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Chapter 2

Linear Transformations

LB Y BF B AEY A FIBTEA 6 Pl S e R AE G 7 AR A 3 oS il
fAH B Glho At A G BRSNSl T el A AR HIRY AP BAE

27 A=

group homomorphisms % ring homomorphisms. &+ & gc? NP 5 BAE o el F F a

B4F vector spaces ¥ “u#E & iFH ,Tk{“r;ﬁ 77 linear transformations.
2.1. Definition and Basic Properties

Definition 2.1.1. &% V,W ¢ i over F & vector spaces. % % - BV 3| W ahd
T:VoW, #8975 vi,vo€V M2 rcF %5 T(rvi+va)=rT(vi)+T(v2), RIFET %

linear transformation (& linear mapping) from V to W.

FRFENPEGFAL Tis F-linear. ¥ ¢h % L(VW) £ %75 &V 3] W ¢ linear

transformations #1= 2. & & .

Question 2.1. Tfi'ﬁ' #A kT is F-linear LR SR vweV iz reF %5 T(v+V)=
T

2
T(V)+T (W) 23 T(rv)=rT(v) & ?
FFAPRA L - 25 ¥ linear transformation sk A2, d % linear transforma-
it 2 | F F vector spaces, A * Oy k&7 V et 2 B im A~
Proposition 2.1.2. & T:V —-W % - B linear transformation, R

(1) T(Ov) =Ow

(2) #5975 veV ¥ 3 T(—v)=-T(v).
Proof.

(1) & T(Oy)=T(Oy+O0v)=T(Oy)+T(Ov), ¥ ## T(Oy) =Oy.

(2) #veV,Bld Oy =T(vV+(—V)=TWV)+T(-v) BF T(—v)=—-T(v).

O
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>

A w4 % — & linear transformations £]i¢ #7¢0 linear transformation. % 7,7’ %
% V 3| W 0 linear transformations, 2% " ¥ % - B0V 3| W ehd3 & T+T':V W
SHER VEV, (THT)V)=TWV)+T/(V). 33 reF , ips ¥ 2 &- BiITHV 3| W
3TV W 3 HEL veV, (T)(v)=/T(v). $F } siEnitafe 3 linear

transformation.

Proposition 2.1.3. % T,T' ¥ 5 V 3| W & F-linear transformations * reF , p] T+T’

v

ME T % 5V B W e F-linear transformations.

Proof. #*t*Z & vi,vo €V M2 seF, ¥ F (T+T)(svi+Vv2) =T (svil+v2)+T'(svi+V2)
d 3¢ 7,7 % F-linear, #F T(svi+v2)+T'(svi+v2) =sT(vi) +T(v2) +sT'(vi) +T'(v2) =
S(T(vi))+T' (Vi) + (T (v2) +T'(v2)). 7% (T+T")(svi+v2) =s(T+T")(vi)+ (T +T")(v2).
32 (rT)(svi+va2) = rT(svi +v2) = rsT(vi) +rT(v2) = s(rT(v1)) + rT(va) = s(rT)(v1) +
(rT)(v2). O

Question 2.2. ¥ g #7F KV I W 0 linear transformations #7= 2. & & Z(V,W),
Proposition 2.1.8 & % 4 273 L (V,W) 4~ B vector space over F?

- BB ERREEY - BIBRNTEBE AP LB 545 - Barehddk

T — # Proposition £ ¥ i linear transformations 14 = {7 5 linear transformation.

Proposition 2.1.4. = T1:V—>W, h:W —U ¢ & F-linear, #] ThoT; :V - U 7= %

F-linear.

Proof. #*r 2 g vw eV nzx reF, ¥ g Hholh(rv+V)=T(Ti(rv+V)). }I T} 5 F-
linear, e T1 (rv+ V) =rTi(V)+ T1 (V') £ ¢ T, 5 F-linear (¥ ThoTi(rv+V)=T+2(rTi(v)+
T](V/>):rT2<T1(V))+T2(T](V/>):rT20T1<V)+Ton](V/>. OJ

Question 2.3. &% T,T' % % V 3| W & F-linear transformations, T" 3 W 3| U &
F-linear transformation. &% T"o(T+T)=T"oT+T"oT'? * ¥z g reF 4%
F(T"oT) = (rT")oT = T" o (rT)?

HF LA B F-spaces VW, &My 52 ﬁ 4 — BV 3| W e linear transformation.

T — & Theorem #HE #r3 V | W ¢ linear transformations 2% i ’F’K? N >ERE.

Theorem 2.1.5. 3K {vi,...,v,} &V - % basis, T ER Wi,...,.Ww, €W, 5 - B

v~ 9 F-linear transformation T :V — W & &_T(v;) =w;, Vie {l,...,n}.

Proof. # M 5 Al » ,T*u{?fwi\ PEHIN-BTeZLVW)BETV)=w,. =& T:V—
W, BT v=cvi+- v €V, T(V) =ciWi+-+cyWy. d 3 {vi,..., v, } £V e-
i basis, T - BV ¥|] W 1 well-defined function. * T & &_T(v;) = w;, #7143 i i 4

THP T 5 F-linear. 2 & v=Y" ¢vi, V=Y ,div;eV 1% reF, 335 T(rv+V)=
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T(Yr (rei+di)vi) =Y0 (rci+di)wi; ¥ = 26 1TV +TV)=rT(X, evi) +T(X), divi) =
rY o eiwi+ Y diw, ?'J’** vector space #:8 ¥ ‘]t{%i’r, APEE T(rv+vV)=rT(V)+T(V).
AL Sl e RN A = 42 :V—W 7% F-linear * i& &_T'(v;)=w;, Vie{l,...,n},
Bl T=T. »%%P T(v ):T (v),VVGV. ,»t.%m HER V=YY" Vi€V, & T 2k T(v)=
Y ciw;, @ ik T & F-linear ¥ # T'(v) = 5 Y aiT(vi) =Y ciwi, @& T=T". O

Theorem 2.1.5 % # 2 i#, % % - B linear transformation T:V — W, & 45 5| - &
basis § BN P Aarg #Horg hueS, T(u) 2@, FIEF veV, TF & T(v) 2@ 7! &)
de Tg:R? - R? 2% R iz- 2w d (xy) “RaE (0,00 2 FlodpFirds o 4@
g £, To((x,y)) 3 Aw Eri? d 2 %e £ (1,0) = (cos0,sin0) 12 (0,0) 3 Rl ¥ 6
$ ik HTE T E S (cosh,sinB), #T AN PE T Ty((1,0)) = (cosB,sinB). 12 (0,1) =
(cos(m/2),sin(m/2)), # ¥ Ty((0,1)) = (cos((m/2)+6),sin((7/2)+0)) = (—sinH,cos0). &+
To((x,y)) = To(x(1,0) +y(0,1)) = xTp((1,0)) +yTp((0,1)) = x(cos 8,sin ) + y(—sinH,cos O) =
(xcos@ —ysinB,xsin® +ycos0). # & L E, & > ;2 4 linear transformation 4 = * |
Sl B OR GH B JE AR S #ioeBe (B, Jf R ¥ 5 iE B S0 #ic&_ linear transformation 4 7. 4 ﬁ}u
et o oehb|F AR LS Ty £ linear transformation (3-8 7&32), 1 7 f1* o2
73] To((x,y)) = (xcosO —ysin6,xsin6 +ycosH).

