁࣁ linear transformation.
ௗ๱ךॺा᛾ܴ Im(T ) = (U +W )/U аϷ Ker(T ) = U ∩W , ёҗߡ Corollary 2.3.6 ள᛾
(U +W )/U ≃W/U ∩W .

җܭ Im(T )⊆ (U +W )/U , ॺ໻ा᛾ܴך Im(T )⊇ (U +W )/U . ჹܭҺཀ v ∈ (U +W )/U ,
җۓကޕӸӧ u ∈U,w ∈W ٬ள v = u+w. ԜਔԵቾ T (u) = u, ॺाᇥܴך u = v. ฅ
Զ v− (u+w) ∈W (Ӣ v = u+w) аϷ w ∈W , ॺԖך v−u = v− (u+w)+w ∈W , ளࡺ
v = u = T (u) ∈ Im(T ). ள᛾ Im(T ) = (U +W )/U .

౜ऩ u∈Ker(T ),җܭ T ࣁကୱۓޑ U ,ёޕ u∈U . ΞӢ (U +W )/U ࣁՏϡનൂݤуޑ

O, ύځ O ࣁ V ,Տϡનൂݤуޑ ள O = T (u) = u. ҭջ u = u−O ∈W , ࡺ u ∈U ∩W , ள᛾
Ker(T )⊆U ∩W . ϸϐ, ऩ u ∈U ∩W Ӣ߾ u ∈W , ள u = O. ࡺ T (u) = u = O, ջ u ∈Ker(T ),
ள᛾ Ker(T ) =U ∩W . �

வ೭္ךॺёа࣮р, ѝाۓр΋ঁӳޑ linear transformation ൩ёճҔ the First
Isomorphism Theorem, ளډӳޑ isomorphic 性፦.

Corollary 2.3.8 (The Third Isomorphism Theorem). ଷ೛ V ΋ঁࣁ vector space Ъ U,W

ࣁ V ޑ subspaces ᅈى U ⊆W . ߾

(V/U)/(W/U)≃V/W.

Proof. २Ӄݙཀ, җܭ U ⊆W ⊆ V Ъࣣࣁ vector spaces, ࡺ V/U аϷ V/W ࣁࣣ vector
spaces. ౜Եቾ T : V → V/W , ࣁကۓ T (v) = v, ∀v ∈ V . ৒ܰᡍ᛾ࡐ Ker(T ) = W Ъ

Im(T ) = V/W . җࡺ U ⊆ Ker(T ) = W , ճҔ Theorem 2.3.5, ޕ T : V/U → V/W ΋ঁࣁ
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linear transformation, Ъ Im(T ) = Im(T ) = V/W аϷ Ker(T ) = Ker(T )/U = W/U . ӢԜճ
Ҕ Corollary 2.3.6 ள (V/U)/Ker(T )≃ Im(T ), ջ (V/U)/(W/U)≃V/W. �

Question 2.14. ྽ V ࣁ finite dimensional vector space, գૈճҔ dimension ٰ᛾ܴ the
Second and Third Isomorphism Theorems ༏?

Question 2.15. ଷ೛ V ΋ঁࣁ finite dimensional vector space Ъ U,W ࣁ V ޑ subspaces
ᅈى U ⊆W ⊆ V . ޕॺך dim(V/U) = dim(V )− dim(U),dim(V/W ) = dim(V )− dim(W ) Ъ

dim(W/U) = dim(W )−dim(U). Ψ൩ࢂᇥ dim(V/U)−dim(V/W ) = dim(W/U), ॺёόךٗ
ёаᇥ (V/U)/(V/W )≃W/U?

2.4. The Matrix Connection

΋ঁ vector space V , ऩ๏ۓ΋ಔ basis ,ࡕ җܭ V ύޑϡનҔ೭ಔ basis ೿ѝԖ୤΋
,ݤ߄ޑ ॺёаஒךа܌ V ύޑϡનҔዕ஼ޑӛໆ֤኱ٰ߄Ң. ќ΋Бय़, ΋ঁ linear
transformation, ѝा๏ۓ vector space ޑ basis, Ψёа೏୤΋ዴۓ. ཮ޑԾฅࡐॺךа܌
ஒ linear transformation ک matrix ࣬ೱ่. ᗨฅ大ৎа前ёૈ໻ௗ᝻ၸ over R ܈ over C
ޑ matrix. όၸᜢܭ matrix ,᛾ܴޑၮᆉ性፦ޑ کჴځ over ব΋ঁ field ,ޑคᜢࢂ а೭܌
,ॺଷ೛大ৎςዕ஼೭٤性፦ך္ ό཮再ѐ᛾ܴѬॺ.