Question 2.4. ¥ T :R?> - R?> ¥ - B linear transformation, % & T((1,2)) = (2,1),
T((2,4)=(4,2) 227 # T((x,y)=(x)? * & T':R> = R> £ - B linear transfor-
mation, 7% & T'((1,2)) = (2,1), T'((2,1)) = (1,2) L7 7 & T'((x,y)) = (»x)?

2.2. Image and Kernel
Linear transformation % X %4% 7 vector spaces & &, ¥ UL f2 v 3%+ § “FAE7
subspaces. F LA R EH - B PHEL BT - Sl f:185 8. F S CS, AR
(S ={f(s)[s€ S}
AR f(S)) § A S, h— B subset, f2 % the image of S| under f; ¥ - 2 % % §,C S, £
(S ={se S| f(s) €S}

AR S ¢ L8| - & subset, 2 % the preimage of S5 under f.
Question 2.5. Image {v preimage £ % % inclusion-preserving? » %‘u{;ru— B ol f:5) —
Sy, FS{CS TS RETE F(S)Cf(S)? % S5CSHCTS, LEFTE f71(S)Cf (87
Question 2.6. BX f:8 =8 - Bade, » 5,8/ CS 12 §,,8CS,. T r|vme g
Freh?

(1) f(S1NSY) = f(S1)Nf(ST)-

(2) f(STUSY) = f(S))Uf(S)-

(3) f1($5NSy) = FHSHNFH(SH).
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(4) f1(S5083) = F (S UF(ST).
T & 2 3 linear transformation f&F %4F subspace ERlER 1N
Lemma 2.2.1. %k T:V —W % — B linear transformation.

(1) & V' 5 V 1 subspace, R T(V') 5 W < subspace.
(2) = W' 5 W & subspace, B| T-Y(W') 5 V ¢ subspace.
Proof. %% & T(V)CW = T\ (W) CV, 3 v §]% Proposition 1.2.1 % % .
(1) 7 & Oy eV’ (7 V' & subspace), #d Proposition 2.1.2 (1) = Oy =T(0y) €
TV). kg3 ow,weT(V) 2 nseF, BE&xFv,vneV 7

wi=T(v1),woa=T(V2). &3 g v=rvi+svo, eV ¥ & rw;+sw, =T(v) e T(V'),
B T (V') &_W & subspace.

(2) F1 Oy €W’ & T(Oy)=Oy €W @ Oy e T-\(W'). £ k%74 o vi,vs€
T'(W') 2 r,scF, 2% & T(vi)EW' 2 T(vy) €W . &&d W E_W ¢ subspace
B T(rvi+sv2) =rT(vi)+sT(v2) €W/, 7% yvy+svo € TV (W), @3 T-Y(W') £

V &1 subspace.
O
Fulen, Ag VI =V iz W= {0y} i) B, T T R
Definition 2.2.2. 3% T:V —W 4 — B linear transformation.

(1) T(V) #% the image (or range) of T , 2% i * Im(T) * % 7%.
(2) T7'({Ow}) 5 the kernel (or null-space) of T, # i** Ker(T) % % 7.

d Lemma 2.2.1 % Im(7) €_W < subspace, m Ker(T) 5 V ¢ subspace.

Question 2.7. d image {v preimage 5 inclusion-preserving # i+ Im(T) = T (V) &%
% subspaces &1 image ® B+ i subspace, @ Ker(T) =T '({Ow}) E_#7% subspaces ch

preimage ¥ E ch. @R 23 T{Oy}) 5 T-H(W) s ?

L - Badk AP EENIEREIEILT G (onto) & - #- (one-to-one).
m(7T) v Ker(T) 2= #71 £ & & F] 5 & T 5 linear transformation 25, 2w 12 % Im(T)
feKer(T) k2|4 T L3 5Pt -H-  FF AP T2 8%,

Proposition 2.2.3. B33& T:V =W & - B linear transformation.
(1) T % pt 52 v Im(T) =
(2) T - #- #2rae% Ker(T)={Ov}.

Proof. ¢ seIm(T)CW % {Oy} CKer(T), *rEF+ (1) A P&z H WCIm(T)
SRA, RIL (2) AR F B Ker(T) C{Oy} 3va.
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(1) T % onto, # 7w ¥*7F weW, ¥ s veV i@ T(v)=w, *FweT(V)=Im(T).
BRWCINT), =@ W=Im(T). F2.,d WCIm(T) 4% - B weW % i
Im(T) ®, *F5tveV @8 w=T(v), & T % onto.

(2) T % one-to-one, %75+ V ¢?vE- B E T(V)=0y v &5 Oy (F]1& &+ T(Oy) =
Oy). #=% veKer(T), # 7 T(v) =0y, ¥ v=0y. #F Ker(T)={O0y}. ~
2., B3k Ker(T)={O0y}. & vi,vo €V & X T(v))=T(v2), Rld T % linear ¥

T(vi—v2) =0y, ¥ vi—vyeKer(T)={Oy}. #&«#® vi=vy, ## T 5 one-to-one.

O

#_Proposition 2.2.3 dwgp ¥ g I, ¥ 3 F % 3| T & linear chigk &P T 4 onto
feIm(T)=W % % ¥ % 3 T & one-to-one fr Ker(T) ={Oy} = % ¥ mﬁ*ﬁiﬁ T %
linear K 7. “T0 ¥ - Bk f, flﬁiﬁ.’r{ﬁ f #_linear # ac * f1({0})={0} k=
f ®#_% 5 one-to-one.

# R image fr kernel i A E &, AP F AL 72T . d T - B Lemma M 2T
image fr spanning set 7 B @ kernel i*u'fr' linear independency #p B .

Lemma 2.2.4. 5% T:V =W £_- B linear transformation, ® S,§' % V 1 subsets.

(1) & S &_V 3 spanning set, B T(S) #_Im(T) & spanning set.
(2) & §" % linearly independent * Span(S') NKer(T)={O0Ov}, Bl T(S") 7 % linearly

independent.
Proof.
(1) % &% welm(T) 27 veV ##® w=T(v), © V=_Span(S) & % &
Clyeescn €F 11Z v .. v, €S RE v=ciVi+-FcpVy. EEE T(Vq),...,T(vy) €
T(S), #F1¢*d T % linear == w=T(c1vi+ -+ cpVn) =c1T (Vi) + -+, T(vy) €
Span(T <S>>. @ Im(T) C Span(T(S)). ¥ - * &, % we Span(T(5)), &7 &
.:r

cl,. EF ME wy,....w, €T(S) 18 w=Y" c;w;. &£ w,eT(S) % 3T&%
FrvieSe® w=T(v), cxww=Y" ¢T(vi)=Y",T(civi) € T(Span(S)
T(V)=1Im(T), ¥ Span(T(S)) C Im(T).
(2) FAAPRP RERTS) Pz ypE. FRFEFGRVWES 2 vwW ipk i
T( )=T({), v # T(v—v)=0y, ™ v—v €Ker(T). k@ v—v € Span(S’),
rod Bk o v—v e Span(S)NKer(T) ={Oy} 1 v=v 23 §. &&= T(S) ¢
~EHeqp i
BAI* FFEiz®k T(S) 5 linearly dependent, % 7= 5 t vy,...,v, €8 % B
X oclyemen€F 25 0RE o T(vi)+-+cyT(vy) =O0w. f1* T 5 linear ¥
T(c1vi+-+cpvny) =Ow, =7 cpvi+--+cpvy €Ker(T). 28/ cvi+--+cpvy €
Span($’), #d Span(S)NKer(T) = {0y}, ¥ civi4+--+cvy, =0y. #2825 i
linearly independent #p % %, < T(S') % linearly independent.

)=

In =k
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O

Lemma 2.2.4 (1) 232 P§ T:V—>W & - B linear transformation, & V 5 finite

dimensional F-space, B| Im(7T) 7= 5 finite dimensional F-space.

Question 2.8. BXK T:V W & - B linear transformation. & V 3 finite dimensional
F-space, ¥ % 8 dim(Im(7)) <dim(V)? * % & & dim(W) >dim(V) 22 7z T 4% 5
Pk 7

ARV - % basis 7 3] Im(T) - % basis.

Theorem 2.2.5. X T:V - W & - B linear transformation. & Sy % Ker(T) e- &
basis 2 SoUS 5 V e— ‘& basis, B T(S) 5 Im(T) - ‘& basis.

Proof. M T(S) 5 Im(T) ¢ spanning set: %] SoUS 5 V ¢ spanning set, ¢ Lemma
224 (1) &= T(SoUS) 5 Im(T) = spanning set. d >+ Sy € Ker(T) # ¥ T(So) ={Ow}. e d
3 T(SoUS)=T(So)UT(S) ={Ow}UT(S), #=d {Ow} C Span(7(S) (f1* Corollary 1.3.4)
s Span(7'(S)) = Span({Ow } UT(S)) = Span(T (SoUS)) = Im(T).

#M T(S) 5 linearly independent: %] SoUS 5 linearly independent * Sy % linearly
independent, d Corollary 1.4.4 4= § % linearly independent ¥ Span(S)NKer(7)= Span(S)N
Span(Sp) = {Oy}. #d Lemma 2.2.4 (2) %= T(S) % linearly independent. O

Fwleh 4 V i finite dimensional vector space, # ¥ 3+ & V, Ker(T) ™ 2 Im(T) 2

¥ dimension =8¢ f%.

Corollary 2.2.6 (Dimension Theorem). & V & — # finite dimensional F-space ® T :

VW & - B linear transformation, |

dim(V) = dim(Ker(7T')) + dim(Im(7)).

Proof. # £ 4] * Theorem 1.5.8 15 | Ker(T) - 2 basis So = {vi,...,vu}, £ fI *
Theorem 1.5.9 5 3| S = {Vit1,...,Vn} © & SoUS ={Vi,...,Vi,Vinst,...,Vu} 5 V -
& basis. Theorem 2.2.5 4 %2 7 {T(vyi1),....,T(v,)} % Im(T) - % basis, &+
n—m=dim(Im(7)), ¥ dim(V) =n=m+ (n—m) = dim(Ker(7)) + dim(Im(T)). O

% V % finite dimensional vector space ¥ T :V — W #_- # linear transformation,
dim(Im(7T)) - %+ $ % the rank of T, @ dim(Ker(T)) ~ # % the nullity of T. *f14
Dimension Theorem +~ 3 * # % Rank Theorem: rank of T + nullity of 7 = dim(V).

a-

Question 2.9. BX T:V - W & - B linear transformation. ¥ V 5 finite dimensional
F-space, £ ¢ v dim(W) <dim(V) 2272 T 4% 5 - $- 7
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2.3. Isomorphism

Linear transformation #-3 i vector spaces B if 4= %k. 4% 3 i vector spaces & ¥ 15

F|- - $- ¥ pt =0 linear transformation, #* 7 { 33 5 &5 1 vector spaces F 4p I i
1, 7f7‘u_ v i* % isomorphic. i&— & ¢ AP & F E L FIH ARG B isomorphism HE &

7.

Definition 2.3.1. 3% T:V — W #_— # linear transformation. % T % one-to-one and
onto, PIF T &% — B dsomorphism. M R PFHV Jv W L disomorphic 2 % V~W k& 71

d  Proposition 2.2.3 & 4 T:V — W 5 isomorphism % ¥ *& % Im(7) =W and
Ker(T) ={Oy}. #tr 4 T 5 isomorphism P, & S 5 V &1- ' basis, 4 T 5 one-to-
one w T(S) ?ech~2 % (FEVWESZE VAV, BI T(v) AT(V)), £
224 5 T(S) ™ 5 W ¢éh— 2 basis. £ 2, % T(S) ¥ cha% 4R 2 T(S)
& basis, d Span(T(S)) =W, #Im(T)=W. ¥->a,% veKer(T), d > § 5 V -
i basis, ¥ VI,...,Va ES ¥4 B, c1,...,chn €EF B8 v=c1Vi+--+cpvp. 8 E Oy
T(civi+-4cavn)=c1T(Vi)+-+cp(Tv,). & T(S) 5 - 2 basis * T(vq),...,T(v )E (S )
B o0 50, % v=0y, T Ker(T)={Oy}. &t 2 nr“*ﬁ YT 2 k.