ऩ V ΋ঁࢂ finite dimensional vector space Ъ๏ۓ V ΋ಔޑ basis {v1, . . . ,vn}, ॺाך
Ӄஒ೭٤ vi ,ۓ໩ׇ௨ޑ Ҕ β = (v1, . . . ,vn) ޑҢ೭΋ಔ௨ӳ໩ׇ߄ٰ basis, ᆀࣁ V ΋ಔޑ

ordered basis. ,ཀݙаा܌ ΋ಔ basis ऩஒځϡનख़ཥ௨ӈ, ٗሶ܌௨рޑ ordered basis,
ᗨฅ࣮ԋ໣ӝޑ၉ϡનࣣ࣬ӕ, ՠࢂӢࣁ໩ׇόӕ, ޑόӕࣁॺஒѬॺຎך ordered basis.
Ψ൩ࢂᇥऩ β = (v1, . . . ,vn), β ′ = (v′1, . . . ,v′n) ࣁ V ޑ ordered bases, ߾ β = β ′ Ң߄ vi = v′i,
∀ i = 1, . . . ,n.

ଷ೛ dim(V ) = n,๏ۓ V ΋ঁޑ ordered basis β аך,ࡕॺࡐԾฅۓޑр΋ঁ V ډ Fnޑ

linear transformation τβ : V → Fn, Ԗ܌ύჹځ v ∈V , ճҔ β ஒ v ቪԋ v = c1v1 + · · ·+cnvn,
ကۓ

τβ (v) =

 c1
...

cn

 .

೭္ךॺஒ Fn ϡનቪԋޑ္ column vector, Ӣހࣁय़ޑᜢ߯Ԗਔ཮ቪԋ (c1, . . . ,cn)
t (ջஒ

row vector (c1, . . . ,cn) .(ᙯ࿼ڗ ஒ Fn ϡનቪԋޑ္ column vector ,ᚒୢޑಞᄍ性ࢂচӢޑ
Ьाࢂ಄ӝаંࡕତ४ޑݤၮᆉ. Ӣࣁ β ࣁ ordered basis, ৒࣮ܰрࡐ τβ ࢂ well-defined,
Ъࢂ΋ঁ isomorphism. ඤ言ϐ, ჹܭ V ύޑϡન, ॺёаճҔך τβ ஒϐ࿼ඤԋ Fn ύޑ

΋ঁ column vector. ӕኬޑჹܭ Fn ύޑ column vector, ॺёճҔך τ◦−1
β ஒϐᗋচԋ V

ύޑϡન. ೭൩ךࢂॺाᒧڗ ordered basis ,ޑЬाҞޑ ёаճҔ΋ಔ ordered basis ஒ
V ύޑϡનک Fn ύޑ column vector բ΋ঁ΋ჹ΋ޑ࿼ඤЪ࡭ߥ vector space ύޑၮᆉ.
೭္ाமፓࢂޑ, ӧ΋૓ޑ௃׎ाஒ V ύޑϡનᙯඤԋ Fn ϡનޑ τβ (v) ၸำၨഞྠ (ё
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ૈ౐ੋှډᖄҥБำಔ), όၸஒ Fn ύޑ column vector (c1, . . . ,cn)
t ᙯඤԋ V ύޑϡન

τ◦−1
β ((c1, . . . ,cn)

t) ൩ᙁൂӭΑ, Ѭ൩ࢂ c1v1 + · · ·+ cnvn.

Example 2.4.1. Եቾ P2(R) = {ax2 + bx+ c | a,b,c ∈ R} ೭΋ঁ R-space, аϷѬޑ΋ঁ
ordered basis β = (x2,x+ 1,−1). Ӣࣁ ax2 + bx+ c = a(x2) + b(x+ 1) + (b− c)(−1), ॺך
ёள τβ (ax2 + bx + c) = (a,b,b− c)t. ӵٯ τβ (x2 + x + 1) = (1,1,0)t, ԶךॺΨёଭ΢ޕ
τ◦−1

β ((1,1,0)t) = 1(x2)+1(x+1)+0(−1) = x2 + x+1.

ќѦԵቾ P1(R) = {ax + b | a,b ∈ R} ೭΋ঁ R-space, аϷѬޑ΋ঁ ordered basis
β ′ = (x− 1,x+ 1). ှ ax+ b = r(x− 1)+ s(x+ 1), ॺёளך r = (a− b)/2,s = (a+ b)/2, ࡺ
τβ ′(ax+b) = ((a−b)/2,(a+b)/2)t.

Question 2.16. ӧ Example 2.4.1 ύऩஒ β ,β ′ ࣁׯ β = (−1,x+1,x2),β ′ = (x+1,x−1),
ٗሶ τβ (ax2 +bx+ c),τβ ′(ax+b) ཮ࢂϙሶ?