=)

Lemma
W -

i

Proposition 2.3.2. B3X T:V —>W & - B linear transformation * S 5 V ¢1— ‘= basis.
Rl T &_isomorphism & 2 v&x T(S) P chadk w4p R 2 T(S) 5 W - 2 basis.

Question 2.10. Proposition 2.3.2 » 5 @& 5%H T(S) ¥ ~2 ¢+ 4p L7
% V % finite dimensional vector space FF, 34 i § T T2 B %

Corollary 2.3.3. B3% V,W ¥ i F-spaces ® V 5 finite dimensional F-space. B] V =W
# 2 reE dim(V) =dim(W).

v

Proof. V~W % 7 5 f— B isomorphism 7:V — W, F]#* d Proposition 2.3.2 & W 7=
finite dimensional F-space ¥ dim(W)=dim(V). ¥ 2., % W % finite dimensional F-space *
dim(W) =dim(V) =n, ¥ B V - & basis {vy,...,v,} M2 W - ‘& basis {wy,...,W,},
41 * Theorem 2.1.5 %75 f— & linear transformation T:V — W & & T(v;,) =w;, Vi€
{1,...,n}. & > {T(v1)...,T(vy)} ={wi,...,w,} 5 W - ‘e basis, ¢ Proposition 2.3.2 +
T % isomorphism, {#Z& V ~W. O

Corollary 2.3.3 £ ##4 i" ¥ & finite dimensional vector spaces B #_% isomorphic %_i#
y p

BH e, B -ﬁ U P dimension £ F 4p e TF . KT AP A4 5 BB isomorphism s E
2, %9} % finite dimension 2588 ¥ 14 % f§ B 0] * dimension kFE{F. 7 i
TIL G- MR TS 2 gRIRIVP 7 ¢ 3 3f infinite dimensional vector space, # i1 *

linear transformation =+ & %k Z P i&H & isomorphism § &t 3|2 7 7 f2:5 4 vector spaces

p p
B enbd %, #rre38 iR § 7 B3 finite dimensional sF35, E # 7 * dimension 57 ;2 K #E

Pz 232 (7 i+ 7F A1 dimension kST E TIL a0l FEM).
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F-Bolk fE-$-r2pap APl F sl O % an g £ E linear
transformation FFH 5 S ! ¥ % 4 &_linear transformation? ™ F A i Fow ¥ B
RAL. BILR, g TS & @ 4 fr preimage @ BLARR A, A o7l kAT f ohE &
.

Proposition 2.3.4. BX T:V W i - B isomorphism, B] T 1 inverse (5 I #c)
T°~1:W =V 7 % isomorphism.

Proof. T % one-to-one and onto, = & inverse 7°~! 7* % one-to-one and onto. #7143t
mEEmp 7°°! 4 W ¥ V i linear transformation +¥. B ww W, d T %
isomorphism 43 prE- vV eV B E T(v)=w 2 T(V)=w. & inverse ehZ_ &
T Y w)=v 2 T\ (W)=V. i rcF, 8%® T°! % linear transformation, ¥ &
#0 T rw+w) =T Y (W) + TN (W) =rv+V. 2@ & T 5 linear, ¥ & T(rv+V) =
FT(V)+T (V) =rw+w. & i & inverse 2. & # T° ' (rwH+wW)=rv+v, B T WV

% linear transformation, # 3 isomorphism. |
Question 2.11. Vector spaces 2. ¥ ¢9 isomorphic 2_% % — B equivalent relation?

Question 2.12. § V - B finite dimensional vector space, % ic 1 * Theorem 2.1.5 7&
- Proposition 2.5.4 *5 ¢

FBTAAPRAL S RAFTY AP &% 58 B Isomorphism Theorems. #
AL —p: fI* — i ¢ & linear transformation ## | A7 linear transformation &
2. BE T:V—->W &~ B linear transformation * U - i Ker(7T) 7 subspace, %_&
T:V/U—-Im(T) % TV)=T(v),VveV/U. § £ P LEP T E - B well-defined function.

7‘7"57F7 %’Vi]:Vizln V/l]7 El ,ﬁ%;\:ﬁ- T(Vl):T<V2)- f”‘irﬁ 71:‘7727 "TI-‘ V]—VZEUQKCT( )7
"l T(vi—v2) =0, " * T(V))=T(V1)=T(v2)=T(V2). ¥- 35, #H=Z{ vV,2€V/U
ME reF,

T(Vi+V2) = T(Wi FV2) = T(rv1 +v2) = rT (V1) + T (v2) = rT(V1) + T (¥3),

#x T £ - 1 linear transformation.

Theorem 2.3.5. BX T:V W &~ & linear transformation ®* U &~ & Ker(T) 7 sub-
space, M| & ¥ T:V/U -Im(T) & 5 T(V)=T(v),VveV /U & - B linear transformation
* Ker(T)=Ker(T)/U v % Im(T) =Im(T).

Proof. # & ¢ 4, T % - i linear transformation. 3% v € Ker(T), & 2% 4 7 Oy =

TV)=T(v), ™= veKer(T), ## veKer(T)/U. ¥ - >, %" v eKer(T)/U, % 7
veKer(T), &« T(V)=T(v) =0y, #% veKer(T). ## Ker(T)=Ker(T)/U. B i$ % &,
Aprewelm(T) 22rEr 3 veV/U # 8 w=T({V)=T(v) 2+ax welm(T). #&
Im(T) =Im(T). O

Fulg g U=Ker(T), A5 M T ez 2,
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Corollary 2.3.6 (The First Isomorphism Theorem). 3% T:V —W & - & linear trans-
formation ® T :V/Ker(T) —Im(T) %% 5 T(V)=T(v), Bl T &_— ® isomorphism, =

y
=

V /Ker(T) ~TIm(T).

Proof. #] T:V/Ker(T) — Im(T) % linear transformation ;% %_Ker(T) = Ker(T)/Ker(T) =
{Oy} = Im(T) =Im(T), & T % isomorphism 3% V/Ker(T) ~Im(T). O

Question 2.13. § V 5 finite dimensional vector space, i= ic 1% quotient space
dimension {25 1 2 Dimension Theorem &M V /Ker(T) ~Im(T) & ¢

Theorem 2.3.6 2 #7121 % The First Isomorphism Theorem, & %] 5 # ] * v 7 H

ts 7 Isomorphism Theorems.

Corollary 2.3.7 (The Second Isomorphism Theorem). % V i - & vector space * U,W
%V & subspaces. B

(U+W)/U~W/UNW.

Proof. 5 £/ & U % U+W &1 subspace, 71 (U+W)/U % - & vector space. ¥ J§
T-W—U+W)/U &5 T(w)=w,YweW. ix% % %% T % - B linear transformation.
BEFAPEEP Im(T)=(U+W)/U 7% Ker(T)=UNW, { ¥ ¢ Corollary 2.3.6 1%
(U+W)/U~W/UNW.

d 35 Im(T) C (U +W)/U, 2 i & %m0 Im(T) D
d 2 & T FrueclUweW 8 v=utw. t“Eﬁ
mv—(u+w)eW (F]v=u+w) 1% weW,
Vv=u=T(u)eIm(T). #% Im(T)=(U+W)/U.

HEuckKer(T), d » T he s U, vivuelU. » 5l (U+W)/U stz Ei=~3 5
0,827 O L2 Venbe2E=22%,70="T(u ):ﬁ AT u=u—-0cW, kucUNW, #x%
Ker(T)CUNW. F 2, FacUNW R FlueW, #a=0. & T(u)=u=0, ¥ ucKer(T),
##% Ker(T)=UNW. O

(U+W)/U. $+ 153 Ve (U+W)/U,

U
B T(u)=1u, A PERP u=v. &
"3 v-u=v—(ut+w)+weW, ¥

\h

=l

Higm A pE e 'JF:] o w & g - B4 40 linear transformation ,T!rl? f1* the First

Isomorphism Theorem, # ¥|4# ¢7 isomorphic |+ F.

Corollary 2.3.8 (The Third Isomorphism Theorem). % V i - & vector space * U,W
%V & subspaces B X_UCW. B

(V/U)/(W/U)~V/W.
Proof. # AR, 4 UCWCV ® ¥ 5 vector spaces, w V/U 11 %2 V/W ¢ & vector

spaces. A g T:VV/W, =& 5 T(v)=V,VveV. %% % %% Ker(T) =W =*
Im(T)=V/W. #+d U CKer(T)=W, §1* Theorem 2.3.5, == T:V/U -V /W 5 - &
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linear transformation, * Im(T)=Im(T)=V /W % Ker(T)=Ker(T)/U=W/U. F F|
* Corollary 2.3.6 # (V/U)/Ker(T) ~Im(T), ¥ (V/U)/(W/U) =~V /W. O

Question 2.14. ¥ V % finite dimensional vector space, % it 1% dimension Kz the

Second and Third Isomorphism Theorems 5 ¢

Question 2.15. X V 5 - B finite dimensional vector space * U,W &% V &7 subspaces
mEUCWCV. A s dim(V/U) =dim(V) —dim(U),dim(V /W) = dim(V) —dim(W) *

dim(W/U) =dim(W) —dim(U). » 343 dim(V/U) —dim(V /W) =dim(W /U), 7R3 P+ %

T L (VIU)(V W) = WU

2.4. The Matrix Connection

- B vector space V, & X% % — % basis &, d 3~V ¢ éhL £ % ;5 basis AR

i E, AP T LRV P it R i Rk A T Y- 2 @, - B linear
transformation, ¥ & % %_vector space 7 basis, » ¥ M ARFE - FE T T AP Rp AR rﬂg
#- linear transformation v matrix 4pift 5. 828 * Fou s ¥ i W fFE over R & over C
o7 matrix. 7 i B matrix 08 B P aRER ) B R e over vR- B field & B o, 102 iE
RAPERX A FEREGLEREFT, 2 L2 EP TP,

# V &~ B finite dimensional vector space ¥ % Z_V - ‘e basis {vi,...,v,}, X P&
AR v VEREEE, Y B=(vi,...,V,) REATFE- BRI ER G basis, i V- &
ordered basis. ¥t &1 %, — % basis FH#-H ~F £ 375, FRA-STEE D 40 ordered basis,
&Eﬁ’*’g FELTEAE YR, CEFZEE T B, AP ET PR S F F e ordered basis.
,_' i&{;&—? B=(Vi,...,Vn), B’ = (V],...,v)) & V ¢rordered bases, | B =p’ %7 v;,=V]
Vi=1,...,n.

B3k dim(V) =n, % 2V - B ordered basis f 1416, A i p Repz - BV 3| F" ep
linear transformation 7g:V — F", 2 ¢ #4735 veV, f1* B #v B3 v=cvi+--+cyVy,

2 X

&

A AR FT e & B & column vector, FlE ARG B G P E B (c1,...,0,)" (TR
row vector (ci,...,c,) B~f& R ). # F" 3@+ % B = column vector i FIE_Y ff {00 AF,
AREPEMEELREDEE. FIZ B 5 ordered basis, (%% % 5 41 75 & well-defined,
2 H - B isomorphism. # 3 2, 3V ¢ haF AP E uql* g B2 B S FT Y
B column vector. F #& %43t F" P & column vector, #4 i & 1 #* TE*I ¥z BR AV
P d . i ﬁ&{?‘ 7 & 3 P~ ordered basis 31 & P e, ¥ A1 * - % ordered basis #-
V ¢ e F4e F" ¢ ¢ column vector iT— B - $- eh¥ 3 ¥ i%4F vector space ¥ FuF § .
FSHEHA DL, b BAETE MV I AR S P had h(v) ARG (7

!
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R H PR 2 fek), 2 & F' P e column vector (cq,...,c,)" SRV ¥ g
0*1((C1,--.,Cn)t) ijt'?:?ﬁ ?7 7 s ?j\f'}i‘{clvl+"'+cnvn.

=
~

Q

Example 2.4.1. % /& P(R) = {ax® +bx+c|a,b,c € R} i&- B R-space, " 2 T - i
ordered basis = (@, x+1,=1). F i a+bx+c=a(?)+blx+1)+(b—c)(—1), 3
¥ @ tg(ax’ +bx+c) = (a,b,b—c). Blde (P +x+1)=(1,1,0), @ AL T E b oA
75 1((1,1,0)) = 10) + L{x+ 1) +0(—1) = > +x+ 1.

¥ o3 A(R)={ax+b|abecR} iz~ # R-space, 1% ¥ - i ordered basis
B'=(x—1x+1). f2ax+b=r(x—1)+s(x+1), 8 P77 & r=(a—b)/2,s=(a+b)/2,
T/ (ax+b) = ((a—Db)/2,(a+b)/2)".