౜๏ۓ΋ linear transformation T : V →W , ۓॺϩձᒧך V,W ΢ޑ ordered basis
β = (v1, . . . ,vn), β ′ = (w1, . . . ,wm). ճҔ β ,β ॺёஒך,′ T Ҕ΋ঁ over F ޑ m×n (mঁ row,
nঁ column)ંޑତٰ߄Ң. ೭ંତ؂ঁޑ columnࢂҔаΠޑБޑۓݤ: ಃ iঁ columnࣁ
τβ ′(T (vi)). Ψ൩ࢂᇥऩ T (vi)ճҔ β ′ ೭ঁ ordered basisё߄Ңࣁ T (vi) = c1w1+ · · ·+cmwm,

ޑ೭ঁંତ߾ i-th column ࣁ

 c1
...

cm

 . ೭ঁંତک T ԖᜢΨک β ,β ′ Ԗᜢ, ॺ൩Ҕך β ′ [T ]β

,Ң߄ٰ ҭջ

β ′ [T ]β =
(

τβ ′(T (v1)), . . . ,τβ ′(T (vn))
)
,

ཀ؂΋ঁݙ τβ ′(T (vi)) ∈ Fm,∀ i = 1, . . . ,n ΋ঁࢂ m×1 ޑ column vector, а܌ β ′ [T ]β ΋ঁࢂ

m×n ޑ over F ޑ matrix.

Example 2.4.2. ӕ Example 2.4.1, Եቾ P2(R) аϷځ ordered basis β = (x2,x+1,−1), ک
P1(R) аϷځ ordered basis β ′ = (x−1,x+1). ऩ T : P2(R)→ P1(R) ࣁကۓ

T (ax2 +bx+ c) = 2ax+b,

৒ܰᡍ᛾ࡐ T ࣁ linear transformation. Ӣࣁ dim(P1(R)) = 2, dim(P2(R)) = 3 ۓॺёך

р β ′ [T ]β ೭΋ঁ 2× 3 ޑ matrix. ٣ჴ΢җܭ T (x2) = 2x,T (x+ 1) = 1,T (−1) = 0, ճҔ

Example 2.4.1 ॺளך่݀ޑ

τβ ′(T (x
2)) =

(
1
1

)
,τβ ′(T (x+1)) =

( −1
2
1
2

)
,τβ ′(T (−1)) =

(
0
0

)
,

ޕࡺ

β ′ [T ]β =

(
1 −1

2 0
1 1

2 0

)
.

Question 2.17. ӧ Example 2.4.2 ύऩஒ β ,β ′ ࣁׯ β = (−1,x+1,x2),β ′ = (x+1,x−1),
ٗሶ β ′ [T ]β ཮ࢂϙሶ?
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β ′ [T ]β ೭΋ঁંତԖϙሶҔګ? Ѭᆀբ the representative matrix of T with respect to
β ,β ′. ཀࢂࡘᇥંତ β ′ [T ]β ߄а代ى T ೭΋ঁ linear transformation. ӣ៝΋Π, ๏ۓ΋
ঁ m× n over F ޑ matrix A, က΋ঁவۓॺёаך Fn ډ Fm 數ڄޑ mA : Fn→ Fm, ۓځ
ကࣁஒҺཀ Fn ޑ column vector x ४΢ A ೭΋ঁ m× n matrix, ளډ A · x ೭ঁ Fm ޑ

column vector, ջ mA(x) = A · x. ճҔંତၮᆉޑ性፦ A · (rx+ x′) = rA · x+A · x′, ޕॺך
mA : Fn→ Fm ΋ঁࢂ linear transformation. аԖΑ܌ β ′ [T ]β , ΋ঁவډॺёаளך Fn ډ

Fm ޑ linear transformation m
β ′ [T ]β : Fn→ Fm, Ѭک T : V →W Ԗ๱ஏϪޑᜢ߯, ॺҔаך

ΠޑკҢٰᇥܴ:

V
T - W

v - T (v)

τβ (v)
?

- β ′ [T ]β · τβ (v)

6

Fn

τβ

?

m
β ′ [T ]β

- Fm

τ◦−1
β ′

6

२ӃךॺஒҺཀ v ∈V ճҔ τβ ஒѬᙯඤԋ Fn ύޑ column vector τβ (v), ฅࡕஒ τβ (v)
Ѱᜐ४΢ m×n ޑ matrix β ′ [T ]β , ளډ β ′ [T ]β ·τβ (v) ೭΋ঁ Fm ύޑ column vector. നךࡕ
ॺճҔ τβ ′ : W → Fm 數ڄϸޑ τ◦−1

β ′ : Fm→W ஒ β ′ [T ]β · τβ (v) ᙯඤԋ W ΢ޑϡન

τ◦−1
β ′ (β ′ [T ]β · τβ (v)).

ࢂఈ೭ঁϡન൩׆ॺך T (v). Ψ൩ࢂᇥ, ॺाᇥܴך T ک τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ,數ڄޑӕ࣬ࢂ
ऩ੿ࢂӵԜ, ஒٰךॺ؃ T (v) ϐॶୢޑᚒ, ൩ёᙯඤԋᙁൂંޑତ४ୢݤᚒ.

Example 2.4.3. matmul ុۯ Examples 2.4.1 ک 2.4.2, ܌ݤБޑݤ΢ॊંତ४ࢗॺᔠך
ளޑϡનࢂց൩ࢂ T (ax2 +bx+ c) = 2ax+b. २Ӄஒ P2(R) ύޑҺ΋ϡન ax2 +bx+ c ᙯࣁ

R3 ϡનޑ τβ (ax2 +bx+ c) = (a,b,b− c)t, 再ஒϐѰᜐ४΢ંତ β ′ [T ]β ள(
1 −1

2 0
1 1

2 0

)
·

 a
b

b− c

=

(
a− 1

2 b
a+ 1

2 b

)
.

നࡕஒԜ R2 ϡનᙯӣޑ P1(R) ϡનளޑ (a− (b/2))(x−1)+(a+(b/2))(x+1) = 2ax+b ዴ

ჴک T (ax2 +bx+ c) ࣬฻.

ӧӣเࣁՖ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ϐ前, .ݤख़ा࣮ޑݤॺӃӣ៝΋ঁંତ४ך ྽΋ঁ
m×n matrix A, ४΢ Fn ΋ঁޑ column vector x, ၰޕॺך A ·x ཮ࢂ Fm ޑ column vector.
٣ჴ΢, ऩ A1, . . . ,An ࣁ A ಃޑ 1 ಃډ n ঁ column (ձבΑ A Ԗ n ঁ column Ъ؂ঁ
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column ࢂ Fm ΋ঁޑ column vector), Զ x = (x1, . . . ,xn)
t, ߾

A ·x = x1A1 + · · ·+ xnAn.

౜ςޕ T ک τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ࣁࣣ V →W ޑ linear transformation, җ Theorem 2.1.5, ך
ॺޕၰाᇥѬॺ࣬฻, ѝाஒ β ೭΋ঁ basis ϣ؂ঁޑϡન vi, ϩձ代Εᔠࢂࢗց࣬ӕջё.
ฅԶۓ٩က τβ (vi) = (0, . . . ,1, . . . ,0)t, ύځ (0, . . . ,1, . . . ,0) ѝԖӧಃ i ঁՏ࿼ࢂ 1 дՏ࿼ځ

ࣁࣣ 0. ޕݤ४ޑගંତ܌а٩前य़܌ β ′ [T ]β · τβ (vi) = β ′ [T ]β · (0, . . . ,1, . . . ,0)t ତંࣁ β ′ [T ]β
ಃޑ i ঁ column, ٩前य़ۓကޕԜ column ࣁ τβ ′(T (vi)), ӢԜ

τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ (vi) = τ◦−1
β ′ (β ′ [T ]β · τβ (vi)) = τ◦−1

β ′ (τβ ′(T (vi))) = T (vi), ∀ i = 1, . . . ,n

ள᛾

T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ . (2.1)

྽ V,W ࣁ vector spaces, Ԗ܌ॺමϟಏך V ډ W ޑ linear transformation ԋ΋ঁ׎
vector space,Ҕ L (V,W .Ң߄ٰ( ౜з Mm×n(F)߄Ң܌Ԗ over F ޑ m×n matrices. ٩ંତ
,ၮᆉ性፦ޑ ࢗ৒ܰᔠࡐ Mm×n(F) ҭࣁ΋ঁ vector space. Ϟऩۓڰ V ΋ಔޑ ordered basis
β = (v1, . . . ,vn) ک W ΋ಔޑ ordered basis β ′ = (w1, . . . ,wm), 前य़ஒ linear transformation
ᙯඤԋ matrix ,ݤБޑ ๏Αךॺ΋ঁவ L (V,W ) ډ Mm×n(F) 數ڄޑ Φ, ஒҺཀࣁကۓځ
linear transformation T : V →W ଌډ β ′ [T ]β ೭΋ঁ m×n matrix, ҭջ Φ(T ) = β ′ [T ]β ,∀T ∈
L (V,W ). ॺሡाᇥܴך Φ ΋ঁࢂ linear transformation, ջᇥܴჹҺཀ T1,T2 ∈L (V,W ) а

Ϸ r ∈ F , Φ(rT1 +T2) = β ′ [rT1 +T2]β ཮ک rΦ(T1)+Φ(T2) = r(β ′ [T1]β )+ β ′ [T2]β ࣬฻. ฅԶ٩
,ကۓ ંତ β ′ [rT1 +T2]β ޑ i-th column ࣁ τβ ′((rT1 +T2)(vi)) = τβ ′(rT1(vi)+T2(vi)), ՠӢ τβ ′