Question 2.16. % Ezample 2.4.1 * £#% B,B =i B=(-1,x+1,x),8 = (x+1,x—1),
78 B tg(ax? +bx+c), T (ax+b) € T A2

I ¥ Z_— linear transformation T :V — W, i 4 B)iE 7 V,W 1} 7 ordered basis
B=i,eyVu), B'=(Wi,o..,Wy). 1% BB AT HRT * - B over F chmxn (m B row,
n % column) e#E &k £ 7. &L n=E B column % 11T 03 jE g4 ¥ B column i
(T (vi)). ~ ,T}u{;’rufg T(v;) F1* B’ i&® ordered basis ¥ % 57 & T(V;) =c1Wi+ -+ W,
1

P iz B 45 e i-th column % : L BEEA T 5 ML o BB F B, A TF“,T.%Q* p[Tlp
Cm

K4 or, 7w

plT)s = (T (7)), T (T () )

ARLF - B 1(T(vi) € F"Vi=1,...,n - B mx1 1 column vector, #7112 g[T|g £~ &

m X n £ over I 7 matrix.

Example 2.4.2. | Example 2.4.1, ¥ & P(R) 4 2 H ordered basis B = (x*,x+1,—1), §c
P(R) 1232 # ordered basis B’ = (x—1,x+1). & T:P(R) > P (R) &% 3

T (ax* +bx+c) = 2ax+b,

% % %7 T 5 linear transformation. %] 5 dim(P(R)) =2, dim(P(R)) =3 3 ¥ 2
M oplT)p i&- B 2x3 dmatrix. £F 4 d 3 T(?) =2x,T(x+1)=1,T(-1)=0, I *

Example 2.4.1 ek % A i i@

AT
1 =L o
/ = 2

Question 2.17. % Ezample 2.4.2 ¢ %% B,B' iz 5 B=(—1,x+1,x*),8 = (x+1,x—1),
7R p(T)p & AP A7
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plT]g &— BAELG HA* 27 v 17 the representative matriz of T with respect to
B, ﬁ’ PR {Ffu%‘?“f— plT)p &Lt &% T ig- B linear transformation. % ff—- 7, % % -
B mxnover F & matrix A, 8 7 11 T & - BK_F" 3] F" chdfkcmy : F' — F", H 7_
& » #1Z £ F" & column vector x 3k +} A i=— B mxn matrix, ¥ 3] A-x &B F" e
column vector, T my(x) =A-x. I* ELFE P HF A (rx+xX) =rA-x+A-X, i
my : F" — F™ & - @ linear transformation. #tr4 5 3 g[T|g, & ¥ 2 @ |- B F_F" 5
F™ ¢ linear transformation My 1) F'— F" v e TV =W 5 F %27 0B %, A%

T Bl R

v
T } 75!
B B’

( Tlg-t5(v

MyiT)p

BAANPREZ veV JIt g #v kS F" ¢ b column vector 1(v), # 8 #- 1g(v)
=ikt mxn matrix g[T]g, B3| g[T]g-18(v) i&— B F” ¥ 1 column vector. &34
FAI* T W F™ ek S (O QL ¥ p[Tlg-tp(v) k= W I ehri

TETI(ﬁ'[T]ﬁ 78 (V))-
APk TR AR %&{T (v). T; APEERD T o1 o, oM, (], © T AP e B,
FE Ay :141;\ P T(v) 2 (& R %\, T A S H mwﬁ;:yf\/, R AE.
Example 2.4.3. matmul % § Examples 2.4.1 fv 2.4.2, 2 P 4g & + st 4rE 3k 2 ah 2 47

R {@,T&E’-\T(axz—t—bx—i—c):Zax—kb ’FT L P(R) ¥ thiz- A% ax®+bx+c # 5
R? =% tg(ax® +bx+c) = (a,b,b—c)', £ %2 2§k + &L 5([T]p ¥

a a—fb
. b = .
) b—C (a+1b>
Btsdp RZeoh~t gy PI(R) eh 218 (a— (b/2))(x—1)+(a+ (b/2))(x+ 1) =2ax+D 7%

e T(ax*>+bx+c) 10 5.

rwr F s T= ’3, omﬁ/mﬁofﬁ Zwm, APArfE- BELREHEL G F- B
mx n matrix A, 3k + F" ¢ B column vector x, #* P 5§ A-x ¢ &_F" ¢ column vector.
TR, F AL LA FADE 1 FF 0B ocolumn (%7 A F n B column T & B
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column &_F™ ¢— B column vector), @ x= (x1,...,x,)", P
A-X=x1A1+- - +x,A,.

we w T 4o 1) 5 omﬁ,mﬁ oTg % = V — W thlinear transformation, ¢ Theorem 2.1.5, #
e avig & R 'F“#Iﬂi, FE&¥-Big- B basis pinE BAd v, #HE M RAELT AR T
Ka k& () =(0,...,1,...,0), #¥ (0,...,1,..,0) FF &% i By L1 HE =E

b Y

§ e 0. 9frzid G st e i g p(Tlg - 15(vi) = p(T]p - (0,0 1,..,0)' 52 p[T]p
% i B column, &% & L&yt column & (T (vi)), Ft

TETI Omﬁ,[T]B OT[;(V,') = ’CETI(ﬁ/[T]ﬁ . Tﬁ(vi)) = TETI(T[;/(T(VI'))) = T(Vi>7 Vi=1,...,n

T:TETlomﬁ/[T]ﬁOTB. (2.1)

% V,W % vector spaces, 3 @ /i £#73 V 3| W 0 linear transformation 75 =% — i
vector space, * Z(V,W) k& 5. B4 Myun(F) % % #73 over F e m X n matrices. &4
HE & ME, XF %2 b Myn(F) 7™ 5 — 1 vector space. 4 % F 2V - % ordered basis
B =(vi,...,Vy) f¢ W &h— % ordered basis B’ = (Wi,...,Wy,), ¥ & #- linear transformation
3 2 matrix e07 2 BT AP - BECL(V,W) Bl Myu,(F) chidndic ®, B 2% 5 #2 §
linear transformation T :V — W ¥ 3| g/[T|g i&— # mx n matrix, 7= ¥ O(T ) = p[T]p,VT €
ZLV,W). 2Pz &P O F - B linear transformation, TP iz & T1,Th € Z(V,W)
2 reF, ®(rT+ )= p[rTi + Tlg €4 r®(T1) +P(T2) = r(p(T1lg) + p[T2]p 40 % . K@ &
&, &L p[rTi +T]g 7 i-th column % g ((rT1 +1)(vi)) = 1 (rTi(vi) + Ta(vi)), e %] T

5 linear, & % 1y (Ty(vi) + 15 (T(V)). ¥ = % & €% y[Ti]p,p [Tp o i-th column & %l 3
Tﬁ/(T] (Vi)),Tﬁ/(Tz(Vi)), HRAE e 2 2 fﬁ‘ﬁi?fp HF_E AP r(B/[Tl]ﬁ) + ﬁ’[TZ]ﬁ &7 j-th column
ES r’Eﬁ/(Tl (V,‘)) +TBI(T2(V1')). T ﬁ/[l’Tl —I—Tz] e r( [ ] )+ﬁ’ [Tz] AR e EHae @

% linear transformation.