ࣁ linear, Ԝջ rτβ ′(T1(vi))+τβ ′(T2(vi)). ќ΋Бय़ંତ β ′ [T1]β ,β ′ [T2]β ޑ i-th column ϩձࣁ
τβ ′(T1(vi)),τβ ′(T2(vi)), ကંତۓޑϷ߯數ᑈݤ٩ંତуࡺ r(β ′ [T1]β )+ β ′ [T2]β ޑ i-th column
ࣁ rτβ ′(T1(vi))+ τβ ′(T2(vi)). ள᛾ β ′ [rT1 +T2]β ک r(β ′ [T1]β )+β ′ [T2]β ,ତંޑӕ࣬ࣁ ޕࡺ Φ
ࣁ linear transformation.

ௗ๱ךॺाᇥܴ Φ : L (V,W )→Mm×n(F) ࣁ isomorphism (ջ one-to-one and onto). ๏
Һཀંତۓ A ∈Mm×n(F), ऩ A ޑ i-th column ࣁ Ai, Եቾ τ◦−1

β ′ (Ai) ∈W . җ Theorem 2.1.5
ޑӸӧ୤΋ޕ linear transformation T : V →W ᅈى T (vi) = τ◦−1

β ′ (Ai),∀ i = 1, . . . ,n. ,ကۓ٩
Ԝਔ β ′ [T ]β ޑ i-th row ࣁ

τβ ′(T (vi)) = τβ ′(τ◦−1
β ′ (Ai)) = Ai,

ޕࡺ β ′ [T ]β = A. ҭջ T Lࣁ (V,W )ύ୤΋ᅈى Φ(T ) = β ′ [T ]β = Aޑ linear transformation,
ள᛾ Φ ࣁ isomorphism. .ॺஒԜ่݀᏾౛ӵΠך

Theorem 2.4.4. ଷ೛ V,W ࣁ vector spaces Ъ dim(V ) = n,dim(W ) = m. ๏ۓ V,W ޑ

ordered basis β ,β ′. ऩз Φ : L (V,W )→Mm×n(F) ᅈى Φ(T ) = β ′ [T ]β ,∀T ∈L (V,W ), ߾ Φ
΋ঁࣁ isomorphism, ջ

L (V,W )≃Mm×n(F).
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Question 2.18. ऩ dim(V ) = n,dim(W ) = m, Theorem 2.4.4 ֋ນךॺ dim(L (V,W )) =

dim(Mm×n(F)) = mn, գૈճҔ Mm×n(F) ,኱ྗ୷ۭޑ ډפ L(V,W ) ޑ basis?

Question 2.19. ๏ۓ A ∈ Mm×n(F). з mA : Fn → Fm ࣁ mA(x) = A · x,∀x ∈ Fn. ӣ៝
Im(mA) = {A ·x ∈ Fm | x ∈ Fn} ᆀࣁ A ޑ column space, Ҕ C(A) ,Ң߄ٰ Ъ dim(C(A)) ᆀࣁ

the rank of A. Զ Ker(mA) = {x ∈ Fn | A ·x = O} ᆀࣁ A ޑ null space, Ҕ N(A) ,Ң߄ٰ Ъ
dim(N(A)) ᆀࣁ the nullity of A. ऩ T : V →W ࣁ linear transformation Ъ Φ(T ) = A, ճҔ
τβ ,τβ ′ ࣁ isomorphism, ёள Ker(T )≃ N(A) Ъ Im(T )≃C(A). գૈ࣮р

rank of A + nullity of A = n?

ӧ前य़ךॺමҔаΠკҢᇥܴ linear transformation T ک matrix β ′ [T ]β ϐ໔ᜢ߯.

V
T - W

Fn

τβ

?

τ◦−1
β

6

m
β ′ [T ]β - Fm

τβ ′

?

τ◦−1
β ′

6

Ӣךࣁॺ᛾ளΑ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ , ೭ঁკҢߡёᆀࢂࣁ commutative diagram. ӧ
Commutative diagram ύ, ҺঁٿᆄᗺऩԖόӕၡ৩ёೱ่, 數ڄޑჹᔈ܌ၡ৩ঁٿ೭߾
཮࣬ӕ. ӵٯ V ډ W Ԗঁٿၡ৩: ΋ঁޔࢂௗճҔ T ; ќ΋ঁࢂҗ V ӃճҔ τβ ၲډ Fn,
再ճҔ m

β ′ [T ]β ډ Fm, നࡕ࿶ τ◦−1
β ′ ၲډ W . ࣁаᇥ೭ঁკҢ܌ commutative diagram ൩

ၲ߄ࢂ T = τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ . όၸ೭္ाݙཀၡ৩ޑБӛ性, ӵவٯ Fm ډ W ޑ τ◦−1
β ′ ࢂ

isomorphism ޑаΨԖ΋ঁϸӛ܌ W ډ Fm ၡ৩ёՉ, ջځϸڄ數 τβ ′ . аவ܌ V ډ Fm ך

ॺΨԖঁٿၡ৩: ΋ঁӃճҔ T வ V ډ W , 再ௗ τβ ′ ၲډ Fm; ќ΋ঁࢂճҔ τβ җ V ډ Fn,
再࿶ m

β ′ [T ]β ၲډ Fm. ॺԖךа܌ τβ ′ ◦T = m
β ′ [T ]β ◦ τβ . ٣ჴ΢

τβ ′ ◦T = τβ ′ ◦ (τ◦−1
β ′ ◦m

β ′ [T ]β ◦ τβ ) = (τβ ′ ◦ τ◦−1
β ′ )◦m

β ′ [T ]β ◦ τβ = m
β ′ [T ]β ◦ τβ ,

а܌ commutative diagram .ڀπޑց࣬ӕࢂ數ڄٿղᘐߡБࡐ΋ঁࢂ

ќ΋Бय़ V ډ Fn ൩όૈᇥԖঁٿၡ৩Α, ЬाࢂёճҔ T வ V ډ W ฅࡕ࿶ τβ ′ ډ

Fm ՠคߥݤ᛾ૈҗ Fm ډ Fn Α (ନંޕߚତ β ′ [T ]β ࣁ invertible).

Question 2.20. ΢კҢύ Fn ډ Fm ?ၡ৩ঁٿցԖࢂ Ѭॺ代߄বڄ٤數໔ޑᜢ߯?

ௗ๱ךॺࢂߡाҔ commutative diagramٰ࣮ӝԋڄ數ᆶંତ४ޑݤᜢ߯. ೛V,W,U ࣁ

vector spaces, ύځ dim(V ) = n,dim(W ) = m,dim(U) = q Ъ β ,β ′β ′′ ϩձࣁѬॺޑ ordered
bases. ऩ T1 : V →W , T2 : V →W ࣁ linear transformations ޑॺԖаΠך commutative
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diagram:

V
T1 - W

T2 - U

Fn

τβ

? m
β ′ [T1]β - Fm

τ◦−1
β ′

6

τβ ′

? m
β ′′ [T2]β ′ - Fq

τ◦−1
β ′′

6

٣ჴ΢

T2 ◦T1 = (τ◦−1
β ′′ ◦m

β ′′ [T2]β ′
◦ τβ ′)◦ (τ◦−1

β ′ ◦m
β ′ [T1]β ◦ τβ ) = τ◦−1

β ′′ ◦m
β ′′ [T2]β ′

◦m
β ′ [T1]β ◦ τβ .

ӣ៝΋Π, ྽ A ΋ঁࢂ m× n matrix, B ΋ঁࢂ q×m matrix, ߾ mA : Fn → Fm ک

mB : Fm→ Fq ӝԋޑ mB ◦mA : Fn→ Fq ൩ࢂ mB·A : Fn→ Fq. ೭ࢂӢࣁჹҺཀ x ∈ Fn, җં
ତ४่ޑݤӝ౗ёள

mB ◦mA(x) = mB(mA(x)) = mB(A ·x) = B · (A ·x) = (B ·A) ·x = mB·A(x).

аճҔ܌ m
β ′′ [T2]β ′

◦m
β ′ [T1]β = m

β ′′ [T2]β ′ ·β ′ [T1]β ёள

T2 ◦T1 = τ◦−1
β ′′ ◦m

β ′′ [T2]β ′ ·β ′ [T1]β ◦ τβ . (2.2)

.ॺԖаΠϐ่݀ך

Proposition 2.4.5. ଷ೛ V,W,U ࣁ finite dimensional vector spaces, Ъ β ,β ′β ′′ ϩձࣁѬ
ॺޑ ordered bases. ऩ T1 : V →W , T2 : V →W ࣁ linear transformations, ߾

β ′′ [T2 ◦T1]β = β ′′ [T2]β ′ · β ′ [T1]β .