EF AP EREP D X(V W) = Myxn(F) % isomorphism (* one-to-one and onto). %
TERLEL AEM,,(F), % A éi-th column 5 A;, % g T , (A) € W. ¢ Theorem 2.1.5
73 fr— 0 linear transformation T7:V — W & &_T(v;) = Tgr YA)Vi=1,...,n. &2 &,
B [T e i-th row &

TB/(T(V,‘)) = Tﬁ/(TE,_l(Ai)) = A,’,
it g[Tlg=A. =% T 52 L(V,W) ¢ vi— % L_D(T)= p[T]g =A ¢ linear transformation,

## ® i isomorphism. Vi H-pt % FIT 4o

Theorem 2.4.4. Hx VW i wvector spaces ® dim(V) = n,dim(W) =m. % 2 VW
ordered basis B,B'. ¥4 ®: L (V,W) = Myxn(F) 7% L O(T) = p[T]g,VT € L(V,W), | ®

% — B isomorphism,

L(V,W) >~ My (F).
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Question 2.18. % dim(V) = n,dim(W) = m, Theorem 2.4.4 4 3% 3 i dim(Z(V,W)) =
dim(Mysen(F)) = mn, 123 F1% Mysen(F) 02 K% 35 5] LV, W) 0 basis?

Question 2.19. % 2 A€ Myu(F). 4 mp:F" = F" i mp(x) =A-x,VX € F". W jf
Im(my) ={A-x€ F" |x€ F"} % A # column space, * C(A) k% 7, * dim(C(A)) # 3
the rank of A. @ Ker(my)={x€ F"|A-x=0} 5 A  null space, * N(A) k&, *
dim(N(A)) # % the nullity of A. & T:V =W % linear tmnsformation T P(T)=A, I+
8,Tg = isomorphism, ¥ 1 Ker(T)~N(A) ¥ Im(T)~C(A). =it 5 9

rank of A + nullity of A =n?
B G AP * T R P linear transformation T fr matrix gi[T]p 2 B B %,

Vv - W

My (T)p

F" - F™"

FlaAPE®EE T= TETI o m,(r], © g i@ BT ¥ 5 & commutative diagram.
Commutative diagram 7 , £ 7 BHBEEF 7 P EICT @5, Plies BRI TH B #i
gk, BldeV IIW 33 BES: - BEERAH T; ¥- BEd V A 15 3] F",
£ AT my gy, TDFT, 15 T D3l Wo o #ru i B Bl 5 commutative diagram e
i T—Tﬁ/ Omﬁ,[T]ﬁOTﬁ FAEEAR LRSS b B F" FI W mrﬁ,
isomorphism #f1 % 3 — BF wen W | F™ BJL7 7, FH 5 S T “FILE_V F| ™S
e g BRI - BAJIY TV W, 11#& e Tl F™ ¥ - BEJIY 5 d VI FT
£ = M, (1] ki e A S BRIl A Tﬁ/oT:mﬁ,[T]ﬁoTﬁ. 9

Tﬁ, ol = Tﬁ/ 0 (TE’_I omﬁl[T]ﬁ Ofﬁ) = (Tﬁ, OTE’_]) Omﬁ/[ﬂp OTﬁ = mﬁl[T]ﬁ OTﬁa
#7140 commutative diagram & - i > { 2| %75 S#c{_FAp e ch1 B
¥- 3 m Fn/j}zﬂb‘;’b)“%’@ J_ﬂ,i—ﬁf?\?‘f'“'TZ&VI'JW,‘T.*\??Q,.“:‘}‘_TWE'J
F™ (e @i %3 d F™ 5] F" 7 (",’T‘ bieserd g[T)g & invertible).

Question 2.20. + B ¥ F" 3| F™ £33 & BEJZ? v i~ 4 Rt S0 e enff 0% 2

FFAPL AL * commutative diagram %k g & & Sndfer 5B k2 Ol R R VWU &
vector spaces, # * dim(V) = n,dim(W) = m,dim(U) =q * B,B'B" » % 5 ¥ i ¢ ordered

bases. & T1:V =W, T,:V -+ W 5 linear transformations #% i* 5 ™ T ¢ commutative
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diagram:

T, T:
1% ! - W 2 .U

o—1 o—1

Tﬁ Tﬁ’ Tﬁ’ Tﬁ”

mﬁ/ [Tl]ﬁ mﬁ// [Tz]ﬁ/

F" - F" - F1

B
ThoTy = (Tgil Oy, 73], © Tg') © (TETI omy 1], © ) = Tgil O My, T3]y © My (73] © TB-

¥ EE- T, % A Z - B mxn matrix, B £ - B ¢ xm matrix, R my : F" — F" v
mp: F™ = F4 t0& X mpomy : F" — F4 :T‘.%{mB.A:F”%Fq. TEFLHER XxEF", 4 A

Mgk cni L KT @

mpomy(X) =mp(ma(x)) =mp(A-X) =B-(A-X) = (B-A)-X=mp.4(X).

P » _ w zH
TN My, (), OMy 1)y = My (B p(Tilg

Dol = Tg, ' omy, ], (1], © Tp- (2.2)

SR T 2 B
Proposition 2.4.5. % V,W,U % finite dimensional vector spaces, ® B,B'B" » ] 5 T

i e ordered bases. & T\ :V —W, T,:V—-W % linear transformations, B
ﬁ”[Tonl]ﬁ = ﬁ”[TZ]ﬁ’ . ﬁ/[T]]B

Proof. 5 £ w i, & AA" ¥ % gxn matrices, ¥ my:F" = F? {v my : F" - F1 jp r,
MY e x=(0,...,1,....00, ¢ (0,....1,...,0) 7% i =% 53 1 2w =% 30 v
ma(x;) =mua (x;),Vi=1,....n # Afr A" & - B column ¥ 4pk. =¥ A=A 7d F35 (2.1)

fr¥ 1 (22) A e
o—1 o—1
Tﬁ” Omﬁ//[Tonl]ﬁ 01 = TioT, =14, Omﬁ”[TZ}B"ﬁ’[Tl]B o018,
= d 5, TEJI ¥ % isomorphism
mﬁ// [T20T|h; = mﬁ// [Tz]ﬁ/-ﬁ/[ﬂh;?