Proof. २Ӄӣ៝, ऩ A,A′ ࣁࣣ q× n matrices, Ъ mA : Fn → Fq ک mA′ : Fn → Fq ࣬ӕ,
Եቾ߾ xi = (0, . . . ,1, . . . ,0)t, ύځ (0, . . . ,1, . . . ,0) Ңಃ߄ i Տ࿼ࣁ 1 ࣁдՏ࿼ځ 0, ёҗ
mA(xi) = mA′(xi),∀ i = 1, . . . ,nள Aک A′ ؂΋ঁ columnࣣ࣬ӕ. ளࡺ A = A′. ౜җ฻Ԅ (2.1)
฻Ԅک (2.2) ޕॺך

τ◦−1
β ′′ ◦m

β ′′ [T2◦T1]β ◦ τβ = T1 ◦T2 = τ◦−1
β ′′ ◦m

β ′′ [T2]β ′ ·β ′ [T1]β ◦ τβ ,

җࡺ τβ ,τ◦−1
β ′′ ࣁࣣ isomorphism ޕ

m
β ′′ [T2◦T1]β = m

β ′′ [T2]β ′ ·β ′ [T1]β ,

ள᛾ β ′′ [T2 ◦T1]β = β ′′ [T2]β ′ · β ′ [T1]β . �

നךࡕॺाፋඤΑ΋ಔ ordered basis ჹ representative matrix .ቹៜޑ ଷ೛ dim(V ) =

n,dim(W ) = m Ъ β1,β2 ࣁ V ޑ ordered bases, β ′1,β ′2 ࣁ W ޑ ordered bases. T : V →W ࣁ

linear transformation,ۓ٩က T ϩձճҔ V,W ޑ ordered bases β1,β ′1 ޑள܌ representative
matrix ࣁ β ′1 [T ]β1 , Զ T Ҕ ordered bases β2,β ′2 ޑள܌ representative matrix ࣁ β ′2 [T ]β2 . ך
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ॺा探૸೭ંঁٿତޑᜢ߯ࣁՖ, २ӃךॺԖаΠޑ commutative diagram.

Fn
m

β ′2
[T ]β2 - Fm

V

τβ2

6

T - W

τ◦−1
β ′2

?

Fn

τβ1

? m
β ′1
[T ]β1 - Fm

τ◦−1
β ′1

6

ന΢ቫޑ m
β ′2
[T ]β2

: Fn→ Fm, ёҔΠय़ޑၡ৩ (ձבΑ τβ2 ,τβ ′2 ࣁ isomorphism), ךа܌
ॺԖ

m
β ′2
[T ]β2

= (τβ ′2 ◦ τ◦−1
β ′1

)◦m
β ′1
[T ]β1
◦ (τβ1 ◦ τ◦−1

β2
). (2.3)

೭္ τβ1 ◦ τ◦−1
β2
ک τβ ′2 ◦ τ◦−1

β ′1
ࣁࣣ linear transformations, ତંޑॺΨёа探૸Ѭॺךа܌

.ݤҢ߄ Եቾ V ډ V ޑ identity map, id : V → V , ᅈى id(v) = v, ∀v ∈ V . ࢂ೭ޑԾฅࡐ
΋ঁ linear transformation, ޑကୱۓаჹ܌ V ٬Ҕ ordered basis β2, Զჹࢀୱޑ V ٬Ҕ

ordered basis β1, ޑॺԖаΠך commutative diagram.

V
id - V

Fn

τβ2

? mβ1
[id]β2 - Fn

τ◦−1
β1

6

ԵቾΠቫޑ mβ1
[id]β2

: Fn→ Fn, ёҔ۳΢ޑၡ৩ τ◦−1
β2
வ Fn ډ V ௗ identity map id, 再

ௗ τβ1 ډ Fn. ճҔ identity map ฻ԄޑॺԖаΠך數ӝԋόᡂڄک

mβ1
[id]β2

= τβ1 ◦ id◦ τ◦−1
β2

= τβ1 ◦ τ◦−1
β2

. (2.4)

ӕ౛ךॺԖ

m
β ′2
[id]β ′1

= τβ ′2 ◦ τ◦−1
β ′1

. (2.5)

่ӝ฻Ԅ (2.3, 2.4, 2.5), ள

m
β ′2
[T ]β2

= m
β ′2
[id]β ′1
◦m

β ′1
[T ]β1
◦mβ1

[id]β2
,

ӢԜךॺԖаΠϐ่݀.

Proposition 2.4.6. ೛ β1,β2 ࣁ V ޑ ordered bases, β ′1,β ′2 Wࣁ ޑ ordered bases. T : V →W

ࣁ linear transformation, ߾

β ′2 [T ]β2 = β ′2 [id]β ′1 · β ′1 [T ]β1 · β1 [id]β2 .
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ाݙཀ, ೭္ಃ΋ঁ β1 [id]β2 ޑ identity map ࢂ V ډ V ޑ linear transformation, а܌
ऩ dim(V ) = n, ߾ β1 [id]β2 ΋ঁࢂ n×n ޑ matrix. ԶಃΒঁ β ′2 [id]β ′1 ޑ identity map ࢂ W

ډ W ޑ linear transformation, аऩ܌ dim(W ) = m, ߾ β ′2 [id]β ′1 ΋ঁࢂ m×m ޑ matrix.

Question 2.21. գёаճҔ Proposition 2.4.5 ᛾ܴ Proposition 2.4.6 ༏?

྽ β1 = (v1, . . . ,vn), β2 = (v′1, . . . ,v′n) ࣁ V ޑ ordered bases, ճҔ representative matrix
,ݤ೷ޑ ၰંତޕॺך β1 [id]β2 ಃޑ i ঁ column, ൩ࢂஒ v′i Ҕ β1 ,኱֤ޑள܌ ջ τβ1(v

′
i). Ӣ

Ԝёள

β1 [id]β2 =
(
τβ1(v

′
1), . . . ,τβ1(v

′
n)
)
.

੝ձޑ, ྽ β1 = β2 ਔ, ॺԖך β1 [id]β1 ൩ࢂ n×n ޑ identity matrix In.

Question 2.22. Եቾ P2(R) аϷځ ordered bases β1 = (x2,x+ 1,−1), β2 = (x+ 1,−1,x2).
၂؃ β1 [id]β2 ک β2 [id]β1. ϙሶࢂ β1 [id]β2 · β2 [id]β1 ک β2 [id]β1 · β1 [id]β2 ?ګ

β1 [id]β2 ᆀࣁ the change of basis matrix from β2 to β1. Ѭࢂޑࡰ V ύޑϡન v Ҕ
β2 ኱֤ޑள܌ τβ2(v) ᙯඤԋҔ β1 ኱֤ޑள܌ τβ1(v) .ତંޑሡ४΢܌ Ψ൩ࢂᇥऩ
v = c1v′1 + · · ·+ cnv′n (ջ τβ2(v) = (c1, . . . ,cn)

t), Ъ β1 [id]β2 · (c1, . . . ,cn)
t = (d1, . . . ,dn)

t, ёள߾
v = d1v1 + · · ·+ dnvn. ,ёᗋচԋচ֤኱ߡ৒ܰ౛ှஒ೭ঁ୏բϸӛᏹբࡐ ٣ჴ΢җ
Proposition 2.4.5, ޕॺך

β1 [id]β2 · β2 [id]β1 = β1 [id]β1 = In Ъ β2 [id]β1 · β1 [id]β2 = β2 [id]β2 = In. (2.6)

а܌ β1 [id]β2 ک β2 [id]β1 ࣁࣣ invertible matrices, ЪѬॺϕࣁ inverse.

ޕॺςך change of basis matrix Ѹࣁ invertible matrix, ٗ๏ۓ΋ঁ invertible matrix,
΋ঁࢂցΨ཮ࢂ change of basis matrix ?ګ .ॺԖаΠϐ่݀ך

Proposition 2.4.7. ଷ೛ V ࣁ finite dimensional vector space Ъ dim(V ) = n. ऩ β1 ࣁ V

΋ঁޑ ordered basis Ъ P ΋ঁࣁ n× n ޑ invertible matrix, ډפё߾ V ΋ঁޑ ordered
basis β2 ٬ள β1 [id]β2 = P, Ψёډפ V ΋ঁޑ ordered basis β3 ٬ள β3 [id]β1 = P.

Proof. з β1 = (v1, . . . ,vn), ჹܭ i = 1, . . . ,n ऩ Pi ࣁ P ޑ i-th column, Եቾ v′i = τ◦−1
β1

(Pi)

(ջऩ Pi = (r1, . . . ,rn)
t, з߾ v′i = r1v1 + · · ·+ rnvn). Ӣ P ࣁ invertible, {P1, . . . ,Pn} ࣁ Fn ύ

ޑ linearly independent column vectors, җࡺ τβ1 ࣁ isomorphism ޕ {v′1, . . . ,v′n} ҭӧ V ύ

ࣁ linearly independent, ளޕ {v′1, . . . ,v′n} ࣁ V ύޑ΋ಔ basis. з β2 = (v′1, . . . ,v′n), ۓ٩߾
က β1 [id]β2 ޑ i-th column ࣁ τβ1(v

′
i) = τβ1(τ

◦−1
β1

(Pi)) = Pi, ள᛾ P =β1 [id]β2 . ӕ౛, ёள V ޑ

΋ঁ ordered basis β3 ٬ள β1 [id]β3 = P−1, Ԝਔ߾ P =β1 [id]
−1
β3

=β3 [id]β1 . �

Question 2.23. ଷ೛ V,W ࣁ vector spaces, dim(V ) = n,dim(W ) = m Ъ β1,β ′1 ϩձࣁ V,W

ޑ ordered basis. ೛ T : V →W ࣁ linear transformation, ऩ P ∈Mn×n(F) Ъ Q ∈Mm×m(F)

ࣁࣣ invertible matrices, ډפցёࢂ β2,β ′2 ϩձࣁ V,W ޑ ordered basis ٬ள

β ′2 [T ]β2 = Q · β ′1 [T ]β1 ·P?