%5';%_ ﬁ//[Tonl]ﬁ:ﬁ//[Tz]ﬁ/-B/[T]]B. [l

16 VP& 33 7 - % ordered basis ¥ representative matrix g 5. BEFK dim(V) =
n,dim(W)=m * By,B, % V &1 ordered bases, B{,B, » W & ordered bases. T:V - W %

linear transformation, & & T 4 W/ 41* V,W & ordered bases B, ] #7 ¢ representative

matrix & p[T]g, @ T * ordered bases 3,5, #f{¥ & representative matrix & p[T]p,. #
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& IFFES BELalf i3 P, §FANPF 2T & commutative diagram.

m
F}’l ﬁé[T]ﬁz g Fm
Tﬁz Toé—]
T 4
\% - W
\
o—1
TBI T{
\ m
F)’l ﬁ{ [T]ﬁl o Fm
Bt R e m, (T, PP — F™ W% TG S (WL 15,7 & isomorphism), £ s
2
3

My (1), = (Tg; 0 rEl,’l) Oy 7]y, © (g, © *L'Ez’l). (2.3)
iTA2 18 0 ’L’EZ_I e 15 OTE{_I % % linear transformations, #7143\ e 7 0 IF U P AR
1%, %/ V ¥l V dridentity map, id: V -V, & & id(v) =v,VveV. fp Reaig i
— 1 linear transformation, #7 ™ ¥ T £ B 5V # * ordered basis B, # $piE sV & *

ordered basis B, # ¥ 3 14T &7 commutative diagram.

id

8. Tﬁ 1

Fn mﬁl [id]ﬁz F"
= W Rz My fidls, cF'— F'w % b ek s TEZ_I B_F" 7] V # identity map id, #
# tg I F". F1* identity map frdndicf &3 A p T i N

1 1

My fidls, = B, oido TE; =180 TE; . (2.4)

ST 4
- o—1
mﬁé [id}p{ = Tﬁﬁ o) Tﬁ{ . (25)

BEEN (23,24, 25), #

M [T, = Mgy lidlgy © Mg [Tg, © Mg, lidp,

FI A LT 2

Proposition 2.4.6. % fB;,B, # V 1 ordered bases, B{,B; » W 1 ordered bases. T:V —W
% linear transformation, B

s [T1p, = pylidlgy - gy [Tp, - g, id], -
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1R, @8% - B glidg ¢ identity map £ V F| V 5 linear transformation, *f 1
F dim(V) =n, 0| g [idg, £~ B nxn o matrix. @ % = B pglid]g 0 identity map £ W
¥| W i linear transformation, #7121 % dim(W) =m, R g[id]g £- # mxm & matrix.

Question 2.21. =¥ 4| * Proposition 2.4.5 %M Proposition 2.4.6 %% ?

% Bi=(Vi,....Vn), Bo=(V},...,v}) & V v ordered bases, | * representative matrix
fhig iF, s aeL g [id]g, % 0B column, R - vi *fy “TE g, T g (V).
w7

L

=

£

B [id}ﬁz = (Tﬁl (Vll), ey Tﬁl (V;)) .
Fule, § Br=Pp B, NG g [id]g, ,T*u{n x n £ identity matrix 7,.

Question 2.22. ¥ i P(R) 12 2 2 ordered bases By = (x>, x+1,—1), B = (x+1,—1,x?).
# Bi [id]ﬁz i B [id}ﬁl L PR Bi [id]ﬁz "B {id}ﬁl 1= B [id]ﬁl B [id]ﬁz 7

)

g, [id]g, ﬁﬁ-; the change of basis matriz from B to B. v iph AV ¢ i F v
B #r @ AR 15, (v) HdE A By TE kAR Tp(v) TF R hEE ffﬁl;m%
v=cVi 4V, (7 15,(v) = (c1,...,¢0)"), £ g fid]g, - (c1,-.0sc0)' = (di,...,dyn)', BIFT
V=dvi+-+dyv, ZEIEBRETREHFF2EFFTIIFERIREE £F 14
Proposition 2.4.5, % i 4v

Bi [id]ﬁz "B [id]ﬁl = B [id]ﬁl =L I [id]ﬁl "B [id]ﬁz =B [id]ﬁz = Iy. (2.6)
“tr4 g lid]g, v p,[id]g, & # invertible matrices, ¥ v 3 % inverse.
A e e change of basis matrix < 3 invertible matrix, 78% T - B invertible matrix,

4 %+ € &~ B change of basis matrix *#2?7 25 M T 2 B %k,

Proposition 2.4.7. B3X V i finite dimensional vector space * dim(V)=n. & B 5 V
e— B ordered basis * P % — B nxn & invertible matriz, B ¥ 45 3] V - B ordered
basis B, & @ g [idlg, =P, #+ ¥ 453 V #- B ordered basis B3 # 1% p,[id]g, =P

Proof. £ By =(vi,...,Vn), ¥t i=1,...,n ¥ P, % P ¢ i-th column, ¥ g VQ:TEI_I(P,-)
(w3 P=(r1,....,rn)" B4 Vi=rvi+---+r,v,). ¥ P % invertible, {P,...,P,} 5 F" ®

¢ linearly independent column vectors, #xd 17g & isomorphism = {v},...,v;} =& V ¢
% linearly independent, ¥4 {v|,...,v,} 5 V ? é- % basis. £ Br=(V],...,v,), B &
% plid)g, e i-th column 3 75, (v) = 15, (15 ' (P)) = P, #3& P=p, [id]p, FIZ, 7@V &
- 1% ordered basis B3 ¢ # g [id]g, = P!, Bl @& P =g, [id}l;; =g, [id], O

Question 2.23. X V.W i vector spaces, dim(V) =n,dim(W)=m & B;,B{ » % i V,W
e ordered basis. 3k T:V — W % linear transformation, & P € Myxn(F) ® Q € Myxm(F)
® 5 dnvertible matrices, L. F 7 33 F| B, By A Wl 5 V,W i ordered basis 1€ {7

piTlp, = Q- g [Tp, - P?





